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Abstract

This thesis considers the analysis of matched filtering (MF) processing in mas-
sive multi-user multiple-input-multiple-output (MU-MIMO) wireless com-
munication systems. The main focus is the analysis of system performance
for combinations of two linear processers, analog maximum ratio combin-
ing (MRC) and digital MRC. We consider implementations of these process-
ing techniques both at a single base-station (BS) and in distributed BS lay-
outs. We further consider extremely low complexity distributed variants of
MRC for such systems. Since MRC relies on the massive MIMO properties
of favourable propagation (FP) and channel hardening, we also present a de-
tailed analysis of FP and channel hardening. This analysis employs modern
ray-based models rather than classical channel models as the models are more
reliable for the large arrays and higher frequencies envisaged for future sys-
tems.

The importance of MRC processing is being driven by the emergence of
massive MIMO and millimetre wave as strong candidates for next genera-
tion wireless communication systems. Massive MIMO explores the spatial
dimension by providing significant increases in data rate, link reliability and
energy efficiency. However, with a large number of antennas co-located in a
tixed physical space, correlation between the elements of antennas may have
a negative impact. Distributed systems, where the total number of antennas
are divided into different locations, make this problem less serious. Also,
linear processing techniques, analog MRC and digital MRC, due to their sim-

plicity and efficiency, are more practical in massive MU-MIMO systems. For



these reasons we consider MRC processing in both co-located and distributed

scenarios.

Although distributed systems reduce the adverse impact of correlation
caused by closely-spaced large antenna arrays by dividing the antennas into
multiple antenna clusters, the correlation within the cluster still exists. Thus,
we extend MRC analysis for massive MIMO to correlated channels. Approxi-
mations of expected per-user spectrum efficiency (SE) with correlation effects
for massive MIMO systems with analog MRC and digital MRC are derived.
Useful insights are given for future system deployments. A convergence anal-
ysis of the interference behaviour under different correlation models is pre-

sented.

Furthermore, a distributed fully cooperative system, where all the received
signals are sent to the central processor, offers attractive performance gains
but at the cost of high computational complexity at the central node. Thus,
we propose four low-complexity, two-stage processors, where only processed
signals after local processing (first-stage) are transmitted to the global pro-
cessing node (second-stage). We present analytical expressions for the ex-
pected per user SINR in an uplink distributed MU-MIMO system with two-

stage beamforming. This leads to an approximation of expected per-user SE.

The analysis of both millimetre wave and massive MIMO systems requires
a strong link to the physical environment and ray-based models are more
practical and suitable for such systems. However, it is unclear how the key
properties in conventional MIMO systems, such as FP and channel harden-
ing, will behave in a ray-based channel model. In this thesis, remarkably sim-
ple and general results are obtained demonstrating that: a) channel hardening
may or may nor occur depending on the nature of the channel models; b) FP
is guaranteed for all models as long as the ray angles are continuous random

variables; c) we also propose a novel system metric, denoted large system po-



tential (LSP) as the ratio of the mean desired signal power to the total mean
interference power, where both the numbers of antennas and end-users are
growing to infinity at a fixed ratio. We derive simple approximations to LSP
and demonstrate that LSP will not normally hold as the mean interference

power usually grows logarithmically relative to the mean signal power.
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Introduction

A brief introduction is presented in this chapter with an overview of multiple-
input-multiple-output (MIMO), multi-user MIMO (MU-MIMO), and massive
MIMO techniques for future generation wireless communication systems. Then,
the research motivation and problem statements are provided followed by the

contributions of the thesis and a list of publications thus far.

Looking at the current vision for communication, there is an expectation
of access to any information at any time and in any place, leading to an ex-
ponential demand for data transfer via wireless networks. It has been re-
ported that the data generated in 2018 is a 6-fold increase over 2014 [1]. In
order to meet the demand for an ever-increasing data rate (10 Gbps for 5G
systems [2]), massive MIMO and millimetre wave are strong candidates for

future commercial wireless communication systems.

Massive MIMO, scaling up the number of system antennas by at least
an order of magnitude over current MU-MIMO systems, can improve the
communication system’s data rate, energy efficiency and link reliability [3,
4]. In addition, the desired channel properties of massive MIMO, such as
tavourable propagation (FP) and channel hardening, arise when operating
with large arrays of antennas as a result of asymptotic random matrix theory

[5]. FP means that users’ channels become mutually orthogonal with an in-

1



crease of the number of antennas [6,7], under which condition linear signal
processing techniques such as matched-filtering (MF) and zero-forcing (ZF)
benefit, resulting in near maximum transmission rates [8,9]. Channel hard-
ening [10], refers to the situation where the entries of channel matrices begin
to become deterministic and well conditioned, bringing the advantages of
simplified precoding design and system analysis [7]. However, these ideal-
istic channel properties are largely studied under the assumptions of an in-
dependent and identically distributed (i.i.d) channel and an infinite number
of antennas. The physical size of massive MIMO arrays has been an obsta-
cle for implementation for decades due to physical constraints. However,
with the adoption of millimetre wave, where the antenna spacing is propor-
tional to the wavelength the antenna array size becomes much smaller when
operating in these high frequencies. Hence, massive MIMO is now receiv-
ing enormous research attention both in academia and industry. The channel
bandwidth of 2 GHz will become common for systems operating at above
60GHz [11]. Current wireless systems operate on a relatively small range
of microwave frequencies which are usually from a few hundred MHz to a
few GHz corresponding to wavelengths in the range of several centimetres
up to a metre [2]. This precious microwave bandwidth is almost fully occu-
pied. Even though there are some advanced signal processing techniques like
cognitive radio or small cells which can unleash some spectrum, they cannot
meet the required Gbits/s data rates. The main motivation for moving cel-
lular communication systems to the millimetre wave band (30-300GHz) is to
take advantage of the large bandwidth available at high frequencies [12], as-
signing users a larger communication bandwidth and enabling higher user
data rates. Even though massive MU-MIMO can enable multi-user commu-
nications in the same frequency band, some beamforming techniques, e.g.,

maximum ratio combining, are unable to handle a large number of users due



to their inability to mitigate interference among users. Thus, frequency reuse

will need to be used alongside MU-MIMO to cut down on interference.

1.1 Motivation

Very large numbers of antennas are needed to obtain enough beamforming
(BF) gains for next generation wireless communication systems. The large
number of antennas deployed at the transmitter will cause high hardware
costs, power consumption, and correlation. Some hardware components, like
analog-to-digital converters (ADC), make it difficult to dedicate a separate
RF chain for each antenna because they are high in power consumption and
cost. A new design is required to meet this challenge and analog, digital and
hybrid BF, in which the processing is divided between the analog and digital
domains, are currently being proposed. Thus, low-complexity BF techniques
for massive MIMO arrays are of great importance. In particular, the simplicty
of MF makes it an attractive candidate. Moreover, distributed systems pro-
vide good coverage and reduce the negative effects of correlation encountered
with large antenna arrays. This motivates the central topic of the thesis, the
performance analysis of MU-MIMO using low complexity MF based meth-

ods.

Within this area of research, the emergence of millimetre wave is making
certain aspects of the communication channel more important. Millimetre
wave channels can be highly correlated so the thesis takes a close look at
the effects of correlation on ME. Also, millimetre wave channels are built on
physical ray-based models. Although such models have also been used for
microwave channels, ray-based models have become increasingly popular as
they are essential for millimetre wave. Hence, the thesis looks at the signal

power and interference power found in ray-based channels using MFE. This
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relates to the basics of massive MIMO, namely FP and channel hardening.
Hence, although the thesis is not focused on millimetre wave, these recent
trends have guided the direction of the work. In fact, the thesis is not tied
to any band although the millimetre wave band is one of the motivations
for massive MIMO and hybrid beamforning (HBF). Nevertheless, ray-based
models and massive MIMO and anlog processing are also being considered
at microwave frequencies. The specific research problems based on this broad

motivation are described below.

1.1.1 Low-complexity Beamforming (BF) Analysis in Distributed

Systems

Due to the large antenna arrays required, one trend for future cellular systems
is to separate the base station (BS), dividing the antennas into multiple an-
tenna clusters. This is known as a collaborative BS system [13], also referred
to as a distributed system, leading to a different system architecture com-
pared with the centralized or co-located systems. Such distributed systems
have the advantage of providing greater coverage than a single, co-located,
antenna cluster as they both reduce the minimum and average distance to a
specific user and consequently increase the average received signal-to-noise-
ratio (SNR) [14]. Considering hardware costs, massive MIMO systems re-
quire a simple and low power-consumption BF design. In recent years, many
works have been focused on analog beamforming design and antenna se-
lection methods. Analog beam training approaches have been developed
in [15-18]. The lens-based analog BF in [19] takes advantage of beamspace
expressions to achieve near-optimal digital BF performance. A novel soft an-
tenna selection approach through RF signal processing has been proposed
in [20]. In [21], an analog BF algorithm aimed at maximizing the average SNR

has been developed to jointly design the transmitter and receiver analog BF



weights. Maximal ratio combining (MRC) not only maximizes the received
signal power, but also requires no central control and can be deployed in-
dependently at each antenna in a distributed BS layout [22]. Thus, there is
a need to analyse the performance of analog MRC distributed systems com-
pared with centralized conventional systems. We contribute to this analysis

in Chapter 4 and Chapter 5.

1.1.2 Spatial Correlation for Distributed and Co-located Sys-

tems

Distributed BSs with large antenna array have aroused great interest not only
because they provide good coverage but also as they provide the additional
benefit of reduced spatial correlation relative to large co-located arrays [22].
Since there are more antennas which are closely-spaced in one physical loca-
tion, massive MIMO suffers more from spatial correlation than conventional
MIMO systems [23-26]. Although distributed systems reduce this adverse
impact by dividing the antennas into multiple antenna clusters, the correla-
tion within the cluster still exists. Hence, the performance of large antenna ar-
rays operating under correlated fading is of great interest [27-32]. While digi-
tal MU-MIMO MRC is well understood, relatively few analytical results exist
for analog MU-MRC in distributed systems with correlation effects. Thus, in
Chapter 4 and Chapter 5, we also focus on the impact of different correlation

models on the distributed and co-located systems performance.

1.1.3 Distributed Hybrid MRC in Two Stage MU-MIMO Sys-

tems

Distributed systems provide the benefits of reduced spatial correlation [22]

and greater coverage than conventional co-located systems [13]. However, in



a distributed system, interference among users is a major barrier to meet the
required data rate. Thus, some degree of centralized processing, which co-
ordinates the received signals from the distributed antennas [33], is required
to either maximize the desired signal power or reduce the inter-user inter-
ference. The processing is done at a central node which has access to the
signals received at all distributed antennas [22,33]. The importance and lim-
itations of coordinated antennas are further discussed in [14,22] and refer-
ences within. In fully cooperative distributed systems, where all the received
signals are sent from the antenna clusters to a central processor, attractive per-
formance gains are achieved compared to the equivalent non-cooperative net-
work [22,33]. In [13], full cooperation is evaluated in the downlink with dirty
paper coding and zero forcing (ZF). However, taking communication over-
heads and complexity into consideration, simplified processing is required.
Hence, maximum ratio combining (MRC) with user grouping was proposed
in [22]. To relieve the need for centralized knowledge of all the signals, two-
stage processing is proposed in [33]. Here, only the output signals after local
(first stage) processing are sent to the (second stage) central processing node.
However, there is very little work in the literature on very low complexity
two-stage BF techniques for both local and central processing. Thus, in Chap-
ter 6 we further reduce the complexity and hardware requirements of local

and central processing by considering analog and digital MRC.

1.1.4 Asymptotic Behaviour for Distributed Systems

There are many published results concerning asymptotic analysis in central-
ized systems. Asymptotic capacities are derived in [7] based on digital ZF
and MRC for downlink MU-MIMO where the number of users and anten-
nas grow to infinity simultaneously but at a fixed ratio. A thorough analysis

with several linear precoders and detectors in a multi-cellular massive MIMO



system is presented for both uplink and downlink in [34]. In [27], the asymp-
totic channel matrix behaviour is studied with digital ZF and MRC precoders.
However, there is no published work analysing the difference between analog
and digital MRC with large antenna arrays in distributed systems and with
different correlation models. This convergence analysis for distributed sys-
tems is discussed in Chapter 5 and Chapter 6. The massive MIMO asymptotic
behaviour for ray-based channels is investigated in Chapter 7 and described

in more detail below.

1.1.5 Massive MIMO for Ray-based Channels

The bulk of the theoretical work on FP and channel hardening has employed
classical statistical channel models. However, accurate modelling of large di-
mensional and millimetre wave channels requires a strong link to the prop-
agation environment, which is usually obtained through ray-based models.
These models are more physically based, extensively validated by measure-
ments, have a closer link to the array architecture and are widely used ir-
respective of the frequency band [35-37]. Most of the published work con-
cerning FP and channel hardening are under specific assumptions about the
underlying angular distributions, such as a uniform distribution approxima-
tion [9,38]. Hence, a general analysis of FP for ray-based models with arbi-
trary ray distributions is almost entirely lacking. In Chapter 7, we investigate
the properties of FP and channel hardening for ray-based models with the
most basic assumptions concerning physical phenomena rather than statisti-
cal parameters. In addition, we extend this analysis to the asymptotic regime
where both the numbers of antennas and the number of users grow to infin-
ity at a fixed ratio (double-sided massive MIMO). Here, the equivalent ques-
tion concerns whether the total interference power caused to the desired user

dominates the signal power. In order to investigate this behavior, we define



large system potential (LSP) as the ratio of the mean desired signal power to
the total mean interference power.

Since the thesis considers channels which have user specific statistics and
vary from i.i.d Rayleigh, through correlated Rayleigh, Ricean and ray-based,
we use the term heterogeneous in the thesis title to denote the breadth of

channel models considered.

1.2 Contributions

The contributions of this thesis, listed by chapter, are as follows.

1.2.1 Analysis of Analog MRC for Distributed MU-MIMO

Systems (Chapter 4)

* Novel analytical expressions of expected per-user signal power and in-
terference for both uplink MRC and downlink MF in distributed an-
tenna systems are derived. The derivation is robust to changes in sys-

tem dimension and correlation models.

¢ We analyse the system performance of digital and analog MRC/MF for
three BS layouts. We show that while digital MRC benefits from in-

creased BS decentralization, the same does not hold for analog MRC.

¢ Simulation based investigations of the impact of different Rice K fac-
tors on both centralized and distributed systems with analog and digi-
tal MRC are presented. We show that the performance of analog MRC
approaches that of digital MRC when increasing the K factor in a cen-
tralized system, while the performance gap between the two techniques

remains in a distributed system.



1.2.2 Analysis of Analog and Digital MRC in Massive MU-
MIMO Systems over Correlated Channels (Chapter 5)

¢ We derive analytical expressions of signal-to-noise and interference-ratio
(SINR) for uplink analog MRC and digital MRC under different corre-
lation scenarios when the number of antennas and users grows to infin-
ity. The asymptotic behaviours of these cases are analysed. The find-
ings suggest that the system performance is improved where there is
perfect correlation within one user’s channel but a random phase distri-
bution among users. Thus, in some cases, correlation is beneficial and
can help system performance. From the derived expression of SINR for
ii.d Rayleigh fading, around 21.5% performance loss occurs with ana-
log MRC compared with digital MRC. The system performance analysis
under perfect correlation suggests that digital and analog MRC would

have the same asymptotic behaviour.

* We derive a signal-to-interference-ratio (SIR) expression based on an
exponential correlation model, which takes both correlation coefficient
and phase into consideration. The 3D surface plots based on this expres-
sion give great insight into why high correlations with random phases
improves system performance. We also show the similar system be-

haviour under a one-ring correlation model.

* The interference behaviour under perfect correlation with two special
correlation models, exponential and one-ring are studied. We find that
the asymptotic behaviour of interference mainly depends on the angu-

lar distribution of users.
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1.2.3 Hybrid MRC with Imperfect CSI in Two Stage Distributed
MU-MIMO Systems (Chapter 6)

¢ Novel analytical expressions for the expected spectral efficiency (SE) for

uplink A-D and D-D are derived.

¢ We analyse the system performance of A-D and D-D for two- and four-
cluster BS layouts. We show that D-D benefits from increased cluster

decentralization.

¢ Simulation results for A-ZF and D-ZF allow a performance compari-
son of A-D, D-D, A-ZF, and D-ZE. We show that MRC is a reasonable
alternative to ZF in the second stage even at moderate SNR levels. Fur-
thermore, A-D only requires phase shifters in the local processing and a
few RF chains at central processing. Thus, A-D is a very low complex-
ity technique for distributed systems which reduces hardware costs and

power consumption.

* We show that A-D has an asymptotic performance loss of approximately
21.5% compared to D-D in centralized systems. For distributed systems,

the performance comparison depends on the pattern of user link gains.

1.2.4 Massive MIMO Asymptotics for Ray-Based Channels
(Chapter 7)

* We show that channel hardening may or may not occur depending on

the nature of the model.

* We show that FP is guaranteed for all models where the ray angles are

continuous random variables (as assumed by all models to date).
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¢ For LSP, we derive remarkably simple expressions which relate the asymp-
totic interference behavior to system size, antenna spacing and the ray
distribution. We demonstrate that LSP will not normally hold as the
interference power grows logarithmically relative to the power of the

desired user channel as the system size increases.

* Analytical results are verified via simulation and using special cases for

specific angular distributions where analytical results are possible.

* Despite the lack of LSP, the implications for massive MIMO are excel-
lent. Although the interference eventually dominates the desired chan-
nel, the growth is very slow and is further attenuated by practical factors
such as the likely propagation environment and the typical array pat-
terns employed. In addition, we prove that trivial scheduling schemes

can retain LSP.

1.3 Thesis Outline

The reminder of the thesis is organized as follows:

¢ Chapter 2 provides a theoretical background, including the key proper-
ties of wireless communication channel models, MIMO and MU-MIMO

channel models.

¢ Chapter 3 examines the system architectures and beamforming tech-
niques for massive MIMO systems. Three system architectures are dis-
cussed: analog, digital, and hybrid. Linear beamforming techniques for

both single user MIMO and MU-MIMO are also included.

¢ Chapter 4 investigates the performance analysis for uplink analog MRC
and downlink MF in a correlated Rayleigh fading channel for both cen-
tralized and distributed MU-MIMO systems.
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Chapter 5 extends the work in Chapter 4 to asymptotic analysis with

different correlation models.

Chapter 6 proposes four low-complexity, two-stage BF techniques to im-
prove the system performance in Chapter 4 and reduce hardware costs

and power consumption.

Chapter 7 investigates FP and channel hardening properties for ray-
based channels with two antenna topologies: uniform linear array (ULA)

and uniform plannar array (UPA).

Chapter 8 concludes the thesis with key contributions and future re-

search directions.

Publications

S. Li, P. J. Smith, P. A. Dmochowski and J. Yin, “Analysis of Analog
and Digital MRC for Distributed and Centralized MU-MIMO Systems,”
IEEE Trans.Veh. Technol., pp. 1948-1952, February, 2019.

S. Li, P. J. Smith, P. A. Dmochowski, H. Tataria, M. Matthaiou and ]J.
Yin, “Massive MIMO for Ray-Based Channels,” in Proc. IEEE Int. Conf.
Commun. (ICC), July, 2019.

S. Li, P.J. Smith, P. A. Dmochowski, H. Tataria, M. Matthaiou and J. Yin,
“Massive MIMO Asymptotics for Ray-Based Propagation Channels,”
IEEE Trans. Wireless Commun., August, 2019, accepted.

S. Li, P. J. Smith, P. A. Dmochowski and J. Yin, “Analysis of Analog
and Digital MRC in Massive MU-MIMO Systems over Correlated Chan-
nels,” IEEE, Trans. Veh. Technol., in preparation.



13

¢ S.Lj, P.]J. Smith and P. A. Dmochowski, “Hybrid Distributed MRC with
Imperfect CSI in MU-MIMO Systems,” IEEE Wireless Commun. Lett.,
August, 2019, submitted.



14



MU-MIMO Channel Modelling

As the performance of wireless communication is highly dependent on the
channels that users experience, it is important that we have a thorough un-
derstanding of the various types of wireless communication channels and
modelling methods. These methods can be categorised into two main types,
statistical and ray-based. Most of the other channel models are either ex-
tended or transformed versions of these two. Firstly, this chapter presents a
general overview of the propagation properties related to wireless channels,
such as large-scale and small-scale fading. Then an introduction to statistical
and ray-based channel models is given followed by a discussion of uplink
and downlink MU-MIMO systems. Beamforming techniques, which are in-
troduced in the following chapter, require channel information. Thus, a brief
discussion of two widely used methods of attaining channel knowledge in
modern wireless communication systems is given. As some of the work in
the thesis looks at the asymptotic behaviour of large antenna systems, the

properties of massive MIMO are also introduced.

15
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2.1 The Propagation Properties of Wireless Com-

munication Channels

Unlike wired communication, where the signal is usually transmitted over
wired-based media, such as copper, or optical fibre, the wireless radio channel
is a much more challenging environment. Wireless channel effects include
fading, interference, noise, and reflection and diffraction by obstacles. The
received signal power is attenuated badly by the artefacts above and shows
considerable randomness. There are three main factors that have the most
important impact on radio channels and can be classified as large-scale fading

(Sec. 2.1.1), small-scale fading (Sec. 2.2), and blockage and outage (Sec. 2.1.2).

2.1.1 Distance-Based Path Loss and Shadowing

Consider transmitting a signal between a transmitter and a receiver. A popu-

lar distance-based model for path loss is [39]
PL(d)[dB] = a+1051ogyy(d) +§&, &~ CN(0,0%), (2.1)

where PL(d) is the path loss of a link at distance d and ¢ is shadowing. De-
pending on the scenario, some values of parameters o and /3 can be found
in [39]. When § = 2 and there is no uncertainty, £ = 0, (2.1) can be converted

to the free-space Friis” law [40]

/\ 2
P — GrGt <m) Pta (22)

where P is the received power, P, is the transmit power, G; and G, are the
transmit and the receive antenna gains respectively, and A is the wavelength.

As weknow, A = 7, where v is the speed of light and [ is the carrier frequency.
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Thus, the received power, P, has an inverse square law decay with f. At high
frequencies, the much smaller wavelength not only means high path loss, but
it also means that more antennas can be closely spaced into the same physical
area [11], which creates possibility BF and antenna gains to counteract the
large path loss. Thus, large array systems which are equipped with large
directional antenna arrays can have reasonable coverage. The measurements
conducted in New York City [41,42] have inspiring results to support this.

Due to obstacles, which cause scattering, absorption, diffraction and re-
flection, the received signal power experiences a great deal of randomness.
All the factors above introduce a random component into the path loss (see
(2.1.1)), which is often modelled as a log-normal random variable. In partic-
ular,

p = 1010 (2.3)

where ¢ is the zero mean Gaussian variable in (2.1) and ogf is the shadowing

standard deviation in dB.

2.1.2 Blockage and Outage

The theoretical high path loss over millimetre wave bands can be partly com-
pensated for by directional antennas. Blockage is another big challenge which
can attenuate signals by as much as 30dB to 80dB depending on different
blocking materials [41,42]. For high frequency, diffraction is less significant
while LoS is more significant, making blockages more important. However,
small wavelengths due to high frequency increase the effective roughness of
materials, which results in more scattering, an important mechanism in en-
abling coverage via NLOS paths. Several models can be used to evaluate the
effect of blocking, like a two-state model considering the scenarios: line of
sight (LOS) and NLOS, and a three-state model including LOS, NLOS, and

signal outage [41,42]. Such models can help to analyse the coverage and ca-
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pacity in large antenna array systems.

2.2 Statistical Channel Models

Due to the complexity of the small scale fading phenomenon in wireless chan-
nels it can be difficult to describe wireless links via simple, physically based
models. Hence, statistical channel models are often used which represents a
simplified view of the actual environment. In this section, we introduce two
widely used statistical channel models, i.i.d. Rayleigh and i.i.d. Ricean, which

are also the building blocks of many more complicated channel models.

2.2.1 LLD Rayleigh

The i.i.d Rayleigh model is commonly used in urban areas, where rich scat-
tered replicas of the transmitted signals arrive at the receiver and no direct
path is assumed. Here, the normalized received signal’s amplitude has the

probability distribution function (PDF) given by [40,43]
fr(r) =2re™ r >0, (2.4)

and the phase angle has a uniform distribution from 0 to 27. The simplicity

of this model allows closed-form analysis in many applications.

2.2.2 ILID Ricean

We employ a Ricean channel model [40, 43] when there is rich scattering, as
in the Rayleigh model, but also a line-of-sight (LoS) path between transmitter
and receiver. The channel is described by two parameters: K and (), where
K is the ratio of the deterministic power to the scattered components and (2

represents the total power of the two kinds. The amplitude of the received
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signal has the PDF
2
fr(r) = —Q(K;{ 1)rex]P(—K - @)Io <2 @7) , v >0, (2.5)

where [ is the zeroth order modified Bessel function of the first kind.

2.3 Narrowband MIMO Channel

In this section, we discuss both single-user (also known as point-to-point)
MIMO and multi-user narrow band MIMO channels. MIMO exploits and
takes advantage of diverse channels between the transmitter and the receiver,
where both sides are equipped with multiple antennas [44]. The independent
channels that MIMO systems can use gives rise to multiplexing gain, which
can improve system performance massively and has been already deployed

in current wireless communication systems [45].

2.3.1 Narrowband Single-user MIMO Channel

Single-user MIMO refers to the system where there are IV, transmit antennas
at the BS, serving only one user equipped with NV, antennas. This system can

be simply represented as [40]

y = Hx + n, (2.6)

hll e thz

where H = ot ;| is the N, x N, channel matrix and h;; repre-

hna -+ by,
sents the channel gain from transmit antenna j to receive antenna i. These

channels can have various distributions, such as i.i.d Rayleigh in Sec. 2.2.1,

ii.d Ricean in Sec. 2.2.2 or more complex distributions. In (2.6), x is the trans-
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mitted symbol vector (N, x 1), y is the received vector (/V, x 1) and n is the

N, x 1 noise vector.

2.3.2 Narrowband Multi-user MIMO Channel

Multi-user MIMO (also know as MU-MIMO) systems use the same time and
frequency resource to serve multiple users simultaneously. This technique
not only improves system performance with limited resources, but also can
adopt simple signal processing techniques such as MF with growing numbers
of antennas [46]. The users served can be equipped with multiple antennas,
as described in Sec. 2.3.1, or just with one single antenna. In our work, we

only consider MU-MIMO with a single antenna at the user equipment (UE).

Uplink Multi-user Channel

Now consider uplink transmission for a MU-MIMO system as shown in Fig. 2.1.
The base station is in the middle of a cell, and users are distributed within the

cell. Hence, the uplink multi-user global channel is
H = [H,H, - - Hy], (2.7)

where K is the total number of users and H; is the channel for user .

Downlink Multi-user Channel

Downlink transmission for a multi-user system is as shown in Fig 2.2. Simi-

larly, the downlink multi-user global channel is
H = [H'Hy - Hy]", (2.8)

where K is the total number of users and H,; is the channel for user «. .



21

Figure 2.1: Uplink multi-user channel

24 Ray-based MIMO Channel Models

In order to model diffraction and reflection effects, ray-based models have
been used for decades in mobile terrestrial channel [47]. Due to the physical-
based nature and close link to the array architecture, ray-based models are
widely used for system analysis [35-37]. Especially when the wavelength
is relatively small, the total channel behaves like the sum of narrow beams
or rays [47]. Thus ray-based channel models are vital for next generation
wireless communication systems as high frequencies are more likely to be

used such as millimetre wave, whose wavelength is relatively small, leading
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Figure 2.2: Downlink multi-user channel

to different propagation effects and possibly a smaller number of rays. The
typical parameters of low frequency systems, such as angle spread, time de-
lay spread, etc., will have different values in millimetre wave environments.
Many measurements [39] show that the millimetre wave channel tends to
have only a few clustered paths which are sparse in the angular domain [11].
Many other popular channel models, such as the 3GPP standardization exer-
cise [35] and Saleh-Valenzulela (SV) type [48] channel models are variations of
such ray-based models. The ray-based MIMO channel can be described either
by a 2D or a 3D multipath channel model. For a 2D channel model, the an-

tenna array steering vectors only consider azimuth angles; whereas both az-
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imuth and elevation angles will be used for a 3D channel model. We assume
the channel is narrowband block-fading. Note that our work can be applied
to both microwave and millimetre wave systems. The narrowband assump-
tion based on the use of orthogonal frequency-division multiplexing (OFDM)
is a well-accepted assumption in microwave systems. However, in higher
frequency bands, this assumption is controversial due to the high peak-to-
average power ratio (PAPR) problem with OFDM compared to single-carrier
systems [49,50]. [51] shows that single-carrier with minimum mean-squared
error (MMSE) performs close to OFDM, but with a lower PAPR. Also, in [49],
it is shown that OFDM is similar to single-carrier if amplifier non-linearities
can be handled, but worse than single-carrier otherwise. Thus, both OFDM
and single-carrier techniques remain candidates for higher frequency bands.
However, OFDM remains the chosen technique for future generation systems
in the 3GPP standards'. Hence, the channel for a single antenna UE can be

represented by [42]
" 1 C L )
C[ E E gCla‘<¢CZ)7 ( 'E)

c=1 I=1
where C'is the number of clusters; L is the number of subpaths in each cluster;
if only considering azimuth domain, each subpath contains azimuth angle
b, and ¢ = ¢. (cluster central angle) + A (subarray offest angle); g.; is the
complex small-scale fading gain on the /th subpath of the cth cluster. The ray-
based channel in azimuth domain is shown in Fig. 2.3. The elevation angle
is shown in Fig. 2.4. This model is applied in Chapter 7 using the simplified

notation

,
hi =) va(di), (2.10)
r=1

where i is the user number, P is the total number of paths (P = CL), v,

corresponds to some ¢, /(CL) and ¢;, is one of the ¢, angles. 3D channel

13GPP TR 21.915 V15.0.0, http:/ /www.3gpp.org/.
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models also include elevation angles which are defined in terms of clusters in

a similar manner to Fig. 2.3. This is described in more detail in Chapter 7.

Central
Yaxis

azimuth angle

CLUSTER C

Figure 2.3: Ray-based channel model showing a generic cluster in the azimuth
domain with the azimuth central angle of the cluster and the offset of a given

ray.

2.5 Spatial Correlation

MIMO techniques exploit the spatial aspect of communication channels [47].
Spatial correlation of two or more channels may occur in such a structure,
which in turn may have an impact on MIMO system performance. Thus, to
characterize the spatial properties of a MIMO system it is important to con-
sider the channel correlation structure. Here, we discuss spatial correlation

at the transmitter, but this can also be applied to the receiver. We define the
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Figure 2.4: Ray-based channel model showing a generic cluster in the eleva-
tion domain with the elevation central angle of the cluster and the offset of a
given ray.

spatial correlation coefficient between two transmit antenna elements ¢ and
q as R, which satisfies 0 < |R, /| < 1. If [R | = 1, we say that the two
antenna element channels are fully correlated, while R, ; = 0 implies that the
channels are uncorrelated [47,52]. Many factors, such as the numbers of clus-
ters and subpaths, angular spread in (2.9) and various antenna topologies will

change the level of correlation. We give two widely-used correlation models,

Exponential and One-ring in Sec. (2.5.1) and Sec. (2.5.2), separately.
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2.5.1 Exponential

The exponential spatial correlation model is the simplest, common model for
correlation, widely adopted as in [53,54]. This model is ideal for analysis due
to its use of a single parameter to characterize the level of correlation. The

exponential correlation matrix at the BS (similarities applies to the receiver)

can be described by
1 p oo pNt
* 1 .- Ni—2
R - r o S (2.11)
KA N o M

where p is the decay parameter and |p| < 1. The correlation effect decays ex-
ponentially as the distance of two elements increases. Hence, it is best applied

to linear arrays. Large |p| indicates a high correlation effect.

2.5.2 One-ring

The one-ring correlation model is proposed based on the characteristics of
the physical environment [55-60]. This type of correlation matrix captures
the differences in the dominant propagation channel to each terminal, which
are mainly characterized by two physical quantities: (1) the local scattering
environment and (2) the antenna spacing distance at the transmit array [43,
61, 62]. The coefficients of a one-ring correlation matrix for a uniform linear

array (ULA) array can be described [63] as

1 2

[R];

2m Jo

pd2mds (i-5)sin(0) g (2.12)

where d,(i, 7) is the distance between antenna i and antenna ;.
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2.5.3 Correlated MIMO Channel

The principle of modelling a correlated MIMO channel is usually to apply the
correlation matrix such as those in Sec. 2.5.1 or in Sec. 2.5.2 at either the BS or
the receiver or both sides. The channel can be described via the Kronecker
product model as H= Ré/ QHM»_dR%/ ? where Rt (N; x N;) describes the corre-
lation effect among the transmit antennas and Ry (N, x N,) is the correlation
matrix at the receiver [8,57]. The matrix, H;; 4, is an i.i.d channel matrix. Note

that this is usually only valid for generating correlated Rayleigh channels.

2.6 Channel State Information (CSI)

MIMO is well-known for its advantages in increasing data rates by multiplex-
ing or improving system performance by diversity techniques [40]. Most of
these gains require channel knowledge at either the receiver or the transmitter
or both. There are two typical methods that can provide CSI at the transmitter,
which are feedback and channel reciprocity [64]. In this work, we assume a
time-division duplex (TDD) system, and hence the transmitter knows the CSI
via reciprocity as described in Sec. 2.6.1. Note that arrays with large numbers
of antennas can be deployed in both TDD and frequency-division duplexing
(FDD) systems, although there are problems with both systems. The effective-
ness of the TDD system relies on the assumption that the channel coherence
time is relatively long (compared with the duration of the data frame), which

wavelength

is proportional to . Thus, for a high frequency, high speed sce-

nario, this assumptior?gr?jg become invalid. In [65], with a carrier frequency
of 3.7 GHz, and a bandwidth TDD of 20MHz, acceptable prototype results
were obtained up to a maximum speed of 29 km/h. As the frequency is in-
creased further, it may be that lower maximum speeds are required. Although

FDD avoids this problem, the heavy overhead of CSI acquisition in massive
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MIMO systems makes FDD undesirable. Many published works for massive
MIMO still assume a TDD system [66] (and references within).

2.6.1 Feedback

Feedback is an approach to obtain CSI at the TX in which the receiver es-
timates the channel via pilots and communicates the channel back to the
TX [64]. Only the essential information is transmitted as the bandwidth of
the feedback link is often limited. However, for millimetre wave system with
large antenna arrays, the overhead may be too much as feedback grows with

the number of antennas [67].

2.6.2 Reciprocity

In TDD single-frequency systems, downlink and uplink channels use the same
carrier frequency for transmission. The channel for the uplink is the transpose
of the channel for the downlink. The transmitter can measure CSI directly
without the need of feedback from the receivers [67]. Note that the 3GPP LTE

TDD mode has been used in cellular systems [67].

2.7 Massive MIMO Properties

MIMO techniques are widely used in current wireless communication sys-
tems like WLAN (IEEE 802.11n/ac) and cellular systems (3GPP LTE and LTE
Advanced) [11] which operate at microwave frequencies with only a small
number of antennas (up to eight, but two is most common). In recent years,
it has become commonly accepted in information theory [68, 69], industry
[70,71] and international standards [72,73] that large systems, also known
as massive MIMO, are a key enabler for high data rate wireless commu-

nication. Such systems communicate with many users simultaneously us-
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ing large numbers of antennas [73, 74], achieving the benefits of high data
rates, high power efficiency and reliability with linear signal processing tech-
niques [38]. The number of transmit antennas and receive antennas are sig-
nificantly scaled up by at least an order of magnitude in a massive MIMO
system compared with the conventional MIMO systems that are currently
being used. Note that all the theoretical properties that conventional MIMO
systems have, also apply to the massive MIMO systems. However, there are
many benefits only arising from massive MIMO systems. The mathemati-
cal principles behind the large system benefits can be found using random
matrix theory. Two key principles behind the success of massive MIMO are
favourable propagation (FP) [3,38], and channel hardening [75]. For the fol-
lowing description, h; is the channel vector for user ¢ which has a single an-

tenna.

¢ Favourable Propagation
FP relates to the orthogonality of h; and h; and was originally defined
in three flavours [38]: exact FP where hi'h; = 0; approximate FP where
hi'h; ~ 0 and asymptotic FP where h'h;/N — 0as N — oo. Since
the majority of the literature and the important properties of FP concern
asymptotic FP, for simplicity we refer to asymptotic favourable propa-
gation as FP. Here, FP denotes asymptotic FP where hi'h;/N % 0 as
N — oo [38]. When the number of the BS antennas becomes large, FP
occurs when users’ channels become orthogonal [6]. This enables sim-
ple, linear processing techniques, such as MF and ZF, to maximize the

system capacity.

¢ Channel Hardening

Channel hardening refers to the property that the entries of the elements
hi'h; N . e
of ZT becomes deterministic as Ny — oo [75]. This leads to simplified
t
system analysis and precoder design since easy matrix computation be-
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comes available [46].

Furthermore, millimetre wave MIMO envisages the use of 32 to 256 an-
tennas. These large antenna arrays have three advantages, especially for mil-
limetre wave systems: (1) they provide BF and antenna gains to overcome
large pathloss; (2) they establish reliable links; (3) they improve spectral effi-

ciency and can approach system capacity [76].



System Architectures and Beamforming
Techniques For Massive MU-MIMO Wireless

Communications

In order to meet the demand for an ever-increasing data rate (10 Gbps for
5G systems [2]), millimetre wave has become a strong candidate for future
commercial wireless communication systems. It is envisaged that channel
bandwidth of 2 GHz will become common for systems operating at above 60
GHz [11]. The current wireless systems operate on a relatively small range of
microwave frequencies which are usually from a few hundred MHz to some
GHz with wavelengths in the range of several centimetres up to a metre [2].
This precious microwave bandwidth is almost fully occupied. Even though
there are advanced signal processing techniques like cognitive radio or small
cells which can unleash some spectrum, they cannot meet the required Gbps
data rates. The main motivation for moving cellular communication systems
to the millimetre wave band (30-300 GHz) is to take advantage of the large
bandwidth available at high frequencies [12], assigning users a larger com-
munication bandwidth thus enabling higher user data rates. Large antenna
arrays, however, result in large precoding and receive combining matrices,

which increase system complexity, and also boost the training overhead for

31
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channel estimation. Furthermore, the large number of antennas deployed
at the transceiver will cause high hardware costs and power consumption.
Some signal components, like analog-to-digital converters (ADCs), make it
difficult to dedicate a separate RF chain for each antenna because of their
high power consumption and hardware costs. Thus, three system architec-
ture candidates for massive MIMO have been proposed as in [67] to explore
the trade-off between system performance and cost. Fig. 3.1, Fig. 3.2, and
Fig. 3.3 show these three important system architectures with a 1-D planar
array and the corresponding BF strategies are shown in Fig. 3.4. Ngg is the
total number of antennas at the BS. )V, is the number of data streams, and Nyr

is the number of RF chains..

3.1 Analog BF Architecture

Due to low costs in both hardware and power consumption, the purely analog
architecture forms an attractive design option. Only one single RF chain with
Ngs phase shifters is required in analog BF systems. As shown in Fig. 3.1,
for a downlink system with Ny = 1, Ngp = 1, Ngs = 4, the signal s; passes
through the only RF chain and then splits into four sub-branches. These four
sub-branches adjust the phases, then transmit the signal s; with the same am-
plitude, given by (Fgg);1, but four different phases, given by (Fgr)11, (Frr)21,

(Frr)31, and (Fgrg)41, on four different antennas.

Analog BF, employs a network of phase shifters to control and steer the
phase of the signal [77]. Due to the large number of antennas deployed at the
transmitter, the BF gains due to analog BF can be greatly increased, and the
beamwidth can be reduced, which has a positive effect on interference miti-
gation [78]. However, the hardware constraints of analog BF, such as the use

of phase shifters with no ability to change signal amplitudes, means that ana-
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log BF has a low performance compared with full digital BF [77,79]. Today’s
indoor millimetre wave systems, which are usually short range and time in-
variant, adopt the analog BF method, including three key techniques: a sec-
tor level sweep to determine the best sector, beam refinement for sharpening,
and beam tracking [12]. Beam training approaches for analog BF, without
CSI assumption, have been developed in [15-18]. This method is based on
a closed-loop beam training process which starts at a wide beam and then
reduces the beamwidth until reaching a desired resolution without channel
knowledge [80].

Due to analog processing simplicity and low-cost, such architectures have
received great attention for massive MIMO and millimetre wave systems.
There have been many recent developments in analog architecture. The use
of low-resolution ADC in lens-based methods and its impact are investigated
in [81]. A novel soft antenna selection approach through RF signal processing
has been proposed in [20]. The indoor 60 GHz scenario has been considered
in [21,82]. Sub-array architectures have been investigated in [83-87] for out-

door scenarios.

3.2 Digital BF Architecture

The digital BF approach requires a total number of Ngs antenna RF chains
and the per-element BF weights are applied digitally. As shown in Fig. 3.2,
for a downlink system with Ny = 1, Nrg = 2, Ngs = 2, signal s; passes through
two RF chains and then is split into two sub-branches separately for each RF
chain.

Digital BF can achieve advanced transmission strategies and provide high
flexibility but at the expense of power, cost, and high system complexity —a

particularly important concern for massive MIMO and next generation wire-
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Figure 3.1: Analog system architecture, N; = 1, Ngp = 1, Nps = 4.

less communication systems. Conventional digital signal processing in the
baseband is a suitable approach for low frequencies, but when it comes to
high carrier frequencies with larger numbers of antennas, there are many
hardware constraints. Hardware costs, space limitations, power consump-
tion, and the complexity of large antenna arrays prevent the use of a separate

RF chain per antenna [11].

Analog MRC is basically digital equal gain combining. For analog MRC,
the differences in the weights across the antennas is controlled only by phase
shifters, giving the weight vector, wamrc = [e79?1, €772, - .- e 77%Nss], which co-
phases the signals on each branch to match the channel and then combines
them with equal weighting. This is the same as digital equal gain combining

as described [40, p. 212]. Due to analog MRC'’s inability to match the ampli-
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tude of the signals (having only one RF chain), there is a performance loss

compared with digital MRC.
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Figure 3.2: Digital system architecture, Ny = 1, Ngg = 2, Npg = 2.

3.3 Hybrid Analog-Digital Precoding Architecture

Hybrid precoding architecture offers a compromise between digital BF and
analog BF. The additional digital layer provides more freedom compared to
analog BF. Compared to the full digital design, the performance of the hybrid
architecture is lower but it requires fewer RF chains, and at the same time
provides more flexibility than the full analog design [12]. As shown in Fig. 3.3,
for a downlink system with Ny = 1, Ngp = 2, Nps = 4, signal s, is transmitted

by two RF chains and then split into four sub-branches separately for each
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RF chain. In [88], the relationship between the number of RF chains and the
number of data streams, is investigated and it is shown that if the number of
RF chains is twice or greater than the number of data streams, hybrid BF can

achieve full digital BF performance.
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Figure 3.3: Hybrid system architecture, Ny = 1, Ngg = 2, Npg = 4.

3.4 The Relationship between Analog, Digital, and
Hybrid BF

Figure 3.4 shows the downlink (uplink is similar) precoding strategies un-
der the three different system architectures. The general idea of precoding

is to apply a linear processing matrix F to the transmitted signal vector. For
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the analog architecture, which is implemented in the RF domain using phase
shifters, F = Frp (Vgs X Ngp). For the digital architecture, which is imple-
mented in baseband, F = Fgg (Ngrr X N;). For the hybrid architecture, F =

FreFpp (Vs x Nj), is implemented in both RF and baseband domains.
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Figure 3.4: Precoding strategies under three system architectures

Our research work looks at the three BF strategies: pure analog MRC, pure
digital MRC, and hybrid analog (or digital) MRC and digital ZF. The perfor-
mance analysis of analog and digital MRC in centralized and distributed sys-
tems is given in Chapter 4 and its extended correlation and asymptotic anal-
ysis is presented in Chapter 5. Two-stage hybrid BF is analysed in Chapter
6.
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3.5 Linear Beamforming

The computational complexity of baseband processing will become imprac-
tical when a large number of antennas are deployed in a massive MIMO
system. Non-linear signal processing techniques, such as dirty-paper coding
(DPC) [89] and vector perturbation [90,91], which achieve better performance
than linear processing, also become too difficult for practical implementa-
tion. Thus, linear precoding techniques for a downlink system, zero-forcing
(ZF), MF, block diagonalization (BD) and signal to leakage and noise ratio
(SLNR) [92], have received significant attention, especially with various com-
plexity reduction techniques. There are many measurements which show that
ZF can achieve a high percentage of DPC performance even with a relatively
small antenna array [28,93]. Also, as discussed in Sec. 2.7, linear processing
techniques of ZF and MF, can achieve satisfying system performance when
equipped with a large number of antennas. Similarly, simple, low-complexity
combining techniques for an uplink system, such as MRC and ZF, have the
same advantages as in downlink systems. There are two main categories of
beamforming techniques available when we refer to MIMO systems: single-
user and multi-user, which are introduced in Sec. 3.5.1 and Sec. 3.5.2, respec-

tively.

3.5.1 Single-user MIMO Beamforming

For the single-user case, in which no inter-user interference is present, the
optimal linear digital precoding is based on the well-known singular value
decomposition (SVD) of the channel. Any MIMO channel matrix, H, of di-

mension N, x N, can be represented as

H = UD:zVH, (3.1)
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where N, and N, are the number of the receiver antennas and transmitter
antennas, respectively. The matrix U, of dimension N, x N,, and the matrix
V, of dimension N, x IV, are unitary; Dzisa N, x N; diagonal matrix with non-
negative diagonal entries. The columns of V are the eigenvectors of H"H and
the columns of U are the eigenvectors of HH". When the transmitter has CSI
and adopts water-filling power allocation, the optimal linear digital precoder
is VD¢ (D, is the square root of a diagonal power allocation matrix) and

the optimal receiver combiner is U™ [45,94].

3.5.2 Multi-user MIMO Beamforming

MU-MIMO is a key technique for next generation wireless communication
systems due to its ability to serve many users in the same time and frequency
resource. However, serving many users simultaneously results in interfer-
ence. Hence, beamforming techniques, which can either maximize the de-
sired user’s signal power (such as MRC or MF) or mitigate users’ interference
(such as ZF) are of high interest. Thus, two main BF techniques, MRC/MF

and ZF, are considered for massive MIMO systems.

MRC

MRC aims to maximize the desired received signal power by multiplying the
received signal with the Hermitian transpose of the channel matrix, H". From
the geometric perspective, MRC, in fact, projects the received signal on to
a direction which maximizes the projection length of the signal. Note that
independent Gaussian noise has the same projection length in any direction,
a property of isotropic noise, thus MRC only needs to maximize the projection

length of the signal. In other words, MRC aims to maximize SNR.
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ZF

ZF, in contrast to MRC, aims to minimize the interference by projecting the
signal on to the direction orthogonal to the interference by multiplying the
received signal by (HH")"'H". In other words, ZF aims to minimize the
interference. As ZF requires the matrix inverse, (HH")~?, it is more compu-

tationally expensive than the MRC.

3.5.3 Spectral Efficiency

Capacity is an upper limit on the data rate which can be archived with ar-
bitrarily low error probability [95, p. 15]. SE is measured in bits/s/Hz and
is a lower bound on the capacity that can be achieved by a particular type
of processing where any interference is treated as noise [95, p. 14]. In this
work, we analyse low-complexity BF techniques, such as MRC in Sec. 3.5.2
and ZF in Sec. 3.5.2, where SE is a reasonable evaluation metric. SE is defined
as [95, Eq.14, p. 16]

SE = log, (1 4 SINR), (3.2)

for a fixed channel and a particular type of processing which gives that par-
ticular SINR. For fading channels, the mean SE is usually of interest given
by [95, Eq.1.5, p. 16]

E[SE| = Ellog, (1 + SINR)]. (3.3)



Analysis of Analog MRC for Distributed
MU-MIMO Systems

In this chapter, we investigate the SE performance in distributed systems with
an MRC combiner for the uplink and MF for the downlink. The analysis
caters for both correlated and line-of-sight (LoS) channels, with the aim of de-
termining and characterising the impact of various antenna layouts. Expected
per-user signal power and interference power expressions are derived for
both uplink and downlink. Our analysis shows that system performance im-
proves with distributed antenna clusters for digital MRC while analog MRC
has a better performance in a centralized system. The impact of the Rice K
factor is analysed based on numerical results, and shows that a strong Rice K
factor shrinks the performance gap between analog MRC and digital MRC in

a centralized system.

41 Introduction

MU-MIMO systems have the ability to serve many users over the same time-
frequency resource via various beamforming techniques, significantly im-
proving the SE of wireless communication systems. However, high power

consumption and space constraints make the implementation of large an-

41
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tenna arrays difficult. Considering hardware costs, a purely analog architec-
ture at the BS forms an attractive design option. Furthermore, when adding
more antennas to a fixed total antenna space, inter-element antenna spac-
ing reduces, and causes spatial correlation between the antenna elements of
the array, which degrades system performance, especially for massive MIMO
systems. Thus, one design method to mitigate the adverse effects of spatial
correlation is to separate the BSs. This is called a collaborative BS [13] design
and is also referred to as a distributed system, leading to a different system ar-
chitecture compared with the centralized or co-located systems. Distributed
BSs with large antenna arrays are of great interest as they provide the addi-
tional benefit of improved coverage [13] and reduction of spatial correlation
relative to large co-located arrays [22]. MRC not only maximizes the received
signal power, but also requires no central control’ and can be deployed in-
dependently at each antenna cluster in a distributed BS layout [22]. Thus,
analog MRC is an ideal technique for a large distributed antenna array if the

performance is satisfactory.

In recent years, a number of works have analysed the simplest forms of di-
versity combining techniques, including MRC, equal-gain combining (EGC)
and selection combining (SC). Among these, the work in [96,97] shows that
EGC is of practical interest as it outperforms SC and has a lower complex-
ity compared to digital MRC. In purely analog MIMO systems, MRC is not
feasible. The analog version of MRC is equivalent to EGC as analog process-
ing is not able to change the signal amplitude (see Sec. 3.1). Over the last
decade, many works have focused on analog beamforming design and an-
tenna selection methods. Analog beam training approaches have been devel-
oped in [15-18]. A novel soft antenna selection approach through RF signal

processing has been proposed in [20].

MRC only requires the desired user’s CSI while ZF needs all users’ CSL
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For single-user MIMO, most analytical work concerning analog MRC is
conducted from the perspective of modulation, outage probability and bit
error probability (BEP) (e.g., [98-104] and references within). The perfor-
mance of digital MRC in a distributed system is analysed in [22]. For uplink
MU-MIMO, a thorough performance analysis of digital MRC over Rayleigh
fading without spatial correlation effects is presented in [105]. Approxima-
tions of SINR and the ergodic sum SE of a MU-MIMO downlink system us-
ing digital MRC with correlation are presented in [106]. Closed-form anal-
yses based on Nakagami-m and gamma fading channels are presented in
[107-110]. A closed-from BEP equal gain transmission (EGT) analysis for MU-
MIMO based on a Nakagami-fading channel is presented in [111] and the en-
ergy efficiency of maximum ratio transmission for the downlink is analysed
in [112,113]. A diversity analysis based on EGT for both single-user MIMO
and MU-MIMO was given in [114]. Despite the considerable body of work
described above, research work related to analog MRC in Ricean channels
is very limited, mainly focusing on system energy efficiency or system sum
rate [115,116] in single-user MIMO systems. Thus, we present numerical re-
sults adopting a Ricean fading channel to analyse the system performance
with respect to different Ricean factors in a MU-MIMO system.

The primary aim of this chapter is to derive SINR results for analog MRC
in the uplink and downlink MF in a correlated Rayleigh fading environment
for both centralized and distributed MU-MIMO systems. Specifically, a thor-
ough analysis of the expected per-terminal SE based on different BS layouts
and the impact of system parameters is of great interest. The contributions of

this chapter can be summarized as follows:

* Novel analytical expressions of expected per-user signal power and in-
terference for both uplink MRC and downlink MF are derived. The

derivation is robust to changes in system dimension and correlation
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models.

* We analyse the system performance of digital and analog MRC/MF for
three BS layouts. We show that while digital MRC benefits from in-

creased BS decentralization, the same does not hold for analog MRC.

¢ Simulation based investigations of the impact of different Rice K fac-
tors on both centralized and distributed systems with analog and digi-
tal MRC are presented. We show that the performance of analog MRC
approaches that of digital MRC when increasing the K factor in a cen-
tralized system, while the performance gap between the two technique

remains in a distributed system.

4.2 System Model

We consider a MU-MIMO system with K single antenna users randomly lo-
cated within a single cell and a total of N; antennas at the BS divided equally
amongst M cooperative antenna groups. Three different BS layouts are adopted
for system performance evaluation. Cen (Fig. 4.1) denotes a centralized sys-
tem where the BS is located at the centre of the cell with all NV; antennas; Dis4
(Fig. 4.2) is a distributed system, where antennas are divided equally amongst
four cooperative antenna sites with each site (half way from the centre to the
cell-edge and 90° from each other) equipped with £ antennas. Similarly, Dis2
(Fig. 4.3) denotes a system with two sites, each site (half way from the centre

to the cell-edge and 180° from each other) containing & antennas.

The UL and DL system models are now described.
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Figure 4.1: Example of a centralized system (Cen) with NV, antennas at the
central BS and four single antenna users.

4.2.1 Uplink System Model

The N, x 1 channel vector for user i can be written as h; = Ri% u;, where the en-
tries of u; are independent and identically distributed (i.i.d) Rayleigh fading
variables, u; ~ CN(0, I); R, is the N, x NV, spatial correlation matrix for user i.
Assuming no correlation between antennas belonging to different groups, we
write R; = diag(R;1Riz...Rinr), Rimy = Bim Zim?, where i indicates the user i and
m indicates the base station group m. 3;,, contains the correlation coefficients

and f3;, models the effect of pathloss and shadowing of the m'" group base

2The matrix R; is actually the covariance matrix of the channel, R; = E[h;hH]. Hence, it
contains the powers (Bim) as well as the correlations (X;,,). We take out the parameter Bim SO
that X;,, is a true correlation matrix with diagonal entries equal to one. This makes analysis
easier when using results in [117], which we use extensively. These results are based on unit
power Gaussians. Thus, ¥, is more convenient.
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Figure 4.2: Example of a distributed system (Dis4) with four BSs, each BS
having N,/4 antennas and two single antenna users.

station for the i" user. We consider 3;,,, = Alim(do/dim )Y, where A is a unit-less
constant indicating the geometric attenuation at the reference distance dy, d;,
is the distance between the i" user and the m'" BS and 1 is the pathloss atten-
uation exponent; (;, is a log-normal random variable, 10log, ,Cim ~ N(0,03,),
to model the effect of shadowing between the the i" user and the m™ BS.
Thus, H = [h;h,...hk| denotes the N, x K fast-fading channel matrix between
N; antennas at the BS and K end users. Then, under the assumption of per-
tfect channel knowledge at the BS and equal transmit power for each user, for

narrow-band transmission, the received signal at the BS can be expressed as

y =/ P'Hs + ny, (4.1)
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Figure 4.3: Example of a distributed system (Dis2) with two BSs, each BS
having V,/2 antennas and four single antenna users.

where s is the K x 1 data symbol vector from the K end users and E[ss"] = I;
n, models the effect of white Gaussian noise, where the noise variance is
assumed to be one; P is the uplink transmit power per data stream. After

MRC processing, the combined signal for the i" user at the BS is given by
K
yi =/ Plglhis; + /P gihus + gi'nu, (4.2)
I=1
I#i

where g. = h; for digital MRC and g, = f\i, flz = exp(j£h;) for analog MRC,

where Zh; represents the vector of angles of each element of h;. This results
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in the SINR for user ¢ given by

u 2
P |glh,|

SINR; = .
e { S gl | + g

(4.3)

4.2.2 Downlink System Model

The K x N, fast-fading channel matrix for the downlink can be written as

1
H = [h1h;...h}]", where the 1 x N; channel vector for the i™" user is h; = u,R?,
and u; and R, are defined in Section 4.2.1 with the exception that u; is now

1 x M. The received signal at the i user can be expressed as

K
= gt 4 /RS gt + e

=1
I£i

where Ptdl is the downlink transmit power per data stream, ng models the
) |||
;iﬁf for analog MRC. Thus, the corresponding SINR for user ¢

effect of white Gaussian noise with unit variance, and g, = for digital

MRC and g, =

is given by
P higy|?

SINR; = .
m{zgmgw@+1

(4.5)

4.3 Approximations of Achievable Uplink and Down-

link Spectral Efficiency

In this section, we derive expressions for the expected per-user signal power
and interference power for both uplink and downlink analog MRC systems.

This is used to enable analysis of uplink and downlink achievable rates. For
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example, the achievable uplink rate is given by

Ptul
Ny

Zl 1 |Wth|Q}

[[wi'h,[?]
[Ru] ~log, { 1+

7 { (4.6)

To enable the analysis, we apply a commonly used approximation as fol-
lows: if X = )" X;and Y = }_ Y] are both sums of non-negative random vari-
ables, then E [log, (1 + )] ~ log, (1 + ]E[Y]) [105]. Independence between
X and Y is not required and the result becomes more accurate when the num-
ber of the summation terms in X and Y is large [105]. This behaviour is due to
the law of large numbers [105] where both the numerator and denominator
approach their mean values (after normalising) and their variances become
small. For the uplink system, substituting the analog MRC precoder into (4.3)

gives the approximation of per-user spectral efficiency as

Pul
28 [h
E[Ry] ~ log, ¢ 1 + Pul ! : 4.7)
N {Zl 1 [h; hl|2]
t
whereas for the downlink, we have
dl
B[R]
E[Rdl] =~ 10g2 1+ Pdl (48)
B [T I 1

The achievable rates in (4.7) and (4.8) give the UL and DL SE values which

are particularly useful as they link the achievable rates to particular types of
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processing. While capacity is the ultimate limit on error-free rate it assumes
the ability to employ processing of any complexity. In contrast, the SE gives
a rate which is achievable for practical processing schemes such as MF, ZF,
MMSE, etc. While simulations can always be used to simulate the SEs, we
prefer to seek analytical approximations as these may able to provide further
insights. For example, we use the analytical results in Sec. 4.3.2 to explain why
equal correlation is the worst case. Also, in other chapters, many insights are
derived from analytical results, such as Sec. 5.3, Sec. 6.3.2 and Theorem 1 in
Chapter 7. We now derive the expectation of the signal and interference

terms in Sec. 4.3.1 and Sec. 4.3.2, respectively.

4.3.1 Expected Signal Power

We derive the expected signal power for analog MRC on the uplink in de-
tail, while for the downlink we only give the final result as a similar analysis

applies. The expected signal power for the uplink can be derived as follows,

R [~ 2 N N N
]E{hi h; ]:E S b | =E D gl HE DD bl |
j=1 j=1 j=1 k=1
- j#k
_Nt Nt Nt
=E > bl | +E ) |hgllhal |
L j=1 =1 k=1
i#k
Nt Ny Nt
= Z Bij + Z Z\/ Bij BirEl|viz||vir ],
j=1 j=1 k=1
j#k

(4.9)
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where 3;; is the link gain from the i" user to the j** antenna and h;; = /f;;vi;-
In (6.7), v;; and v;;, are two correlated complex Gaussian variables, and can
be rewritten as v;; = rexp(j6;) and vy, = reexp(jbe). Thus |v;;| = r; and

|vik| = r2. From [117, p. 97], we know that,

T 3 3
E = (1=XN ) F [ =, =, 1: )\ 4.1
[7’17“2] 1 (5115'22)( 12)2F1 (2;27 ; 12)7 (4.10)

where » F] is the Gaussian (or ordinary) hypergeometric function; Si; and Ss;

are entries of the inverse covariance matrix, S, of v;; and v;;, where

1 —p
g_ St S — | TP TP | (4.11)
So1 S22 —r T

Si2|?
Also, A\, = 15l
2 511522

ing this result gives

= |p|* and p is the correlation between v;; and v;;. Apply-

™ 2 33
Blllloal) = T (1= lpn)’aFs (5 5.1l ) . @1)

where p;j;, is the correlation obtained from the jk™ entry of R;. When j and k&

correspond to different BS groups, there is no correlation, p;;; = 0, and

Efjvgloul] = ElJog [P = T (§) . (4.13)

Hence, the final result is,
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E{h; h,’} = Z@wzzx/ﬁmaﬂm

7j=1 k=1
JF#k
where
F(%)27 jvk ¢ Bk
5jk - )

(4.14)

(4.15)

and By, is the set of antennas at the same site as antenna k. The expected signal

power can be derived similarly for the downlink, resulting in

E{jhh; P} = Z@] + Z Zmﬁm(s]k,

7=1 k=1
J#k
where
F(%)27 ]7k ¢ Bk
S = 2
%(1_ ‘pZ]kP) 2F1 (%7%71a’pz]k"2)7 jvkeBk

4.3.2 Expected Interference Power

(4.16)

(4.17)

The interference power for the uplink from the I user to the i user can be

derived as follows,
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E [[ﬁithF] — B{| (A iy i) (it g ) T |2)
— E{h, hh''h;}
=E[h E [leul ﬂ h|
—E [H?Rlﬁi]

|hz'1’ |hiz|  |hin] |hir| |ha2|  |Rin]

—N

N h; hi
—E L (R))k; ( i )
ZZ s o]
Nt Nt ’U* rU
=> ) R)E [| Z‘J'H f’“‘ : (4.18)
=1 k=1 vz] Vik

Reusing the notation, v;; = rexp(j6;) and vy, = roexp(j62), we have E [ iy ”—k} =

vij| [vik|
E[e/1=2)]. From [117, p. 100],

o T 33
E{e/@"} = o1 p")Fy (5, 5% W) : (4.19)

Thus,

E{|h; h,[?} = Z R))jj +ZZ R)) kj4pwk — lpijel?)

7j=1 k=1
J#k

3 3
><2F11 <§ 27 7’/)1]16‘2)

= Z By + Z Z (Ry)kjkijhs (4.20)

7=1 k=1
J#k
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where

0, J, k¢ B
Kijh = # B (4.21)

Zpiie(L = [pijil®)2F1 (2, 2,25 |piskl®),  J.k € By

Similarly, the downlink expected interference power is,

E{|hh, P} = Z m+zz kj4pljk (1= lpul?)

7=1 k=1
itk

3 3
X ol (5 2, 7‘Pl;k’ )

- Z ﬁzg + Z Z k] Rikj, (422)

7=1 k=1
Jj#k
where
07 j7 k ¢ Bk)
Rik; = (423)
k(L — purl 2 Fr (3,2, 25 | pel?) J. k € By.

Thus, substituting (4.14), (4.15), (4.20) and (4.21) into (4.3), we obtain the
per-user spectral efficiency for the uplink. Similarly substituting (4.14), (4.15),
(4.22) and (4.23) into (4.5), we obtain the per-user spectral efficiency for the
downlink. Not only do (4.20) and (4.22) provide the value of uplink and
downlink interference, they also provide an important insight into MU-MIMO
with analog processing. When the users all have the same correlation matrix,
then (R))x; X pijr = |pijel? > 0 and (R)k; X pijx = |pije/* > 0, which max-

imizes the interference in (4.20) and (4.22) as all summation terms are posi-
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tive. Hence, equal correlation matrices is the worst case, as shown in [106]
for digital MRC. This is the first demonstration of this property for analog

processing.

4.4 Numerical Results

In this section, numerical results with the following parameters are presented.
Four users each with a single antenna are uniformly located in a circular cell
with the radius of 100 meters, as depicted in Fig. 2.1 and Fig. 2.2. The unit-
less geometric attenuation is A = 30 dB and the reference distance is dy = 1
meter. The total number of antennas /V; = 32; the pathloss attenuation v = 3.5
and the standard deviation of shadowing ( = 6 dB. The transmit power P,
is chosen to guarantee that 95% of the time the SNR, defined by the ratio of
the received power to the noise power in a single-user single-antenna system,
exceeds 0 dB. As our approximations of SINR are accurate for arbitrary corre-
lation models, two popular correlation models are considered. For the expo-
nential correlation model in [118], the correlation matrices required for user :
are defined by (X;,),s = [pexp(jdinm)]"~*!. Here, p is the common magnitude
of the correlation between adjacent antennas and ¢;,,, ~ U|0, 27] is a user spe-
cific phase at each antenna group. We also consider the one-ring correlation
model [57], with an angle spread of 30° and a different central azimuth angle
with a uniform distribution within [0, 27] for each user at each antenna group.
We refer to this model as OR.uni. As LoS will play an important role in up-
coming systems, we are also interested in the impact of Rice K factors on the
BS layouts. The model for the uplink Ricean channel for the i™ user can be

written as

1
h; = u; R7u;,
KﬁluJr K;+1 i
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where K; is the Rice factor, u; is the specular (LoS) component and u; (V; x 1)
is the diffuse (scattered) component. u; (N; x 1) is governed by the transmit
and receive array response vectors [42]. As we only consider a uniform linear
array (ULA) with a single antenna at the receiver, the uplink LoS vector can be
written as, @; = Uy (), Uy (0%) = [1, e72mdc0s(0:) | gi2md2eos(0s) - - pj2md(Ni—1)eos(6:)T,

where d is the normalized antenna spacing, assumed to be half the carrier

wavelength. Finally, 0; is the angle of arrival, 6; ~ U[0, 27].

Fig. 4.4 illustrates the CDF of the uplink expected per-user spectral effi-
ciency based on the Dis4 system architecture with three different correlation
models. The expectation is computed over the fast-fading and the CDF de-
picts the impact of the variations in large-scale fading link gains. Exp.0.95fixed
denotes the Clarke correlation model [55] with a fixed correlation coefficient
p =0.95 and no random phase; OR.uni denotes the one-ring correlation model;
Exp0.7random denotes the exponential correlation with uniformly distributed
phase on [0, 27] and p = 0.7. In this figure we compare the CDF of the derived
analog per-user spectral efficiency approximation with its simulated coun-
terparts. As we can see, the derived approximations are tight for all three

correlation models considered.

In Fig. 4.5 we present the performance comparison of analog and digital
MRC for three system layouts: Cen, Dis2, Dis4. Using the same propagation
parameters as in Fig. 4.4 and the OR.uni correlation model, the CDFs of per-
user spectral efficiency are shown. Generally, digital MRC outperforms ana-
log MRC in all three systems. This is mainly due to the fact that analog MRC
is incapable of changing the amplitude of the incoming signals. For digital
MRC, the system benefits from greater antenna distribution. However, the
trend is opposite for analog MRC, where Dis2 and Cen have almost the same
performance and both outperform Dis4. Digital MRC benefits from a more

distributed system where there is a higher probability of a strong link gain to
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Figure 4.4: Expected per-user spectral efficiency CDFs of analog MRC for an
uplink Dis4 system with three correlation models.

one of the antenna clusters. Analog MRC, however, is not able to benefit the
users by optimising the receive SNR over different link gains. This is because
analog MRC is equivalent to equal gain combining. Thus the centralized sys-
tem results in the strongest signal power compared with distributed systems

when adopting analog MRC processing.

We show numerical results for the Ricean channels for the Cen and Dis4
systems in Fig. 4.6 and Fig. 4.7, respectively. The trends in Fig. 4.6 and Fig. 4.7
illustrate that increasing the Rice K factors can actually increase per-user spec-
tral efficiency in both Cen and Dis4 systems as LoS reduces channel fading
fluctuations and also the MRC inter-user-interference as shown in [105]. The

gap between analog and digital MRC diminishes to zero in a Cen system when
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Figure 4.5: Performance comparison of expected per-user spectral efficiency
CDFs between analog and digital MRC for uplink.

the Rice K is greater than 5 dB, where the strong LoS results in low diversity
of signals for which analog and digital MRC have almost the same perfor-
mance. This is not the case for the Dis4 system due to the link gain diversity

from which digital MRC benefits.

Finally, in Fig. 4.8 we consider the downlink system. The figure not only
shows the accuracy of the approximations, but also that digital MRC in Dis4
significantly outperforms the Cen system. This is mainly due to the high di-
versity of link gains in a distributed system as the per-user spectral efficiency
is affected by the desired user’s link gains at different sites. Examining the
derivations of (4.14) and (4.22), both the numerator and denominator of the

derived SINR for the downlink are affected by the same desired user’s link
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Figure 4.6: Expected per-user spectral efficiency CDFs of analog and digital
MRC for an uplink Cen system.

gain, Bim, which is the same for both the numerator and denominator in the
centralized system. Dividing by f3;,, for both the numerator and denominator
in (4.5), we see that variations in the CDF of the expected per-user SINR are
limited, reflected in Fig. 4.8 by the steep curves of the Cen system. On the
other hand, in the distributed system Bim takes on different values for the nu-
merator and denominator of the SINR, leading to more diversity in the Dis4
system for digital MRC. For analog processing, the CDFs for the centralized
and distributed cases have a cross-over, with distributed being better at low
SINR and centralized being better at high SINR. At the low end this is due
to the advantage of distributed processing in having power diversity at the
different locations which helps to limit the cases where the signal strength is
low at every location. At the high end, when the centralized location has very

good signal strength, centralized processing has a greater SINR as the dis-
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Figure 4.7: Expected per-user spectral efficiency CDFs of analog and digital
MRC for an uplink Dis4 system.

tributed processing will average over the other locations which are likely to
have lower strength. Note that this is true for analog processing as it cannot
make use of the variations in signal strength. Another cross-over in Fig. 4.8
is between distributed analog and centralized digital processing. Usually,
digital processing is better, but at the low end we have the same property
discussed above. The distributed analog system can outperform centralized
digital processing due to the protection of multiple locations which avoids the

occasional very low signal strength which can occur in the centralized case.
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Figure 4.8: Expected per-user spectral efficiency CDFs of analog and digital
MRC for downlink Dis4 and Cen systems. Derived results are for the analog
case.

4,5 Conclusion

We have derived approximations to per-user SINR for analog MRC/MF for
uplink/downlink systems, leading to an insightful comparison of analog and
digital processing for three different BS layouts. While digital MRC bene-
tits from increased BS decentralization, the same does not hold for analog
MRC. We present an analysis of the impact of different Rice K factors on both
centralized and distributed systems with analog and digital MRC technique.
When increasing the K factor in a centralized system, the performance of ana-
log MRC approaches that of digital MRC, while the performance gap between

the two technique remains in a distributed system. Analog MRC is a compro-
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mise technique for massive MIMO when digital MRC is either expensive or

complicated for system design.



Analysis of Analog and Digital MRC in Massive
MU-MIMO Systems over Correlated Channels

While digital multi-user MRC (MU-MRC) is well understood, relatively few
analytical results exist for analog MU-MRC. For example, it was recently
shown that MU system performance is highly dependent on the correlation
model used [119], but the scope of this work is limited to digital processing
(including MRC). Thus, in this chapter, we look into the impact of various
channel correlation models on MU-MIMO system performance, SINR, ana-
lytical asymptotic expressions of which are derived for analog MRC and dig-
ital MRC. We begin by deriving the expected signal and interference power,
demonstrating that the signal-to-interference (SIR) ratio decreases with corre-
lation when users have the same correlation matrices, while it increases when
their correlation matrices are different. These finite system results are then ex-
tended by deriving asymptotic SINR expressions for both analog and digital
MRC for benchmark scenarios of uncorrelated and fully correlated Rayleigh
channels. Here, we once again demonstrate that the performance is critically
dependent on the correlation scenario. We show that for uncorrelated fading
the SINR converges to a constant. For fully correlated channels, and users

with equal correlation matrices, SINR converges to zero, whereas for unequal

63
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correlation matrices SINR converges to zero or a constant, depending on the
correlation model. New insights are provided, indicating that in certain cir-
cumstances, high correlation can improve system performance. The reason is
explained via 3D surface plots based on exponential and one-ring correlation

models.

5.1 Introduction

MRC in particular offers low computational complexity, while eliminating (in
its digital form) interference by taking advantage of favourable propagation
in large systems. An additional benefit of MRC is its suitability for distributed
systems - the processing can be performed independently at each antenna
cluster, without additional information exchange [7]. Hence, a study of digital
and analog MRC is given in this chapter.

It is well known that due to practical constraints on array size, correlation
will significantly impact the favourable propagation characteristics of mas-
sive MIMO systems [120]. The asymptotic behaviour of large systems with
correlation (equal for all users) has been well studied (see [7,27,34]). Studies
of correlation impact on linear precoding [121, 122] demonstrate that corre-
lation reduces system performance. This is in contrast to early work on SU
MIMO-MRC [123,124] which has shown that correlation can increase the sys-

tem performance.

The above studies consider the classical Kronecker model, and assume
equal correlation among users. Recently, the impact of correlation on sys-
tem performance has been shown to be highly dependent on the correla-
tion model. The authors of [125] contrast the Kronecker and Wichselberger
models, where the former predicts a more severe performance degradation.

In [119] it has been shown that the classical exponential correlation model
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gives a pessimistic performance prediction relative to that given by the one-
ring model. Furthermore, [119] demonstrates that system heterogeneity, in-
cluding correlation variability among users, enhances the MU system perfor-
mance. Backed by measurement results demonstrating the variability in user-
specific angular propagation parameters, [119] highlights the importance of
considering such heterogeneity in system modeling.

In this chapter we provide new insights on the impact of correlation (in-
cluding its heterogeneity) on the SINR and SE behaviour of digital MRC and
the first such results for analog MRC. Specifically,

* We derive analytical expressions of SINRs for uplink analog MRC and
digital MRC under different correlation scenarios when the number of
antennas and users goes to infinity. The asymptotic behaviours of these
cases are analysed. The findings suggest that the system performance
is improved where there is perfect correlation within one user’s chan-
nel but a random phase distribution among users. Thus, in some cases,
correlation is beneficial and can help system performance. From the de-
rived expression of SINR for i.i.d Rayleigh fading, around 21.5% perfor-
mance loss occurs with analog MRC compared with digital MRC. The
system performance analysis under perfect correlation suggests that dig-

ital and analog MRC would have the same asymptotic behaviour.

* We derive a SIR expression based on an exponential correlation model,
which takes both correlation coefficient and phase into consideration.
The 3D surface plots based on this expression give great insight into
why high correlations with random phases improve system performance.
We also show that similar system behaviour occurs under a one-ring

correlation model.

¢ The interference behaviour under perfect correlation with two special
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correlation models, exponential and one-ring are studied. We find that
the asymptotic behaviour of interference mainly depends on the angu-

lar distribution of users.

5.2 System Model

We consider an uplink massive MIMO system with N co-located antennas
serving K single antenna users. The NV x 1 channel vector for each user can
be written as h;, = Rz-%ui, where u; ~ CN(0, I), R; = 3;3; and X; is the N x N
spatial correlation matrix. f3; is the large-scale link gain for the i™" user. The
fast-fading channel matrix can be written as H = [h;hy..hg]. We assume
perfect channel knowledge at the BS and equal transmit power, P, for each

user. Thus, the received signal at the BS can be expressed as

y =+/PHs +n, (5.1)

where n ~ CN(0, ¢2) is white Gaussian noise, s is the data symbol vector
from the K users and E[ss”] = 1. Without loss of generality, 02 is assumed to

be 1. The signal after combining at the BS to detect the it" user is given by

K
vi = VPg'hisi + VP > gihs + g, (52)
I=1,1#i
where g. = h; for digital MRC and g, = fli for analog MRC, where fli =
exp(j£h;) and Zh; indicates the vector of angles of h;. The corresponding
SINR is given by

Pgt'h|’
- .
Pyl 18 + gl

SINR; = (5.3)
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For digital MRC, the mean signal and interference in (5.3) are given by

E|Rlgihi|"| = P2 (E2) + N7, (5.4)
E [H > rg?hlf] =P Y Bitr(Bi%). (5.5)
I#£i 14

The relationship between correlation and performance is seen in (5.4) and
(5.5) via the terms tr(X?) and tr(X;%;). To explore this relationship, consider
the exponential correlation model in [118] where (3;),.s = pl*"lexp(j(s —)¢;)
so that users have the same amplitude correlation parameter, p, but user spe-
cific phases, ¢; where ¢; ~ U|0, 27]. Using this model, some straightforward

algebra allows tr(3;3;) to be written as

[2p?N+2 (cos((N T 1)A) — 2p%c0s(NA) + pleos((N — 1)A)) + N(1—p%)
(5.6)

+4p* + cos(A) (2N —2)p° — (2N +2)p%) }/(1 — 2p%cos(A) + p*)?,

where A = ¢; — ¢;. Obviously, tr(X,%;) is a function of both p and A, but what
is interesting is that the relationship between interference and p is different for

different values of A. To see this, consider two special cases of (5.6)

20" A NA = p)(L+p%) =20 |

tr(S,%)) = = —0, (5.7)
N +4p* — Npb — 4(—1)N/2p2N+4
tr(S,%)) = i p4)(2 ) . A=7/2, (5.8)

where (5.8) is for the case of even N. When the phase parameters are aligned
(A = 0), the two correlation matrices are identical and (5.7) shows that the
interference grows with p. When the two phases are orthogonal (A = 7/2),
(5.8) shows that the interference decreases with p. Hence, increasing the size

of the correlation can have opposite effects when users experience the same
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correlation matrix (¢; = ¢;) and when the correlation matrices differ (¢, — ¢, =
7/2). Equivalent results to (5.4) and (5.5) for analog MRC are available in [126]
but are given in terms of Gaussian hypergeometric functions which make
further analysis difficult. Hence, we look at the extreme cases of zero and

perfect correlation in Sec. 5.3 below.

5.3 Asymptotic SINR Analysis

We derive the asymptotic SINR for analog and digital MRC under two bench-
mark scenarios of i.i.d. and perfectly correlated Rayleigh fading. We assume
N and K grow at the same rate, « = % is fixed. The derivations require the

strong law of large numbers, a suitable version of which follows.

Result 1. If X, X5, ... are independent with finite means puy, pio, ... and variances

1 L as . 1 L .
0?,03, ..., then T2 Xn =, as L — oo, where 1 = limp_,o, (E Doy ,un> if

Zizl L Var(X,) < oo [127, Theorem 5.4.3], where = denotes almost sure conver-
gence [128, p.405]. Almost sure convergence is defined as a property of a sequence of
random variables, X1, X, X3, - - -, X,,, where X,, converges almost surely to a ran-
dom variable, X, shown by X,, = X, if P ({s € S : lim,,_,00 Xn(5) = X(5)}) = L.
In this notation, s denotes an element in the sample space and S is the entire sample

space.
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5.3.1 Asymptotic analysis for i.i.d. Rayleigh fading

First, for digital MRC, from (5.3), the interference power is,

K K
P> iy =F> hi'hhli'h (5.9)
=% (=
H
. hih,
=F> hi'd - dh,
(o 0

K
=R Z BB un | *uf

=1
|

where @ is unity matrix and = denotes statistical equivalence. We say that
a random variable, X, is statistically equivalent to another random variable,
Y, if the distributions of X and Y are the same. Any i.i.d Gaussian vector
multiplied by a unity matrix is statistically equivalent to the original random
vector. In (5.9), w; is the first element of u; and the second equality follows
from the rank-1 eigen-decomposition of h;h}'. The desired signal power is
P, <hiHh,-> - P,5?(ul'y;)? and the noise power is hi'h; = §;ullu,. Substituting

these powers into (5.3) and simplifying we obtain

Pfaltu; /N

D __ tHri Yy 7

SINR’ T R(K-1) ZK Bilui |2 +i’ (510)
N ll;% K—1 N

where D denotes digital MRC. Using Result 1, the numerator and denomi-

nator of (5.10) both converge almost surely, giving
. p_ B
lim SINR; = Ea, (5.11)

N—o0
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where /= limy_0 Zfil Bi/ K is the asymptotic mean of the link gains. For

analog MRC, similar steps lead to the result

Ptﬁi‘ﬁ?ui/N’Q

SINR}* = — , (5.12)
Pt(K — 1) K fll u; 1
K—1 Zé;%ﬁl N | TN
where h; = \/Bi1;. For the numerator, from Result 1 we have !
~H N 0o
ui u’L _ |uzr’ as, _|Uir|2 o 3 . ﬁ
o= S Bl = | ol = 1 (5 YT
For the interference term, we note that
K K
o plaw= Y Alunl*N, (5.14)

1=1,1#i 1=1,1#i

which follows from the rank-1 eigen-decomposition of ﬁiﬁiH. Thus, from Re-

sult 1, the interference term in (??) is

K —
K -1 |Ull‘2 as B
P, E P—. 1

Substituting (5.13) and (5.15) into (??), we obtain

. A TP
N,lll(rgoo SINRi = 43 . (5.16)

Compared with digital MRC, analog MRC suffers a (1 — 7) x 100 ~ 21.5%

4

performance loss in the asymptotic SINR.

0(n) = [;% a" e "da.
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5.3.2 Asymptotic analysis, perfect correlation, equal matrices

Consider the perfectly correlated channel where R; = 3,3, and all the ele-
ments of 3; equal one. Here, h; = h;;[11...1]7 and h; = exp(jZh;;)[11...1]7.
Substituting the perfectly correlated channels and associated combiners into

(5.3) gives:

5¢‘Uz‘1|2

SINR} = SINR} = —— :
>im1ip Blunl? + 1/ AN

(5.17)

Dividing the numerator and denominator by K and using Result 1 gives

SINRZ = SINR? %% 0. (5.18)

5.3.3 Asymptotic analysis, perfect correlation, unequal matri-

ces

Here we investigate two types of correlation structures for uniform linear ar-
rays. The exponential® correlation model in [118] has a user specific phase,
¢ ~ UJ0,2r], for the correlation parameter and for perfect correlation (am-
plitude 1), the correlation matrix is defined by (%;),s = exp(j(s — r)¢;). The
second model is the classic one-ring model [57]. For this model, taking the
limit as the angle spread vanishes gives a perfectly correlated correlation ma-
trix also defined by (%;),s = exp(j(s — r)¢;) but here, ¢, = 2rwdsin(6;) where
d is the antenna spacing and 6; is the angle of departure for user i. For both
models, defining a; = [1 exp(—j;) exp(—j2¢;) ... exp(—j(N — 1)¢;)]" allows

the channel vectors to be written as h; = h;;a;. Following the steps in Sec.

ZHere, exponential refers to a correlation structure that has an exponential decay in am-
plitude. Here, with perfect correlation, the amplitude is one so that the decay is not obvious.
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5.3.2 the corresponding SINRs are

|h11’2

aal

SINR? = SINR? = (5.19)

1
HN

Zz ! | a2

From (5.19), we see that the SINR depends on the limiting behaviour of the
interference component denoted by /. We explore this limiting behaviour by

deriving E(/):

K—1 1
E(I) = TE(|hul2)—EHa?az\Q]
L1 1
— pp = a]\}lj}n NEHE‘ ay’]
1 —1N-1
= Z ZE ej(h kdn E[e —j(h—k)dn]
o N
h 0 k=0
1 1 =
_ : _ iTdi] |2
Saam g ) (NenE[E]
r=—(N-1)
N—-1
R B _ Jjréi]|2
&]3159)0{1%2(1 )| E[e] } (5.20)

Next, we derive |E[e/"%!]| for the two correlation models.

Exponential Correlation
The model in [118] has ¢; ~ U|0, 27 for which E[e/"*] = 0 and E(I) — X. For
the more general case where ¢; ~ Ula, b] we have

2|sin[0.57(b — a)]
r(b—a)

b
Bl = |- ) [ eran -
2 a
r(b—a)

<

(5.21)
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Substituting (5.21) into (5.20) we have

1 Nol Nl
PG| - =
H _a{ +(b—a2N—>oo{ r2 N }}
r=1 r=1
<1 1 42
et 3(b—a)? ]’

since > 'r2 — 72/6and 371 (Nr)~! — 0. Hence, for all uniform distri-

S | =

butions, the mean interference is finite.

One-ring Correlation
Here, we have ¢; = 2ndsind;, where 0; ~ U|0, 2. Hence,

: 1 [/
E[e/™*] = o / eI 2mdsin) g, = Jo(2mdr). (5.22)
™

Substituting (5.22) into (5.20) we have p° = é(l + 25), where

S = lim {NZ_I (1 . N) [Jo(2mdr)]? } (5.23)

r=1

From [129, Eq. 10.17.3], for large arguments® Jy(z) = \/2/7zcos(z — m/4) +

O(273/%). Hence, S exists (is finite) if and only if S exists where

> lim L Z %cos2 <27rrd — E) — L (5.24)

3Note that the sum in (5.23) will always be finite for a finite number of terms. The only
thing that can make it explode is the behaviour of the later terms when r is large. This means
we are interested in large » which means a large argument as the argument is 27dr.
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Using the double angle formula, the first summation in (5.24) can be written

as

F
i
i

sin(4nrd). (5.25)

DN | —
S| =

ﬁ
I
N
S
Il
—
5
Il
—

Note that V! + —log(N —1) — C, where C is the Euler constant [130, p. 3].

r=1

Hence, the asymptotic behaviour of 3V~ 1 is logarithmic in N. From [131,

p- 43], the second sum in (5.25) is finite,

=2

-1

S| =

sin(4nrd) = g —27d  (mod 2). (5.26)

N | —

r=1

Since the first term in 5.25 is logarithmic in NV and the second term is finite,

N-11
r=1 r

we see that the growth of S is also logarithmic in N. 1> diverges
logarithmically. Thus, S; diverges, causing both S and u$° to diverge. The

simulation results in Sec. 5.4 also support this claim.

5.3.4 Analog MRC correlation analysis

Next, we consider analog MRC and repeat some of the results from Chapter
4 for the co-located scenario considered here. The expected desired signal

power after analog MRC processing [126] is,

Nt Nt

~ H
E{|h; hi|*} = Nif3; + 52‘2 Z%k, (5.27)
j=1 k=1
itk

where
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s 2 3 3
Oijr = 1 (1= |pijul®)” 2 P4 (5, 3 L; |pijk|2) ; (5.28)

and p,jy, is the (jk)™ element of 3;. The expected total interference power after

analog MRC processing is,

Ny Nt

H
E{|h; hy*} = Nis + Z Z(Rl)kj/fzjk (5.29)
=1 k=1
J#k
where
T 3 3
Kijk = ZPijk(l — |pijil?)2 Fy (57 302 |Pz’jk!2) : (5.30)

From [132, Eq.15.3.3, p. 559], we have

2Fi(e, 8,7 2)=(1—Z) Py F(y— a,y = B,%: Z). (5.31)

Hence, 6,1, and r;;;, can be rewritten as 0,5, = (7/4)2F1 (—3, —3, 1; |pijk]?) and
ik = (Zpije) 2F1(5, 3, 2; |pijk]?). Substituting these expressions in (5.27) and

(5.29) gives

Nt Nt

h 2y — T E E 11 2

E{’hz h@| } - Nt/B’L + ZﬁijZI k:12F1 (—5,—571, |pwk’ ) R (532)
J#k
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and
o 11
E{h; hu[*} = N + 51; ; pipige)2 P (55 5023 [oignl)- (5.33)
%k
Now, using known results on hypergeometric functions, » F} (—3, —1,1; Z)
and 2F1(2, 5, 2; Z) are monotonic increasing in Z [132, Eq.15.2.1, p. 557],

oFy (—3,—3,1;0) = 2F (3,5,2;0) = 1[132, Eq.15.1.1, p. 556] and

oF (-3, -3,1;1) = oF (3,1,2,1) = 4/7 [132, Eq.15.1.20, p. 556]. Hence, 45,
increases smoothly from 7/4 to 1 as |p; ;x| increases form 0 to 1. Similarly, &,
increases smoothly from 0 to 1 as | p; ;x| increases form 0 to 1. This makes (5.32)
and (5.33) easier to interpret. We see that the mean signal power in (5.32) is
an increasing function of |p;;x|. The interference behaviour depends on the
similarity of the correlation matrices. If 3; = ¥, then py;pijr = |pijr* > 0
and interference also grows with |p;;x|. However, if ¥; # 3, then py;piji is
a complex constant and the double summation in (5.33) will not necessarily
grow with |p;;;| as terms may cancel. Again, we are seeing the important
property where correlation is detrimental with equal correlation across users

but correlation can be beneficial with sufficient variation across users.

5.4 Numerical Results

The limiting results in Sec. 5.3 such as (5.11) and (5.16) depend on the link
gains, ;. Hence, in order to demonstrate convergence issues, we do not use
the classic path-loss, log-normal shadowing models because the large varia-
tion will mask the limiting effects. We adopt a link gain model similar to that
in [27] to counter this problem. We also consider two scenarios for f3;: equal
and unequal for each user. The equal link gain case serves as a reference and

here we assume ; = 1 for all users. For the unequal case, we set 3, = 1 for
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the desired user and generate /3, for the interfering users from the exponential

1

decay function Ae™** with a mean value of 5 >, /i = 1. We guarantee

a minimum link gain by truncating the exponential decay so that the weak-

est user is 10% of the strongest. The resulting model is 3, = Aexp (— g:)f))

where A = —log(0.1) which gives K — 1 evenly spread values of /5 following
an exponential decay over [;- A, A].

In Fig. 5.1, we present simulation results of the mean SINR vs N for analog
and digital MRC in i.i.d. Rayleigh fading with /A = 1, = 2 and as discussed
above, 3 = 3; = 1. With these parameters (5.11) and (5.16) give the limits 2
and 7/2 which are verified in the figure. The unequal power case converges
slightly more slowly as the power variation gives less averaging and stability

compared to the equal power case. Also in Fig. 5.1 we give equivalent results

3 -
i.i.d. (p=0), equal 3, analog
i.i.d. (p=0), equal g, digital
i.i.d. (p=0), unequal 3, analog
i.i.d. (p=0), unequal g, digital
2.5 |- = = == perfect correlation (p=1), equal 3, digital

————— perfect correlation (p=1), equal 3, analog
perfect correlation (p=1), unequal 3, analog
perfect correlation (p=1), unequal 3, digital

<
B, 1.5
(NN}
1
0.5 + \\
\
\..»._'
0 "'_’.”"‘-'-:—\'--—-3—-:—:.:_.: 1 T
0 50 100 150 200

N
Figure 5.1: E[SINR] vs N for analog and digital MRC; i.i.d. and perfect corre-

lation, equal and unequal link gains.

with the same parameters for the case of perfect correlation with equal corre-

lation matrices considered in Sec. 5.3.2. As shown in (5.18), the limiting SINR
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is zero for both analog and digital MRC. In Fig. 5.2 similar results are shown
for both SINR and interference with perfect correlation and unequal corre-
lation matrices based on the exponential correlation structure considered in
Sec. 5.3.3. The parameters, P = 50 dB, @ = 2, and ¢; ~ U|0, 27| are used
and equal link gains are assumed. The analysis predicts a finite limiting in-
terference, E(/) — 1 = 1 and a corresponding finite and non-zero SINR. Both

results are verified in Fig. 5.2.

45 -
40 - = © =simulated E[SINR] digital
simulated E[SINR] analog
ool 35+
Z 30l
w 25 L
20
15
0.7 ‘
0.6 simulated interference
2 interference limit 7
— 05 \c‘vav'vévév%‘
= ol /\Fv |
0.3+ J
02 | | | |
0 50 100 150 200 250
N

Figure 5.2: E[SINR] and E[/] vs N; perfect correlation, exponential model,
unequal correlation matrices.

In Fig. 5.3* we show the divergence of the interference with perfect cor-

relation and unequal correlation matrices based on the one-ring model in

“The top figure is plotted against N and the logarithmic pattern is hard to see. Hence,
the results are shown again in the lower figure on a log scale where a linear plot shows
logarithmic behaviour. The reason for plotting the derived results and not simulations is that
the scale goes up to a very large numbers of antennas for which simulation is problematic.
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Sec. 5.3.3. Equal link gains and user specific angles, ¢, ~ U|0, 27|, are as-
sumed. In the upper figure we see that the derived interference (obtained
by substituting (5.22) into (5.20)) agrees well with the simulated interference.
The slow growth of interference with NN is clear here and this is made precise
in the lower figure which demonstrates the logarithmic relationship predicted

in the analysis (see (5.25)).

11 ° m "
09+ i
u:J' 0.8 1 B simulated interferecne )
0.7 derived interference i
0.6 .
05 1 1 1
50 100 150 200 250
N
1 4 T T T T T T
1.2 + .
1+ i
u_'T 0.8+ derived interference |
0.6 i
0.4 + .
02 1 1 1 1 1 1
1 2 3 4 5 6 7 8
log(N)

Figure 5.3: E[/] vs N and log (V) for perfectly correlated Rayleigh fading with
unequal correlation matrices (one-ring model).

Next, we consider general levels of correlation between the benchmark re-
sults of i.i.d. and perfectly correlated channels. From (5.4) and (5.5), we see
that 7;; = tr(X?) and Ty = tr(X;%;) control the effect of correlation on signal
power and interference. For the exponential correlation model, 7}; and T, are
given by (5.6) which is a function of p, N and A = ¢, — ¢;. Hence, in Fig. 5.4
and Fig. 5.5 we plot T}, and T;;/T}; against p and A for N = 32. The first mea-



80

sures interference while the second gives the size of the signal term relative
to interference. The interaction between the amplitude of the correlation pa-
rameter (p) and the difference in the phases of the correlation parameters (A)
is clear. Large amplitude correlation helps the signal relative to interference,
thus enhancing SINR, unless the phases are very similar (A ~ 0 or A ~ 2)
when the SINR is adversely affected by large interference. Hence, as long
as there is diversity in the phase parameters, increasing correlation is bene-
ficial to performance. The same trends are observed for the one-ring model
where reducing the angle spread (corresponding to increased correlation) is

beneficial as long as there is diversity in the central angles of the users.

In Fig. 5.6 we show the simulated spectral efficiency CDFs for analog
MRC assuming the exponential correlation structure. The system model in-
cludes path loss and lognormal shadowing effects. The link gains are given
by 8; = A((do/d;)?, where d; is the distance to the BS and (; is lognormal
shadowing. There are four users each with a single antenna uniformly lo-
cated in a circular cell with the radius of 100 meters. The unit-less constant is
A = 30 dB, the reference distance is dy = 1 meter, N; = 32, the pathloss expo-
nent is 7 = 3.5 and the standard deviation of shadowing is 6 dB. The transmit
power P is chosen to guarantee that 95% of the time the SNR exceeds 0 dB. As
predicted by the analysis, for a fixed correlation parameter (equal correlation
matrices for the users) increasing the correlation decreases spectral efficiency
whereas for differing correlation parameters (unequal correlation matrices for

the users), correlation improves the spectral efficiency.

5.5 Conclusion

We have presented the first analysis of the effects of correlation on analog

processing, compared analog to digital MRC and demonstrated that hetero-
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Figure 5.4: T, (dB) vs p and A; N = 32, exponential correlation.

geneous correlation effects extend to analog MRC. We have derived the ex-
pected signal and interference power, demonstrating that SIR decreases when
the user correlation matrices are identical, but increases when they are differ-
ent. We derived asymptotic SINR expressions for both analog and digital
MRC for benchmark scenarios of uncorrelated and fully correlated Rayleigh
channels, demonstrating that the performance is critically dependent on the
correlation scenario. We have shown that for uncorrelated fading the SINR
converges to a constant. For fully correlated channels SINR converges to zero
for equal correlation matrices, whereas for unequal correlation matrices SINR

converges to zero or a constant, depending on the correlation model.



82

= e
-
p=0.4, 6 ~ U[0,27]
p=0.4,0=0
0=0.97, 6 ~ U[0,27]
=097, 6=0
p=0.7,0=0
p=0.7, 6 ~ U[0,27]
L
(]
(@)
0 | 1 1 1 1 1 1 1
0 2 4 6 8 10 12 14

Expected per-user spectral efficiency [bps/Hz]

Figure 5.6: Spectral efficiency CDFs for fixed and uniformly distributed phase
parameters and N = 32.



Hybrid MRC

In this chapter, we present analytical expressions for the expected per user
SINR in an uplink distributed multi-user multiple input multiple output sys-
tem with two-stage beamforming. This leads to a tight approximation of ex-
pected per-user spectrum efficiency. System analysis is carried out for two-
and four-cluster BS layouts, and four beamforming strategies. The local beam-
forming (first stage) considers either analog or digital MRC, followed by the
global processing (second stage) of either digital MRC or digital ZF. We de-
note the resulting beamforming schemes as A-D, D-D, A-ZF and D-ZF. We
also present the asymptotic behaviour of A-D and D-D strategies. Our analy-
sis demonstrates a 7/4 performance ratio in a centralized configuration'. For
the distributed layout, we show that the relative performance of A-D and D-D
varies depending on the distribution of interference powers among the base
stations. Here, when the dominant interferer powers are scattered among
the BS clusters, D-D significantly outperforms A-D (with a gap greater than
n/4). On the other hand, A-D outperforms D-D when the dominant inter-
ferer powers from all users happen to coincide at one BS cluster. Our analysis
also shows that the MRC/ZF performance cross-over is delayed for two-stage

beamforming (relative to single-stage), due to stage one reducing interference

IThe performance ratio of AD to DD is /4 for centralized systems. The ratio is less than
one as digital processing is more powerful.
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levels by a factor which is proportional to the number of antennas per clus-
ter. Furthermore, we show that the performance gap between A-D and D-D

increases with the number of BS clusters.

6.1 Introduction

MU-MIMO systems with a single BS deploy a large number of antennas in
one physical location. Distributed systems (dividing the antennas into mul-
tiple antenna clusters) provide the benefits of reduced spatial correlation [22]
and greater coverage than conventional co-located systems [13]. In fully co-
operative distributed systems, where all the received signals are sent from
the antenna clusters to a central processor, attractive performance gains are
achieved compared to the equivalent non-cooperative network [22,33]. In
[13], full cooperation is evaluated in the downlink with dirty paper coding
and ZF. However, taking communication overheads and complexity into con-
sideration, simplified processing is required. Hence, MRC with user group-
ing was proposed in [22]. To relieve the need for centralized knowledge of
all the signals, two-stage processing is proposed in [33]. Here, only the out-
put signals after local (first stage) processing are sent to the (second stage)
central processing node. Using linear minimum mean squared error (MMSE)
detection, [33] shows that the gap between the fully cooperative system and

two-stage processing system is small.

In this paper, we adopt the promising two-stage procesing scheme and
further reduce the complexity and hardware requirements of local and central
processing by considering analog and digital MRC. These techniques require
no central control [22] and analog MRC only requires phase-shifters. The per-
formance analysis of analog and digital MRC for centralized and distributed

MU-MIMO systems is given in [133]. We propose four types of two-stage
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processing, where either analog or digital MRC in stage one, is followed by
digital MRC or digital ZF in stage two. We denote the resulting beamforming
schemes as A-D, D-D, A-ZF and D-ZFE.

To the best of our knowledge, there exist no closed-form SINR results for
A-D, D-D in the uplink in a distributed MU-MIMO systems, nor any perfor-
mance comparison with A-ZF and D-ZF. Hence, to fill this gap, we present a
thorough analysis of the four two-stage BF processing techniques providing

the following contributions:

* Novel analytical expressions for the expected SE for uplink A-D and

D-D are derived.

¢ We analyse the system performance of A-D and D-D for two- and four-
cluster BS layouts. We show that D-D benefits from increased cluster

decentralization.

¢ Simulation results for A-ZF and D-ZF allow a performance comparison
of A-D, D-D, A-ZF, and D-ZE. We show that MRC is a reasonable alter-

native to ZF in the second stage even at moderate SNR levels.

* We show that A-D has an asymptotic performance loss of approximately
21.5% compared to D-D in centralized systems. For distributed systems,

the performance comparison depends on the pattern of user link gains.

6.2 System Model

Consider a MU-MIMO system with K single antenna users randomly located
in a single cell served by N; BS antennas divided equally among M antenna
clusters. We consider two different BS layouts: four- and two-cluster. The
antennas in the four-cluster distributed system are divided equally amongst

four cooperative antenna sites with each site (half way from the centre to the
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cell-edge and 90° from each other) equipped with N = £t antennas. Similarly,
the two-cluster system has two sites, each (half way from the centre to the

cell-edge and 180° from each other) with N = Z! antennas.

We consider an uplink system based on MMSE channel estimation with
i.i.d Rayleigh fading. Based on the received pilot signal at one cluster, MMSE
estimation is applied to obtain the channel estimates h; (the N' x 1 estimated
channel vector for user 7). The properties of the estimates are given in [134]
and are summarized here. The true channel vector is denoted by h; and
has the distribution CN(0,3;), where 3; = 51. The estimation error e; =
h; — h; has the covariance matrix C;. For i.i.d Rayleigh channels, C; = 5,1 —
YO (B + DI = B2/ (1+76) 1, where 4, = Pr,/0?, 7 is the num-

ber of pilots, P is the transmit power, and ¢?

is the noise power. The re-
sulting estimated channel has the distribution CN(0,R;), where R, = 31,
B; = Y82/ (1 +~6;). We consider ; = A(;(do/d;)?, where A is a unit-less
constant representing the geometric attenuation at the reference distance d, d;
is the distance between the i'" user and the cluster, 7 is the path loss exponent
and (; is a log-normal random variable, 10log,,¢; ~ N (0, 02 ), to model the
effect of shadowing between the the i'" user and the cluster. Equal transmit

power for each user and narrow-band transmission are assumed throughout

this work.

6.3 Approximations of Achievable Uplink Spectral
Efficiency

In this section, we derive expressions for the expected per-user signal power

and interference power for the A-D and D-D beamforming schemes.
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6.3.1 Two-stage SINR for A-D and D-D

The received signal at BS k is given by
K
rey = Zhijj -+ ng, (61)
=1

where s = {s1, $9, ..., sk} is the K x 1 data symbol vector from the K users
and E[ss"] = I; n; models the white Gaussian noise, n; ~ CN(0,0%I). At
BS k& we have the channel estimates ﬁlk, ﬁZk, ey hy. To detect user i at BS F,
the first stage uses the linear combiner w;;, which is designed based on the
estimated channels, and here, can be either analog or digital MRC. Hence, the

output signal at BS % is

- H H
Th = Wiy = Wi | hyps; + E hjps; +ng |,
J#i
Hy, H H H
= Wighirsi + Wigeirsi + E Wiphjes; 4 Wiy,
J#i
= QS; + 0ikSi + E Q1S5 + Vg, (6.2)
J#i
_ wHT _ wH _ wH _ «H :
where o, = w; h, 0 = Wi e, aijr = w; h;;, and v, = w;n;. Stacking the

outputs, 7y, k = 1,2,..., M, gives

I~'i = a;s; + 51& -+ E aiij + Vi, (63)
J#i
_ T _ T _ T
where a;, = [Oéz‘l,Oém;---,OéiM] , 0, = [5i1,5i2,~--,5z‘M] ;A5 = [aijlaaz’jQw--aaijM] ’

and v; = [v1, Vi, ..., v;s|" represent the signal, channel estimation error, inter-

ference and noise terms, respectively. At the second stage, we perform digital
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processing with the combiner u; to detect the desired signal s;, giving

5 =ul't; = ulags; + ul'ds; + ult Z a;s; + wv;.
J#i
From (6.4) we obtain the SINR for user i as
|uj'ay|* E;

SINR; =

E ngl(szlﬂ Es + Z];ﬁz |U£-_Ia7;j‘2Es + E [H?VZ'V,I{ILIJ ’

(6.4)

(6.5)

After averaging over the signal, noise, and estimation error using standard

results, (6.5) can be rewritten as

|u?ai|2Es
Z.{s\il |wis [PWii (EsCis + 01w + Zj;ﬁi lufla;|2Eq
= S/(Th + To).

SINR; =

(6.6)

In the following, we compute exact expressions for the mean signal, interfer-

ence, estimation error, and noise powers.

Expected Desired Signal Power

M 2
= ES ZE UWHhW ’Wth ] ,
r=1 r=1
M 2
— F, {Z]E UWHhW ] +) E “thw ‘Wth }}
r=1 r#s
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Expected Interference and Estimation Error Power

Defining F;C;s + 0°I = ¢;,1, we have

M
E[T1] =Y E [|ui*Wi(ECis + o’ D)wy,]
s=1

M
= Z@SE [Wgﬁisﬁgwiswgwis} . (6.7)

Expected Noise Power

=2 BE[lulayP] = 3 BE [Jaf'a;l’]

J# J#
= ZE ZBJ“ [h Wi W, WZTWHfl } .
JF#i r=1

By defining, M, (i,r) = [|thW] ] My(i,r) = UWHhW

], and M;(i,r) =

E flgwirwgwirwf}flir] , we can rewrite E[S], E[T}], and E[T}] as

M
E(S) = Es Y My(i,r) + E Y My(i,r)My(i, 5). (6.8)
Mrzl r#s
Tl) = Z MB(iv S)gis- (6.9)

=Y B BuMs(ir). (6.10)

j#i r=1

Next, we require the values of M;(-), Mx(-), and M;(-) for A-D and D-D pro-

cessing.
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A-D SINR

For A-D, w;, = Zh;,, where Zp = (p1/|p1], p2/|p2|s s P/ |pn])" for vector
p = (p1,p2, -, pu)T records only the phase information in p. Thus, Wgﬁir =
B;T/Z Zf]\le |Z,|, where Z, ~ CN(0, 1) and Z,, Z,, ..., Zy are ii.d. Using this

formulation and wilw;. = N, gives

My (i,7) = B {N + N(N + 1)7/4} . (6.11)
My(i,r) = B2 {2N + {37/2}N(N — 1)}

+ B {3N(N — 1) + {37/2}N(N — 1)(N — 2)}

+ B2 {(7?/16)N(N — 1)(N — 2)(N —3)}. (6.12)
Ms(i,7) = N3y {N + N(N + 1)7/4} . (6.13)

Defining ¢, (N) = N(3N — 1)+ (37/2) N(N —1)2+ (72/16)N (N — 1)(N —2)(N —
3), c2(N) = N+ N(N —1)r/4, and ¢3(N) = N [N + N(N — 1) /4], the final

expression is
E[SINR}P] ~ (6.14)

ES {Cl(N)Z ~i27"+62(N) ((ZBZT) - Z Ni%") }

M M
03(N) Z Eiséis + ESCS(N) Z Z Bjrgir
s=1

j#i r=1

)

using the approximation E[X /Y] ~ E[X|/E[Y] motivated by [105] and shown
to be accurate for moderate to large numbers of antennas [105,133]. Thus, we

have the SE for user ¢ as

E[SE,] ~ log, (1 + E[SINR"]) . (6.15)
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D-D SINR

For D-D, w;, = h;, and thus nglir = %Birxir, where ;. ~ x2y is a Chi-
squared random variable with 2N degrees of freedom. The moments of x;,

are known, so we can write My(i,7),k = 1,2, 3 for D-D as follows:

My(i,r) = BLE[;] = B N(N +1). (6.16)
My(i,r) = BAE[x4] = B N(N + 1)(N + 2)(N + 3).

Ms(i,r) = BLEDG] = B N(N + 1)(N +2).
The final expression can then be written as
E[SINRP"] (6.17)
Mo Mo \? M
Es$bi(N) Y B 4 ba(N) (Z @i) -> B
r=1 r=1 r=1

M M
bs(N) Y eifi, + Ebs(N) D> Y~ BB
s=1

j#i r=1

I

where by (N) = (N+2)(N+3), by(N) = N(N+1),and b3(N) = N+2. Similarly,

we have the SE for user 7 as

E[SE;] ~ log, (1 + E[SINR"]). (6.18)

6.3.2 Asymptotic Analysis of A-D and D-D

In this section, we derive the performance gap between A-D and D-D when
N grows large. Note that in Sec. 6.3.1, ¢;(N) and ¢»(/N) are quartic in N and

c3(N) is cubic. Hence, (6.14) can be rewritten as

E[SINR?"] ~ (7/4)nap N, (6.19)



92

M 539
where nap = Eo(QrarBir) N —. Similarly, for large N,

Zﬁilgisﬁis + B ijéi Zi\/‘le 6jrﬁz‘r

E[SINR?"] ~ npp A, (6.20)

Mo Mo N\? M
r=1 r=1 r=1

where npp = i 7 . For a co-located system
Z 5@'8829 + Es Z Z 5jrﬁ~?r
s=1 j#i r=1
nap and 7pp simplify to give
E[SINR}]
m e Bh ™ 6.21
N0 E[SINRP?] 4 (6.21)

For a distributed system, the ratio in (6.21) changes according to variation in

the link gains. This is explained in Sec. 6.4.

6.3.3 A-ZF and D-ZF SINR

Due to the intractable nature of ZF at the second stage, we only derive an
SINR expression for ZF and use simulations to average over the fast fading.

We first rewrite (6.3) as

I, = a;s; + Z fijs; + 0;si + Z gi;S; + Vi, (6.22)

i j#i
using a;; = f;+g;, f; = [whhjp, ..., wH h,]T, and g;; = [wHejr, ..., wi e
The first two terms in (6.22) represent the known coefficients of s = [sy, 5o, ..., sx]"
and are written as A;s. The remaining terms in (6.22) are due to noise and es-
timation error and are denoted by the vector, n,. Hence, r; = A;s + 1, and

standard ZF gives the combiner u; as the i column of A; (AFA,) ™" with the

SINR
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S ES
SINR# = E — (6.23)

E|[ufin[*] o' ] u

where the expectation in (6.23) is over signal, noise, and estimation error.
Using standard properties of the noise term, v;, and the estimation errors,
e;r, in m; we obtain E [nin?] = Q;, where Q; = diag(¢1, 2, ..., ¢im) and

Gir = W(E Zle C;, + o’I)w;,. Hence, we have

E;

SINR?F = .
‘ U-ZH Qiui

(6.24)

Substituting w;, = éﬁiT in u; and Q; in (6.24) gives SINR?'ZF and using w;, =
h;, in u; gives SINR?'ZF and the resulting mean SE, E[SE;| = E [log2 (1 + SINRZZF)] .

6.4 Numerical Results

In this section, the following parameters are used. Four users, each with a
single antenna, are uniformly located in a circular cell with a radius of 100
meters and reference distance, d, = 1 meter. The pathloss exponent v = 3.5
and the standard deviation of shadowing ¢ = 6 dB. The SNR (E[|s;|?]/c?) is set
to 15 dB. The unit-less geometric attenuation A is chosen to guarantee that the
median of the desired user’s SINR is 8 dB with the system of A-D processing,
N; =64 and M = 4.

In Fig. 6.1, we show a performance comparison based on the CDFs of
E[SE]. The expectation is computed over the fast-fading and the CDF depicts
the impact of the variations in large-scale fading. We see that the analysis
in (6.15) and (6.18) agrees well with simulation results for six different sys-
tem settings. With increasing numbers of clusters, the performance gap be-

tween A-D and D-D becomes bigger. This is because digital MRC will benefit
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from more distributed systems as it can cater for the large variations in signal
strength across the clusters. This also explains why the system having A-D
four clusters with 16 antennas per cluster has almost the same performance

as the system having D-D 2 clusters with 32 antennas per cluster.

1
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0.5F
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0.2

CDF

- = = Analysis
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——D-D Sim 4 clusters N = 16
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5 10 15
E[SE] (bps/Hz)

Figure 6.1: Performance comparison of expected per-user SE CDFs between
A-D and D-D.

In Fig. 6.2, we demonstrate the performance cross-over between MRC and
ZF based second stage processing, using E[SE..;], defined as the expected per
user SE averaging over the cell. Four clusters with 16 antennas in each clus-
ter and four users are considered. For traditional MU-MIMO systems with
small numbers of antennas ZF is usually far superior to MRC. The exception
is at very low SNR where the interference becomes small and it is more im-
portant to boost signal strength making MRC preferable. This superiority of
MRC is not usually helpful as the low SNRs mean that system performance

is too low. However, in our system stage one processing achieves consider-
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able interference reduction which helps MRC. For simplicity consider stage
one with perfect CSI, analog MRC and normalized channels. The mean de-
sired signal power is E [|hiHhZ-]2] = N + N(N + 1)7/4 (from (6.11)) and the
mean interference power from user j is E [|hith|2] = N. Hence, stage one
reduces interference levels relative to the signal by a factor proportional to
N (with the same trend for digital MRC). Due to this, MRC retains better or
similar performance to ZF in stage two even at reasonable SNR levels up to
5dB as shown in Fig. 6.2. Note that the ZF techniques remove interference
completely with perfect CSI, so their performance has no ceiling. In contrast,
the MRC only methods are interference limited and their performance has a

finite limit as the SNR is increased.
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Figure 6.2: Expected per-user SE.; vs SNR for four two-stage processing tech-
niques.
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In Fig. 6.3%, we illustrate the asymptotic analysis in (6.19)-(6.21). We use
the same system parameters as in Fig. 6.2 except for the values of 3;;. E[SINR]
is defined in (6.14) and (6.17) for A-D and D-D systems, respectively. For the
co-located (COL) system with equal link gain scenario, we have 3;; = 1,Vi, j
and the desired user is user 1. From Fig. 6.3, we see a ratio of 7/4 between
A-D and D-D. In distributed scenarios, the performance of A-D and D-D
depends on the profile of the links gains. Close inspection of (6.19)-(6.20)
shows that the performance of D-D relative to A-D is increased when the de-
sired user’s maximum link gain does not align with the interfering users’
maximum link gain (Scenario 1). This is shown in Fig. 6.3 using the val-
ues B = (1.6,0.4,0.8,1.2), B, = (0.4,1.2,1.6,0.8), B = (0.4,1.2,0.8,1.6),
By = (0.8,1.6,1.2,0.4), where B, = (81, Bz, Bis, Bis). Here D-D offers a sub-
stantial improvement over A-D. For the opposite scenario (Scenario 2) where
the maximum link gains of users occur at the same cluster, we use B8, =
(1.6,1.2,0.8,0.4), B> = (1.6,1.2,0.4,0.8), 85 = (1.6,0.8,0.4, 1.2),

By = (1.6,0.4,0.8,1.2). Note that both scenarios use a linearly decaying set
of link gains with the same unit mean as the co-located case. For Scenario 2,
(6.19)-(6.20) show that the performance of A-D is improved relative to D-D
and Fig. 6.3 shows that A-D can outperform D-D. Note that the interference
term in A-D is quadratic, with the interfering user’s link gain scaled by the
desired link gain. Hence, when the strong link gains align, interference is
boosted. However, for D-D the interference term is quartic, with the inter-
fering link gain scaled by the cube of the desired gain. Hence, the effects of

aligned link gains are far more pronounced for D-D.

2The marker on the plot specifies that the AD to DD performance ratio is 7 /4 for the co-
located case. Numerically the ratio is very close to the exact value of 7 /4.
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Figure 6.3: Expected per-user SINR vs N, for A-D and D-D in both co-
located and distributed systems.

6.5 Conclusion

In this chapter, we have analysed four low-complexity two-stage BF tech-
niques for a distributed system. We derive novel analytical expressions for
the SE for uplink A-D and D-D. The derivation is robust to changes in sys-
tem dimension. The system performance of A-D and D-D for two- and four-
cluster BS layouts is analysed, showing that -D benefits from increased clus-
ter decentralization. We show that A-D has an asymptotic performance loss
of approximately 21.5% compared to D-D in centralized systems. For dis-
tributed systems, the performance comparison depends on the pattern of user
link gains. We also show that MRC is a reasonable alternative to ZF in the sec-

ond stage even at moderate SNR levels.
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Massive MIMO for Ray-Based Channels

Favourable propagation and channel hardening are desired properties in mas-
sive MIMO systems. To date, these properties have primarily been analyzed
for classical statistical channel models, or ray-based models with very spe-
cific angular parameters and distributions. This chapter presents a thorough
mathematical analysis of the asymptotic system behavior for ray-based chan-
nels with arbitrary ray distributions, and considers two types of antenna array
structures at the cellular base station: a uniform linear array and a uniform
planar array (UPA). In addition to FP and channel hardening, we analyze the
LSP which measures the asymptotic ratio of the expected power in the de-
sired channel to the expected total interference power when both the antenna
and user numbers grow. LSP is said to hold when this ratio converges to
a positive constant. The results demonstrate that while FP is guaranteed in
ray-based channels, channel hardening may or may not occur depending on
the nature of the model. Furthermore, we demonstrate that LSP will not nor-
mally hold as the expected interference power grows logarithmically for both
ULAs and UPAs relative to the power in the desired channel as the system
size increases. Nevertheless, we identify some fundamental and attractive

properties of massive MIMO in this limiting regime.
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7.1 Introduction

Two key principles behind the success of massive MIMO are FP [3, 38], and
channel hardening [75], meaning that the normalized inter-user interference
power converges to zero, and that the normalized power in the desired chan-
nel becomes constant. With FP, the use of large numbers of antennas offers an
implicit interference reduction mechanism, and enables the use of low com-

plexity signal processing algorithms [3,7,135].

The bulk of the theoretical work on FP and channel hardening has utilized
classical statistical channel models. Here, the existence of FP has been demon-
strated for channel models of increasing complexity, progressing from 1i.i.d.
Rayleigh [38,136], pure line-of-sight [38, 136], correlated Rayleigh [137,138],
and independent Ricean [139] to correlated Ricean channels [140,141]. In par-
allel, with the theory, channel measurements have demonstrated that a large

fraction of the theoretical gains due to FP can be obtained [8,142,143].

This work is now mature, but incomplete in the sense that accurate mod-
eling of large dimensional channels requires a strong link to the propaga-
tion environment. This is usually obtained through ray-based models which
have been extensively validated by measurements and, for this reason, have
made their way to the 3GPP standardization process [35]. These models bet-
ter capture the physics of electromagnetic propagation, and have a closer link
to the array architecture and are widely used irrespective of the frequency
band [35-37]. The physical nature of the ray-based models also has some
advantages for system performance analysis in the sense that the analytical
conclusions are based on physical features of the system rather than statis-
tical modeling assumptions. For example, FP was considered in the recent
work [140] for very general heterogeneous, correlated Ricean channels. This

work gives wide ranging results on FP, but the inherent nature of these mod-
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els meant that the conclusions relied on various assumptions concerning the
correlation structure, line-of-sight direction, etc. In contrast, we are able to
prove FP for ray-based models with the most basic assumptions pertaining to
physical phenomena, such as distributions of ray directions.

Variations of such models have a proliferation of names including direc-
tional, spatial and Saleh-Valenzulela (SV) type [48] channel models. We prefer
the phrase ray-based, as the main requirement for our work is that the statis-
tical distributions of individual rays can be identified and analyzed'. This is
possible for a wide range of such channels. Important work has begun in this
area demonstrating the existence of FP with specific ray-based models for a
variety of antenna topologies, such as the ULA, UPA, and uniform circular
array (UCA) [144], [145]. However, the majority of this work relies on two
very special cases for the rays: an arbitrary ray must arrive with an azimuth
angle, ¢, which satisfies ¢ ~ UJ0, 27| [144-146] or sing ~ U[-1,1] [9, 38].
FP has also been demonstrated in [147] for the more complex case where az-
imuth angles have a uniform central angle and wrapped Gaussian sub rays
and the elevation angles are Laplacian. It is, critical® to be able to predict the
system performance with practical, and more general distributions, making
our extension an important one in the context of our understanding of mas-
sive MIMO behavior. Hence, a general analysis of FP for ray-based models
with arbitrary ray distributions is almost entirely lacking. Further, while FP is
a desirable property for a communication system, it only implies that a finite
number of users can be served by increasing the number of antenna elements.
We refer to this as single-sided massive MIMO [144]. Ideally, as you grow the

number of BS antennas you would also serve more users, leading to a sys-

!We prefer this terminology, since our primary interest is not in identifying distributions
of rays across multiple clusters.

2This is important as unrealistic assumptions can lead to the opposite conclusions. For ex-
ample, the assumption that sing ~ U[—1, 1] leads to the conclusion that the total interference
in a massive MIMO system converges. In contrast, we show in Theorem 1 that interference
diverges for realistic ray distributions.
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tem that becomes large both in users and antennas, i.e., double-sided massive
MIMO, the concept of which is defined in [148] . Hence, we define LSP as the
property that the fundamental ratio which measures the mean power in the
desired channel relative to the total mean interference power converges to a
positive constant as both the number of users (K) and the number of anten-
nas (V) grow to infinity, with N/K — « as N — oo. The analysis of LSP for
ii.d. Rayleigh fading can be found in [7], although it is not explicitly defined.
In the first part of this chapter (and in [149]), channel hardening, FP, and LSP
analysis for ray-based channel models and a basic ULA antenna structure are
discussed. In the second part of the chapter, we extend this work to a UPA
structure. This is an important, yet non trivial, extension as the addition of
the elevation component in the ray based channel facilitates much greater ac-
curacy in predicting massive MIMO behavior, something which is rare in the
literature. Furthermore, the majority of the ongoing deployments of massive
MIMO in the C-band utilize UPAs, in order to effectively leverage the full
dimensional nature of the channel, and to maximize the beamforming gain
of the system via reciprocity-based processing. The mathematical complexity
of such an extension is also substantial, since our main aim is to obtain de-
tailed insights into the desirable properties of massive MIMO systems with
a model which is more closely in line with practice. We make the following

contributions for both ULA and UPA topologies:

* We show that channel hardening may or may not occur depending on

the nature of the model.

* We show that FP is guaranteed for all models where the ray angles are

continuous random variables (as assumed by all models to date).

* For LSP, we derive remarkably simple expressions which relate the asymp-

totic interference behavior to system size, antenna spacing and the ray
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distribution. We demonstrate that LSP will not normally hold as the
mean interference power grows logarithmically relative to the mean

power of the desired user channel as the system size increases.

* Analytical results are verified via simulation and using special cases de-

rived for specific angular distributions.

* Despite the lack of LSP, the implications for massive MIMO are excel-
lent. Although the interference eventually dominates the desired chan-
nel, the growth is very slow and is further attenuated by practical factors
such as the likely propagation environment and the typical array pat-
terns employed. In addition, we prove that trivial scheduling schemes
can retain LSP, and thus increase the robustness of massive MIMO per-

formance.

7.2 Channel Model and System Metrics

We consider an uplink massive MIMO system with N co-located antennas
at one BS simultaneously serving K single antenna users, where, for now,
N > K. We assume a narrowband flat fading channel model such that the
N x 1 channel vector for user i can be written as h;, and the composite N x K
channel matrix is denoted by H = [h;hy...hx|. We assume that the prop-
agation channel is known to both the users and the cellular BS. This is an
assumption in this study since we are concerned with analyzing the funda-
mental properties of a massive MIMO system using ray-based channels. In
practice, reciprocity-based beamforming may be used where uplink channel

estimates will be used for payload data transmission.
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7.2.1 Ray-based Channel Model

In general, the propagation channel to user i can be described as the super-
position of many individual rays possibly arriving in clusters from a set of
far-field scatterers. In simple terms, the channel is broken down into P inci-

dent rays at the BS®. Hence, for a ULA we have:

P
h; = Z%ra(cbir), (7.1)
r=1

as described in Chapter 2 (see Fig. (2.3)), ¢, is the azimuth angle of the rt
ray, v;» is a complex scaling factor for the magnitude and phase of the ray,
and a(¢;,) is the N x 1 array steering vector. In azimuth, the antenna array
broadside is at ¢;, = 0, and end-fire is ¢, = 7. Common models for the
scaling factor include random phase models [35], where ;. = /Bi.exp(j i),
Bir is the power of the rth ray and ®;, are i.i.d. U|0, 27| phase offsets. Hence,
B = Zf):l Bir is the total link gain for user i. Also, complex Gaussian models
have been proposed in [37], where 7;, = v/Bi-u; and g, ~ CN(0,1). For both
models, we note that E[v;.] = 0, E[|v:-|*] = Bir and E[v}.v,s] = 0 for all pairs
(¢,7) # (J, s). For a ULA with normalized inter-element spacing d, measured

in wavelengths, the steering vector is:

. o i . oT
a(¢ir> — [1’ eZTr]dsmd)W’ eQﬂ'desmqu, e eZﬂ'](N 1)d51n¢W:| )

For a UPA, the total number of antennas, NV, is divided into NV, and N, an-

tennas in the z and y axes with inter-element spacings d, and d,, respectively.

3For ease of notation, we do not specifically itemize clusters, but the P paths include any
clustered rays. We note that since we are concerned with angular distributions of individual
rays contributing to the channel impulse response, it is not necessary to categorize the chan-
nel model in terms of clusters. Note that later analysis usually simplifies to a single ray from
two different users, so it does not matter how each ray is identified as a single ray using a
single subscript is equivalent to a single ray using a double subscript.
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The steering vectors can be represented by the Kronecker product of (IV, x 1)
a, and (N, x 1) a,, which gives an N, N, x 1 vector, a(6;, ¢ir) = Qjry @ Ay

Note that

1 @2midasingi,cosgir 27rj(N$—1)dmsin91;rcos¢7;r}T
)

aiTat:[ yers € )

and

1 e2midysindiysingi 627rj(Ny—l)dysin&;rsindu”]T
) ) .

airy = |

PRI

Note that this definition of the steering vectors follows the notation in [144]
where the array is defined to be in the (z, y)-plane. Hence, ¢;, is the angle of
the 7" ray for the i user in the (x, y)-plane relative to the z-axis. The angle 0;,
is the angle of the " ray for the i™ user measured from the zenith direction
(z-axis). Note that a similar diagram to that in Fig. (2.3) defines the elevation
angle 60,.. With this definition, if the UPA is horizontally oriented then ¢;,
is an azimuth angle and 6;, is an elevation angle. However, for vertically
located arrays, conventional 6;, and ¢;, are defined relative to the z and x
axes, respectively. The k™ elements of a;,., and a;,, are denoted by a;,,; and
a;ryk, respectively. In practice, each element has an active directional gain
pattern, which attenuates the radiated power by an amount as a function of
the steering direction. In order not to obfuscate the results and deviate our
focus from the asymptotic massive MIMO properties, in this study, for all
mathematical results, we assume that each element has an equal gain in all
directions (i.e., omni-directional), irrespective of the location of the element
in the array. However, we later briefly discuss the potential effects of non-

isotropic antennas.
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7.2.2 FP, Channel Hardening and Large System Potential

Here, FP denotes asymptotic FP where hi'h;/N ** 0 as N — oo [38]. Chan-
nel hardening refers to the property that hi'h;/N %% 3;,as N — oo, which is
equivalent in our case to the definition in [75]. Now, FP and channel hard-
ening imply that the interference from one user to another vanishes relative
to the signal power almost surely as N — oo. We extend this definition to
the asymptotic regime where N — oo, K — oo and N/K — « (double-sided
massive MIMO). Here, the equivalent question concerns whether the total in-
terference power caused to user « dominates the signal power. In order to
investigate this behavior, we define
s E[|hiTh,[’] E[[hihi /N |*]

(isp = = . (7.2)
B SR E[WFh 2] Y E[[hFh, /N

Now, (isp is a fundamental performance metric, measuring the ratio of the
desired mean channel power to the total mean interference power. We say
that LSP holds if {1 sp converges to a positive constant as N — oo and N/K —
«. If channel hardening holds, then hi'h; /N converges to a positive constant
and hence, the numerator of (7.2) also converges to a positive constant. Even
when channel hardening does not occur (see Sec. 7.3.1), the expectation in the

numerator of (7.2) will converge to a constant.

If channel hardening holds then the numerator of (7.2) converges to a pos-
itive constant. Hence, LSP depends on the limiting behavior of the denom-
inator of (7.2), namely E[n;], where 7; = Z;;z IhjTh; /N|? is the total normal-
ized interference. Note that the limiting regime used for LSP, which supports
double-sided massive MIMO, is far more challenging than traditional mas-

sive MIMO. In practice, the number of users will never grow without bound

“E[|hfh;|?] is the MRC signal power and Z]I;Z E[|hFh;|?] is the total MRC interference
power.
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but the asymptotics are still useful in identifying the key properties of systems

which are large in both NV and K.

7.3 ULA: Channel Hardening, FP and LSP

In this section, channel hardening, FP and LSP are considered for ray-based
channel models for a ULA. For ease of notation, let a;, be the steering vector

for user i, path r, so that a;, = a(¢,,) and the k" element of a;, is denoted a;, .

7.3.1 Channel Hardening

Consider the term, h'h; /N, for a ULA. We have

H P
h h Z,yzr zv szsazs (73)
p
= Z Yir |2 + — Z Z%T%Sawazs
r=1 r=1,r#s s=1
= X; + E,

where X; = 327 |v;,|? is independent of N. Thus the limiting value depends

entirely on limy_, £;, which in turn depends on limy_,+, a ~a,s/N, where r #

s. Now,
afla; 1 = ordmsing.. .
i TS - —j2mdnsing;, ,j2mdnsing;s
N |~ anzoe J ¢
1 |sin(N¢/2)]| as.
=—|—F =0 7.4
N | sin (:/2) ! (7:4)

where ¢ = 27nd[sing;; — sing;,], using simple results on geometric series. Al-
most sure convergence follows from the fact that convergence is guaranteed

unless sing;, = sing;;, an event having probability zero for continuous an-
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gular variables®. Thus, we have hf'h;/N %> X; as N — oco. Note that for
random phase models, X; = f§; and traditional channel hardening occurs
where hHh; /N 2% B;, a deterministic limit. In contrast, for complex Gaus-
sian models, |;|* = Bi|u;|?, which gives a random limit, as X; = Zle |vir |2
is a weighted sum of exponential variables. Hence, we see that the existence
of channel hardening depends on the nature of the model for the ray coef-

ficients. Note that the channel hardening analysis in [146] was for arbitrary

array topologies but relied on uniform angles.

7.3.2 FP (Single-Sided Massive MIMO)

In terms of FP, results are simple following the same methodology as for chan-

nel hardening. First, we write

H P P
h h = % Z Z ’YZT‘/YJSalTaJS’ (75)

r=1 s=1
and then we use (7.4) to show that

all ;a5

N

_1

sin (N7/2)
| enrray

sin (1/2) =0, (7.6)

as N — oo, where 7 = 2nd[sin¢,;, — sin¢;.]. Hence, FP is proven very simply
for all ray-based models where sing;, = sin¢;; has probability zero. A simple
condition for this to hold is that the angles are continuous random variables,

a property held by all models proposed °. Therefore, FP, the key property en-

50ur model (including that in [35] and 3GPP, 3GPP TR 21915 V15.0.0,
http:/ /www.3gpp.org/) and all other such ray-based models [48] assume a finite number
of unique angles for the rays. The probability of two angles being identical is zero if the
angle distributions are continuous. This follows as P(X =Y') = 0 for all distinct, continuous
random variables X and Y [150, p. 76]. Our analysis is limited to this scenario and does
not cover possible models which could explain a ”single” ray as a continuum of rays over a
small angular width.

®This was demonstrated in [144], but only for the case of a uniform distribution. In con-
trast, the result in (7.6) is general.
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abling single-sided massive MIMO, holds for all ray distributions considered

to date, such as uniform, wrapped Gaussian, and Laplacian.

7.3.3 Large System Potential (Double-Sided Massive MIMO)

In this section, we analyze the LSP of ray-based channels in the limiting

regime where X' — oo, N — oo and N/K — a.

Ray-based Models

The ratio (rgp in (7.2) has a numerator satisfying E[|hl-Hhi\2 /N? 2% E[X?] from
Sec. 7.3.1 and E[X?] is finite. Hence, LSP depends on the asymptotic proper-

ties of the denominator, E[r;]. Here, we write,

K

Elp]=E v >

j=1j#i

L S S S R [l E [l?) S [lalfaf]

j=1,5#i r=1 s=1

K .
= B (M> HMULA, (7.7)

B2 2
N ZZ’V:ﬂjsagajs ,

r=1 s=1

N

using the basic properties of the +;, terms and the notation

1
HMULA é N]E [|agaj5‘2} (78)

—1N-1

_ = Z Z]E 6]27rd m—n sm(j)W} E [€j27rd(nfm)sin¢>js]

nOmO
—1N-1

N Z Z ‘E ]27rd m— n)sm¢”]

n=0 m=0

This relies on the fact that the scaling factors are independent and azimuth
angles are i.i.d random variables. Hence, the steering vectors in jiyr 4 are two

generic but independent vectors and the subscripts ir and js are not strictly
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necessary. Now, we set g&r = 2mdsing;,, and rewrite (7.8) as

1 N-1 N-1 A . .
LA = 5 (Z 1+ Z Z |E [er2mdtmm)singir] ) : (7.9)
n=0 m,n=0,m#n

N-1

=1+ N Z(N _ S) ‘]E [e—jQstsinqﬁi,,}

[\]

2

Y

s=1

N-1
s y
=142 (1- ) [Ele 7
+ Zl ) [Ele™%]

2

In a typical drop of random locations for the users, the strong law of large
numbers ensures that Zjil B;/ K converges to 3 as K — oo, where 3 is a finite
mean power. Hence, we have limy ., E [n;] = (3:3/a) limy_,o{ ptura }- Hence,

the asymptotic behavior of E [7;] depends on uyLa which in turn depends

on how quickly [E[e/*%]]2 decays. In the following theorem we present a

general answer to this question.

Theorem 1. The term E[e 7% decays as s™2 as s — oo with the asymptotic

representation:

B G ()b () D). oo

where fy(-) is the probability density function (PDF) of ¢;,.

Proof. The proof is given in Appendix 9.1. OJ

Implications of Theorem 1

Equation (7.10) in Theorem 1 is a remarkable result with a simple and intu-
itive interpretation, wide generality and important implications for massive

MIMO:

* In terms of generality, (7.10) only requires the angular PDEF, f,(-), not to

have singularities which are worse than O(z~%/2) at z = 0. This covers
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all proposed models. Certainly, all proposed models thus far are contin-

uous, so this condition is easily satisfied.

Interpreting (7.10) we see that if the end-fire direction has no energy,
fs(£m/2) = 0, then E[e*jsa’"] = 0. Alternatively, if some end-fire ra-
diation occurs then f,(£7/2) > 0 and E[e~7*?r] = O(s~%/2). From the
above, it follows that if there is no end-fire radiation, uypa is finite and
the mean interference cannot dominate the mean power of the desired

channel.

Further, if there is end-fire radiation, then LSP does not hold as puypa —
cc. This conclusion holds by inspection of (7.9). When E[e %] is
O(s7/2), then "N | |E[e~95¢r]

ties of the series 7 | 1. Also, SN %\E[e‘jséi"]F is finite, so that pyra

% is O(logN) using well known proper-

grows to infinity, but at a very slow logarithmic rate. Note that this inter-
ference growth can be described as critical as E[e ™7 sir] decays at exactly
the critical rate (s~/2) required for logarithmic growth. Any reduction
at all in the decay rate would deliver finite interference and therefore

would enable LSP to hold.

The importance of the end-fire direction can be understood in the fol-
lowing way. For a ULA, it is not the proximity of two incoming ray
angles that drives the interference, but the difference in the sines of the
angles (see 7 in (7.6)). For angles close to broadside the difference in
sines is largest and for angles near end-fire the difference is smallest,

resulting in greater interference.

We note that LSP does hold for i.i.d. Rayleigh fading channels. To see
this we use the results in [7] to give (1sp = B;3/c. Hence, ray-based

models differ from classical statistical channel models in this regard.
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¢ Overall, the result in (7.10) is extremely positive for double-sided mas-

sive MIMO. We have shown that in the challenging scenario where both
K and N grow large, the interference, relative to the power of the de-
sired channel, grows very slowly (logarithmically). Also, the scaling
of this growth factor is very small, since a large amount of end-fire ra-
diation is unlikely, and practical deployments typically employ patch
elements which have average look angles on the order of +/— 45° (de-
signed according to the downtilt angle of the array as well as the envi-
ronment) [151]. This substantially attenuates the end-fire (or near by)
radiation since the patterns create explicit nulls to reject the incoming
wavefronts in those directions. Although not shown in the thesis, fol-
lowing the approach in [35] the effect of antenna patterns can be mod-
elled as a multiplicative scaling of the ray powers which varies accord-

ing to the angle . This causes the typical end-fire reduction.

Given the power of these results, it is useful to validate the conclusions

with some special cases. Note that although uniform and von-Mises (VM) an-

gular distributions are not derived from measurements in real environments

they are useful, both for validating Theorem 1 and providing exact asymp-

totics which are not perturbed by simulation error.

Special Cases: Uniform Distribution

1
When ¢;, ~ U[0,27], fu(z) = By for —m <z < mand (7.10) becomes
™

Eje759ir] ~ cos (27rds - f) . (7.11)

1
m/ds 4

This limiting value is verified in the uniform case where the exact solution is
known as E[e /%] = E[¢-Js2mdsinéir] — J(27ds) [132, p. 375]. For large values
of s, Jo(2mds) ~ cos(2rds — T)/m\/ds [132, p. 364], which agrees with (7.10).
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Hence, the general asymptotic analysis in (7.10) is supported and the exact

value of E[e‘js"gir] can be used in (7.9) to give the exact value of pypa.

Special Cases: Von-Mises Distribution

The VM distribution has also been used in angular modeling [152] and has
the PDF given by

emzos(x—u)

folz) = Srlo(n)

—r<z<m, (7.12)

where 1 is a measure of location and « is a measure of concentration. Substi-

tuting the VM PDF into (7.10) we obtain

& i €j27rds encos(—g—,u) iz encos(g—,u) i 213
8Pir] ~ [ G E— i )
[6 ] vds ( 271']0(5) ¢ + 271'[0(5) © ) ( )

The exact solution can be found by integration, giving

Io (/7052 + (rsinii) = 7257
Iy(k)

E[e75¢] = (7.14)
Further analysis shows that (7.14) is asymptotically equal to (7.13). This is
briefly explained as follows. For large ¢, the argument of y(-) in the numera-
tor of (7.14) is approximately xsin(u) —j2wdg. Then we use the large argument
approximation of I(xsin(u) — j2mwdq) [132, p. 364] and simplify to give (7.13).
Hence, for the VM case also, we have verified (7.10) and given an exact solu-

tion for E[e/9%ir].

Hence, for the VM case also, we have verified (7.10) and given an exact

solution for E[e~75%i],



114

7.3.4 Avoiding Interference Growth

Since the logarithmic interference growth predicted by Theorem 1 is critical,
it can be removed by simple methods. For example, LSP can be assured by
trivial scheduling methods based on user separation. This is shown in the
following.

Expanding n; = Zﬁ;l |hflh;/N|? in terms of the steering vectors gives

Z N2 Z Z’VW’YJS'Y”, js/a Qs /air/‘ (715)

J#i s s

From (7.4), n; can be rewritten as

Z Z ijrsr’s’ N

J#i rsr s

sin (N71y/2

) ‘ sin (N7y/2)
sin(71/2) | N

sin (79/2)

, (7.16)

where Zr,s,r',s Z'rs Z s and EJTST s ’y:r’yjsfyir'ryf 1T = Zﬂd{Sin(bjs -
sing;,] and 7, = 27d[sing, — sing;,|. Note that >, I}, . is finite and
sin (N7;/2)

sin (7;/2)
for m; # 0, 72 # 0 as the number of terms in the sum is equal to K — 1 but the

for ; # 0, is bounded for : = 1,2. Hence, for finite K, n; — 0

summand is O(N~?2). Since P(r; = 0) = P(r» = 0) = 0 for continuous angular
variables, it follows that 7; == 0 and LSP holds.

Next, consider the asymptotic case where the number of users is growing
but users are only scheduled together if the sines of their ray angles are sep-
arated by more than a given fixed protection level, ¢ > 0. Hence, |7;| > 2mde

for i = 1, 2. Using this inequality in (7.16) gives

= NQSIII 7Td€ Z Z igrsr’s' (7.17)

J?ﬁl 7”8'/‘ s

Since the right hand side of (7.17) converges to zero as N — oo it follows that

n; =2 0 and LSP holds.
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7.4 UPA: Channel Hardening, FP and LSP

In this section, we extend the ULA results on channel hardening, FP and LSP
to a UPA. Throughout the work on LSP for a UPA we assume that N, — oo

and N, — ooas N — oo.

7.4.1 Channel Hardening

The channel hardening results presented in (7.3) for a ULA remain valid for

any array structure. Hence, h'h,;/N % X; if afla;, > 0. For the UPA we

have
alla,, 1
N = N(am; ® airy)H(aism & aisy)
1
- N(agxaisx)(agyaisy)a (718)

from basic properties of Kronecker products. Now, the cross products aff a;,,
and agyal-sy have a similar form to the ULA. Hence, from (7.3) we can deduce

that

H
air a’LS _

1 sin (N, 7,/2)
N | N,

sin (7,/2) |’ (7.19)

sin (N, 7,/2) ‘ 1

sin (1,/2) | N,

Y

where 7, = 2nd,(sind;scos¢;s — sind,.cos¢;.) and 7, = 2md,(sinb;sing;s —
sinf;,sing;, ). Asin Sec. 7.3.1, alta;; /N converges to zero unless 7, = 0 or 7, =

7 “hr

0, an event having probability zero. Hence al'a;,/N 2 0 and hF'h;/N 2> X,
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7.4.2 FP (Single-Sided Massive MIMO)

H
;. Ajs as.

The ULA results in (7.5) and (7.6) show that for any array, FP occurs if N =

0 as N — oo. Following the same calculation as in (7.19) gives

1

=N

H
az’r ajs _

N

(7.20)

sin (N,7,/2) ’ 1
sin (7,/2)

sin (N,7,/2) ‘

N, | sin(7,/2)

Y
where 7, = 2nd,(sinf;;cosp;s — sind,;.cosp;,) and 7, = 2wd,(sind,;sing,; —
sinf;,sing;,). Since P(r, = 0) = P(1, = 0) = 0 for continuous angular vari-

ables, it follows that 7; == 0 and FP holds.

7.4.3 Large System Potential (Double-Sided Massive MIMO)

The existence of LSP for a UPA depends on whether the expression jiypa =

+E [|afla;|?] converges or not. This is analyzed in Theorem 2.

Theorem 2. The term juupa for a UPA antenna structure grows logarithmically with

the following representation:

Hupa = NZZI NZI SANEE | M 0] (7.21)
UPA Nx Ny vaw| .
v=1—Ngz w=1-Ny ‘
where M, ,, = E[e72mvwsin(0)cos(6=Bow)] 1y = | [02d2 + w2d2,

and A, ,, = tan~! (wdy)
’ vd,,

Proof. The proof is given in Appendix 9.2. O

Implications of Theorem 2

As in the ULA case, Appendix 9.2 shows that the interference growth is crit-
ical and any reduction in the rate of interference accumulation will lead to

LSP holding. The result holds for any continuous angular distribution so it is
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extremely general. Note that a ULA would normally aim to null the end-fire
direction (see (7.10)) and perfect nulling would avoid the interference growth.
In contrast, a similar argument using (9.19) shows that fy(z) must equal zero
for x in {—x/2,0,7/2} in order to avoid interference growth. For a verti-
cal UPA, to null the broadside direction is clearly unsuitable as it requires
nulling the dominant azimuth plane (¢ = 0). In general for all types of UPA, a
more symmetric structure means that there are no sets of special angles which
avoid interference growth and for which the radiation is unwanted. Since the
proof is complex, it is instructive to look at the spherical uniform case where
pupa can be derived and shown to grow logarithmically as in Theorem 2. This

is shown in the following.

Special Case: Uniform Distribution

We derive an equation for pypa in the simplest uniform case, where the az-
imuth angle is ¢;, ~ U|0, 27] and the elevation angle is 6;. ~ U[—7, 7]. In this

scenario, the following result applies.

Result 1. The value of pypa for spherically uniform angles is given by

N’l‘ Ny NT N?J

s — % S R (rf e, s R - s). 072)

re=17ry=15,=1sy=1

where the proof is given in Appendix 9.3. In Appendix 9.4, this result is used

to demonstrate the logarithmic growth of jiypa.

Avoiding Interference Growth

As for the ULA, interference growth can be avoided by using finite K or sim-

ple scheduling. This is shown in the following. For a UPA, substituting the
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associated steering vectors into (7.15) gives

H H H H
AT2 zgrsr s QippQisgQjpyQisy@. v Ay A0 g Ayt Y (723)
N J js'y
J#i T,8 7’ s

As in (7.19), all of the four cross products of steering vectors in z and y do-

mains have representations as ratios of sine functions. Hence,

sin (N, 7,/2)
sin (7,/2)

sin (N,7,/2)
sin (7,/2)

sin (N,,/2)
sin (7,/2)

sin (NyT;/Q)
sin (T;/Z)

Y

Z N2 Z igrsr's'

J#i 7"57“ s

where 7, and 7, are defined in Sec.7.4.2, 7, = 27d,(sinf, s cos¢, ,—sind,, cosep; )
and 7, = 2nd,(sind,ssing;, — sinf; ssing; /). In the asymptotic case where
K — oo, consider scheduling using a similar protection threshold as used in
Sec. 7.3.4 where users are only selected if min(7,, 7, 7, 7,) > 2rde. With this

approach, we see that

ni < Z N2SII’1 71'd€ Z ijrsr’s’ (724)

,8,T 8

Since the right hand side of (7.24) converges to zero as N — oo it follows that

n; == 0 and LSP holds.

7.5 Numerical Results

In Fig. 7.1 we demonstrate the channel hardening and FP results for the ULA
discussed in Sec. 7.3 for K = 2 and an increasing number of antennas. We
adopt the non-line-of-sight (NLOS) 3GPP angular and cluster parameters in
[35]. The number of clusters is C' = 20, and the number of subpaths per
cluster is L = 20. Referring to the channel model in (7.1), P = C'L. Each

subpath angle of arrival (AoA) is modeled by a central cluster angle having
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a Gaussian distribution (zero mean and a standard deviation of 76.5°) plus a
subray offset angle which is Laplacian with a standard deviation of 15°. We
assume (; = f = 1 and subrays having equal powers’. From the upper
plot of Fig. 7.1, we can see that the normalized power in the desired chan-
nel, S = |hfh;|/N ~ 1 for large numbers of antennas. Similarly, the lower
plot shows the mean of interference term, I = |h'h;|/N decreasing to zero
as N — oo. Note that Fig. 7.1 plots E[I] for both the ray-based model (via
simulation) and i.i.d. Rayleigh fading (via analysis) so that the variations do
not obscure the trend. As expected, the convergence to FP is slower for the
ray-based model but the initial rate of convergence is similar for both chan-
nels. Hence, both channel hardening and FP are shown to occur for a typical
parameter set as predicted by the analysis. Fig. 7.1 shows channel hardening
and FP occurring for a clustered channel model with wrapped Gaussian cen-
tral cluster angles and Laplacian offsets. This numerical example is useful as
it verifies the analysis for a commonly used ray-based model structure. The
analysis goes much further and proves the existence/non-existence of chan-
nel hardening and the existence of FP for all ray-based of the form in (7.1)
for a comprehensive range of ray distributions. These observations are in line

with the channel hardening measurements reported in [153].

In Fig. 7.2, we show that the power of the desired channel will either con-
verge to a constant or a random variable, verifying the analysis in Sec. 7.3.1.
We assume the same model as in Fig. 7.1 but with two possibilities for the
ray coefficients, ;.. The Akdeniz model [35] uses a complex Gaussian vari-
able for 7;,, while the 3GPP model [35] uses a random phase. As shown in
Fig. 7.2, as the number of antennas grows, the cumulative distribution func-

tion (CDF) of the normalized desired channel power, S = hf'h;/N, with the

7Equal ray powers are adopted for simplicity in Fig. 7.1 and Fig. 7.2 for initial verification
of the FP and channel hardening results, ;. = 1/CL, and phases are uniformly distributed,
¢ir ~ U[O, 27'('].
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Figure 7.1: Channel hardening and FP (3GPP angular parameters).

Akdeniz model remains almost the same, indicating convergence to a ran-
dom variable. In contrast, with the random phase model of 3GPP the CDF
converges to a step function indicating that S converges to a constant. Hence,
as shown in Sec. 7.3.1, channel hardening can occur for ray-based models but
this depends on the models employed for the ray coefficients.

In Fig. 7.3, we show both the simulated and analytical results for ;.4 with
uniform and VM distributions using the results in Sec. 7.3.3. We also show
simulated values of uura by adopting the angular parameters of the 3GPP
model in [35] as in Fig. 7.1. The number of antennas and users are growing at
the same ratio N/K = « = 2, while ¢, ~ U|[0, 27| for the uniform model and
r = 4.23 (for 30° angle spread) and ;» = 0 for VM. From Fig. 7.3 we can see that
the analysis agrees well with simulation for both uniform and VM models.
We also notice that the growth rates of pypa are different for all three models,

due to the differences in the AoA distributions. In the following figure, we
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Figure 7.2: Channel hardening for two types of channel models.

give more details of the growth rate with regard to angular distributions.

In Fig. 7.4, we demonstrate the logarithmic growth rate of ;iyr4 against the
number of antennas, N, for VM and uniform models with different parame-
ters as shown in the legend. The analytical results in Sec. 7.3.3 were used in
generating jiypa for the uniform and VM distributions, respectively. Note that
although the analysis in Theorem 1 predicted logarithmic growth for iyra,
this is hard to verify from Fig. 7.3. Hence, we substitute (7.10) into (7.9) and
identify the dominant component of pyra giving piura ~ Msiopelog(N) + Co,

where Cj is a constant and

2(f2(2) + fj(—%)). (7.25)

Mglope = d

Hence, mgjope determines how quickly jiypa will grow. The uniform distribu-

tion has the highest interference growth rate, which is m‘sﬁggrm — (n2d)”". For



122

1.9
1.8+
1.7+
161 o UJ0,2n], Sim.
< U|0, 27|, Ana.
=15+ o VM, k=423, =0, Sim.| -
SN - =-=-VM, Kk =4.23, u =0, Ana.
14+ 3GPP, Sim. |
1.3+ -
“ o
12y ;ﬂ_lq—um---n-"-:r"'-n'“-E-I:r'—-ﬂ--n'n"'u"'m
[ 4
11 | | | |
0 20 40 60 80 100

N

Figure 7.3: pyra vs N for three different angular distributions.

the VM model, the slope depends on « and p. In Fig. 7.4 we observe that
puLa is clearly logarithmic in NV, as predicted, and that the slope is correctly
identified by (7.10), as shown by the dotted lines which have slope msjgpe-

As well as verifying the logarithmic growth, Fig. 7.4 demonstrates some
interesting angular properties. For both x = 4.23 (angle spread = 30°) and
k = 1.49 (angle spread = 60°), purLa decreases as p is reduced from p = 0.52
(30°) to i = 0. This is because shifting the mean towards broadside reduces
the interference inflation that occurs near end-fire. Secondly, for both ;1 = 0
and p = 0.52 there is a cross-over as N increases. For small NN, increased
angular spread is beneficial as it spreads the rays and reduces the chance of
high interference caused by rays in close proximity. However, for high N the
higher angular spread puts more probability near end-fire and this begins to
dominate and causes higher interference.

In Fig. 7.5, we confirm via simulation for the 3GPP parameters and via
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Figure 7.4: Logarithmic growth of yiypa.

analysis for the uniform and VM models that the mean global interference
term, E[n;], grows logarithmically as predicted by the analysis in Sec. 7.3.3.
For the uniform case, ¢;. ~ U|0, 27|, for VM, xk = 4.23, x = 0, and for 3GPP we
use the parameters considered in Fig. 7.1. For the uniform and VM models all
user link gains and ray powers are equal, 5;, = (CL)~'. For the 3GPP param-
eters, we also consider unequal ray powers and unequal user link gains. To
avoid the substantial extra variation caused by shadowing models with large
arrays we employ a simple deterministic model for these powers. The link
gains decay exponentially from user 1 to user K such that fx = 154, and the
cluster powers behave similarly. The desired user is then randomly allocated
one of the K distinct link gains. The levels are then adjusted to give the same
total power as in the uniform and VM models, and subrays in a particular
cluster all have the same power as assumed in [154]. Fig. 7.5 shows the same

logarithmic growth as Fig. 7.3, confirming the analysis.
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Figure 7.5: E[n;] vs N for three angular distributions.

In Fig. 7.6, we show the variation of E[n;] with N for the 3GPP channel
model. The parameters are identical to Fig. 7.5 except the channel powers,
B1, B2, - -, Bk, are chosen using the classic path-loss and shadowing model
given in Sec. 4.4. The parameters used for the path loss and shadowing are:
path loss exponent v = 3.5 and the standard deviation of the shadowing is
¢ = 6 dB. Note that the Fig. 7.5 simulations for the 3GPP model already show
simulation error. When the extra variation due to shadowing and path loss is
added in, the simulations become extremely variable. In Fig. 7.6, 4000 simu-
lations are run (as in Fig. 7.5) but this is far too small to see accurate results.
In practice, extremely long simulation runs are required in this scenario.

In Fig. 7.7, we evaluate the channel hardening and FP results for a UPA
with K = 2 and an increasing number of antennas. We adopt the angu-
lar models from [36]. The azimuth central angle follows a wrapped Gaus-

sian distribution (¢. ~ N (0°, 02)) with a Laplacian offset distribution (A, ~
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Figure 7.6: E[n;] vs N for the 3GPP model including the effects of shadowing
for the users.

L(1/0s)). Both the central and offset angles for elevation have Laplacian dis-
tributions with 6, ~ £(1/5,.) (centred on 90°) and 6. s ~ £(1/55), respectively.
We adopt the following parameters: the number of clusters is C' = 20, the
number of subrays within a cluster is L = 20, 0. = 31.64° and o, = 24.25°
from [154] and we use the upper 90% of the lognormally distributed values of
o. and 6, from [36] in order to give a wide angular spread, which is 6.12° and
1.84°, respectively (Scenario Wide). As in Fig. 7.1 and Fig. 7.2, equal powers
for subrays are assumed and 3;, = 1/(C'L) for simplicity. From Fig. 7.7, we see
that, similar to ULA, FP and channel hardening also occur for the UPA struc-
ture. However, the gap between the 3GPP and Rayleigh channel in Fig. 7.7 is
wider than for a ULA. Hence, the smaller azimuth footprint of the UPA slows
down FP.

In Fig. 7.8, we show both the simulated and analytical results for pypa
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Figure 7.7: Channel hardening and FP for UPA.

with a uniform angular distribution for both azimuth (U|0, 27]) and elevation
angles (U[0, 7]). The analytical results are from Secs. 7.4.3. We can see that
the analysis agrees well with the simulation. We also show the simulated
values of jiypa for two scenarios. Scenario Wide uses the angular parameters
in Fig. 7.7. Scenario Narrow uses C' = 3, L = 16, 0, = 14.4° and o, = 6.24° and
the lower 10% of the lognormally distributed values of 6. and &, from [36]. As
with the ULA, the growth rates of jiypa are different for all three models, due
to the differences in both the azimuth and elevation angular distributions.

In Fig. 7.9, the logarithmic growth of pypa with different angular spreads
in both azimuth and elevation angles is presented. As we can see, the nar-
rower the angular spread is, the quicker pypa grows. Note that the lower
curves show reasonably clearly that growth is linear in log(/N), logarithmic
in N. Even here, the simulation errors obscure the linearity a little. For the

narrow scenario, up to the number of antennas shown, the curve is still in its
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Figure 7.8: uypa vs N for wide and narrow angular distributions for UPA.

initial stage before the linearity (the high N regime) begins. Given that the
graph already goes up to over 1000 antennas (logio(/N) > 3), the z-axis was
stopped here as it is already a large number of antennas and simulations for
large arrays take a very long time due to the large variability of interference.

In Fig. 7.10, we confirm via simulation for the 3GPP parameters (adopt-
ing Scenario Wide and Scenario Narrow parameters in Fig. 7.8) that the mean
global interference term, E[n;], grows logarithmically as predicted by the anal-
ysis in Sec. 7.4.3%. We consider unequal ray powers and unequal user link
gains as in Fig. 7.5. The results in Fig. 7.10 are also shown on a logarith-
mic scale in Fig. 7.11. Again, note that the wide scenario shows clearly that
growth is linear in log(/N). For the narrow scenario, the curves is still in its
initial stage before the linearity begins.

In Fig. 7.12, we show the instantaneous behavior of 7; that causes E[r;]

8
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Figure 7.9: Logarithmic growth of yiypa for UPA.

to grow. A simple channel is assumed with 20 paths, half-wavelength an-
tenna spacing in a ULA, unit power rays, o = 10 and all rays have a U/[0, 27]
distribution. With no control over the users entering the system, occasional
large inteference values occur as interfering user rays nearly align with the
desired user. This is demonstrated by the spikes in the curve labelled as “no
scheduling.” Note that these spikes keep occurring even for massive antenna
numbers, up to 2000. In contrast, we also show that the trivial scheduling
scheme introduced in Sec. 7.3.4 with a protection target of ¢ = 0.1, equivalent
to an angular separation of 0.57°. Here, the value of 7, is well-behaved and

decays to zero.
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7.6 Conclusion

The fundamental properties of massive MIMO have been identified with great
generality for a broad class of ray-based models with a ULA or a UPA at the
BS. The generality and insight possible is considerably greater than can be
achieved with statistical channel models. In particular, we show that chan-
nel hardening may or may not occur depending on the model used and FP is
guaranteed for all continuous angular distributions. Although LSP will not
normally hold, as the mean interference grows logarithmically relative to the
desired channel, the implications for massive MIMO are excellent. As the
number of users grows, the mean interference does grow relative to the de-
sired channel but extremely slowly and this is further reduced by practical
considerations, such as the attenuation of end-fire radiation caused by typical

array patterns. In addition, we prove that this mean interference growth can
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be avoided by trivial scheduling schemes.
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Conclusions and Future Work

This chapter summarizes the research work presented in this thesis, and then

provides several future research directions.

8.1 Conclusions

This thesis analyses the system performance of MU-MIMO wireless commu-
nication systems using a variety of linear processing schemes based on analog
MRC and digital MRC. The analysis caters for a variety of channels including
ii.d Rayleigh and correlated Rayleigh. Numerical results are also given for
Ricean channels. In addition, the fundamental properties of FP and channel
hardening are considered, both in terms of asymptotic massive MIMO be-
haviour as well as MRC behaviour, where we employ a very general class of
ray-based models. These topics are important for understanding next gen-
eration wireless communication systems as future systems are likely to op-
erate with large antenna arrays employing low complexity processing tech-
niques. A number of analytical, simulated results, and useful insights are
presented, leading to an improved understanding for future system imple-

mentation. Specific conclusions are given in the following.
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8.1.1 Distributed Antenna Systems

Chapter 4 and Chapter 6 analyse the system performance for various dis-
tributed BS layouts. Chapter 4 compares the system performance of digital
and analog MRC/MF in both centralized and distributed systems. We show
that digital MRC benefits from distributed clusters and analog MRC has a
relatively good performance in a centralized system. The impact of Rice K
factors is analysed, showing that the gap between digital MRC and analog
MRC shrinks with increasing Rice K factor in a centralized system but re-
mains in distributed systems. Chapter 6 presents analytical expressions for
the expected per user SINR in an uplink distributed MIMO system with two-
stage beamforming techniques. Two- and four-cluster BS layouts are consid-
ered with four beamforming strategies (A-D, D-D, A-ZF and D-ZF). The first
stage considers either analog or digital MRC, followed by the second stage of
either digital MRC or digital ZF. We also present the asymptotic behaviour of
A-D and D-D strategies. We show a 7/4 performance ratio in a centralized
configuration, while for the distributed layout, the relative performance of
A-D and D-D varies depending on the distribution of interference among the
base stations. Finally, we show that the performance gap between A-D and D-
D increases with the number of BS clusters, which agrees with our analytical

results in Chapter 4.

* Analog MRC has the benefit of low power consumption, low complex-
ity, and hardware costs. It is an ideal candidate for massive MIMO sys-
tems if the performance gap between analog MRC and digital MRC is
reasonable. In our work, we show that if only considering local pro-
cessing for distributed clusters, the performance of analog MRC de-
grades compared with digital MRC when the number of clusters in-

creases. Thus, analog MRC is more suitable in a centralized system
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when a strong Rice K factor is anticipated, in other words, in a more

open environment.

* Two-stage processing makes the use of analog MRC at local processing
even more promising. A-D only requires phase shifters in the local pro-
cessing and one RF chain per cluster for central processing. Thus, A-D
further reduces the complexity and hardware requirements compared
with D-D and D-ZF for distributed systems. Furthermore, our results
show that A-D can outperform D-D at lower SNR and even at moderate

SNR levels the performance gap is small.

8.1.2 Spatial Correlation for Distributed and Centralized Sys-

tems

Chapter 4 and Chapter 5 consider the impact of correlation on MU-MIMO
systems. Chapter 4 presents novel analytical expressions of expected per-user
SINR for both centralized and distributed systems with arbitrary correlation
models. Although distributed systems reduce the adverse impact of correla-
tion by dividing the antennas into multiple clusters, the correlation within the
cluster still exists. Thus, we extend our work in Chapter 4 to the analysis of
various correlation models in a centralized system in Chapter 5. The analysis
demonstrates that SIR decreases when the user correlation matrices are iden-
tical, but increases when they are different. Thus, the system performance
is critically dependent on the correlation scenario. We have shown that for
uncorrelated fading the SINR converges to a constant. For fully correlated
channels SINR converges to zero for equal correlation matrices, whereas for
unequal correlation matrices SINR converges to zero or a constant, depending

on the correlation model.

* Novel insights are given that correlation can improve system perfor-
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mance and users’ angular distribution is the key. Large amplitude cor-
relation helps the signal relative to interference, thus enhancing SINR,
unless the phases are very similar when the SINR is adversely affected
by large interference. Hence, as long as there is diversity in the phase

parameters, increasing correlation is beneficial to performance.

* Ina centralized system, our analysis shows that analog MRC and digital
MRC have the same asymptotic behaviour under the assumption of per-
fect correlation. This implies analog MRC will work well whereas dig-
ital MRC degrades when high correlation presents in the system. This
further explains why a strong Rice K factor would help analog MRC.

¢ The interference behaviour under perfect correlation with two special
correlation models, exponential and one-ring are studied. We find that
the asymptotic behaviour of interference mainly depends on the angu-

lar distribution of users.

8.1.3 Asymptotic Analysis for Massive MIMO

There are two cases to distinguish when referring to asymptotic analysis for
massive MIMO, single-sided massive MIMO and double-sided massive MI-
MO. If there is only a finite number of users to be served by increasing the
number of antenna elements, we refer to this as single-sided massive MIMO.
When growing the number of antennas, ideally, more users are likely to be
served, leading to a system that becomes large both in users and antennas.
This is referred as double-sided massive MIMO.

The effects of correlation on the asymptotic behaviour of double-sided
massive MIMO for analog and digital MRC is analysed in Chapter 5. The
findings suggest that the system performance is improved where there is per-

fect correlation within one user’s channel but a random phase distribution



137

among users. Thus, in some cases, correlation is beneficial and can help sys-
tem performance. From the derived expression of SINR for ii.d Rayleigh
fading, around 21.5% performance loss occurs with analog MRC compared
with digital MRC. The system performance analysis under perfect correla-
tion suggests that digital and analog MRC would have the same asymptotic

behaviour.

Chapter 6 concerns the asymptotic behaviour of expected SINR for the
two-stage processing techniques D-D and A-D in a single-sided massive MIMO
system. The analysis shows that A-D has a performance loss of approximately
21.5% compared to D-D in centralized systems. However, D-D performs sig-
nificantly better when interference is scattered among clusters while A-D ac-
tually outperforms D-D when the dominant interferers coincide at one BS

cluster.

Two key principles behind the success of massive MIMO are FP (single-
sided massive MIMO) and channel hardening. With FP, the use of large num-
bers of antennas offers an implicit interference reduction mechanism, and en-
ables the use of low complexity signal processing algorithms. The bulk of the
theoretical work on FP and channel hardening has utilized classical statisti-
cal channel models. In Chapter 7, we analyse FP and channel hardening for
ray-based channel models and, furthermore, we propose a novel system per-
formance metric, LSP (for double-sided massive MIMO). The fundamental
properties of massive MIMO have been identified with great generality for a
broad class of ray-based models with a ULA or a UPA at the BS. The gener-
ality and insight possible is considerably greater than can be achieved with
statistical channel models. In particular, we show that channel hardening
may or may not occur depending on the model used and FP is guaranteed
for all continuous angular distributions. Although LSP will not normally

hold, as the mean interference grows logarithmically relative to the desired



138

channel, the implications for massive MIMO are excellent. In a double-sided
massive MIMO system, the mean interference does grow relative to the de-
sired channel but extremely slowly and this is further reduced by practical
considerations, such as the attenuation of end-fire radiation caused by typical
array patterns. In addition, we prove that this mean interference growth can

be avoided by trivial scheduling schemes.

* For ray-based models, we show that channel hardening may or may
not occur depending on the nature of the model and FP is guaranteed
for all models where the ray angles are continuous random variables (as

assumed by all models to date).

* For LSP, we derive remarkably simple expressions which relate the asymp-
totic interference behavior to system size, antenna spacing the ray dis-
tribution. We demonstrate that LSP will not normally hold as the mean
interference power grows logarithmically relative to the mean power
of the desired user channel as the system size increases. Although the
interference eventually dominates the desired channel, the growth is
very slow and is further attenuated by practical factors such as the likely
propagation environment and the typical array patterns employed. In
addition, we prove that trivial scheduling schemes can retain LSP, and

thus increase the robustness of massive MIMO performance.

8.2 Future Work

In this section, we propose the following research areas for further explo-

ration:
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8.2.1 Multi-user Scheduling for Massive MIMO

In Chapter 7, it was shown that simple scheduling can force LSP to hold.
Hence, it is expected that scheduling could have a large impact on ray-based
channels. However, choosing the optimal scheduling method is a polynomial
time hard problem, and has a computational complexity of O( Nier), where
Nuser is the number of potential users and K is the number to be selected. For
large systems, this complexity quickly becomes infeasible. Also, considering
the computational time for measuring the system performance based on the

chosen users, the computational burden is even heavier. Thus, the design of

efficient scheduling methods for ray-based channels is in high demand.

8.2.2 Multi-cell Interference Analysis for Two-stage Hybrid
MRC

In Chapter 6, we only consider the system performance of two-stage hybrid
MRC, with A-D and D-D in a single cell. Since MRC does not have the ability
to mitigate interference, it would be useful to analyse the system performance
when taking the adjacent cells” interference into consideration. The same re-

search interest also applies in Chapter 5.
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9

Appendix

The work in these appendices is taken from [149].

9.1 Proof of Theorem 1

We note that
) qg 2md ]
—]S ir _ —]Sl’ .
Ele | = /_zﬂde fi(x)dx, (9.1)

where f ¢() is PDF of gzgir. Now, gzgir = 2mdsing;, is a non one-to-one transfor-

mation of ¢;,. Using standard transformation theory, we obtain

o) =20 ca<, 9.2)

where | = 27d and

0
p(x) = _ (9.3)
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Hence, (9.1) is rewritten as

) !
E[e 9% = / e_jsxﬂdx. 9.4
[e77*7] y s 9-4)
Using the notation in [155, Eq.1, p. 15], the Fourier transform (FT) of a func-

tion f(z) can be written as
o) = [ faye o ©5)

S
If wesety = 5 then
T

g (%) = /Z f(z)e 5 dz. (9.6)

Using the Heaviside function, H(x), we can write (9.4) as a FT in the same

format as (9.6) as follows,

E[e‘js‘i’”] = /_00 eI (H(x +1) — H(z — 1)) \/%dx. 9.7)

Hence, defining f(z) = (H(z +1) — H(xz — 1)) ﬂ, allows E[e~7%%] to be

12 — 12
computed as the FT of f(x).

This formulation is particularly useful as we can now leverage known re-
sults on the asymptotics of FIs as s — oo [155]. These results depend on
the singularities of f(x) so we first discuss the nature of these singularities.
Clearly, f(z) has singularities at + = +/ and at any singularities of p(z). Note
that the singularities at + = £/ are infinite discontinuities (indicating that the
value of f(x) will grow infinitely large as « approaches +[). In contrast, the
singularities of p(z) are never infinite discontinuities for any proposed, practi-
cal angular distribution models. Models such as the wrapped Gaussian have

no singularities inside (—!, /) while the Laplacian has only a non-differentiable
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point at the peak. Hence, the singularities at z = +[ are the worst. The general
principle presented in [155, p. 55] is that the “worst’ singularity' of a function
contributes the leading term to the asymptotic expression for its FT. Thus in
our case, we only need to consider the two singularities at + = +I. Near
r; = —I, f(z) behaves like Fi(x) = H(x +)p(—1)(2l(l 4+ z))~*/? and simi-
larly near x, = I, f(z) behaves like Fp(x) = (1 — H(z —1))p(1)(2l(l — x))~V/2.

Rewriting, we obtain

Fi(z) = Hz f/%p(_lﬂxﬂré, (9.8)
g@):%u—zr% ‘%'M"; (9.9)

From [155, Theorem 19, p. 52], we know that if a generalised function, f(z),
has a finite number of singularities at {x = 1,2, 23, ..., 2, }, and for each
of them f(x) — F,,(z) has absolutely integrable N order derivatives in an
interval including z,,, where F),(z) is a linear combination of functions of
type |z — z,|%, |z — 2, Psgn(z — 2,,), |2 — 20 |°loglz — 2., |2 — 2,0 |Plog|z —
Tm|sgn(z — ,,), and if V) (z) is well behaved at infinity, then g(y), the FT of
f(x), satisfies g(y) = S0 G (y) +o(|y| ™), as |y| — oo, where G, (y) is the
FT of F,,,(x). Using this, we have

g (%) ~ G (%) 4Gy (%) , (9.10)

where GG; and G5, are the FTs of F} (x) and Fi(x) in (9.8) and (9.9) and ~ denotes
asymptotic equivalence defined in [132, p. 15]. From [155, Table 1, p. 43], the

IThe singularity = = z,,, of a function, f(z), is worst if f(z) is of order |z — z,,|? near z,,
and f is the smallest value for all singularities [155, p. 55].
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FTs required are

Flle—1]72) = e W]y| 2,
F(H(z + Dz +1]72) = 2T ime®)gy| =3, 9.11)

F(H(z —1)|x — l\‘%) - e—Zley—%jwsgn(y)pyl_%.

Using (9.11), we obtain

9(52) ~ @ (57) 02 (55) 012

_ \/g (I%Gjasz) p(D)e i — 1%\/?;‘(1%)) .

Substituting p(l) = 2f4(5), p(—1) = 2f4(5") and | = 27d into (9.12), and after

some simplification we obtain the result in Theorem 1.

9.2 Proof of Theorem 2

We drop the subscripts to re-express M, ,, as follows,

M = E@ |:]E¢[efj27rusinesinq~$]:| 7

whereézqﬁ—A—l—%.Weget

s

v /0 {E¢[ej2nusin9|sin¢:>]}f<9)d9_|_/2 {Eqﬁ[e*jQﬂu\sin(H)\sinqg]}f(9>d0’
h 0

jus
2

(9.13)

where <Z — —¢. Setting s = v, d = |sind|, allows us to use Theorem 1 to give
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the asymptotic version of the expected values in (9.13). Hence,

0 T\ j(2nv|sing|—Z=
i [ ()i s
! JZ&@; {1 (5) e pan

[ A (5 () o

o[ A s (@)

ISMENCIE

+

Substituting f: (—5) = fo(A), f3(5) = fo(A =), f3(=3) = fo(A —7), and
f5 (%) = f+(A) into (9.14), we have

fo(A)e 7% fo(A —m)eld fo(A —m)e 7% fs(A)elT
M N I + N I, + N I3 + N Iy,
(9.15)
0 j2mvsing 3 —j2mysing
Where [ik = [2 = Ld& and [ék = [4 = / Ld@
_xy/|sind| 0 Vsind

5 g(g)efﬂmzsine
Hence, we only need to compute I = / —r_——df, where g(0) = f(0
y p i o 9(0) = f(0)

for I3 and I, and g(6) = f(—0) for I, and I>. Let X = sinf and rewrite [ as

1 c—1 —j2nvx 1
g(sin™ (z))e™ / o
I = dx = Jemve dx, 9.16
/0 = [ e 9.16)

where ¢(z) = g(sin”"(z)) [H(z) — H(x — 1)]. As in Theorem 1, ¢(z) has its

T /-2
worst singularities at x € {0,1}. Using [155, p. 55] again, we have ¢(z) ~
Fy(x) = g(0)H (x)|a| 2, when x — 0, and g(z) ~ Fy(z) = —J5g(5) |z — 1|72 +
\/%g(gﬂx —1/"2H(z — 1), when z —» 1. Thus, according to [155, Theorem 19,
p- 52], wehave I ~ G;(y) +G2(y), where G,(+) is the Fourier transform of F;(-)

and y = v/2x. Hence,
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g(0)e % g(Fe ™ g(Fle™eE 1 e
I~ Vo 2@ + 22\5 —ﬁ{g(O)e 5
(9.18)
Substituting (9.18) into (9.15) we get
fo(D)e T [ fo(0)e’s  fo(=%) jom—mz)
M {ﬁ_zzeﬂ }
. FolA = m)edt {fg(())e—ﬂ’i B f6<_%)e—](27ﬂ/—4)}
v \/§ 2
N fo(A —m)e i {fg(O)ejZ f9<%)€](27ﬂ/—4)}
v \/§ 2
4 LB {fem}eiu _ feég)e—j@w—;f)},
g e )
LA foa = mf (5) ™} + L (£ (-5) @),
A AN 7A
- 2‘77 {fo(B) o (5) ™} + @(M(A) +fs(A—m) & O‘(”V )
(9.19)

According to a two-dimensional version of the integral test (a one-dimensional
version of the integral test can be found in [156, Theorem 9.10, p. 619]), (7.21)

converges if and only if the following expression converges as N, — oo,

g(%)e_ﬂ’”’—’_j%

} |
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Ny — oo,

WU( M)
7y = 1— 1— M, ,[dyd 9.20
0= / /yey( N, N | My | dydz. (9.20)

where Y = (—N,, —1) U (1, N,). Note that the interval[—1, +1] has been cut

out of the integration zone for y. This is valid as it simply reflects that the first

A
(v, ), we have

few terms indexed by w in (7.21) are finite. As M, , ~

MU( M>M@mp

Zo 1— =) 55 dyda. 9.21
’ / /yey( N, Ny $2d§+y2d§ yaxr ( )
Since |a(v, A)|? is bounded and non-vanishing, the limit of Z; exists if and

only if the limit of Z; exists, where

x| || 1
e [ (5 () e
1 N, Jyey z Ny $2+y2
Ny Ny 1
—4/ / (1——) (1—N> dydl‘—]A—i-[B—i-IC—i-ID,

(9.22)

b No o Ny 1 Na Ny 1 X
Iy = dydx, I = — dydz,
where [ 4 /o /1 x2+y2y3¢ B / 1 Na:2+y2y$

Nz N, Ny N,
”” v ] Ty v 1 Y
I- = _— dydz,and Ip = — —~—dydx. Us-
c / NxNyx2+y2 ydax, and Ip /0 Na:2+y yax. Us

ing the integral result [ (2 +y?) " do = 7/2y [130, Eq. 2.124.1, p. 71], we

are able to investigate the limits of 14, I, I and Ip. First, we consider Ip:

Ny oo Ny
lim Ip =— lim i/ %dwdy = — lim Ldy S
Ng—00,Ny—rc0 Ny—oo Jq T4 + y2 Ny—oo Jq 2N 2’

which is finite. Similarly, Iz and I- are also finite in the limit. Thus, the

limiting behavior of (7.21) depends on 4, and we have

Ny Ny
NL%ié%y—wo IA - lelinoo 1 A x2 + y2 dxdy - lelinoo 1 2ydy - Nhinoo _10g< )
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Hence, 14 grows logarithmically and (7.21) grows logarithmically as desired.

9.3 Derivation of ;iypa for Uniform Angular Distri-
butions

In this scenario, beginning with the basic definition of ;iypa, we have
1 2
HupPA = NE [}aﬁajs\ }

N N
_ E[ ot }
- N Qi Ajisk g1 Airl
k=1 I=1
N N
1

5 2 O Blafuain] E [a50a5]

(9.23)

2

* *
E [airmkw airyky Qirgl, airyly}
k=1 ky—=1lo=11,—1

(9.24)

The expectation in (9.23) is given by

I, = Elexp{j2nsind(d,(k, — l,))sin¢ + d,(k, — [;)cos¢)}], (9.25)

Taking expectation over ¢ first gives an integral of the form

1 27

exp{jz(asing + Bcos¢) }dp
2w Jo

% / " expljz(v/a® T+ Psin(é + A))}d
= Jo(z\/0? + (2), (9.26)
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where A = tan™!(3/«a). Hence,

L —FE [JO (27rsin9\/dg(ky — 1) + d2(k, — zm)] ,

1 ™
= —/ Jo(xsinf)d6, (9.27)
™

0

where y = QW\/dz(ky —1y)? 4+ d2(k, — 1;)2

From [130, Eq.6, p. 724], we have
/07T Jo(2zsinz)cos(2nx)dr = w.J>2(x). (9.28)
Thus
/07r Jo(2zsinz)dx = 7 J3(2), (9.29)

and we can rewrite /; as

I = Jg(w\/dg(k;y 1)+ 2k — 1)?). (9.30)

Then, substituting /; into (9.23) allows jiypa to be written as in (7.22).

9.4 Logarithmic growth of ;iypa for Uniform Angu-

lar Distributions

A simple change of indices, m = r, — 5, n = r, — s, in (7.22) gives

T Nz( ) (1= 5) e, o

m=1-Ny n=1-N,
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where A(m,n) = my/m?d2 + n*d2. The sum in (9.31) is dominated by

Ny—1

m= Y Y JAGm.m). 9.32)

and it is straightforward to show that the remaining terms in (9.31) are finite
as N — oo. Hence, the asymptotic behavior of jiyp4 is the same as for p.

Similarly, the sum in (9.32) is dominated by

Ny—1N,—1

po =4 Z Z J(Z)L(A(mv n))7 (933)

m=1 n=1

using the fact that A(m,n) is an even function of m and n and neglecting
terms which can be shown to be finite. Again, the asymptotic behavior of

tura is the same as for ». Using the asymptotic equivalence [129, Eq. 10.17.3],
2
Jo(z) ~ 4/ —Zcos(z — 7/4), we see that uypa behaves like
T

e cost A(m,n —7r/4 6 <2 e cos? A(m,n) —m/4)
=16 = .
He = n; ; 7r2A2 (m,n) mzjl ; m2d2 + n2d2

(9.34)

Application of a two-dimensional version of the integral test (one-dimensional
version of the integral test can be found in [156, Theorem 9.10, p. 619]) and
some further analysis to handle the oscillations in the cos*(-) function via up-
per and lower bounds shows that the asymptotic behavior of ji3 is the same

as that of

Ny—1 [ Na—1 1 1 (Ny=1)dy  p(Ne=Dda
_ S S = dudv.
Ha /1 /1 2E+ 2" T 4,4, /d /d w? 42
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Converting to polar coordinates, a simple upper bound on (9.35) is

7|'/2 Pmax 1 T
pi< [ [ pdodd =7 (08omn) ~ log(ommn)) . (936)
0 Pmin p
where pmin = min(d,, d,) and pmax = \/§max((Nx - 1)d,, (N, — 1)d,). Hence,
the upper limit on j1, grows logarithmically with N as N*/2 < max(N,, N,) <
N, so that tlogN < log(max(N,, N,)) < logN. Similarly, when N, — oo,
N, = oo as N — o0, 14 can be lower bounded by a logarithmic function of
N by integrating over a sector of an annulus contained inside the integration

region of (9.35). Hence, pupa grows logarithmically with IV as required.
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