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1
Abstract

We have studied the nature of unconventional superconductivity in the rare-earth ni-
tride (REN) samarium nitride (SmN) for the purposes of providing a deeper understanding
of the mechanisms that lead to such a phenomenon in an already extremely interest-
ing material. An approximate low energy model has been introduced for SmN based on
previous bandstructure calculation and recent experimental results. This consists of the
non-dispersive 4 f band associated with the samarium ion crossing through the dispersive
5d band associated with the nitrogen ion. Due to large spin polarisation in the bandstruc-
ture we need only consider the majority-spin 5d and 4 f bands which lead to an essentially
spinless two band system. Starting from this two band system, we apply the k - p method
to it in order to create an effective model for the system. This effective model for the mate-
rial acts as the platform from which we study the possible triplet superconducting pairing.
Basing our pairing on the electron-phonon interaction we have postulated the existence
of triplet pairing in the 5d band, from which we have successfully characterised the pair
potential in this system through the self-consistency equation. The pair potential Ay could
be solved analytically in a special case where the Fermi level was equal to the 4f band. In
this case we find that above a threshold effective coupling strength the superconducting
state is established and analytically known. In contrast to this result for the more general
case where the Fermi level is different to the 4f band we numerically recover a solution
that was exponential in the effective coupling strength which is similar to the pairing as we
expect from the single band case. Analytic solutions in this case were not able to be found,
however, we know that from our numerical investigations there will exist a solution for any
effective coupling strength, contrasting with the special case where the pairing amplitude
can disappear below a certain threshold. In conjunction to these results we also examined
the situation where the 5d and 4f bands have hybridised together in order to search for
unique pairing that may be resistant to disorder. By keeping the triplet pairing only in the
5d band, this translates to hybrid pairing between electrons in the two hybridised bands.
Results from the hybridised bands system show a new singlet-like pairing Ag which is even
in k and singlet in the hybridised band indices. Preliminary numerical results suggest that
this pairing indeed exists and occurs only near the avoided crossing of the hybridised bands.
The existence of such a pairing, originating from triplet pairing, has exciting implications

for the robustness of the superconductivity in the presence of disorder and/or impurities.
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Chapter 1
Introduction

In 1965 Gordan Moore [1] made his stunning observation that every two years or
so the number of transistors that fit on a silicon chip doubled. This is commonly
known as Moore’s Law and it has ushered in a technological boom, the likes of which
the world hasn’t seen since the start of the industrial age. However, as we start to
see the saturation of Moore’s Law [2] we must move past the miniaturisation of
existing technologies and look towards the future of new and exciting information
technologies. Such examples include spintronic devices, molecular electronics, and
of course the fabled quantum computer. Looking towards this future requires a
deep and thorough understanding of new and exotic materials to push into this new

frontier and to make these technologies a reality.

The end of Moore’s law is inevitable, of course, due to size constraints on a phys-
ical transistor and the new possibility of transistors being manufactured on such a
small scale that quantum effects start to manifest in the transistor [3]. However,
a more pressing issue for the construction of super dense computer chips is the
amount of heat they radiate collectively and the amount of damage that will do to
the chip itself. If not cooled properly, new chips cannot perform to their optimal
performance since current supplied to the chip will need to be throttled so as not to
threaten the integrity of the chip. With rising costs of cooling such chips, businesses
are hesitating to invest in the development of smaller transistors. To continue the
growth of the sector we may look to spintronic devices which use the manipulation
of an electron’s spin. These devices would move the current industry away from
the silicon transistor towards devices that use the small magnetic moment of elec-
trons, rather than their charge. As a result these devices have been predicted to be
smaller, faster, and more powerful than their electric cousins. If we were to look at
a spintronic transistor instead of the common electric one, the amount of current

required to operate such a device will be smaller since the spintronic device can be
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manipulated with a small magnetic field, rather than a comparably larger current.
This would protect the integrity of the chip at higher temperatures as well as more
punishing environments and in higher densities. As well as this, the promise of
high-temperature superconductivity could also move the industry forward. If the
chip or internal circuitry of the transistor was fashioned from such a material then
there would be no heat generated by the internal resistance of the circuitry, limiting
or even eradicating such wayward heat from damaging the chip. Current materi-
als that have promise for spintronic devices are the rare-earth nitrides (RENs) due
to their strong and unique magnetic properties as well as our material of interest,
samarium nitride (SmN), which has been shown to be superconducting as well as
a semiconductor [4-9]. The understanding of these materials may be the key to

realising some of these exciting new ideas.

The rare-earth nitrides were first investigated in the 1960s with much promise
for new technological applications however not much progress was made due to
poor stoichiometry of samples which is impacted by the materials’ ready oxidation
in ambient conditions [10, 11]. Recently however progress on the RENs has grown
rapidly due to breakthroughs in the production of high quality epitaxial thin films |9,
12-16]. Some RENSs have exhibited semiconducting and ferromagnetic properties [6,
12, 14, 17-20] which has potential for exploitation of the spin of charge carriers
in semiconducting technologies as discussed above. There are now about a dozen

laboratories worldwide reporting growth and study of REN thin films [4].

Samarium nitride stands out from the rest of the RENs since has been reported
to be a low-moment ferromagnetic semiconductor [6-9, 21] which is already interest-
ing enough for potential spintronic devices. However, it is with great interest that
SmN has been observed to be superconducting. The mechanism behind the super-
conductivity in SmN is believed to be based on p-wave superconductivity due to the
spin polarization of its bands [22|. However nothing in depth is known theoretically
about the phenomenon in SmN and the development of such knowledge may lead to
improvements in its critical temperature for viable use in industry. This system may
also inspire the creation of some new material that will lead to commercialisation.
Therefore, in this thesis we will be looking to describe the superconductivity of SmN
in fuller detail than has been done before. We will use an idealised model of SmN’s
bandstructure to study the effect of possible p-wave superconducting pairing in the
region where two energy bands cross close to the Fermi-energy. The existence of
such multi-band p-wave pairing is intriguing and may be the reason as to why we

see superconductivity at all in this system.
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1.1 Rare Earth Nitrides (RENSs)

Rare earth nitrides (RENs) are materials that have one of the elements from the
Lanthanide series (from 57 (La) to 71 (Lu)) bonded to nitrogen. The RENs we
will consider are the so called rare earth mononitides where the rare-earth forms
an RE*" cation and bonds to a single nitrogen N~ anion. RENs show promise in
a wide variety of applications such as the realisation of spintronic devices, infrared
(IR) detectors and as contacts to group III-V compounds [4].

The rare-earths of the Lanthanide series are intriguing as they are the ele-
ments that have increasingly filled 4f orbitals. They have atomic configurations
of [Xe|6s?4f™ with n ranging from 0 (La) to 14 (Lu) with some elements (La, Ce,
Gd, Lu) having extra 5d electrons. The 4f states that make these elements interest-
ing are very localised and are often called heavy-fermions due to their localisation
and characteristically flat band dispersions. The highly localised nature of the 4 f
electrons leads to the electrons having atomic-like properties and heavily influences
the material’s strong magnetic properties. The rare-earths are also the only stable
elements with significant filling of the 4 f shell which give them their large spin and
orbital moments, making them desirable for applications that involve large moments
such as spintronic devices.

The RENs all form in the face-centered cubic (FCC) NaCl structure, see fig-
ure 1.1, with lattice constants ranging from 5.305A for LaN [23] to 4.76A for
LuN [24]. This structure is also shared by the rare earth pnictides (RE-Vs), of
which Nitrogen is the first pnictide. This structure has made the RE-Vs useful for
theoretical calculations due its simple crystal structure. Many studies have tried
to use these materials to better understand how the localised and strongly corre-
lated 4f electrons alter a material’s bandstructure. The interactions of these 4f
electrons with a material’s bandstructure have been modelled using a variety of dif-
ferent methods [22, 25-44] to varying degrees of success. The RENs also have a
strong exchange interaction which induces large spin splitting of the energy bands
for both the conduction and valence bands. The majority spin has higher energy in
the valence band and lower energy in the conduction band which means that at low
temperatures charge carriers (either electrons or holes) will all be of the majority
spin (minority-spin bands are unoccupied at lower temperatures [4]).

The strong magnetic behaviour exhibited in the rare-earths is also seen on display
in the RENs. An example of this is that almost all RENs are ferromagnetic [45-47|.
They only adopt magnetic order at low temperatures however, the highest of which
is the Curie temperature (T¢) of GAN (70K) [48, 49]. These magnetic properties

are offshoots of the 4f shell electrons, as stated before. The magnetic properties of
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Figure 1.1: The NaCl structure of the RENs. The large spheres represent the rare
earth cation while the small spheres represent the Nitrogen anion. Picture taken
from [4] (Figure 1).

the RENs can be roughly understood using Hund’s rules and in fact leads to the
breaking of cubic crystal symmetry [22] in the materials. This is due to a non-zero

orbital angular momentum in all the rare-earths, excepting Gd (see figure 1.2).

1.1.1 Properties of Samarium Nitride (SmN)

Samarium Nitride (SmN) is the REN that uses the rare earth Samarium (Sm) which
has an atomic structure [Xe|6s?4f5. It has five filled 4f states and 9 unfilled 4 f
states, one of which is close to the Fermi level. This one low-lying unfilled 4f
state is unusual for a REN since photoemission and inverse photoemission show
that the 4f shells are in most cases well below (filled) or above (empty) the Fermi
level |22, 50, 51]. This leads to interesting structure near the Fermi level which will
be the basis of our investigation.

Samarium has a curious magnetic structure due to its number of 4f electrons.
Based on Hund’s rules we expect that the spin and orbital moments of Sm to cancel
each other out, giving a net zero total angular momentum J as seen in figure 1.2.
This property carries over to SmN where Preston et al. [6] have measured SmN to
have a very small moments, less than 0.1up per Sm ion even in a 67" applied field
at low temperatures. Due to the large spin-splitting in its band dispersions (fig 2.3

and 2.4) it becomes a material with single-spin transport with a small magnetic
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Figure 1.2: The magnetic moments of all the RENs decomposed into spin and orbital
contributions based on a Hund’s rule density matrix [22]. SmN is predicted to have a
close to zero total magnetic moment which has been experimentally verified |6, 7, 21].
Figure taken from [22]| (Figure 5(c)).

moment. This is because the only bands available for low energy transport near the
Fermi energy will occur in the majority spin bands. Along with its small moment
SmN is a ferromagnetic material at low temperatures with a Ty of around 27K.
Coupled to this is the experimental evidence for SmN being a semi-conductor [4-9],
as compared to being a semi-metal as previously predicted [30]. This allows it to
have exciting potential in spintronic devices, for example it could be paired with
another spin dependent material with a large moment (say GdN) to create a spin-
dependent memory element, as well as having the advantage of being able to inject
spin-polarized electrons into a conventional semiconductor without the deleterious
effects of a fringe magnetic field [52].

SmN has also recently been reported to be superconductive [5] with critical tem-
peratures of less than 5K . This is an unexpected phenomenon to observe in SmN
since superconductivity is generally due to the common superconducting pairing,
s-wave pairing, involving both spin up and spin down electrons. This is impossible
at low energies for SmN due to its spin polarization which means that that the
superconducting pairing must pair together electrons of the same spin. Because of
the large spin-splitting and subsequent spin polarization, SmN opens the door to
unconventional superconducting pairing present in the material, specifically triplet-
pairing in this case. While the coexistence of magnetism and superconductivity in
bulk samples is not unheard of [53-55] what makes SmN special is that its supercon-

ductivity must likely be based on the heavy fermion electrons in the 4 f band [5]. The
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necessity of these heavy fermions is so the triplet-pairing may survive in the presence
of disorder in the crystal, which has been established to severely limit the critical
temperature of such superconductors [56, 57|. This allows SmN to become a versa-
tile tool to access new states of quantum matter [58] due to its interplay between
its low moment ferromagnetism, superconductivity, and semi-conductor nature. To
first do this, a fuller understanding is required of the superconductivity at play in
SmN which will lead to accessing some of its promise as well as pave the way towards

understanding other potential new and exotic superconducting systems.

1.2 Superconductivty

Superconductivity is the phenomenon whereby a material loses all electrical resis-
tance below a critical temperature and magnetic field. In conventional superconduc-
tors there is also no internal magnetic field however, as stated before, there have been
reported superconductors where superconductivity and magnetic behaviour have oc-
curred together. This phenomenon was first discovered by Heike Kamerlingh Onnes
in 1911 [59] and the first successful microscopic theory to describe the phenomenon
was developed by Bardeen, Cooper, and Schrieffer and now called the BCS theory
of superconductivity [60]. Superconductors that obey BCS theory are often called
BCS superconductors and these materials generally have low critical temperatures
(<30K) (see figure 1.4). However breakthroughs in new material synthesis have in-
creasingly pushed the upper limit of superconductors critical temperature with some
even having critical temperatures up to 138K [61] in ambient pressure! Such ma-
terials with high critical temperatures may pave the way to innovate new circuitry
designs that take advantage of zero electrical resistances and the resulting energy
savings and efficiency increases. These materials that push the boundaries, how-
ever, are generally not described by the classic BCS framework, a notable exception
being HyS, and are described instead by processes not fully understood which are
all labelled as unconventional superconductivity. Of these unconventional supercon-
ductivity mechanisms, triplet pairing is the type we are interested in for SmN due
to its fully spin-polarized conduction bands. Thus understanding these new types
of materials will be paramount in the pursuit of engineering new and improved ma-
terials to propel us to higher temperature superconductors and new exotic circuitry

possibilities.
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1.2.1 BCS Superconductivity

The BCS framework, as developed in 1957, involves electrons forming pairs in the
presence of a weak interaction which is commonly taken to be the electron-phonon
interaction. These pairs are called Cooper pairs after Cooper showed in 1956 that
at least one such pair would form in a Fermi sea, so long as the interaction was
positive [62]. These pairs form the new ground state of the system and are formed
from electrons that have opposite spin and momenta. Using a mean-field approach
of the system they found that the energy spectrum of the system became gapped, i.e.
they found the existence of an energy region where there could be no quasi-particle
excitations. The only states that can exist within this gap is the ground state of
the system which, in this instance, are the Cooper pairs. This region is labelled the
superconducting gap and usually denoted by A. This gap is temperature dependant
and at a critical temperature the gap closes to zero with larger temperatures keeping
it closed and lower temperatures opening it up. At larger energies there are allowed
quasiparticle states but at low enough energies the only particles that will contribute
to transport are the allowed Cooper pairs, which leads to the observed phenomenon

of zero resistance.

As an introduction to the formalism we start with the well known BCS Hamil-

tonian

HBCS = Z EkCLaCk,g -V Z CIT(,TCT—k,icfk'&CkUT (11)
k,o k,k’

where ¢y is the energy dispersion of an electron with momenta k, V' is the effective
interaction strength, o is the spin of the electron (either 1 or |), and CSL is the
annihilation (creation) operator for an electron with momentum k and spin o. This
Hamiltonian can be split into two parts; the first of which describes the energy of
the single particle state |k,o) and the second the effective attractive interaction
which is mediated by phonons. This interaction reads: through the absorption (or
emission) of a phonon two electrons of states |k’,1) and | — k', |) change to the
states |k,T) and | — k, ) thereby pairing the electrons into the Cooper pair state
|k 1;—k |). The interaction is attractive by the negative sign in the Hamiltonian
and the assertion that the strength V' > 0. This interaction strength is assumed
to be non-vanishing for states in a shell of width 2hwp around the Fermi energy,
where wp is the Debye frequency. The established way to proceed now is to make a
mean-field approximation. While the Hamiltonian (1.1) conserves particle numbers,
the mean-field Hamiltonian will not. However, the ground state |¢pcs) is expected
to contain a large number of pairs so we may make the mean-field approximation

by expanding in small fluctuations about a mean value of the operators. In such a
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way we may make the definition

A=V Z(ﬁf)Bcs\C—k,wk,TWBcs) (1.2)

k

which allows us to write the mean-field approximation
\% Z C_k,|Ckt = A + (V Z C_k,|Ckt — A) (13)
Kk Kk

where the first term is the mean value of the operators and the term in brackets are
the small fluctuations about the mean value. Combining this result with the original
Hamiltonian (1.1), ignoring constant terms, and measuring the energy dispersions

with respect to the chemical potential y we come to the mean-field Hamiltonian:

Hggs = Z(gk - M)CL,JCkJ - Z |:ACLTCJLk’¢ + A*C_k/’ickl’T] (14)
k

k,o

This Hamiltonian describes what is known as an s-wave superconductor since the
bound electrons have a singlet symmetry in their spins and is therefore s-wave in
its orbital wavefunction (figure 1.3). This lets us write that the solution for A can
be taken as a constant. In general A can be complex and so we may write it by
A|. This Hamiltonian

is also quadratic in operators which means that it may be diagonalised and this

absorbing its complex nature as a phase factor A = e¥¥s

diagonalisation is known as a Bogoliubov transformation. This allows us to write

new operators:

Tkt = UkCk,p — UkCT_m (1.5)

Yokl = VkChp + UC e

where the quantum amplitudes uyx and vy are related to the probability of pairs
being occupied and obey the relation |uy|* + |vk|* = 1. The required form of uy and

vk can be easily worked out and give
1 €k — [
=4/=(1
Uk \/ 5 ( + i )
o |1 €k — M
— s 21—
P e \/2 ( Ex )

where Ex = /(ex — )2 + |A]? and ¢, is the phase of A, which here turns out to

(1.6)
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also be the phase between uy, and vy. This results in the diagonalised Hamiltonian

Hils = Bl Moo (1.7)
k,o

where we see now that Ey are the excitation energies of the quasi-particles and
that the smallest such energy possible is |A|. This is where we come to call A the
superconducting energy gap. From this the celebrated superconducting ground state

is formulated to be

65cs) = [ [(mear—is) o)

k

= H vk (ux + UkCL,TCT—k,ﬂ |Po)
K

(1.8)

The superconducting gap can also be expressed in terms of the ground state and the
definitions of uy, vx and A. By starting with the definition (1.2) and performing

some simple operator algebra one can find:

A=y Z<¢BCS’C—k,¢Ck,T dBCs)
K

: 1 (1.9)
=9 Z up vy = e’
Kk

g
Al
2 4 = 0 +1AP
This equation is called the self-consistency equation since we find now that A de-

pends on itself. By presuming that A is non-zero one can solve this readily by
transforming the sum over momentum into an integral in energy, the result of which

gives:

hwp
sinh(giN)

A| = (1.10)

where N is the density of states and presumed to be constant in the relevant thin
shell about the Fermi energy. This is the classic s-wave pairing superconducting gap

equation at zero temperature and describes well most conventional superconductors.

1.2.2 Unconventional Superconductivity

Where for conventional superconductors much of the microscopic theory has already
been completed and well understood, unconventional superconductors are wild ex-
otic materials that are, at the moment, not completely understood and whose the-

oretical natures are not fully established yet.

Before discussing unconventional superconductivity though it will be instructive
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to briefly touch on the symmetries that the superconducting pair potential must
have. Since we are considering pairing between electrons, any solution that we have
for the system must necessarily be anti-symmetric due to the fermionic nature of
electrons. We know that the wavefunction of the pairing can be partitioned into a
product of a spin part and a space part. Naturally now either the spin part is odd and
the space part is even or the spin is even and space is odd which ensures that, overall,
the wavefunction is anti-symmetric. In BCS theory the spin part of the wavefunction
is odd, and therefore the space part is even, which is what we call singlet pairing.
Generally, to understand the space part of the wavefunction we may expand it in
terms of spherical harmonics, i.e. @gpaee(r) Zl,|m|§l r'Y;™. Now since, in BCS,
the space part is even then it will only contain terms that are even (I = 0,2,...).
This means that the leading term in the expansion is a constant, which is what we
take in normal BCS theory as in equation (1.10). This is commonly labelled s-wave
pairing due to the leading term we take in the spherical harmonic expansion as in

table 1.1. In contrast to this unconventional superconductivity occupies all other

Table 1.1: The names and expansions of the first four Spherical Harmonics.

Spherlca}l Name Expansion
Harmonic
=0 s-wave ox Y (6, ¢)
=1 p-wave | o< rtY™(6, ¢)
[=2 d-wave | oc r2Y;"(0, )
=3 f-wave | o< r3Yy"(0, ¢)

types of pairing; higher singlet harmonics such as d-wave pairing and triplet pairing
such as p and f-wave pairing where the spin now is even which allows for an odd
space part. The spin symmetries of given pairing will determine whether it will have
singlet or triplet space symmetries. Figure 1.3 captures this information and gives
examples of some of the discovered unconventional superconducting materials that
fit the different symmetries.

Unconventional superconductors were first postulated as a response to the dis-
covery of ‘high-temperature’ superconductors which does not fit well with the pre-
dictions of BCS superconductivity. Here ‘high-temperature’ is generally thought to
mean superconductors with a critical temperature of the order of or larger than the
boiling point of Nitrogen (77K). The first proper group of materials that breached
the 77K mark were a new class of ceramics called the cuprates as they all have CuO
in their chemical composition. The first of these was LaBaCuO,4 which was discov-
ered in 1986 [63] and had a critical temperature of 35.1K. Soon after there was rapid

increase in the critical temperatures that could be obtained by the cuprates as can
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Spin

Singlet Pairing
s-wave — BCS
d-wave — LaBaCuO,

//////

Figure 1.3: A table that shows the allowed products of space and spin parts of the
superconducting states wavefunction and the resultant symmetries that exist.

Triplet Pairing
p-wave - 5r,RnO,
f-wave — UPt,

be seen from figure 1.4, including mercury, barium, calcium, copper oxide, which
has a critical temperature of 138K at ambient temperature [61]. The cuprates and
their a-typical structure demanded different theoretical understanding compared to
BCS theory. Current understanding places their superconducting pairing as having
d-wave symmetry which was first proposed by Bickers et al. [65]. This was based
upon a description of the material using resonating valence bond theory [66] and
has been confirmed to be a direct consequence of such a description [67]. This has
also been experimentally confirmed by direct observation of the excitation spectrum
as captured by Angle Resolved Photoemission Spectroscopy (ARPES) [68, 69].

Other forms of unconventional superconductivity have been proposed such as p-
wave superconductivity which are part of the spin-triplet class of superconductors.
Spin-triplet pairing involves the superconducting pairing having a symmetrical spin
state, i.e. swapping the two spins does not change the sign of the state. This state,
like most unconventional superconductors, is also characterised by an anisotropic gap
function or order parameter which means that it is not a constant. Triplet pairing,
due to its spin symmetry, requires anti-symmetric orbitals (space part) which if we
expand in spherical harmonics leads to the allowed odd harmonics such as p-wave
(I =1), f-wave (I = 3), etc. Current key materials to have triplet pairing is the heavy
fermion material UPt3 with reported f-wave pairing [70] and SroRuO,4 with reported
chiral p-wave pairing |71]. However, up till now there has been scant evidence of p-
wave superconductivity experimentally due its sensitivity to disorder, characterised
by several theoretical studies [56, 57]. The disorder inhibits the superconducting
pairing and lowers the critical temperature of such materials, making it hard to
identify any superconducting behaviour at all. This is expressed in the universal

formula [57] relating the critical temperature 7, to the critical temperature in the
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Figure 1.4: Graph showing the critical temperatures of known superconductors from
the first discovery in 1911 to 2015. The colours represent different types of super-
conductors found; green circles represent BCS superconductors, light green stars are
heavy fermion based superconductors, blue diamonds are the cuprates, purple in-
verted triangles are Buckminsterfullerene-based superconductors, red triangles are
carbon-allotropes, and orange squares are Iron-pnictogen-based superconductors.
Picture taken from [64].

absence of disorder T,q:

T\ (1 h 1
In ( TC> =Y <§ * 4kaTc> -9 (E) (L.11)

where 1 denotes the Digamma function, 7 the quasiparticle scattering time, and kg

the Boltzmann constant. The increase in impurities will serve to lower 7 and will

thus reduce the critical temperature of the materials.

Another form of superconductivity comes from considering multi-band supercon-
ductivity. Up until now we have only talked about superconductivity where electron
pairing occurs between electrons from the same band. However, one can extend this
to systems that have two or more bands and look at either intraband pairing or inter-
band pairing. Intraband pairing would describe pairing between electrons within a
single band. This type of pairing describes superconducting states in MgB, [72, 73]
and iron pnictides [74, 75]. On the other hand interband pairing pairs electrons
from differing bands and are expected in a wide variety of topological-type materi-
als such as Cu,BisSe;z [76-78]. They are expected in these types of materials since
band-crossings play essential roles in realizing topologically nontrivial states. These
interband couplings can also open the door to both spin-singlet and spin-triplet or-
der parameters as the band index can give the wavefunction its needed asymmetry

as required by the fermionic nature of the electrons. This may be the way in which
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we can construct a spin-triplet s-wave pairing in SmN. However, it has been reported
that such pairing is fragile in the presence of random non-magnetic impurities [79].

In our model of SmN we are attempting to combine p-wave superconductivity in
a two-band environment in the hopes that this will explain the existence of seemingly

p-wave symmetry pairing [5].

1.2.3 p-wave Superconductivity

Since we are attempting to describe SmN with a possible p-wave superconducting
pairing we will describe a simple one-band case as developed thanks to private
communications with Moghadden et al. [80].

Considering one spin polarised band we see that the pairing will be a spin-
triplet: A4y, This pairing must have an odd orbital form in keeping with fermionic
dynamics as the spin component of the wavefunction is naturally symmetric. In this
type of superconductivity since both spins are in the same direction we may drop

the electron’s spin indices. The Hamiltonian of such a system may be written as:

1
H = Z kaTka — 5 Z Vk,k’CLCtkc—k’Ck’ (112)
k

kK

Here & is the band dispersion about the chemical potential ;¢ and Vi ys is the inter-
action potential which is assumed to be attractive. Here the form of Vi y/ is unknown
but the functional form is assumed to be a function of |k — k’|. From this point on
much of the formalism follows closely in comparison to BCS theory, but with some
meaningful differences.

The first step is to apply the mean-field approximation to (1.12) by making the
definition for A be:

A(k) = Z Vk’k/<c_krck/> (113)

Note that in difference to BCS theory that the pairing potential Ay has explicit k

dependence. This allows us to write the mean-field Hamiltonian:

Hyr= Z Excrex — Z [AkCLCT_k + Agc_xex (1.14)
K K

Now since (1.14) is quadratic in operators it can be diagonalised in the same way

by using the Bogoliubov transformation:

T
Tk = UkCk — VkC_
8 (1.15)

— T
T-k = UVkCy + UxC_x
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where again uy, and k obey |uy|* + |vk|* = 1 and uy and k have the form

1 k
— 2145k
Uk 2 ( + Ek)
o A (1 1 Sk
ST A 2 By

where By = /& + |Ax|?. Note that at this point there is no difference between this

(1.16)

and the BCS theory as the prefactor ﬁ is just another way of writing the phase
between uy and vy. These choices of quantum amplitudes allows us to once again
write our Hamiltonian as Hy p = Y Ek%th and our expected form for the ground
state [¢g) = [k x|¢o). Here we see that the only differences between BCS and
this spinless p-wave formalism is that the spin of the electrons are not important
and that the pair potential cannot only be a constant and must depend on k in a

non-trivial way.

At zero temperature one can construct the self-consistency equation which can

be easily worked out to be

Ay = Z Vk k’ C_y/ Ck/ Z Vi k’uk/Uk’
(1.17)

- _Z V&I \/f2 + |Ak|2

To solve this self-consistently there are three possible pairing symmetries that Ay
may take. These are governed by the three spherical harmonics Y, (I = 1,m =
—1,0,1) [81] in the following way:
A(K)™ = ATV =Y (0, ) (1.18)
where m = 0,%1 corresponds to what are called the p,- and (p, % ip,)-pairing
symmetries. In addition to this since Vi is assumed to be a function of |k — k/|
then it may be expanded in powers of k-k’. Now since the pairing potential is p-wave
and is thus defined by its expansion in spherical harmonics 'Y (6, ¢) as in table 1.1
and in equation (1.18). Terms entering into the gap equation must therefore be of
the same symmetry. We must conclude that the only surviving term of the Vi
expansion will be the term linear in k - k’: Vok - k/. This is due to this linear term
being the only such term to contain the required form in the radial direction, i.e. r!

or in this case k!. Using this result and converting the sum in (1.17) to an integral,
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where (2 is the volume, via

Q Q T 27
— [ dkP = dk:'k:'2/ do' si 6"/ dy' 1.1
S o e = [ @ [Tagi )

a self-consistent solution can be found for (1.17) for all three p-wave symmetries.

The results of such an integration give the results:

0 1 3
A(() ) = wp2e? exp (— )\N(sp))

i 3
Aéﬂ:l) = wpes exp <_>\N—(5F))

(1.20)

where A = QVok% and N(ep) = 2@’;% We will be adapting this formalism in our

description of SmN’s p-wave superconductivity.

1.3 The k- P Method

In order to model our REN of choice SmN, we will be utilising the results of the
k - p method [82, 83], the basics of which are reviewed below. As in [82] we begin
with a Hamiltonian containing only a kinetic operator, a periodic potential, and a

spin-orbit coupling term.

2

H=L 4vEr)+as(cxVV)-p (1.21)
2m0
with p = —ihV, oy = # and bold symbols represent vector quantities. From
0

considering the Schrodinger equation for one electron

Hppi(r) = By (K) Y (r) (1.22)

we presume that solutions may take the form of Bloch states

Uk (r) = €t (r) (1.23)

where the u,(r) corresponding to different bands n are orthogonal to each other,
ie.

<unk|un/k) = / qu;"lkun/k = 6nn’ (124)
1%

(2m)?
with V the volume of the unit cell.

Now we may substitute the solution (1.23) into (1.22) to find an eigenvalue
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equation for u, . Initially we apply the operator p and p? to ¥, to find
P(Ynk) = —ihV (€™ up) = Hke™ Mt + e P (1.25)

P (Vi) = —ihV (Ake™ Tupy 4+ e puny) = X7 (h?k?* + 2Rk - p + p*)une  (1.26)

Thus (1.22) becomes

h*k?  hk- 2 _ _
k-r + 1Y + p + V(I‘) unk—l—elk'rao(o'XVV)'(FLIH-I))Unk — En(k)ezkrunk
2m0 mo 2m0

2 h h
[2p_m0 +V(r) + ag(c x VV)- p] Unk + p— <k T+ §/€2> unke = En (K)une (1.27)

/ [ J/

-~

Ho Hep

with ™ = p+aymo(o x VV') and we may write H(k) = Hy+ Hy.p. Equation (1.27)
is the k - p equation and is the starting point for our treatment of SmN. If the set of
unk used form a complete set then one may find the dispersion relation throughout
the entire Brillouin zone by diagonalising (u,x|H (k)|u,). This is the power of the
k-p method. As well as this if we only consider one single u,, function then we may
apply non-degenerate perturbation theory to find its energy dispersion. Recalling
perturbation theory for a system of the form H = Hy + AV with A small then the

energy dispersion to second order can be given by

OV k)2
E(O) E(O

E, = E® + Xx(nOV|n©® +A2Z|

k#n

(1.28)

1.4 Outline

The goal of this thesis is to investigate the nature of superconductivity in SmN,
a ferromagnetic semi-conductor, to shed light on recent experimental results that
indicate the onset of superconductivity in this material. To understand the super-
conductivity of SmN we will attempt to find some pair potential A in a system
based on SmN’s bandstructure in a similar way as seen in subsection 1.2.1 and sub-
section 1.2.3. We will also work to see what happens to the pairing if we consider the
case when a band crossing occurs near the Fermi energy. The model Hamiltonians
that we will be working with will all be treated with the mean-field approxima-
tion and assuming that the potential pairing together electrons comes from phonons
in the long wavelength limit. Focus will be given to finding the pairing potential
A which contains key information about superconductivity in a given system and

attempts will be made to find it in a closed form (i.e. an analytic expression for A).
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In chapter 2 we develop the effective model that we will use to probe the super-
conductivity of SmN. In this chapter we will consider the bandstructure of SmN,
where recent experiments have placed the 4f energy band close to the bottom of
the conduction band. We assume that the electron-phonon interaction is the mech-
anism through which we expect the electrons to pair to one-another. As such, we
form a model for this interaction in the long wavelength model which we may input
into our model Hamiltonian. This is done by considering how the energy bands will
change due to a phonon travelling through the crystal, which allows us to predict
how strong the interaction will be. Next, in chapter 3 we will investigate p-wave
pairing present between electrons in SmN’s 5d-band. We apply the mean-field ap-
proximation to our model Hamiltonian and diagonalise this system in order to find
an expression for the pair potential. This is done by constructing a self-consistency
equation which we attempt to solve. This has partial success in generating analytic
solutions but we are able to find the functional dependence on the effective coupling
strength for the resultant pairing. After this, in chapter 4, we instead consider the
electron-phonon interaction interacting with energy bands that have hybridised to-
gether. We did this to search for more robust pairing since we expect the p-wave
pairing found in the previous chapter to be sensitive to disorder. This hybridisation
has the effect of ‘mixing’ the pair potential that we found previously from which we
will find new pairing between electrons in both of the hybridised bands. Finally, we
conclude the thesis in chapter 5 by summarising the results in the previous chapters

and providing avenues for potential continuation of this research in the future.
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CHAPTER 1.

INTRODUCTION



Chapter 2

The Model

2.1 Band-Structure of SlmN

The bandstructure of a material is a plot of the energy dispersions of the material
in reciprocal space, or k space. A simple example is give in figure 2.1 where the
energy bands of the semi-conductor Silicon (Si) are shown as a function of electron
wavevector k. We see that as with all semi-conductors there is a band gap; a range
of energies where no states are available for occupation. The conduction bands are
those bands above this band gap while the valence bands are those below. Si is in
fact an example of a semi-conductor with an indirect band gap since the top of the
valence band (at I") is not in line with the bottom of the conduction band (close to
X). This is the same type of semi-conductor as SmN, although SmN has a more
complicated structure overall. The y-axis moves up in energy and the z-axis along k
space, which does not move in a straight line but rather moves from predetermined
points of high symmetry such as the I' point or the X point. These points will
depend on the shape of the crystal structure of the material. We are studying SmN
which has a cubic crystal structure, therefore its reciprocal space has a body centered
cubic (BCC) structure. Figure 2.2 shows the high symmetry points for such a crystal
and how they connect to each other. At zero temperature the Fermi level will sit
directly in the middle of the band gap, although this can be moved up and down by
doping the semiconductor with either extra electrons or holes in the form of foreign
atoms. In SmN’s case this can also be achieved by introducing Nitrogen vacancies.
For most materials, bandstructure calculations are a straightforward task that
yield widely accepted results. The calculated bandstructures are usually probed
by conducting experiments on the material and finding its density of states (DOS)
among other techniques. However, there are materials where bandstructure calcu-

lations are not so easy to compute. The RENs are one such material class that

19
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This content has been removed.

Please consult the given reference in the caption for further
details.

Figure 2.1: The bandstructure of Silicon. There is a band-gap between the top of
the valence band at the I' point and the bottom of the conduction band around the
X point. The positions of these points show that it is an indirect band-gap semi-
conductor since electrons with just enough energy to be excited into the conduction
band must also be shifted in momentum (k) space by an incident phonon. Figure
taken from [84] (see section 2.1.5 under the Semiconductor Physics chapter).

have bandstructures that are complicated to model due, almost exclusively, to the
highly localised and correlated 4f electrons. There has been difficulty isolating the
proper bandstructure for SmN due to sparse experimental data and the difficulties
of properly modelling the effects of the atomic-like 4f electrons. An example of
SmN’s bandstructure is seen in figure 2.3 which has been calculated by Larson and
Lambrecht et al. [22]. The figure shows the highly atomic 4f bands as the flat
bands down at -5eVs and below and up at 5eVs and above, with the one unoccupied
majority-spin 4f band hybridising with the conduction band near the Fermi level.
It also shows an optical band gap between the conduction band and the valence
band at the X point.

There are multiple similarities between the different bandstructures that re-
searchers have calculated such as the five occupied 4f bands far below the Fermi
energy and the top eight unoccupied 4 f bands far above the Fermi energy and the
observed optical band-gap at the X point. However, what has been debated is where
to pin the unoccupied majority 4 f band that is closest to the Fermi level and how
to model the magnitude of the indirect band gap we expect it to have due to its
semi-conductor behaviour. Some calculations do not take the localised nature of the
4f bands into account very well which push it far above the Fermi energy [86, 87]

while some calculations and experiments place the 4f band near the conduction
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Figure 2.2: The high symmetry points in reciprocal space of SmN. The shaded
polygon is the shape of the first Brillouin Zone of SmN. Figure taken from [85].

band minimum [22, 88]. However, we are fortunate to have recent experimental
studies that have probed for the exact location of this closest 4f band [8, 22, 89].

Informed by these experimental results and the general form of the bandstructure
calculations we suppose that the shape of the bandstructure for bands close to the
Fermi energy is as shown schematically in figure 2.4. The Sm 4f band is assumed
to be flat and dispersion-less for the most part and meets the Sm 5d band near
the X point. This forms the bottom of the conduction band and will be the focus
of the model. As discussed before there is significant exchange splitting within
the bands as well. Since there is large exchange splitting of the bands we may
treat each band as spin-polarized i.e. containing electrons of one spin. This also
naturally leads to the breaking of time reversal symmetry in the crystal. There
is only one spin majority Sm 4f band that is located near the Fermi level as in
figure 2.4 and the other unoccupied bands are calculated to be at energies > 5eV |22,
87] allowing us to ignore these bands in our low energy model. The location of
the Fermi level Er is not well known as well since the size of the indirect band

gap between the valence band maximum (VBM) (attributed to the Nitrogen’s 2p
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Figure 2.3: Calculated bandstructure of SmN using the LSDA+U approach [22].
The occupied 4f bands are all located well below the Fermi level at —5eV. There
is a band crossing between the lowest unoccupied 4f level and the Sm 5d level at
the X point. There is also significant spin splitting in the band levels as indicated
by the dotted line. In this bandstructure calculation there does not seem to be an
indirect band-gap between the majority spin bands. Figure taken from [22] (Figure
8).

electrons) at the I' point and the conduction band minimum (CBM) at the X point
is not well known. Band calculations have reported [22, 90] that there may in fact
be no indirect band-gap, however, this is not consistent with experiment [4-9| which
reports semiconductor behaviour at temperatures below the ferromagnetic 7. Thus
we will assume that there is a definite indirect band gap for the majority spin bands
which lie lower (higher) in energy for the conduction (valence) band. From this we
may then disregard the N 2p bands in our model since these bands should play no

role in the transport properties of the conduction band due to the band gap.

2.2 The Effective Model of SmN

Moving from the bandstructure of SmN as developed in the preceding section we
may now create an effective model from the bands that are close to the Fermi level.
For our model we will only consider the spin minority and majority Sm 5d and spin
majority Sm 4f bands at the X point to be relevant for transport properties and for

superconductivity. As such we expect to be able to write an effective Hamiltonian
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Figure 2.4: Schematic representation of the bandstructure for SmN. The Sm 4f
band is presumed to be flat and meets the parabolic Sm 5d band at the X point
(hysteresis not shown). There is significant spin splitting within the bands as seen
by the difference between the majority spin bands (solid black) and the minority
spin bands (dashed red). Figure taken from [8] (Figure 1).

for this system of the form

Euk) S.0. S.oO.

S.0. Ak  Ep(k)

where k is k measured from the X point, E, 1) (k) is the energy dispersion of the 5d
minority (majority) spin bands, Efy(k) is the energy dispersion of the 4f majority
spin band, §.0. is the spin-orbit coupling between the 5d majority and minority
spin bands and between the 4f and minority 5d bands, and Ak is an interaction
term between the majority spin 4f and 5d states found via the k - p method. We
also presume that at this stage the §.0. terms will be negligibly small due to the
large spin-splitting between bands in SmN. To find the elements A we first apply
the k - p method at the X point.

We begin by calling the k vector at X ky and define k to be the k vector around
ky i.e. k =k — kx. When k = kx equation (1.27) is now

h h
Houpy,, +— (kX ST+ —k%() Unky = En(kx)Unky
mo 2
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and we presume now that we are able to solve for and find E,,(kx). As in [91] we

can write

h h

which will act as our unperturbed Hamiltonian at ky. Now we can re-express H (k)

as

H(K) = Hy + Hyp

h h h h h h

mo 0 0

h h
= Hyy T ((k—kx)'ﬁ+§(k2 —k§<)>

J

~
Hy

(2.3)

and so we may now treat H, as our perturbation to Hy,. Since we would like to

write everything in terms of k let us rearrange H, to a suitable form first.

h h? h h
Hy= 2 (k= k)7 + (k2 — k%) + = (k — ky) - hky — —=(k — ky) - Ik
p mo( x) 7T+2m0( X)+m0( x) - hkx mO( x) - hkx
|k — kx|?
k) (k) + L TR 2k k)
— X R w— 5'e X
h (- h-
:—<k~(7r+hkx)—i——k2)
mo 2

(2.4)

Now we may perform perturbation theory about the X point by presuming we know

the solution set u,x, . In this basis we now find for the 5d majority spin band

[l Hyln")?
=0) — En/(k =0)

Bull) = Bk = 0) + (Al 1) + 3 o
oy Balk

k- (m + hky) + Sk2|n/)|?

_E (o)+i<d|k (m+hkx) + 5 kZId +— > k Ed(o) — E,(0)

Mo ,;éd
n? h d|7'r]n>]

= F4(0) + —k*+ —k - (hk d|m|d))
a0) + 5k o k- (hkx + (d]rld) % ©

(2m)*
1%

where |n) = unx, and (n|Win') = Jy AV, Wy, for convenience. Consid-

ering that the 5d band is at an extremum at kx then we also expect that any linear
terms in the dispersion will go to zero, i.e. Mg—](:_{x) = 0. Also by only considering

the lower 2 x 2 block of (2.1) the diagonal element E44 will not have second order
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corrections from the 4 f band since these will go on the off-diagonal for the Ak term.

For now we consider only an isotropic case. Thus we may write

_ 0 . a1 x|
Ear(k) = Eqt(0) + Q_m()k2 mg w2 1512(0; |—7r]|—:71n’>(|0)

n'#d1, f
) (2.5)

with deT = m—o + 7 S Ny % Naturally based off of the bandstructure
diagram we are Workmg with £y will have the same from as E4 but with an
additional E., constant representing the exchange splitting of the bands. This term
can be absorbed into a Eq (0) term, i.e. E4(0) = E.s + Eg(0). Similarly for Ey,,

recognizing that the band is assumed to be flat, we arrive at

h?

Ep(k) = Ep(0) + K 2.6
w8 = Ep0) + 5, (26)
with mLfb = 2 > i dt f % and my, assumed to be very large. Now we may

write our off- dlagonal Ak terms as (d|H (k)|f) and (d|H (k)| f) which gives
(A1 [HOOLF) = (d 1 [Hiy + Hylf)
=@l =@t (ki) 1521 o)
= —k-(d1|x|f)

mo

Putting this all together equation (2.1) now looks like

Eay(0) + gh—k? S.0. S.0.
Hy = S.0. Equ(0) + Qg; 2 mif{ (d 7 |7|f) (2.8)
S.0. k- (flmld 1) Ep(0) + ghk?

However, we are also assuming that there is significant spin-splitting in SmN’s
energy bands due to the broken symmetry of the 4 f electrons below the Fermi level.
From this we also then expect that any contributions from the spin-minority 5d
band will be negligible since the spin splitting will make any spin-orbit contributions
negligible. Continuing on, for the sake of simplifying the notation, we will now drop
the bar from k so that k is now the wavevector measured from the X-point. We

expect now the existence of pairing for superconductivity to occur in the two-band
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system of the majority-spin 4f and 5d bands like so:

Edk k-P

Hy(k) =
w0 = | T T

(2.9)

where eqx = Ear(0) + zo—k? epx = Ep(0) + 5a—k? and P = (d 1 |x|f).
For simplicity’s sake, as in both (1.3) and (1.14), we will also measure the band
dispersions with respect to the chemical potential p. As well as this we will assume

that

2.3 The Electron-Phonon Interaction

As in BCS theory we assume that the interaction that mediates superconductivity
is the electron-phonon interaction. The electron-phonon interaction is a process
whereby two electrons can transfer momentum via a phonon wave in the material. In
normal BCS superconductivity the effect provides a positive interaction between two
electrons with equal and opposite momenta and spin to be linked to form the Cooper
pairs upon which superconductivity operates. For more exotic pairing such as p-wave
pairing, there have been different mechanisms proposed for the attractive interaction
between electrons, for example spin fluctuations [92]. However, for our case to
simplify matters we will consider the effective interaction to be due to phonons.
In the same vein as BCS theory then we expect a similar formalism for this effect
between electrons in our two-band system. For this model we will only consider long
wavelength acoustic phonons as it will simplify the considerations we need to make
for the effective potential.

We begin by considering the changes that an incoming phonon will have on a
materials energy dispersion. Now informed by arguments made by Kittel [93] we
write the deformation of the energy dispersions due to long wavelength acoustic
phonons as:

€n(k, I') = 80’n(k) + CljnA(I'> (210)

with ¢y being the unperturbed energy dispersions, C} ,, = agOA’" A—o & constant, and

the dilation of the lattice, A, which is expressed as

: 1 iq-r —iq-r
Alr)=i)_ — |a| (bqe™™ — be~ia™) (2.11)
a q

NS

where p is the density, wq is the phonon dispersion, and bfj )is the phonon annihilation

(creation) operator. We now consider the electron-phonon vertex as seen in figure 2.5
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where either a phonon is being absorbed or emitted from the scattering of an electron

from a state |n, k) to |[n/,k’).  We may write this vertex as an overlap integral of
n', k'
q
n,k

Figure 2.5: Vertex component for the electron-phonon interaction.

the form:

A (k, K) = / drit (1) Chn A (r) Y (1) (2.12)

To compute this integral we first recall equation (1.23) where we express the wave-
functions ¢ in terms of Bloch states. Since we also work within the k - P scheme we
may also express our Bloch states perturbatively as we have done with our energy

dispersions (2.5, 2.6), i.e. to first order

h (nlk - m|n’)

Unk = Unkyx + — —
mo n'#£dt,f En(o) En/ (0)

Un/k 5 (213)

where k is measured from the X-point. Since we are only interested in the d and
f bands at the moment we may approximate the Bloch states then by w,x ~ upx, .

We now may express A, (k,k’) in the following way:

Apw(k,K) =iCy

1
, ,ng \/mltﬂ

% / d,,,,3u;i;lkx Uiy (bqei(k—k/+q)~r o bj‘lei(k—k’_q)m) C;rllyk/ Cnk (2 14)

Now since the Bloch functions are also periodic in the lattice then the factors
e!k=K'Ea)r ip the integral restrict the wavevectors to obey k — k' +q = 0 or G
(G a reciprocal lattice vector). If we have that k — k' & q = 0 then the wavelike
portion of the integral becomes a constant. On the other hand if k — k' +q = G
then this portion of the integral remains non-constant. However, since we are in
the long wavelength limit we may approximate the wavelike portion of the integral
in this case to be constant over the unit cell to simplify the integral. Now we may
treat the uy, unc, term separately. Due to the orthogonality of the w,) Bloch
functions (1.24) we may evaluate the integral [ dru}, tniy to be by, since we

are considering, in the spirit of the k - P method, the w, only at the X point.
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n,k+q n, k' F¥q n,k+q n, k' Fq

. n7 k n) ' “ n k . . /7 !
Figure 2.6: Electron-electron interaction terms mediated by the emission dnd ab-

sorption of virtual phonons. The changed momenta k + (—)q correspond to the
absorption (emission) of a phonon.

Due to the periodicity of the Bloch functions this will be the same in every unit cell
in the crystal. Now the remaining wavelike part of the integral may be integrated
simply to unity as long the wavevector restrictions are observed. Thus we now write
(2.14) as

1
An,n’(ka k/) = icl,n —|q|6n,n’ (b (51(1_1(7 — bT 5k—k’7 ) CIL, 1Cnk (215)
zq: \/m q q q q k

From the form of (2.15) we immediately see that the matrix element prohibits scat-
tering events that shift an electron into a different energy band, i.e. the diagram in
figure 2.5 may only scatter to the same band (n = n'). Therefore we can express

A, as just A,. We may simplify A,, further by evaluating the q sum to gain

k' — k\ 1 b 1 ot t
I_j — —— 1] C 1 Cn
2, 0 ok k'—k o k—k n,k’' tnk

since |k’ — k| = |k — k’|. This model as described by Kittel [93] is also only valid for

acoustic phonons since the dilation is only related to acoustic phonons and that we

An<k7 k/) = Z.C(l,n ’

(2.16)

have not included long-range electrostatic potentials which would arise from optical

phonon deformations. Therefore the phonon frequencies wq can be expressed as:
wq = Us|q| (2.17)

where v, is the speed of sound in the material. Now we may write A,, as

k" — K| t ;
m (bk’—k — bkfk’> Cn7klcn7k

where we can now identify the prefactor that will give us the strength of the electron-

Ak K) =iCy, (2.18)

phonon interaction:

(2.19)

We note that this is based on the assumption that both the d and f bands can
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be treated with the Born-Oppenhiemer adiabatic approximation, which may not be
the case for the f electrons due to their highly atomic-like behaviour and slow group
velocity due to their flat dispersion.

The interaction terms themselves will be composed of two vertices as we see
from the Feynman diagrams (figure 2.6). This means that while a single vertex
cannot swap band indices the full interaction does not prohibit joining two vertices
with different band indices together. So now if we were to have an interaction term
between electrons in bands n and n’ we would be able to write the interaction term

as
(¢ — ky

Vn,n/ = MnM:;/ = Cl,ncl,n’
prk/_k

(2.20)

If we also use the expression for the phonon frequencies (2.17) then we may write

Cl,ncl,n’

Vn n' —
’ 2pvs

k' — k| = V|K — K| (2.21)
We see here that the relative strength of these interactions are purely based on the

constants C, and that the interaction will depend on |k’ — k| which is even in
(k' — k).
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Chapter 3

Triplet Pairing Superconductivity in
SmN

3.1 The Effective Hamiltonian

We begin our investigation into superconductivity in SmN by first considering the
normal state Hamiltonian of our system (2.9) which we will rewrite in the following
way:

Edk e’k - P

A 3.1
e k.- P Efb ( )

Hy(k) = [

where now we have made explicit the (possible) complex nature of the k - P term

9 As explained before this Hamil-

through the introduction of the phase factor e!
tonian will describe the two-band system close to the Fermi level. The 5d band
here will have a quadratic dispersion while we assume that the 4f band will be
dispersionless since the 4 f band hosts highly localised electrons which orbit close to
the nucleus of the Sm atom. The off-diagonal elements in (3.1) will act as a term
to introduce band hybridisation into the system. Band hybridisation is when one
band mixes with another such that the new hybridised band now has characteristics
of both of the unmixed bands. The hybridisation serves also to introduce avoided
crossings at the points where the two bands would normally intersect. As an ex-
ample, the dispersions in our case gives new hybridised bands of the form seen in
figure 3.1. We see that instead of the 4f band intersecting the 5d band as in fig-
ure 2.3 the bands form an avoided crossing such that the states do not overlap. Such
hybridisation between the bands can even be seen in the calculated bandstructure
of SmN in figure 2.3 where the red of the 4f bands give way to the blue of the 5d

band and vice versa.

We wish to add to the Hamiltonian (3.1) the phonon interaction terms that

31
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=2}

' k
r X =

Figure 3.1: A plot of how the two energy bands e4x and ey, will hybridise with
each other. The presence of the off diagonal terms (non-zero k - P) causes the
hybridization of the bands. The functional forms of these bands can be recovered
by diagonalising (3.1).

will lead to the superconductivity in SmN. We do this by writing (3.1) in the second
quantisation formalism as we have seen in (1.1) and (1.12). To do this we are guided
by a previous s-wave two-band Hamiltonian by Kristoffel et al. [94] and we construct
our Hamiltonian in a similar way. The Hamiltonian of Ref [94] includes terms that
pairs electrons in the same band (intra-band pairing). However, unlike this previous
Hamiltonian we are in a spin polarised system and so we may drop the spin degree
of freedom. We will also add in another term that forms pairings between electrons
in different bands (inter-band pairing) so that the Hamiltonian includes all possible
pairing combinations that could exist in the system. The resultant Hamiltonian

reads:

H = Z 5n7kaiykan7k + Z[k . Pewa;kaﬁk + H.c.|
n,k k

1
+ 5 Z Vnn<k7 kl)ail,kajl’_kan,fk’an,k/
n,k,k’ (32)
+ Z Vdf(k, k’)azl,ka}bﬁkaf@_k/ad’k/
k. k’

+ Z Vd/f(k7 k') [a:ri,ka:ri,fkafb,—k’afb,k/ + a}b,ka}b,fkadrk'ad,k']
K,k

where n is the band index (either d or fb), e, is the energy dispersion for each

band, V,,,»(k,k’) is the matrix element for pairing between bands n and n/, agj( is
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the annihilation (creation) operator for an electron in band n with momentum k,
and H.c. stands for the Hermitian conjugate. In (3.2) we note that the interaction
terms here are positive which generally indicate repulsive interactions. While this is
in contrast to the Hamiltonians in (1.1) and (1.12) we shall see later that the specific

choice of potential (2.21) will give rise to an attractive interaction.

The first line of the Hamiltonian is merely a rewriting of the matrix (3.1) while
the second and third lines describe intra- and inter-band electron pairing. The final
line however we immediately recognise as a pairing that scatters paired electrons
from one band into the other which, by the result (2.15) in chapter 2, we know is
forbidden. Hence we may remove this term entirely from consideration and rewrite

our second quantisation Hamiltonian as

H= Z 5n7ka;kan,k + Z[k : Pewa;kaﬂ,,k + H.C]

n,k k

1
-+ 5 Z Vnn(k7 k,>a;rz,kajz,—kan7*k/anvk/ (33)

Y

+ Z ‘/:1f (k, k')a;ka}brkafb,_k/ Qq x’
kK’

As said before the second line describes intra-band pairing which pairs two electrons
in the same band together into a Cooper pair. We see that the electrons in this case
must both have the same spin (spin up in this case) and therefore must have even
spin parity. This means that this pairing must be of triplet nature (as in fig 1.3)
which we likely suspect to be p-wave since it is the leading term (I = 1) in an odd
expansion in spherical harmonics (see table 1.1). This term, then, leads to p-wave
pairing in both the f and d bands. The third term on the other hand describes
inter-band pairing; pairing between two electrons in different bands. The form of
such a pairing is evocative due to the structure of its band indices. If one compares
this term to the one in equation (1.1) we can immediately see the similarity of the
terms by substituting the band indices with differing spins. The form of this pairing
means that now we can construct a pairing that has triplet pairing in the spins but
singlet pairing in the band indices. In this case, now, such a term will describe an
overall singlet pairing in the material, indeed such a possibility is one of the enticing

reasons for considering multi-band superconductivity in the first place.

While the singlet pairing term is appealing due to the predisposition of such
symmetries surviving random non-magnetic impurities we must first look to the
specific form of the interaction that we have developed in the preceding chapter.

Equation (2.21) clearly shows that the strength of the electron-phonon interaction
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will be dependent on the constants (' ,. Remembering the specific form of these
constants C,, = 8;%| A—o we see that the constant is dependent on the change in
the energy dispersion with respect to the dilation of the lattice i.e. how much will
the energy dispersion be deformed by some change in the lattice. Considering now
the relative strengths of the (', for the d and f bands we expect the coupling
strength for the f electrons to be smaller than that of the d electrons. As well as
reported small 4f coupling strength in Sm compared to other RE elements [86], our
physical reasoning for this conclusion is that the phonons mediating this process are
created via the application of stress to the crystal which in turn changes the atomic
coordinates of the crystal. Since the 4 f electrons are highly localised and orbit close
to the nucleus of the samarium atoms then some shift in atomic coordinates will
not impact the energy dispersions of these states as they will simply move with the
atom as the phonon passes through the crystal. Compared to the 4f band, the 5d
band will be more affected by the compression and expansion of the crystal since the
broad dispersion of the 5d band is spread throughout the crystal and dependent on
the periodicity of the lattice. The alterations to the periodicity of the lattice, caused
by the passage of the phonon, will thus disrupt this broad dispersion. Therefore we
will find that the constants controlling the strength of the phonon interaction are
such that C) 4> C, ¢ in this case. Thus we may take the potentials V¢ and Vi to
be negligible compared to the Vj; term. This leads us to discarding the singlet term
in (3.3) and the triplet term for the f band and allows us to write our Hamiltonian

simply as
H = Z 5n7ka;kan,k + Z[k . P€i9a27kaf57k + H.C|]
n,k k

1
+ 2 § Vaa(K' — k)ajl,ka:fi,—kad,fk’ad,k/

(3.4)

This means we will now only consider triplet pairing of the electrons in the d band.

3.2 The Mean Field Hamiltonian

In order to find the gap equation for for the Hamiltonian (3.4) we will use the mean
field approximation as in sections subsection 1.2.1 and subsection 1.2.3. As before
we will construct the mean field Hamiltonian by introducing the pair potential Ay

which we define as

Ag(k) == Vaa(k, K) {24 waqw) (3.5)

kl
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The reason for defining the pair potential (3.5) with a minus sign will become obvious
once we consider more carefully the specific form of Vg, This lets us write the

following mean field Hamiltonian:

Hyur. —Zankankank—l—Zk Pe! adkafbk+HC]

n,k

(3.6)
= Z [Ad,ka;ka;,k + H.C.]
k

We may also rewrite this Hamiltonian using Nambu notation to express it as a ma-
trix. Writing the Nambu spinors as @ = [ailk, a}bk, Ad,—x, @b, —x) the Hamiltonian

(3.6) can be rewritten as

€d.k ka -P _Ad,k 0
1 e k. P Efb 0 0
Hyp==) ad . dx (3.7)
2 Zk: _Az,k 0 —E€dk e k. P
0 0 ewk -P —Efb

Now that we have the Hamiltonian (3.7) in this form we can diagonalise this matrix
with some unitary transformation so that in the end we may write and solve the self

consistency equation for Ay.

We now look into the form of the interaction term in more detail to uncover how
we generate our attractive interaction from a seemingly repulsive interaction term.
We begin with some potential (suppressing spin indices since we are still in a spin

polarised system) in the usual way

E V Ck’+qck quCk/ (38)
k k.q

This equation describes a process that imparts some momentum q to an electron at
the expense of another electron. We then would like to set up paired electrons of

opposite momenta, so we take k = —k’ which gives:

1
= oo
N 2V ol Z V<q)ck’+qc_k/_qc_klck/
(3.9)

Zv (k= K)elcl e e

k,k’

2V0l

where in the second equality we have taken q = k—k’. Until this point we have said

nothing about the nature of this potential but now we assume that the potential is
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repulsive, like that of Coulomb repulsion or phonon coupling. Now from (2.21) we
have that V(k — k') = V|k — K’| where V' is positive and so V(k — k') is always
positive, i.e. the potential is repulsive. However, what we may do is expand V (k—k’)

in the following way so that

Vik—k)=Vk-K|~V,+ Va(k —K)*>+ O[(k — k')

_ 2 2\ 1/ L2 (3'1())
= Vo + Vao(k* + k%) — 2Vok - k' + O[(k — k')7]

Now we see that from a purely repulsive potential we find that there is an attractive
component of the potential. In normal BCS theory this repulsive component of the
potential is usually cancelled out during the necessary operator algebra and we need
only to keep the surviving constant terms. However, in the case of the triplet pairing
we do not have the same result, in fact if we take the potential to be the leading
constant term then we would find that our pairing potential is zero. Performing
operator algebra with the specific form of Vj, (2.21) on the pair potential as defined
in (3.5) we find

\%4
Aalk) = 5 > Ik —K[{ag waae) + Y |k —k[(ag waaw) (3.11)
K’ KK/

where we have split the sum into two equal parts and are intending to send the
second sum from k' — —k’. By sending k' — —k’ in the second sum we are able to

write now:

Vv
Ag(k) = 5 >[Ik = K{agwaaie) + [k + K| (aawas )] (3.12)
kl

Now by making use of the fact that the anticommutater of two different fermion oper-
ators is zero (i.e. {aqn, a3} = dap) we may make the swap (agwaq—x) = — (A4 _waix)
in (3.12). This allows to write A4(k) in the following way:

Aa(k) = % DIV (k= K| = [k + K] (ag-waaw) (3.13)

The main takeaway from this new form of A,y has the effective potential as Vyq(k —
k') — Vaa(k + k). Now connecting (3.10) to this result we see that Vy(k — k') —

Vaa(k 4+ k) will be purely attractive as a potential since:

Via(k — K') — Vag(k + K') ~ —4Vik - K. (3.14)
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This is to be expected from Akhiezer et al. [95] since we are looking fundamentally at
p-wave pairing in the d-band. Remembering that this came from a purely repulsive
potential we now see why we have started with such a repulsive interaction term
in our second quantisation Hamiltonian. We see now the reason for introducing a
minus sign in the pair potential (3.5) as we may now modify the pair potential to

have the following form:

Ad(k) = —% Z [Vdd(k — k/) — ‘/dd(k + k/)] <ad7_k/ad,k/>
K (3.15)

= 2‘/2 Z k- k/<ad,_k/ad7k/>.
k/

We note that the constant V5 will have units of energy per wavevector squared since
it is a second order expansion of V4(k —k’). We have considered a model where the
interaction term is mediated by phonons. However, the results which we will present
in the following rely only on the property where Vyy(k—k') —Vyg(k+k') = —4V5k-K/,

irrespective of how the interaction is mediated.

3.2.1 Diagonalising the Mean-Field Hamiltonian

We are now in a position to diagonalise the mean-field Hamiltonian (3.7). Consid-
ering just the matrix in the Hamiltonian (3.7) and calling it Hy we wish to find a

unitary matrix U such that

Ex 0 0 0
0 Eyx 0 0

UlH U = = M9 3.16
y 0 Eue 0 K (3.16)
0 0 0 Fax
where the E,x, n =1,...,4 are the eigenenergies of the new diagonalised system.

The way to do this is of course the foundational theorem from linear algebra whereby
if there are n distinct eigenvalues of an n x n Hermitian matrix (£, x in this case)
then such a diagonalisation is possible where the columns of the required U will be
the eigenvectors associated with each eigenvalue!. Now all we need to do is introduce
a substitution to give us a matrix product as in (3.16) which we do in the standard

way. Since we have that Hy;p o @ Hyxdx then we can move to a new operator

"While it is true that not every eigenenergy from a Hamiltonian need be distinct we will not
need to worry about such a case here.
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system, 7, with the following substitution:

ad k 71k

arpk | Y2,k
al =U |
d,—k M,—x
T T
Ay _x V2, —k

(3.17)

This substitution is valid since we can write:

1 — —
Hyp = 5 Zk: akTHkak

> WU HU A
k

N | —

1 — 1ag —
=3 > A HE 5 (3.18)
k
which is what we require. As stated before the U we require will be of the form
U= |:W1,k7 WQ,ka W3,k7 W4,k:| (319>

where the w,, i are the associated eigenspinors of the eigenenergies F, k. It will also

be useful later to define now the eigenspinors as having the following form:

T
Wnk = [ul,n,k; U2nky, Vink, U2,n,k:| (320)

We are now in a position to diagonalise (3.7) which can be done straightforwardly

to give the eigenenergies:

1
Ei(k) = —\/Q(k-P)Q%—sg,k—i—e?bﬁL |A4]? + by (3.21)
Ey(k) = 1 2k -P)2 422, +e% +|Ad? =0 (3.22)
2 \/§ d.k fb d k

E3(k) = —El(k)

(3.23)
Ey (k) = —Fs (k)

where by is defined as

b=/ (E3k — 23 + 1 8af2)? + 40k - PY2(|Ag]? + (2as + £00)?) (3.24)
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With this we have successfully rewritten H,; r into the expected form as we have

seen previously i.e.

Hyr = Z En,k’)/;k’)/n,k (3.25)

n,k
where n = 1,2. This leads us to our guess for the groundstate of the system which

we write as:

|Pas) = H'VLk'YQ,k’(I)O) (3.26)
K

with |®g) indicating electronic vacuum. This state satisfies the necessary condition
for the groundstate since 7, k|®Pc.s) = 0 for n = 1,2 and any k. In the interests
of saving space the eigenspinors w,, will not be written out here as we will discover
that we will only require two of the four for expressing the pair potential in the self
consistency equation. To discover which of these we require we will need to set up

the self consistency equation for A; which we do in following section.

3.3 Self Consistency Equation for Ay

In order for us to write the self consistency equation for A; we must first find out
how to express the expectation value (a4 _waqy) in terms of the 7, operators.
Using (3.17) in conjunction with (3.19) and (3.20) we are able to simply write the

a operators in terms of the v operators:

_ i i
gk = U11,kV1k T U12kV2k T U13kV1 _k T UL,4k V2 K

Appk = U2,1kY1k T U22k Y2k T U2,3,k’YI7_k + U2,4,w§,_k (3.27)

U f f
Ag—x = V1,1k Y1k T V12k72k T V13Kk71,—k T V14K 72,k

P i t
App _x = V21Kk71k T V22kY2k T V23k71 Kk T V24k7V2 K

For our purposes we are only interested in expressing aqx and a4_x in terms of
the 7, x operators. We already have aqx and to find aq _x it is a simply matter of

Hermition conjugating the term a;rl _i Which gives us:

_I.
ad,—k = (a:ri,—k> = UT,l,k’YI,k + Ul,Q,k’Y;k + 07 50—k VT a0002,-k (3.28)

Since we are dealing with an expectation value in the v, x basis we will have our
expectation value be (ag_xaix) = (Paslad-—xaax|Pas) where v, k|Pas) = 0 as
stated above. The expression generated from the product a4 _xaqx will have sixteen
separate terms in it. Many of these terms can be safely ignored however, the reasons

for which will be explained below.



40 CHAPTER 3. TRIPLET PAIRING SUPERCONDUCTIVITY IN SMN

In a product as we are expecting above there will be terms of three different
types. The first type will have the an annihilation v, x operator at the end of the
product such as the term Ul,l,kvl,l,k'YI7k71,k. All terms of this first type can be
evaluated to zero since the annihilation +, x operator at the end will be the first
to act on the ground state which will give a zero. The second type will have an
operator pair in the form 727k72,7k. These terms may also be safely evaluated to zero
since now the inner product <<I)GS|%T1,1<’Y7T1/,1<|(I)GS> can be written as (®gg|n, k;n’, k)
after applying the operators. This inner product now is of course zero since the
two kets are orthonormal to each other in this basis. The third type of term will
have operator pairs in the form fymkfyib,’k. Because we know that {a,,as} = dup for
fermion operators then we may write these terms like so 'Vn,k'YTTu,k = Opn/ — ’yjl,’k’ymk.
We see now in this form that the only terms that will survive are those with n = n/
and thus we know only those terms with the form %,k%t,k in the expansion will be
non-zero. This leaves us with only two terms of the original sixteen which we may
write now as

(g —xG4x) = (‘I)Gs\u1,3,kvf,37k’>’1,—k’7i_k + u1,4,k7}>1k,4,k72,—k7;_k|q)GS> (3.29)

* *
= U13kV1 3Kk T U1,4kV1 4K

We see now that from (3.29) that we will only need components from the eigenspinors

w3 and wy. Writing these vectors now so that we may express (3.29) fully we have

e_ie((k -P)? — (Evx —ea)(Brk —em))

Wa — 1 %((Eik — 7 — |Ad?)(Brx —epp) — (Erx +eq) (k- P)?) (3.30)
s ./\/3 eiwAZ(Sfb — El,k) ‘
Atk - P
and
| e ¥ ((k-P)? — (Eyx — €q)(Eox — )
wy L | T (B = = |AP) (Basc = 2p) = (Brac+2) (PP o)
4 N4 eiwA:}(Efb — Eg,k) '
Atk - P

where N5 and N are the norms of the vectors to normalise them. These norms are
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defined as:
1
N3 :W((Ef,k — i — |Aal*)(Bri — £53) — (Brx +€a) (k- P)?)?
+((k-P)* = (Brx —ea)(Brx —5))” + [Aal* (g5 — Bri)® + [Aaf*(k - P)?
(3.32)
and
1
N = k Py ((E3y — eq = |Adl*)(Bax — epp) — (Bax + ) (k- P)?)?
+ (k- P)* — (Erx — €a)(Bax — €0))” + |Aal* (g5 — Eni)® + [Ad*(k - P)?
(3.33)

Thus we may now write our expectation value as

_ P2 _ _ B
(aq-waaw) = Ag (erp — Eri) (k- P) N(;?Lk ed)(E1x gfb))+

(Efb — E27k)((k . P)Q — (E27k — Ed) (E27k — {-:fb)) (334)
Ni

= AyEV(K)

where for simplicity we have absorbed the complicated expression in the square
brackets into some function EV (k) (E'V standing for ‘expectation value’). Finally
the self consistency equation can be written, whereby we convert the sum over k

into an integral:

Q

Ayk) = 21/2W / dk k- K Ay(K)EV (K) (3.35)
™

This will the form of our self-consistency equation which we note has marked simi-

larities to the self consistency in subsection 1.2.3 due to the k-k’ term in the integral.

We will use this similarity to treat our integral (3.35) in much the same way.

3.3.1 Treating the Self Consistency Integral

Before we begin to treat the integral we may begin to simplify the problem by
assuming, without loss of generality, that the P vector (which is real) points in the
z direction, i.e. P = PZ. This means that we may write any k- P terms as kP cos 6

where 6 is the angle from the z-axis to the vector k. Another consequence of this
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choice is that we may now write the vector k in spherical coordinates as usual:

T
k==k [cos¢sin 0, singsinf, cosd (3.36)

which allows us to express the k - k' term as

k- k' = kE'(cos ¢ cos ¢’ sin @ sin 8’ + sin ¢ sin ¢ sin 6 sin 6’ + cos 6 cos §")

(3.37)
= kk'(cos(¢ — ¢') sinfsin 0’ + cos 6 cos §")

where the last equality comes from the trigonometric identity: cos(A F+ B) =
sin Asin B + cos A cos B.

As was mentioned in subsection 1.2.3 we expect three types of pairing symmetries
in 3D that A4 can take as a p-wave superconductor. These were given in (1.18) and
were called as the p,- and p,.;,-pairing symmetries. For our uses we will make

Ansdtze for the form these three symmetries may take. These will be:

k.
Aus(k) = Ay (3.38)
F
and "
T (3
Agetiy(k) = TyAéﬂ) (3.39)

where kp is the Fermi wavevector, the Ay terms are constants and the superscripts
for the Ay terms are in keeping with equation (1.18). In keeping with the changes

to spherical coordinates we may now rewrite our Ansdtze (3.38) and (3.39) as:

k
Agz(k) = T OO NS (3.40)
and L
Agoriy(k) = o sin e o ALEY. (3.41)

We will now attempt to reduce the complexity of the self consistency integral for
all three cases for a general EV (k). We note here that based on these current
definitions our expression for EV (k) will have no azimuthal dependence, i.e. it will

not depend on the angle ¢.

p. Pairing Symmetry

For the p,-symmetry case we substitute our expressions (3.37) and (3.40) into the

integral (3.35) which has been moved to spherical coordinates via the transformation
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(1.19). The result of such operations leaves us with the expression:

ﬁ cos GA(O

dk' d9’
kr k

dgb k" sin @ cos 0

(cos o — ) sm@sm@’ +cosfcos@)EV(K',0") (3.42)

Immediately we see cancellations on the right and left hand side of (3.42) and we
also recognise that the integral fo% cos(¢ — ¢')d¢’ = 0 due to the periodicity of the

sin function. Thus we may reduce (3.42) to:
27TQ / 14 / / / /
cosf =2V, cos@ dk d9 K*sin@ cos® 0 EV (K, 0') (3.43)
which can be easily simplified to:
2‘/2 / 14 ! / 1l
1= dk d@ K*sin@ cos* 0 EV (K, 0'). (3.44)

At this stage we can do no more without using the actual form of EV'(k, #). However,
we can still simplify the integral even without knowing EV (k,#) at this stage. Refer-
ring back to subsection 1.2.1 we will also use the fact that we assume the interaction
strength is non-vanishing only in a thin shell about the Fermi energy ¢p. Thus we
restrict the k integral such that the energies lie within the range (e p—hwp, ep+hwp)
where wp is the Debye frequency. This can be written then as a constraint for the

wavevectors that satisfy

2

er — hwp < k’2+€d70 < e+ hwp (345)

Mgy

since €4 is the only energy band that depends on wavevector in the system.

Since the form of EV(k,#) is quite complicated we introduce the following ap-
proximation which will serve to simplify (3.44). As was suggested via private com-
munications with Moghaddam et al. [91] we move to linearize the dispersion &4

about the Fermi energy. Thus we may write

l@|
h Ok lk=kp

at the Fermi-level) and kr is the Fermi-wavevector. This is true for small values of

where vp = is the Fermi-velocity (the speed of the electrons in the d-band

k — kr and so now we may define kp = ‘:—FD such that the energy condition (3.45)

now restricts the wavevectors to the range (kr — kp, kr + kp) where based on our
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assumptions now we take kg > kp. Now our integral (3.44) is written

2150

kr+kp T . )
= W/k dk’/o d0'k" sin @' cos” ' EV (K, cos 0") (3.47)

r—kp

For the sake of simplicity we make two substitutions, the first being u = cos ' and

the second being ¢ = k' — kr. This transforms the integral to

2 0 +kp
V / dq/ du(q + kr)*u*EV (q,u) (3.48)
-1

Using that kr > kp we see that of course ¢ < kr as well since the greatest value ¢
attains is kp. Now we may replace all factors of ¢ + kg (corresponding to k' terms)

with k£r. This results in the integral

_ 2VekpQ [The
V2 / dq/ duu?EV (q,u) (3.49)
-1

This is the simplest we can make this integral without using the specific form of

EV(q,u). We shall repeat this for the p,;, case after which we may look to incor-

porating E'V (g, u) into our considerations.

Dz+iy Pairing Symmetry

Since the p,4,- and p,_;,-symmetries are so similar we will treat them both at the
same time. We will see that the choice of either one does not impact the integral in
any significant way. Just as we have done for the p,-symmetry case we will end up

with a very similar integral to deal with:

k
81n86i7’¢A(i1 =2—A il)Vg

k
/ dk’' / do’ / d¢'k'* sin® 0™
k?F kF

(cos(¢ ¢')sinfsin @ + cosfcos 0" )EV (K',6") (3.50)

Once again we see there are immediate cancellations to be made. The integral in
¢' however is now slightly more complicated in this case. The solution however is
not complicated and beautifully balances out the left hand side, just as we have
seen before for the other symmetry. Firstly we recognise the term that will only
have the contribution fozw et d¢ will be zero. Secondly we find that the integral
fOQW e*? cos(¢p — ¢')d¢' has the analytic solution:

/27r e cos(¢ — ¢')dp = me*? (3.51)
0
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Using this solution we find that (3.50) reduces to:
sin fe*? = 2V, sin Hei“b /dk'/ do'K" sin® @ EV (K, 0') (3.52)
which can be easily simplified to:
V50 g
1= 2" / k' / do'K* sin® 0 EV (K9 (3.53)
(2m)? 0
From here the same argument as for the p.-symmetry applies and we can easily

k}4Q +kp 1
V2 / dq/ du(1l —u*)EV (q,u). (3.54)
1

obtain:

3.4 Results

Due to the overall complexity of EV (¢, u) it is difficult to extract analytic expressions
for its behaviour. As such, we move to the special case where the Fermi level is raised
to the energy of the f band leaving €4, = 0. This simplifies much of the algebra and

allows us to solve the integral in limiting cases of A.

3.4.1 Special Case When 7, = 0

Starting from first principles we may write our mean-field Hamiltonian for this

reduced system as:

hrpg  e9k-P —Ay 0
1 e k.- P 0 0 0
H — . a 3.95
s T2 Zk: Ay 0 —fwpg ek -P| ¢ (3.55)
0 0 ek - P 0

where we have made the substitution (3.46). Diagonalising this as we have discussed

previously gives the eigenenergies:

1

Ei(k) = /2

(2<k ‘P’ + Phg® + | Ag)?

N[

1202 |l B2 + | Al + Ak P)2> (3.56)
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1
Es(k) = 7 (2(k ‘P)? + Phg® + | Ay

N|=

— \JR2oRa? + Dty F2oRa? + | Al + Ak P)2> (3.57)

Es(k) = —Ei(k) (3.58)
Ey(k) = —Es(k) '

and allows us to write the expectation value in the same form as (3.34), i.e. (g _waax) =

o El,k(Eik — (k . P)2 — El,khqu) n EQ,k(EQQ,k — (k . P)2 — Eg’khqu)

EV (k) G N2

(3.59)

where

N = (RPvig® + | Ad]?)

. (4(k P BR0RG 1A B2 + | Al B3 + | A + Al P)Q)

— 2By shopgy B3 + | Mgy /F20g? + | Al +4(k - P)? (3.60)

and

NG = (W*vipg® + | Aal)

) (4<k PP R23g + [Aaf? — [ P2032 + | Aaf?y/B203 2 + [Agf? + 4(k - P)z)

+ 2By horqy/B20Ra? + | Da?\T2vRa + [ A2 + 4(k P2 (3.61)

It turns out that after some mathematical massaging of (3.59) it can be simplified

down to (see A)
1

T 2/A(k- PR+ kg + AP
From here we may integrate (3.62) in the integral (3.49) and (3.54) for each of the

different symmetries.

EV(K) (3.62)
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p. Pairing Symmetry

Using the specific form of A;. we can now write the integral I:

2v Ry [Thr 2
I = F / dg / du “ (3.63)
-1 2\/4k%P2u2 + B2v%q? + (A(()O))%L?

The integral in ¢ for this expression exists and can be shown to give the result:

2Lk 1 hvpk
I, = ﬁ / duu?Arcsinh UERD = (3.64)
T)*NVp J_4 /{ZFP|U| 4+ (%)2
Now assuming the factor vekp = is small (i.e. vpkp < kpP) then we may

AO)
ke Plul|[4+(£25)2

take the Maclaurin series of Arsinh(x), which is Arcsinh(z) ~ z. Thus the integral

becomes: KO -
2
I = V; / L du (3.65)
™ P\/4 +( 1 ful
This integral is elementary with f 1] u? du = 1. Now we find
2VokpktQ
I, = Vakp (3.66)

A
(2m)2ke P4 + (825)?

Connecting back to the self consistency equation we will have
2VokpkQ
(2m)2%kp Py /4 + (202
- A
e b (3.67)

V23 k502
AY = 2kpPy |22
ol =2 R

1=

This result is also consistent with numerically plotted values of the integral IZ(A(()O))

for the entire range of Aéo) as seen in figure 3.2. This result tells that the self-

VEk3 ES.Q?
(2m)2 P2

condition slightly differently by defining, as we did in subsection 1.2.3, the effective

consistency is solvable, but only if we have > 1. We can express this

coupling strength A and the density of states at the Fermi level N3p(er) as

A= QVak2
K2 (3.68)

Nsp(erp) = T Zhon
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I,
g — Numerical Integration
iy Analytic Expression
‘ s nl N P - (O)IkP
0.001 0.010 0.100 1 10 100AO F

[Unitless]

Figure 3.2: Plot of the numerically integrated integral (3.63) as a function of Al
(blue curve) compared to the integrated result in (3.66) (yellow curve) measured in
units of kpP. We see very good agreement between the two curves with a slight
discrepancy occurring at lower values of A(()O). Note that

Now using that kp = wp/vr we can write the condition for solutions as

A2N§D(5F)h2w%
4k:12;P2
2kr P
e
NSD(gF)hWD

> 1

(3.69)
—= A

Thus from (3.69) we see that there will be no solutions if the effective pairing po-
tential is below this critical threshold. This is the only result where we can find an
analytic expression for the whole integral, the others can only be solved for limiting
values of Ag in the cases Ay > krP and Ag < kpP. Thus for completeness the
limiting values of this integral are as follows. For AE)O) > kp P we recover the power

law:

I . Z%kpk%Q . )\NgD(EF)th
Z,Aéo)>>kFP - (QW)QA(()O) - A(()O)

(3.70)
Connecting this to the self-consistency condition we find that in this case we have
AP = ANyp(ep)hwp (3.71)

In this case we will find this result if the effective coupling strength is much larger

than Jﬁi as we see from the second line in (3.67). On the other hand, for
3p(eF)hwp
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I
\\
— — Numerical Integration ‘\
"] \
E Large Ay? Limit \\
+
2 Small A, Limit \
\
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0.001 0.010 0.100 1 10 1001'\0 F
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Figure 3.3: Plot of the numerically integrated integral (3.63) as a function of Aéo)
(blue curve) compared to the limiting results found in (3.70) (green curve) and
(3.72) (yellow curve), measured in units of kpP. We see good agreement between
the curves and the numeric result in their respective limits.

A(()O) < kpP we can expand the square root in the first line of (3.67) to find:

Lo = YRR (O ANl [ (AP g
SAERl (2 ke 8k P 2kp P gzpr |-

Now solving this for the self-consistency equation we find that we can express A(()O)

2y P
Ag°>:2ka\/2 (1 L) (3.73)

as:

B )\NgD(EF)th

where we see that the same condition for the existence of solutions as the full case
(3.69) is expected from this equation, once again reinforcing the fact that in this
regime the pairing is only satisfiable for large enough values of A\. These results also
agree with the numerics in their respective limits as seen in figure 3.3. We note that
in a real material we are likely to only be in the case where A(()O) is smaller than krP.
This means that the low limit results are more realistic in the more likely scenarios

that we encounter in the world.
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Pz+iy Pairing Symmetry

Moving to the p,+;,-symmetry we find we must integrate the integral I,

1—u?

40) +kp 1
L = 1/22sz / dq / du (3.74)
( 7T) —kp -1 2\/4]612,;P2U2 + hZU%q2 + (A(:tl))z(l _ UZ)

0

We find that the ¢ integral in (3.74) is integratable in exactly the same way as for

the p, case. This gives us:

du(1 — u?)Arcsinh
-1 VAR P22 + (1 — u2) (AFD)2

(3.75)

I, _w/l hwrkp
" = o2y

We naively expect the same trick that we tried before to work with this integral and
so we attempt the same integration. However, this does not work very well at all as
it does not capture the proper lineshape and does not match the numeric result for
small values of A(()ﬂ). The problem arises since we are taking only the Maclaurin
series of Arcsinh in this case. If we consider the case where A(()ﬂ) is very small, then

the Maclaurin series will give us the integral:

VokiQ [ o kp
1—u?) "2 g .
(27)2 /_ - )Zk’pP|u| " (3.76)

which is divergent over the integrating range due to the |_711| term. Even if we keep
the (A2 term and only discard the (A{”)2u? term in (3.75) to give

4 1
Vsz? / (1—u?) £p du (3.77)
( 7T) -1 \/4/{%132“2 + (Agﬂ))Q

this integral is still divergent. This is shown by plotting the integrand of (3.75)
against the integrand of (3.77) in figure 3.4. We see that the approximation is good
for most of the range but diverges when u is close to zero. In this case we, for small
Aéﬂ), can move to a different approximation of Arcsinh(x) in which = becomes
large. This approximation is Arcsinh(x) ~ In(2z) and when plotted works well for
very small u but not for others as seen in figure 3.5. This would result in an integral

of the form

du. (3.78)

VaktQ) /1 2hvrpkp

— [ (1-u?)in
(27T)2h’UF _1 \/4k%P2U2 + (Agil))Q
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Integrand [Arb.]

— Arcsinh(x)

Approximating Arcsinh(x) = x

1 1 u [Unitless]
Figure 3.4: Plot of the integrand in (3.75) (blue curve) against the integrand in (3.77)

(yellow curve). The approximation of Arcsinh(z) ~ x is good for larger values of
|u|, but diverges as |u| tends to zero.

We overcome this problem by splitting the integral over the range f_ll du = 2 fol du
to the two integrals 2 [ du + 2 ful ., du where the upper integral will integrate
sp

1t
(3.77) and the lower (3.78). We must consider where then to split the integral. If we
hwrpkp
\/4k§P2u2+(Agﬂ))2
energy scales then we see that the fraction will start to grow large when u is such

consider the fraction where A(()il) is small compared to the other

hpkp
2kp P

a good approximation to the integral at small Aéﬂ), provided of course that this

that 2kpPu < hvpkp. Thus we guess that a split when v = would yield
quantity is less than 1. We also verify this numerically in figure 3.6 which shows
excellent agreement. Thus we take in the limit for A(()il) small in comparison to the

energy scales kp P and hvpkp the integral to be

Ipviy = kfﬂ /1 du(1 — u*)Arcsinh fwrkp

(2m)2hor J_4 \/4k;%P2u2 +(1— u2)(Aéﬂ))2

4 hpkp
~ 2VQI;JFQ / 2kp P (1 _ u2)ln 2hvrkp du (379>
(2m)2hvr | Jo \/4k%p2u2 + (A(()il))2
! hopk
+ﬁ . (1 —u?) ) du

BT \/ 4k2 P2 4 (AST)2
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Integrand [Arb.]

— Arcsinh(x)
Approximating Arcsinh(x) = In(2x)

_r—f—’" A ‘—&—1 u [Unitless]

Figure 3.5: Plot of the integrand in (3.75) (blue curve) against the integrand in
(3.78) (yellow curve). The approximation of Arcsinh(z) ~ In(2z) fits well to the
actual integrand for small values of |u|. However, we see that outside of this small
window the approximation fails, quite spectacularly, to fit to the real integrand.

This expression can be analytically integrated which gives the result:

VokpkrpS) | hupkp (+1) (1)
A P VA2 + 12023 — ke P/ (A2 + 4k P2
L e e 2hp P+ \J4EP? + (ASED )
—+ 5((A0 ) + 8kFP )ln =
hopkp + \/ R2v2 k2 + (A2
(A((Jil)) A(il ( 1)\2 2 hUFkD
+ 43P [ 1+1n %UF]“D
\/h2 2 k2 )
B h%g,k% s 2hvrkp ]
\/h2 A(il )

This expression cannot be rearranged to give A by itself, however, we may still
use the fact that A ) is smaller than the energy scales kr P and hvpkp to simplify

this expression. If we take A ) to be small then we find that we may approximate

(1)
Arctan (}Z&kff ~ 5 - 20 and that we do not need to consider (A(()jE )) terms as
0

hwpkp

the leading term in Aéﬂ) in linear. Putting this together we find we may simplify
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(3.80) as

VakipkrQ | o 5 0 (T 1
PRDEE 2 g2 (L Zpg
a(2ryeps | F 18 T 3™

AkpP ok P?
+ 2K2 P2 (1+2ln( iZa ))— mhi Agﬂ)]

]iiw::

(3.81)

hUFkD hUFkD

which shows good numerical agreement with the actual integral in figure 3.6 as we
expect. However, we notice that the integral (3.79) is even in Aéﬂ) while (3.81) is
not. Thus we see that (3.81) can only be valid for Aéﬂ) positive. Solving this now

for Aéﬂ) back in the self-consistency equation is now simple and yields

R (71 Ay P AkpP
— — =In2 1421 —
Qk%}ﬂ (18 3 " )-+ + n/< nﬂD > AA&D(€F)MHD

AGD _ hwp

0 T

(3.82)

where we have made the relevant substitutions for the effective coupling constant
and density of states. From this we see that there are values of the effective coupling
strength that make (3.82) negative, which make the solution invalid. This introduces
another condition on the effective coupling strength for viable solutions which can

be expressed as:

AkpP R (701 AkpP\\
A > — — —In2 141 3.83
Nao(er)ion (21@132 183" T T, (3.83)
Moving onto the case when A(()ﬂ) is large, we find we may write (3.75) as
Vokp Q) [* hurk
Lotiy = Q—QF/ du(1 — u?)Arcsinh # (3.84)
(27 )2hvp |, ASD T2

which allows us to write the Arcsinh using its Maclaurin series since we will avoid

any divergences. This gives us the integral

VokQ /1 ) kp
Loviy = — 1 —u')————=du 3.8
=y [T A e (3:55)

which is simply written as:

VakpktQ
Lywiy = (2 DAfﬂ / V1 —u2du (3.86)



54 CHAPTER 3. TRIPLET PAIRING SUPERCONDUCTIVITY IN SMN
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Figure 3.6: Plot of the numerically integrated integral (3.74) as a function of A(()il)

(blue curve) compared to the three limiting results found in (3.87) (yellow curve),
(3.81) (red curve), and (3.80) (green curve), measured in units of kr P The functions
fit well to the numeric result in their respective limits, with the approximate function

) ) o +1
(3.81) performing well enough in the limit of small A(() ),

The integral in (3.86) has the analytic value fjl V1 —u*du = 7. Thus we find in

this limit that the integral in fact is also a power law given by:

W‘/Qk’Dk%Q B ’/T)\N;;D(&F)hwp

Too(2m)2a5) AAFY
This can now be solved back in the self-consistency equation to give simply
A = ZANp(er)heop (3.88)

Numerically this once again also fits well as shown in figure 3.6. This shows that
once again if the effective coupling constant is very large we find that the pairing
amplitude depends linearly on the effective coupling strength, just as in the p.-
symmetry case. Both symmetries in this situation have also shown transitions into
separate regimes for smaller A\ which lead to threshold values of the effective coupling

strength, below which no pairing will form.

It is interesting that when the Fermi level is in this position, the pair amplitude
can disappear since a naive guess would be the recovery of a result that is similar
to the single band result in subsection 1.2.3. What we find instead is that there is
a threshold effective coupling strength above which the superconducting state can
be realised. This is due to the hybridisation between the two bands which results

in an avoided crossing. The location of the Fermi level in this situation is now in
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the middle of this avoided crossing. Thus the result of a minimum effective coupling
strength being required for the pairing to exist is so that the pairing can actually

pair electrons across the avoided crossing.

3.4.2 General Case With €7, # 0

We move, in this section, to the full case where €y, is nonzero and is described by
(3.7). Unlike for the simplified case, at this point in time there is no known major
simplification to the function EV (k) as given in (3.34). As such we will attempt to
simplify the integral by only considering the limiting cases of A from the onset and
in fact we will find the same power law results as we did for the special case when

Ay is large.

If we consider here, before moving onto the different symmetries, A being large,
i.e. much greater than either €4k, €4, or k - P, then we are able to simplify large
swaths of (3.34). We will begin with what will happen to Ejx and Esj in such a
case. We find that £ x will reduce to

1
iy ~ E\/\Am + VA T (k- PA,]

1

~ —— /A2 + A4 (3.89)
\/5\/‘ d| | d‘

~ ’Ad‘

and, in a similar way, Fsy reduces to

1
Epy E\/mm VA 1 A(k P)A

1
%E\/mdp_ N (3.90)

~ 0.

Looking at the numerators of (3.34) we find the first numerator simplifies as

(epp — Era) (k- P)? — (Byx — €q) (Bri — €p))
~ —|Adl((k-P)* — [Ag) (3.91)
~ |Ag)?



o6 CHAPTER 3. TRIPLET PAIRING SUPERCONDUCTIVITY IN SMN

and the second simplifies to

(epp — Eax) (k- P)? — (Eyx — €4)(Box — £51))

] (3.92)
~ €fb((k : P) — €fb€d, k)
The norms (3.32) and (3.33) are also simplified to
1
N2 = a0 = A~ 18l PR + (G PP = A
+ A + A4 (k- P)? (3.93)
~ 2| Ag|* + 2|Ag7 (k - P)?
~ 2|Ad|4
and
1
NE % G (18 — canll P+ (e PP + s
+1Aaleh, + [Ad*(k - P)?
|Agle? (3.94)
~ p T (KPP epend” + AP (e, + (k- P)?)
(k- P)
2
o A4
T (k- P)2| "
Now we may simply write EV (k) as:
3 P2
BV (k) ~ 2||AAd||4 L enllk 5) £fbEak)
I (ﬁmcﬁ‘)
2 2
_ 1 i [|Ad|3+ 2epp(k - P) (k- P)* — epcax) (3.95)
2|Ad| Efb
A1

T2lA T 21A

Therefore this result holds for any form of |A4| which is why we see such power laws
appearing in this limit for the special case. With this approximation in place we

may straightforwardly integrate (3.49) and (3.54). The results of which give us for
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the p,-symmetry:

_ 2VakiQ [
= V2 / /duu2EV(q,u)

2‘/2]{:4Q/+kD /
QMA

2ok ki
= 2Vakphiptd ?0) / u—du
(2m)2A Sy [ul
 2VokpkhQ)
(2m)2A7

which is the same result as that which we found in equation (3.70). This is not a
surprising result in the limit of large Ay since in this limit A, becomes large with
respect to every energy scale. Thus we may essentially take €5, =~ 0, as well as the
other energy scales, since Ay is the dominant term. This naturally reduces to the case
where we took €y, to be zero to begin with and thus is natural that we recover the
same result. Therefore (3.96) has the same solution in the self-consistency equation

as (3.70) which we repeat here
A(()O) = >\N3D(8F)WD (397)

In the same vein we turn to the p,4,-symmetry and we find:

40 +kp 1
_ W“F / dq/ du(1 — w?)EV (g, )
1

4Q +kD 1 1
~ VQkF / dq/ du(1 — u?) =y
- 2007 V1 —u?
VQkJDk‘FQ L] — 2

(27r)2k’FPAéﬂ) 1 V11— u2
. W‘/Q]{D/{?%Q
2(27)2PAGY

(3.98)

which, again, is the same as the result found in equation (3.87) and the same ex-

pression for A(()ﬂ) ;

™
Aé:tl) = Z)\NBD<€F)WD (399)

3.4.3 General Case; Small |A/]

Unfortunately for the limit where A, is small in comparison to kr P we have not yet

found analytic expressions for the self-consistency equation. However, based on our
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Figure 3.7: Plot of the numerically integrated integral (3.49) as a function of A(()O)

measured in units of kpP. We see that for small A(()O) the integral behaves as a
negative linear line. The z-axis is log scaled which indicates that this behaviour can
be characterised as —ln(A(()o)) in this limit.

numerical investigations into the form of the self-consistency integrals for all three
symmetry cases we have found that in this limit the integral behaves as —InA,.
This can be seen clearly in figures 3.7 and 3.8. These figures are plotted with a
log scale on the x-axis as 4\ increases which means that any straight line we see
on the graph indicates a log natural relationship. We clearly see for A, values less
than kpP that there is a negative straight line which is where we find the —InA,

behaviour. Thus in its most general we may write for the this type of integral I:

where C, for n = 1,2,3 are constants. More specifically for the p,-symmetry case

we will have

20k
T

[61 - cgln(chgo))} (3.101)

which is easily solved for A((]O) when solving the self-consistency equation. This gives

1 a (27)?
A(O) — _— ,cC S S — 102
0 Cge 2exp( 262‘/29]{%) (3.102)

which is the same form as we had in our single band case (1.20)! We can also

us

say what units the constants C,, must have from this solution. We must have that
[Ci] = [E7'L7Y, [Co] = [C1] = [E~'L7Y], and [C3] = [E™!]. Looking at the form of
(3.102) we see that the important term is the exponential containing the terms that

would contribute to the effective coupling strength. Thus we see that the constants
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Figure 3.8: Plot of the numerically integrated integral (3.54) as a function of A(()ﬂ)

measured in units of kpP. We see again as in the p,-symmetry case that for small

A(()il) the integral behaves as a negative linear line. The z-axis is log scaled which

indicates that this behaviour can be characterised as —ln(Aéﬂ)) in this limit.

C; and C3 only contribute to a numerical factor whereas the C, factor contains
important information about the dominant exponential factor. Finding the form of
this factor would allow us to categorise the pairing more effectively and could be
achieved numerically by investigating the behaviour of the integral (3.49) at small
values of A(()O). However, this could not be completed at the current time. In the

same way we can easily see that for the p,.;, case we will have

VoQkt
sy = ﬁ [(21 - cgzn(chéin)] (3.103)
which is solved to: . @ )2
1 T
AFD — — o5 — . .104
A A AT (3.104)

While the analytic solution to the self-consistency integral could be found we do
know how the integral could produce some discontinuity such that it would integrate
to a log natural, i.e. a 1/x dependence in either ¢ or u. Considering the expression
for EV in (3.34) it seems that the second term is the dominant term, especially at
the discontinuity. It is possible to simplify this second term somewhat if we take

|A4| to be much smaller than krP. This simplification gives us:

epp — Er) (K P*u? — (Eax — €4) (Bax — €v))
Ni

— (6fb — Eg,k)k}%PQUP

- 2(€ﬂ, + h’UFq)EZk((EQJ( + hqu)2 + k%PQUZ)

E ‘/dominant = (

(3.105)
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Now if we take the expression of Es) in the limit as |A4| becomes small we find
that:

1
By ~ E\/Qk%Pzzﬂ + h2vig® + ey, — \/(RQU%qQ — eh)? + 4k7 P2 (hopq + € 3)?)

1
=~ E\/Qkfwlﬂuz + h2vig® + %y, — (hwpq +ep) \/(hqu — epp)? + 4k% P?u?

1
= 5(\/(th€ —epp)? + 4kEP%u? — hvpq — )

(3.106)

From (3.106) it becomes clear that in this form Esy can go to zero. In fact it can
k2 P22
Forefb -

where the observed divergence in the EV factor is observed to be and therefore

be easily shown that it goes to zero when ¢ = Numerically this is indeed

we conclude that the necessary divergence comes from the single Esy factor in the
denominator of (3.105). If we look at Es in the relevant range of integration it also
k‘2 P2u2
hI;stb
this term is the contributing factor to the observed behaviour and also shows that if

seems to match the functional form FEyy o |¢ — |. This is more evidence that
the integral only has this one divergence then we shall recover a log natural result,
modified by the other ¢ dependencies in the integral. Using this knowledge will be

the way forward to unravelling this integral for a possible analytic solution.

3.5 Conclusions

We have investigated in this chapter the possible order parameters available in this
system (3.3) and based on our physical intuition we have established only the triplet
pairing in the d band to be significant?. We have also treated the self consistency
equations for the cases where A, is either large or small compared to the other
relevant energy scales. In the situation where the Fermi level is equal to the 4f
band we were able to find analytic solutions in both cases. However, even though
we found analytic solutions for large Ay, in the general case we were not able to find
analytic solutions for small A;. We have found that in all cases the gap equation
will depend linearly on the effective coupling strength in the limit as Ay becomes
large. More importantly is the limit when A, is small, where we expect real systems
to be. In the general situation we find that, numerically, the gap equation scales
with the exponential of the effective coupling strength. This solution is not unlike

the one we expect from a single band p-wave pairing potential as seen in subsec-

2In the absence of disorder and/or impurities
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tion 1.2.3. On the other hand, the order parameter for small pairing amplitudes
shows anomalous behaviour when the Fermi level coincides with the 4f band. In
this case, for effective coupling strengths below a certain threshold, there is no solu-
tion to the self-consistency equation and therefore the superconducting state cannot
be established. This occurs because the Fermi level is sitting within the middle of
the avoided crossing of the mixed bands. Thus some minimum coupling strength is

needed to effectively pair the electrons together across this avoided crossing.
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Chapter 4
Pairing Between Mixed Bands

Previously in chapter 3 we only considered the d band interaction term in the basis
of the 5d and 4f bands. The resultant order parameter has triplet pairing which we
expect to be sensitive to disorder |56, 57| and may not therefore be robust enough
to survive. However, what we can do is to consider how this interaction occurring
in the d band changes when we move to the basis of the mixed bands as seen in
figure 3.1. The transformation from the basic dispersions of e4x and ey, to the new
hybridised bands will ‘mix’ the interaction term which will uncover new structures
for us to analyse. The motivation for this is that the mixing of the interaction term
will introduce new pairing that may turn out to be resistant to disorder since it will

allow pairing between electrons in the different hybridised bands now.

4.1 The Effective Hamiltonian for the Mixed Bands

We start by transforming our effective Hamiltonian (3.4) from the f and d band
basis into the new mixed bands. These mixed bands are the result of diagonalising
the normal state Hamiltonian (3.1) to find the new energy dispersions which we will
call & i and &» . Once we have found the correct diagonalisation matrix as in (3.16)
we will be able to transform the interaction term into the new basis through some
operator algebra. By moving to the mixed bands’ basis we will transform from the
operators aqx and ap,x to the new operators c; x and cox. The new band indices
for the c operators are 1 and 2, corresponding to the new mixed bands & x and & k.

Firstly the 2 x 2 normal state Hamiltonian (3.1) must be diagonalised. This is
a straightforward matter, however, care must still be taken since the off-diagonal
terms (e?k - P) are not even in k. Since from our definitions of the matrix structure

for the mean-field effective Hamiltonian (3.7) we will have the matrix structure for

63
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the normal state Hamiltonian to be

10
Edk ek -P
Hy(k) =) [a;k aTbk] [_i ’
— Ll Tk emit P e,

a‘“‘] . (4.1)

A fok

In the same vein now as (3.16) and (3.17) we can expect to find some diagonalisation
matrix U to transform us into the ¢, operator basis. Diagonalising (4.1) is a
straightforward exercise and we find the new hybridised bands can now be explicitly

expressed as

1
1k = §(€d,k + e + Ex) (4.2)

and )
Sox = §(€d,k + e — Ex). (4.3)

From the same diagonalisation we may also write the resultant U as:

[advk] _ [ cos a(k) —e sin a(k)sign(k - P)
e~ sin a(k)sign(k - P) cos a(k)

C“‘] L (44)

afok C2.x

where sin (k) and cos a(k) have the forms:

1 _

cosa(k) = 7 /14 gd’kE—kgfb (4.5)
1 _

sina(k) = s, /1- EC“‘T;J”’ (4.6)

with By = \/4(k-P)2 + (eax — €px)?. The forms of sina(k) and cosa(k) are
similar to those in (1.6) and (1.16) as we expect. The expressions in (4.4) also have
added sign(k - P) factors since the k - P element is not even in k.

Looking more closely at the forms of sina(k) and cosa(k) we see that both
functions will be even in k since €4 and Ey are even. To characterise these functions
further we will consider their behaviour at k = 0, k large and when €, and e, are
equal. If we take k = 0, assuming that ey, intersects €4, then e,x — € is negative
and Ex = |eqx — €. Thus we see we will have cosa(0) = 0 and sin(0) = 1. On
the other hand if k is large then g4, then e4x — €y, is positive and Ex ~ |eq4x — €fp)-
Therefore we will see cosa(k) — 1 and sina(k) — 0. When ¢4y and €y, are equal
we see straight away that cosa(k) = sina(k) = \/Li This behaviour is summed up
in the plots of sin a(k) and cos a(k) in figure 4.1.

Now that we have diagonalised the normal state Hamiltonian we can move for-
ward and transform the effective Hamiltonian to this new basis. Using (4.4) we can

express the a,x operators in terms of the new ¢, operators which we may then
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Figure 4.1: Plots of sin (k) and cos a(k).

directly substitute into (3.4). Thus we will have the expressions:

agx = cos a(k)er i — € sin a(k)sign(k - Py (47)
api = e " sina(k)sign(k - P)c; i + cos a(k)co . .

We can also, through (4.7), find expressions for terms such as a, _x and aLk, for
example:
aqx = cos a(k)er i + e sin a(k)sign(k - P)cy, i

| (4.8)
a;k = cos a(k)cik — ¢ sin a(k)sign(k - P)c;k.

Now we are finally in a position to transform the effective Hamiltonian which we
split into two pieces. The first piece will be the diagonalised normal state Hy and

the second will be the transformed interaction Hj;,;, i.e.

H=Hy+ Hjp;
= Z gn,kcll,kcn,k + Hint

n,k

(4.9)

where n = 1,2. The new interaction term, fully expanded and simplified, has the
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form

1
Hipy =3 Z Via(k' — k) {cos2 a(k) cos® Oé(k/)CJLkCJL_kCLfk/CLk/
Ik

+ sin® a(k) sin® a(k')c;kc;_kcl_krczk/

— ¢ cos® a(k) sin? oz(k')cikcifkcz_k/0271(/ + H.c.

+ %sin 2a(k)sign(k - P) sin 2a(k’)sign(k’ - P)chc;_k [Co. k1w — C1—wCax]
+ ¢ sin 20(K')sign(k’ - P) cos® a(k)cijkcl_kcz_k/cl,k/ + H.c.

— ¢ sin 20(K')sign(k’ - P) sin® oz(k)c;’kc;fkcz_k/qk/ + H.c.

(4.10)

where sin 2a(k) = 2sin a(k) cos (k). This expression gives us all possible pairings
between electrons in either band &; or &, modified by an amplitude based on where
the electrons are in k space. An example of this is the third term of (4.10) which
describes some hopping of electron pairs from band & to &. While this type of
interaction was excluded due to the potential’s selection rules (2.15) we now have
such terms occurring between the mixed bands. This interaction is modified heavily
however by the prefactors cos? a(k) sin? a/(k’) which means that this interaction only
occurs when the electrons in band & are around k = 0 and they hop to electrons
with k large, away from the avoided crossing. Comparing with figure 3.1 we see that
this is analogous to electrons scattering from low to high in the d band. So while the
form of H;,; has various inter and intra-band pairings they are all consistent with

just interactions in the d band.

4.2 The Mean Field Hamiltonian

Now that we have our effective Hamiltonian in the mixed band basis we can now
apply the mean-field approximation to the system. In contrast to the previous mean-

field Hamiltonian we will have to define more than one pair potential. These new
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pair potentials we define as
Air(k) = — Z Vaa(k — K') cos® a(K'){e1 i)
kl

Agr(k) = =) Vaa(k — K') sin® a(k') (c2 o)
k/

4.11
Ars(k) = =) Via(k — k') sin 2a(K)sign(k - P)(ca w11 (a11)

Aos(k) = =Y Via(k — k') sin 2a(K)sign(k - P)(c1—wcase)

"
where the T and S stand for triplet and singlet respectively. We label A;r and Agp
as such since they have an analogous form to the triplet pair potential we introduced
in chapter 3 (3.5), excepting the prefactors. The A;g and Agg are labelled as such
since their definitions contain both band indices, reminiscent of singlet pairing and,
as we shall see, they can be combined to form a true singlet type pairing. Using
these definitions we are now able to write our mean-field interaction term which can

be expressed as

DN | —

Hintmr = — Z cos” a(k) (Arrx — e* Aorx + €i0A1s,k> CI’kCJ{ﬁk + H.c.
k

+ Sin2 Oé(k) (AQT’k — 6_2Z’9A1T,k — 6_i0A157k) C;kC;_k + H.c.
+ sin 2a(k)sign(k - P) (e_wAlT’k — €i0A2T’k) C;kc;fk + H.c. (4.12)

L. :
+ 5 sin 2a(k)sign(k - P) (A1sx — Aosk) c}kc;_k

L. : .
+ 5 sin 2a(k)sign(k - P)Afgy [e2,-kC1x — €1,-kC2k]

This expression (4.12) can in fact be simplified, however, it requires some rules

regarding the pair potentials in (4.11) which we shall explore now. Beginning with
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A7k, as in (3.15), we see that we may write
AIT = —= |:Z COS OZ V;id k — k ><Cl,—k’cl,k’>

+ 3 cos a<k')vdd(k—k’)<cl,_k/cl,k,>]

k/——k’

= ——= Z COS a V;ld<k k )<Cl7_k/61,k/> + ‘/dd<k + k/)<017k/01’_k/>]

= — = Z COS Oé ‘/;id(k k/) ‘/Ydd(k + k/)) <cl,—k’cl,k’>

= 2‘/2 Z COS2 Oé(k,)k . k/<617_k1017k/>. (413)

k/

In a similar fashion we may write too

AQT(k) = 2‘/2 Z COS2 Oé(k/)k . k,<62,—k’02,k’>‘ (4.].4)

Thus we see as a natural consequence that both A7y and Agpy must be odd in k,
1.e.
AIT( k) — —AlT(k)

(4.15)
Aor(—k') = —Ayp(K')

Considering now A;g) we may repeat the same process to find:

AIS(k) = — Z SZgTL(k/ . P) sin QQ(k/)Vdd(k — k/) <C2,7k’cl,k’>

k/

1 , .
=3 Z sign(k’ - P) sin 2a(k’) [Vaa(k — K'){co, k1) — Vaa(k + K') (cawer,—x)]
k/

1 ) .
=3 Z sign(k’ - P) sin 2a(k’) [Vaa(k — K'){co,_werw) + Vaa(k + K) {1 _wean)] -
k/
(4.16)

Similarly for Aggyx we find

1 . / : / / /
Ags(k) = —5 Z Szgn(k P) S QOZ(k ) [V:jd(k -k )<Cl7—k’02,k’> + ‘/dd(k + k )(CQ,—k’Cl,k’>] .
k/
(4.17)

Now if we were to consider taking Asg(—k) we see that we will find the Vyq(k — k')
term change to Vyq(—k — k'), which is the same as Vy4(k + k') since Vyg(k — k') =
Volk —K'|. Similarly we see that the Vyq(k+k’) term change to Vyq(—k+k’), which
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is the same as Vy4(k — k’). Thus by comparing terms between (4.16) and (4.17) we

find that in fact we will have the following rule linking A;gx and Aggy:
Ags(—k) = Ayg(k). (4.18)

Using these rules (4.15) and (4.18) we may now simplify the mean-field interaction
term (4.12). We achieve this paradoxically by generating more terms in the expres-
sion. Examples of the manipulations we do to add terms we show below. Take the
term 1 3", sin 2a(k)sign(k - P)Awpkci’kc;,k to start with. We may split this term

into two as we have seen before for other such terms:

1
- Z sin 2a(k)sign(k - P)Als’kcikc;ﬁk + Z sin 2a(k)sign(k - P)AI&kCJ{’kC;k]

4
k k—k

1
2 sign(k - P) sin 2a(k) [A157k<cikcg,7k> - Als,—k<ci,fkcg,k>]

1
=1 Z sign(k - P) sin 2a/(k) [Als,k(cikcgﬁk) + AZS,k<C;kC;,k>] . (4.19)
Kk
Doing such a manipulation for terms that would appear on the off-diagonals of the

resultant matrix (terms with operator pairs CL chn, ) We can manipulate the mean-

field interaction term into such a form where we may write the matrix:

1 ol
Hint == _5 Z |:CLk C;,k:| Hint,k [C-‘l—7 k] . (420>
k 2,—k
where
X - cos? a(k) (AlT,k - 62i9A2Tk + l€i9<AISk — Ags k))
int,k —

—3sin2a(k)sign(k - P) (e P Arrx — € Dori + 3(Arsx — Aask))

2 sin2a(k)sign(k - P) (e P Aipx — € Aoy + 3 (Arsk — Dosik))
sin” a(k) (Ao — €2 Arpx — 267 (Ars i — Dasi))
(4.21)

Now that we have H;n: x in such a form we notice that every element of the matrix
contains the same pattern of pair potentials. If we now define some overall pair

potential Ay as

A ) 1
A =e Ny — e Nory + §<A15,k — Assk) (4.22)
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then we see we may write (4.21) in a far more simple way:

e cos? a(k) Ay s sin2a(k)sign(k - P)Ax
Hintx = | | . , i o (4.23)
—35 sin 2a(k)sign(k - P)Ay —e " sin” a(k) Ay
Integrating this result into the full effective mean-field Hamiltonian allows us to fi-
nally write the full result in matrix form. Using the notation ¢ = [cik, c;k, ¢1,—k, C2, K]
we have
0
1 ggk 5 _%int,k
Hyr =5 Z ad 2k Ck (4.24)
2 k T gl,k 0
_Hint k
0 —&k

4.2.1 Emergence of Even Parity Pairing

Looking more closely at the overall pair potential Ay we see that the two individual
pair potentials A;gyx and Aygy are combined in an interesting way. If we were to

call this term Agrk in the following way:

1
Agrk = §(A1S,k — Assk) (4.25)
then we immediately see that we must have
Agr(—k) = —Agr(k). (4.26)

A further consequence of this definition for Agy is seen if we write out its definition

in full:

1 : .
Agr(k) = —3 Z Via(k — k') sin 2a(K')sign(k' - P){co _werw — c1_weaw) (4.27)
k/

This form is reminiscent of the singlet BCS pairing and the singlet inter-band pairing

since by swapping the band indices in (4.27) would introduce a minus sign. We may
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also now write Agy in the same for as (4.13) and (4.14):
Agr(k) = —= [Zsm 200(k") Vaa(k — K')sign(k - P){co, w1 k)

— Y sin2a(k)Va(k — X)sign(k - P){c; _wcap)

k/——k’

=—= Z sin 2a(k')sign(k - P) [Vaa(k — K'){ca _werw) + Vaa(k + K){c1 o 1)

= —— Z sin 2a(k’)sign(k - P) (Vaa(k — k') — Vag(k + X)) (co, w1 1)

=2V5 Z sin 2a(k’)k . k’sign(k . P)<027_k,017k,), (4.28)

o
While Agry has itself a form reminiscent of singlet pairing we see here again that
it is odd in k which indicates triplet behaviour. However, naturally leading on from
this is the observation then that the overall pair potential Ay must also be odd in
k, ie.

A(=k) = —A(k). (4.29)

Now if we consider once more H;,:x the diagonal elements will be odd in k as we
expect but the off-diagonal elements must be even in k! If we consider now that
only Agryx is non-zero, as we might expect in the case of adding disorder, then
we find that these off-diagonal elements have singlet form due to the placement of
the band indices and is even in k. This finding we attribute to the emergence of
a genuine singlet pairing between the mixed bands. With this we may make one
more definition for this new singlet pairing by incorporating the prefactors on the

off diagonal elements. This gives us

As(k) = Vo sin 2a(k)sign(k - P) Y _ sin 2a(k')sign(k - P)k - K/ (e, wcip)  (4.30)

Using this form we may also rewrite H;,,; x into the following form

eiesign((k)P) 1

Hintre = A tan a(k , : 4.31

b Sk -1 —e W tan a(k)sign(k - P)Ay (4.81)
where tan a(k) = ZE;Z(I;)) At this stage we could relate this pair potential back to

the results we found in chapter 3 by expressing the ¢, operators in terms of the

original a,x operators. By inverting the transformation (4.4) and neglecting all
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terms that are not in the form (a4 _xaqx) we find that
L g ~
(o —kC1x) = g€ sin 2a(k)sign(k - P){aq_xaax) (4.32)
which allows us to express Agy as

1 .
As(k) = Vasin2a(k)sign(k - P) Z 56_’9 sin? 2a(k )k - K'(ag_waquw).  (4.33)
k/
We might have hoped that this process would have allowed us to relate Ag y simply
to Agx but unfortunately this is not the case. While in theory we could continue
and express the self-consistency equation in this form we choose instead to continue

in the mixed band basis.

4.3 The Self-Consistency Equation

In order to express the self-consistency equation for Agy, we must first diagonalise
(4.31) once again. For simplicity’s sake we have chosen to write tan «(k) as ¢ in the
following expressions. Adopting the same formalism as in subsection 3.2.1 allows us

to simply find the new eigenenergies:

1 1

Ei(k) = E\/(; +1)?|Asxl? + &7y + &5 + B (4.34)
1 1 2 2 2 2

Ey(k) = NG (Z + 1) Askl? + & + &1 — B (4.35)

Es(k) = —Ei(k)

(4.36)
Ey(k) = —Ey(k)

where By is defined as

4
By = ( (% + t) |Asi|* — 2| As il (E1x — fzk)( (tz —-2- l) §1x

t2
1
1 2
+ <t2 +2 - ﬁ) 52,k> + (fik - fg,k>2> . (4.37)
We will also need the eigenspinors w,, (n = 1,2, 3,4) in order to express the expecta-

tion value (¢ —kc1 k) in (4.30). The eigenspinors however, as before in the previous

chapter, are clumsy expressions that, for brevity, will not be written down here. We
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will also find that we only need two of these vectors for us to write our expectation
value. In addition to this the form of our expectation value will also mirror that of
(3.34) where we will have (co_xc1x) = AskxEV (k) for some complicated function
EV (k). We must find how to express the ¢, operators in the new diagonalised
basis as in (3.27) to find the form of EV (k). So, as we did in (3.27), we may write

for our ¢, x operators:

_ T T
Clk = U1 kV1k T UL 2kV2k T UL 3kY) kT UL4kVo K

Cox = U21kV1,k T U22kV2,k T U2,3,k'}{,k + U2,4,k7;,k (4.38)

T _ T T
C1_x = V1,1kV1k T V12kV2k T V13kY1 _k T V14kVa K

P f f
Cok = V21KV k T V22kV2k T V23KV kT V24K 72 k-

Using these expressions and our knowledge of what terms in such an expansion

survive we may neatly write:

(c2,-xC1i) = (Pas|ut3aVs 50—k i + U14kV5 40 V2- k78| Pas) (4.39)

* *
= U1,3kVy 3k T U1,4kVs 4 k-

The form of the expectation value, as mentioned before, is in the form (¢ ki x) =
AsxEV (k) where EV (k) does not depend on the angle ¢. However, in contrast
to the previous chapter, the expression for this expectation value (4.39) can be
markedly simplified, but only after performing the k integral in our resulting self-
consistency integral. What we find is that we can approximate a factor in the
integral as a delta function, which is what simplifies the expression. So in order to
optimise the use of space we will give the required forms of the needed eigenspinors
after we find the result of our k integral. In this instance we may now take our

self-consistency integral to have the form

As(k) = sin 2a(k)sign(k - P)V2/dk:’3k k' sin 2a(K')sign(k’ - P)As(K')EV (K')
(4.40)

4.3.1 Treating the Self-Consistency Equation

Now that we have the self-consistency equation we may choose again, without loss

of generality, to have P point along the z-direction. With this choice we may make
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the new Ansdtze for both the p.- and p,1;,-symmetries to be

ke
As (k) = sign(k - P)sin 2a(k)k—Ag)8
c

B (4.41)
= sign(k - P) sin 2a(k) o cos QAES()g
c
and
k, +ik, ... .
Aspisy(k) = sign(k - P) sin 2a(k) “2— ¥ ¢ sip gAGED
¢ (4.42)

k
= sign(k - P)sin 2a(k)EA§81)

where k¢ is the magnitude of the k where the d and f bands intersect. This choice,
as opposed to kg, will be made clear once we consider the integral (4.40) in more
depth. Starting with the p,-symmetry case we can begin by changing the integral
in (4.40) to spherical coordinates and by writing it in the following way:
ALY

V.
ke 2(2m)3

k
sign(k - P) sin 2a(k)k— cos HAgOO) = sin 2a(k)sign(k - P)
c

™ 2m
X /dk’/ dQ’/ d¢'k"™ sin ' cos 0 sin” 2a(k)sign(k’ - P)? (4.43)
0 0

X (cos(¢p — ¢') sinfsin @ + cos b cos &' )EV (K, 6)

We see that, just like in the previous integrals (3.42) and (3.43), the integral sim-
plifies nicely as well as the integral in ¢ being straightforward. This allows us to

write
Q ™
1= VQW/dk"/ d0'k™ sin @ cos® @' sin® 2a(K' ) EV (K, 6, (4.44)
@ 0

cancelling out the leftover cos # factor on both sides after the result of the ¢ integral.
The only difference now between this integral and the one in (3.44) is the sin? 2a(k)
factor. If we consider the form of such a factor as sin2a(k) = 2sin a(k) cos a(k)
then from our knowledge of the sin a(k) and cos a(k) functions, as in figure 4.1 we
must conclude that it will be some sort of peaked function about the k¢, the crossing
point. We have treated the sin? 2a(k) term separately in appendix B which leads
us to find that it may be approximated as a delta function. For convenience, as

explained in B, we introduce the wavevector scaling

k = kkc (4.45)
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where k¢ is the wavevector where the un-hybridised bands intersect, i.e. ko =

2 —
ke :\/ de(g;;’; €a0) (4.46)

With this new wavevector scaling we now find it reasonable to approximate sin? 2a(k)
sin? 2a(k) as

sin? 20(k) ~ l{\ cosf|6(k — 1) (4.47)
7r

. Pkco _ Pke
where ( = Sy = By

Lorentzian curve for (2 < 1.

This is due to the function sin?2c(k) resembling a

With this result we turn back to our original problem in (4.44). Now considering

only the integral in k£ we will have
/ dkk* sin? 20(k)EV (k, 0) — / dkk2k* sin® 2a(kke) EV (kke, 0) (4.48)

by making the substitution k = kkc. Now we recognise that sin® 2a(kkc) is simply
our function with the correct wavevector scaling such that we may approximate it

with a delta function. By using (4.47) we may now rewrite (4.48) to
1 . . .
—k2(C / dkk*| cos0|6(k — 1)EV (kk¢, 0) (4.49)
7r

which can be simply evaluated to

1. %eP .
— E = — E 4.
chd cosO|EV (k¢, 0) W(AEO)kC| cosO|EV (k¢, 0) (4.50)

Putting this result back into the self-consistency integral now we may finally write

QI/ngPQ /7r [ / 2 nl / /
l=—-—"F— E . 4.51
~n2(AEY )y df' sin @' cos® @' | cos 0'|EV (k¢, 0') (4.51)

This can be simplified by making the substitution u = cos # which gives

2VakE PO [1
_ ke /du|u|u2EV(kC,u). (4.52)

- m(2m)2(AE)

1

Guided by this example and the treatment of the ¢ integral for the p,.;,-symmetry

case seen before in chapter 3 we may also write for the p,1;,-symmetry pair potential
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this self-consistency equation:

VokS PQ ! 9
l=—"F"7F—— d 1—u)EV(k . 4.53
oo | dulul =BV (e (4.53)
With this result care must be taken however since we only expect non-zero contri-
butions to the pairing in the thin shell around the Fermi level. Thus this treatment
is only valid when the avoided crossing of the two bands is within the range of the

thin shell around the Fermi energy.

4.4 Results

As we have seen here the approximation of the sin? 2a/(k) factor as a delta function
has vastly simplified the integral and simplified £’V since now it must be taken at k¢.
This allows us to take any tan (k) terms to be 1 which simplifies the expressions
in how they are expressed and internally as well, i.e. the functions E; x will become
simpler as well. Writing these eigenspinors so that we might express EV in full we

will have:

[ (fg,kc+4‘AS,kc\2—Eikc)(§1,kc+§2,kc—2E1,kc)
(gl,kc*52,kc)(3£1,k%+§2,k%) .
—92i0 - 2 1Lko 2,60 =281 k¢
Wy = i e Slgn(k’CPUNAS,k‘Cl (Elﬁkc_fl,kc%(Elka"'&”“C) (454)
N3 e Osign(kcPu)Af, e~ Puic

Skc &1 ke —F1 ke
*
AS,kO

and
(e 4188 ko P B3 1 )61 ke +oke —2F2 )
(El,kc_EQ,kC)(3§1,k%+§2,ﬁ§é) oF

i _; 2__olke Thakg kg

:i e *sign(kcPu)|As kel Bz —E1,00) B2k +E2,00,) 4.55

W ' o) (4.55)

N4 e‘lesign(chU) * S2kg T2 kg

Sikc &1 ko —Ba ke

*
L AS,kJC |

where N3 and N are the norms of the vector. These norms are founf to be:

(Ere + HAskel® = BT i) Erke + Soke — 2E1kc)

N2 — 2
s = (E1ke — o) (B ke + E2k) )
1k T E2ke — 2B 9 9, &2k0 — Bk o 9
+ A 4 i 76 KO KO + A KO KO + A
B |(El,kc — &ike) (B pe + 52,k:c)) B ol (ﬁl,kc - El,kc) B
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and

(& re + HAskel® = E3 1) (Erke + Soke — 2Ea2k,)
(gl,kc - 52,kc)(3§1,kc + §2J€c)
Sike T S2ke — 2B 1
(EQ,kc - gl,kc)(EZk‘c + gQ,kc)

NZ =( )?

Sk — B
)2+ | A oo [ (2EE—280N2 Ay [
1

+ [ Asrel’|

Since everything is taken at ko now the expressions for &, reduce to & i, = %(8“0 +
erp+2kcPlu|) and &, = %(5“0 +esp—2koPlu|). As well as this the eigenerergies

can be shown to also reduce to

1
By = G (4|As,kc\2 + & e + ke

N

+ 2\/4|A3,kc|4 + kPP (4| As ko [* + (Eake + 5fb)2)) (4.58)

and

1
EQ,/{:C = E <4|A3,k‘c|2 + gikC + gg,kc

1
2

— 2\/4|A$,kc|4 + k%P2u2(4|A5,kc|2 + (gd,ko + 5fb)2)> . (459)

Now these eigenspinors can give us the expression for EV (k¢, u) which is

(gg,kc + 4|A5,kc|2 - E%,kc)(gl,k:c + 52,74:0 - 2E1,k‘c)
N2 (& ke — Eoke) (BE1 ke + E2.kc)

(Ere T 4Ask? = B3 1) Eike + Soke — 2E2c)
-/\/;12(61,160 - 52,160)(351,’60 + fQ,kc)

= AS,kcEV(kC’y ’LL)

<C2,—k01,k/> = As,kc

(4.60)

While it is not possible to analytically solve the integral with EV in this form,
preliminary numerical results indicate that the integral gives some positive number
for appropriate values of Ag. They also seem to suggest that the integral attains
some maximum value at some Ay. This means that, in principle, it is possible to
solve this self-consistency equation if the effective coupling strength is great enough.
Thus indicating that this pairing does indeed exist and may play a key role in the

superconducting state of SmN. Since this pairing can exist now we can look at the
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nature of our order parameters from our Ansdtze (4.41) and (4.42). We see that both
order parameters are even in k, precluding it from triplet pairing, which is interesting
since we started from only triplet pairing. The order parameters also have a sin 2a(k)
prefactor which is peaked at wavevectors close to the avoided crossing. This means
that the pairing amplitudes are peaked functions around the intersection point of
the d and f bands, or in other words, the pairing amplitudes is significant only in
the region of k-space around the avoided crossing of the mixed bands. The fact that
this singlet-like pairing can exist due to the triplet pairing in the d band could be the
reason the superconductivity in SmN survives disorder; there is some contribution to
the triplet pairing which is singlet in the mixed band indices. This is a very exciting
result which may offer up an answer to the existence of superconductivity in SmN

even in the presence of disorder.

4.5 Conclusions

In this chapter we have considered how the triplet pairing in the 5d band acts in the
basis of the mixed bands. This shift of basis essentially ‘mixes’ the interaction term
into different intra- and inter-band pairing in the mixed bands. By applying the
mean-field approximation to this new scenario we saw the emergence of some total
pairing Ag that turned out to be even in k with a form similar to that of other singlet
pairings. With this form of the pairing we were able to create the self-consistency
equation and made significant in-roads into the solution of such an equation. The
findings from our investigation into the self-consistency equation allowed us to state
the existence of such an even parity singlet pairing term between the mixed bands
&1k and & k. This pairing exists near the avoided crossing of the two mixed bands
and serves to pair electrons from each band together across this avoided crossing.
The emergence of such a pairing from the postulated triplet pairing in the d band
could be a reason for the observation of superconductivity in SmN, even in the
presence of disorder. To properly make this claim, more in depth study is required
and disorder must be added to the system, however, this finding is an exciting step

forward in our understanding of this material’s system.



Chapter 5
Summary, Conclusions, and Outlook

The aim of this thesis was to understand in more depth the superconductivity of
SmN. Towards this end we have explored a low energy approximation of SmN’s
bandstructure which consisted of the Sm 4f band and N 5d bands. These bands
lay close to the Fermi level and interacted strongly with one another to create
hybridisation between the bands. With this picture in mind for our system we
postulated the existence for superconducting pairing between electrons due to the
electron-phonon interaction, where a travelling phonon in the crystal displaces the
crystal in such a way to effectively attract two electrons. We performed a calculation
for long wavelength phonons that detailed how they would act in the crystal, as well

as the resultant form such an interaction would have.

With this knowledge of the material in place we formulated our model with the
electron-phonon interaction to form the effective Hamiltonian of our system. This
lead us to the assertion that, in the absence of disorder and/or impurities, the most
likely place for superconducting pairing would be in the d band. Taking inspiration
from BCS superconducting theory and spinless p-wave theory we performed the
mean-field approximation on our system and diagonalised the resultant system to
form our self-consistency equation for the superconducting pairing Ay. After many
considerations on how to reduce the resulting self-consistency integrals we found
solutions for the self-consistency equation in the limits for large and small A, in
comparison to the other energy scales at play. We investigated two different cases,
one more successfully than the other. The first, and more successful, was the case
where the material has been doped such that the Fermi level is the same as the f
band. Analytic solutions in this case showed that for large A, the gap equation was
linear in the effective coupling strength A. In the small limit however, solutions for
the gap equation for all three p-wave symmetries showed that there would only be

a solution for sufficiently large effective coupling strengths. Physically this means
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that if the effective coupling strength is insufficient then the superconducting state
will not be established. The second case we explored was the more general case
where the Fermi level did not coincide with the f band. In this case for large A, we
found the same solutions as in the first case but we could not find analytic solutions
for the small Ay limit. However, our numerical investigations showed that in this
limit the self-consistency integral behaves as —In(Ag). This would lead to solutions
of the gap equation that are exponential in the effective coupling strength, which is

the same form as the pairing found for the single band case, up to constant factors.

On the other hand we attempted the same treatment of superconducting pairing
of the material in the mixed bands, rather than in the un-hybridised d and f bands.
The motivation for redoing the analysis was to search for new pairing that would
turn out to be more robust in the presence of disorder than just pure triplet pairing.
Keeping the pairing still within the d band, the effective interaction was mixed into
hybrid intra- and inter-band pairing when shifted to the mixed band basis. Once
the mean-field approximation had been applied to this new scenario we uncovered
the existence of a pairing As that was both even in the wavevector k and had a form
reminiscent of inter-band pairing between the two mixed bands. The definition of
this pairing had the added property of only existing near the avoided crossing of the
mixed bands, the place where the d and f bands would have crossed in the absence of
hybridisation. From this point we once again expressed the self-consistency equation
as a set of similar integrals to before. Sadly no analytic work could be done for
solutions of the resultant integrals, however, preliminary numerical results showed
that in principle the self-consistency equation could be solved, provided once again
that the effective coupling strength was large enough. This indicated that such
pairing is possible to exist within the material and may even be resistant to disorder

due to its singlet-like form.

The conclusions that we can garner from our results is that in the absence of
disorder and/or impurities we do in fact find triplet superconducting pairing which
we believe to be p-wave since the resultant symmetries all have defined solutions.
We also know that as a result of this triplet pairing we can find, given the Fermi-
level is close enough to the avoided crossing, a contribution to this pairing which
is singlet in the mixed band indices. This indicates pairing between electrons in
different bands across the avoided crossing. The existence of such pairing may be
the key to superconductivity surviving in the presence of disorder and is an exciting

new step into the origins of SmN’s superconductivity.

Moving forward into the future then we envision several avenues of further re-

search. The first being the completion of analytic solutions in the small A, limit
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for the general case in the d and f band basis where the f band is different to the
Fermi level. The next is looking in greater depth at the self-consistency equation for
the case of the singlet-like pairing between the mixed bands since this could hold
the key to the robustness of the superconductivity in the presence of impurities.
The final immediate avenue of exploration is the introduction of impurities and/or
disorder into the system to see if in fact any pairing in the d band survives. The
form of such an addition to the Hamiltonian could easily be of the form given in

by Asano et al. [79] which describes random non-magnetic impurities in the basis of
the un-hybridised bands {|d 1), |f)}:

(5.1)

This equation captures both intra- and inter-band scattering and can be seen when
written as the product of the Pauli spin matrices in the electron-hole (7;) and two
band spaces (p;):

Himp = Vimp(r) 7300 + Vimp(r)fz1 (5.2)
where A = cos 073p1 — sin 07309, the first term represents intra-band pairing, and the
second term represents inter-band pairing. The inclusion of this contribution in the
system would shed light onto the existence of the pairing we have found previously
in a more realistic system.

Further long term avenues of investigation include looking at the interplay be-
tween this material and Gadolinium Nitride (GdN) in a heterostructure, which has
been reported [35] to enhance the superconducting state of SmN. Understanding
this mechanism may lead to applications in pursuing higher critical temperatures in

similar materials.
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Appendix A

Simplification of the Expectation
Value

Starting with the expression (3.60) we define a new variable to help us with the

simplification. Let us call it r, where
re = 4(k - P)? + h20%¢® + |A4)? (A1)

Now we can rewrite (3.60) and (3.61) as:

Ny = (R0 + [A2) (0% + 1y /P02 + [ Aa?) — 2ncEyschworay [ R2o2e? + | AP
(A.2)

and

Ny = (BPv3g?® + | Ag)?) (rf — rk\/hzv%qz +|Ag)?) + 2TkE27kthq\/h%%q2 + | Ayl?

(A.3)
We can also rewrite both F; i and Eyy as
_ 1 Lo s 27,2 12 2 20,2 42 2
B0 = o 30k e 1) + ek + 1
1 (A.4)

N

1
= 5(7“1( + \/hQU%QQ + |Ad‘2>
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and

1 1
Eg(k) = E\/g(ri + h2’U%‘q2 + |Ad’2) — rk\/h%%q? + |Ad|2

— 1\/(7«1( _ \/h%%q? T [Ag2)2 (A.5)

2
1
= 5= \/Pvka? + AP

Working only on (A.2) for now, we see that

N = i + 180 (et y/ntvdae + 1o

— (rk + \/h%%(f + |Ad|2> hqurk\/ﬁ%%qz + | Agl?

= ricy /B3 + |Aa2(ri + [ B20362 + | 8al?) (\/F203¢ + | Adf? — hopg)  (A6)
Working on the numerator above A in (3.59) now we find:

El,k(Eik - (k ’ P)2 - El,khUFQ) =
1 1
=5 <rk + \/hQU%QQ + |Ad|2> (5 (h2v%q2 + | Ag|* + \/hQU%QQ + |Ad|2)
1
—éhqu <rk + \/hQU%QQ + |Ad|2> >
1
! (Tk * \/h%lzvq2 + |Ad|2) (\/h%qu2 +|Aaf? <\/h2%2vq2 +|Ad? + Tk)
—hvpq <\/h2v%q2 + Ay + Tk> )

1 2
=1 (rk + \/hQU%QQ + \AdP) (\/hQUZFqQ + | Ag|? — hqu> (A.7)

Putting this together then we find:

Eix(E}y — (k- P)? — By yhopq)
N?
_ et VIR + | Agl? (A8)
Ary/R2oEg? + |Ag)? '
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Performing this same procedure for the other terms we find:

./\/’2 = Tk(RZU%qz + |Ad|2) (Tk — \/FLQU%QQ + |Ad|2>

+ <7“k — \/FLQU%QQ + \AdP) hqurk\/h%)%q? + A2

= ricy /B3 + | Aa2(ri — /B0 + | Aa2) (120202 + | Aaf? + hopg)  (A9)
with the numerator above N3 in (3.59) giving:

EZ,k(E22,k - (k : P)2 - E2,khUFQ) =

1 1
= 5 (T‘k — \/7121}%7(]2 + |Ad|2> <§ (hQU%QQ + |Ad|2 — \/h2v%q2 + |Ad|2)
1
—§hqu (rk — \/h2v%q2 + |Ad|2) )
1
=1 ('Fk — \/h%%qQ + |Adl2) (\/h2v%q2 + |Aqgl? <\/h%%q2 + |Ay]? — rk>
+hvpq <\/h2v%q2 + |Ay|2 — rk> )
1

2
=3 (Tk — \/h%%qz + |Ad|2) (\/hzv%qz + | Ag? + hqu> (A.10)

Putting this together then we find:

E2,k(E227k — (k . P)2 — Ez’khl)pq)
N3
__nem VPG Al (A1)
4ricy/RPEg? + |Ag)?

Finally we can put (A.8) and (A.11) together to find the result given in (3.62):

M+ VIPRR + AR i — /PP0Rg? + A

A/ RP0Eg? + A2 dri/h20%6% + [ A2
1 1

e 20/A(k- P2 + W02 + | Ay

EV (k) =

(A.12)
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Appendix B
Treating sin 2a/(k)

To properly characterise this function it will be convenient to choose some set of en-
ergy and wavevector scaling to simplify the function. Since sin 2a(k) = 2sin a(k) cos a(k)

then it will be easier to first work on sin a(k). We start by writing:

. 1 AFE
sina(k) = 7 1- R (B.1)

with
i k2 — B.2
2may e ( ’ )

AE =cejx — € = €qp +

We will scale both AE and Fy separately, however, we will find that the scaling
constants used will turn out to be the same. Beginning with AE we presume that

AFE and k can be written as
k = kk,, AFE = AEAE, (B.3)

where k and AE are dimensionless. Then (B.3) becomes:

n?k?
deT

];2

A~EAET =E40—Efp T+

~ €40 — €fb hzk'z =9
AFE =
AET + ZdeAET

From this we take
AET =E&fp —Edo (B4)

2mau AE, 2mar (e — €4,0)
koo [Pl ()
89
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where we choose AFE, in this way so that it is positive (we are presuming that
there will be band crossing between the d and f bands). In fact physically these
quantities represent the difference in energy between the bands at the X point and
the wavevector at which the two energy bands crossover so we may in fact call

AFE, = AEy and k. = k.. Now we see that we may write (B.2) dimensionlessly as
AE =k -1 (B.6)

Looking to Fy in the same way we see

-E, = \/4(krl~< -P)?2 + AE?

~ 2
5 kk-P AE\®
Ep = |4

Now if we choose E, and k, here to be AFE, and k. as found before we can define a

new quantity ¢ such that

1 Pl{?c 2de
—( = =P,/ — B.7
2C AE@ h2<€fb — 8d70) ( )
where P has been written so P = PP. This now allows us to express Fy as
B =k P2+ (32 - 1)2 (B.8)
Putting (B.6) and (B.8) together now also gives us sin a(k):
-1 21
sinak) = — |1— —— = (B.9)
VI ek Py i - 1)
We see also that cos a(k) is also easily expressed as
-1 21
cosa(k) = - (B.10)

— |1+
VI etk P -y

Now we may express sin 2a/(k) which after some simplifications can be finally written

as:

o) k-
sin 2a(k) = \/CQ(f( Byt (1) (B.11)
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Now that we have sin 2a(k) and we know that P is in the z-direction we may now

write N
_ C%k? cos? 0
C2k2 cos? 0 + (k2 — 1)?

sin? 2v(k) = sin? 2a(k) (B.12)
We note that immediately the form of (B.12) is reminiscent of a Lorentzian which can
be easily approximated to a delta function. By rewriting (k? —1)2 = (k—1)2(k+1)?
and dividing through by 2 we may write (B.12) in the following form

| cos |

k—1)2(k 2
(¢lcos f])? + (=1l (B.13)
| cosb| '

(¢ cosB])2 + (k — 1)2(1 + i)2

sin? 2a(k) = ¢| cos )

= (| cos |

By writing (B.12) in this way we see that it is remarkably close to a proper Lorentzian
with an extra (1 + %)2 factor. If we take k to be large then we see that % — 0 and
so (B.13) reduces to a proper Lorentzian in this limit, whereas if we take k small
then % — oo which sends sin? 2o — 0. If we take k to be around 1 then we see that

% ~ 1 and so we find we will have
(| cos | 1

.9 N o _ b
sin” 2a(k) = (| cos 6| Cleosf)? 14— 17 2(] cos 0| L(k) (B.14)

which again is a Lorentzian with a half width of I' = §|cos 6| (called L(k) here)

where L(k) has the definition:

Ly = —Cleostl/2) (B.15)

(C|cosB]/2)2 + (k — 1)

This half width is also supported from numerical calculations and increases in accu-
racy as ¢ decreases. This can also be seen in figure B.1 where even at (| cosf| = 0.1
we see very good agreement between sin? 2a(k)/(¢| cos6|/2) and L(k) around the
peak and for small and large values of k. From the limiting values of k we see that the
integral is well bounded on both sides and in fact the integral fooo sin? 20&(1%)6[/; =7
for any value of (|cosf|. From this we believe it is reasonable to approximate
sin? 2c(k) with

sin? 2a(k) ~ %Q Cos 9|%5(/~£ —1) (B.16)

For this approximation to work we would also like the side where & > 1 to become

small on the same scale as it does for k < 1 to keep the asymmetry of the function
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_ sin?2a(k)/(Z|Cos8|/2)
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o L(k)
H
+
e
c
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Figure B.1: Plot of sin?2a(k)/(¢| cos6]/2) and L(k) with ¢|cos | = 0.1.

to a minimum and to maintain a delta function-like shape. Thus we would need

(k=121 + =)%> (| cosh])?

T =

for k Z 2. Thus for maximal values of |cos 6| we have the condition

¢ <1 (B.17)
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