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Abstract

We theoretically study the quantum confinement effects and transport prop-
erties of quantum ring (QR) systems. In particular, we investigate QRs
made out of the following materials: single-layer graphene (SLG), single-
layer transition-metal dichalcogenides (TMDs) and narrow-gap semiconduc-
tor quantum wells (SQWs).

Via perturbation theory and assuming that the ring aspect ratio is small, the
general subband dispersion relations of these hard-wall ring confined systems
are determined. These dispersion results agree with and extend on previous
works. We discover the necessity of including both a size-quantisation energy
and an angular momentum dependent energy shift to the dispersion equation

due to their sizeable impact on the conductance of the system.

The topological properties of these QR systems is also investigated. We find
that QR confinement of materials may destroy the topologically non-trivial
properties of states. The topological phase can be recovered when the band
structure is inverted and the confined material parameters satisfy certain

critical widths and gap limits.

An analytical expression of the conductance for QRs (with symmetrically-
arranged leads), in the presence of the perpendicular magnetic field piercing
the centre of the ring, is derived. We study the geometric (i.e. Berry) and
dynamic phases of the system that arise from the interference of partial
waves in the ring branches. We discover that the Berry phase is modified
by a correction term that arises purely from the quantum confinement of
the materials. This has generally not been taken into account by previous
studies. The explicit analytical expressions of the phase correction term are
derived and shown to be proportional to the angular momentum dependent
energy shift, present in the dispersion relations, for lead injection energies

close to the subband energy.

Overall, this study finds that the material-dependent phase plays a signif-
icant role in both the dispersion relation and the conductance of QRs and
thus provides a useful insight for future experimental efforts with regards to

transport in QR systems.
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Chapter 1
Introduction

Electric current in metals and semiconductors is carried by mobile charge
carriers. Normally, the physical properties of such charge carriers are similar
to that of electrons at rest in vacuum, except for changes in the magnitude
of their mass and magnetic moment. However, within the last 10 years,
unconventional materials such as two-dimensional atomic crystals (like single-
layer sheets of graphite, called graphene [1]), topological insulators [2], and
Weyl semimetals |3] have become available in which charge carriers show
quite exotic behaviour. One of these intriguing features is chirality, i.e., the
strong coupling of the charge carriers’ momentum to their intrinsic magnetic

(spin or pseudo-spin) degree of freedom.

Chirality is usually associated with ultra-relativistic fermionic particles such
as fast electrons (moving close to the speed of light) or neutrinos which can
require vast resources to study experimentally. However, the opportunity
to study chirality effects in a condensed matter system makes it possible to
access properties that have so far been only theoretically surmised in the

context of relativistic quantum mechanics and quantum field theory.

1.1 Motivation of this study

In this thesis, we shall theoretically explore confinement effects and transport
properties of ring-confined 2D materials using an analytical approach. Many

studies employ numerically-based methods to study such properties of these
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systems [4-6]. Others use an analytical procedure to study non-ring specific
confinements of materials [7] or focus on a specific material [8]. However, a
complete analytical overview of how confinement effects and transport prop-
erties vary for different 2D-materials is missing. This is what motivates our

research.

Our main focus will be to develop a comprehensive study of quantum con-
finement effects and transport properties in ring structures of the follow-
ing 2D materials: single-layer graphene (SLG), single-layer transition-metal
dichalcogenides (TMDs) and topological insulators (TIs) made out of narrow-
gap semiconductor quantum wells (SQWs). Since such materials host chiral
charge carriers and are now being experimentally realised [9-14], our theo-
retical study will provide a timely and fundamental insight to guide further

exploration of these systems.

In the following sections of this chapter, we introduce some of the basics
that are required to delve deeper into this field. First, we discuss Dirac-like
charge carriers and their chiral properties. Then, we give details regarding
the structure and key properties of the materials that we wish to explore.
Next, the effects of confinement and interference properties of quantum rings
and the progress of current research in this area are examined. Following
this, we touch upon the nature of topological insulators and topologically
protected edge states (TPES). Finally, we outline the general structure of

the coming chapters.

1.2 Two-dimensional Dirac-like charge carri-

ers

Two-dimensional (2D) Dirac-like charge carriers emerge in many condensed
matter systems and are described by 2D Dirac-like Hamiltonians. To under-
stand this in more detail, we take a look at the (D+1)-dimensional relativistic

Dirac Hamiltonian which is given by

H=p3mc*+ca p (1.1)
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where c is the speed of light, m represents the effective mass, p is the spatial
components of momentum in the (D+1) dimensions. f and @  («q, ..., ap)
are objects whose forms are fixed by the condition that the Hamiltonian must

reproduce the relativistic energy equation
E? = (m 02)2 + (pe)? (1.2)
where F is the energy. This condition is fulfilled when
pr=1 fa,;, 59 =0 and fa,, a;0 = 20, (1.3)

where TA, Bg = AB + BA is the anticommutator.

In 2D, the 8 and a are described by the Pauli matrices. Generally, the most

commonly-used representation of the 2D Dirac Hamiltonian is given by:
Hopp =co p+ Vo, (1.4)

where o = (0, 0y) and Vj is a potential that can, for example, represent the
rest energy mc? for a free relativistic particle or the band-gap in condensed
matter systems. In such systems, the wavefunction is represented by a 2-
component spinor and the particles that they describe are called Dirac charge

carriers.

The general eigenspinor ¥(r) of the 2D Dirac Hamiltonian is given by

1 .
U(r) =N v o e/ (1.5)
TN B T

where E is as given in Eqn. (1.2)) [we replace mc? ¥ V4], N is a normalisa-
tion factor, o sgn(E + V(r)) and ¢, = arctan (p,/p,). The form of this
wavefunction will occur in many chapters to come due to the presence of

Dirac-like charge carriers in our materials of interest.

When we replace ¢ by the Fermi velocity vgp in Eqn. , the 2D Dirac
Hamiltonian is able to describe certain condensed-matter systems such as the
motion of electrons at high-symmetry points in SLG. Generally, unlike SLG,
most condensed matter systems are described by a Dirac-like Hamiltonian

(e.g. some systems possess, additionally, spin-splitting). The particles in
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these systems are referred to as Dirac-like charge carriers.

Additionally, in condensed matter systems, two “flavours” (i.e. represen-
tations) of the Dirac Hamiltonian are needed to describe the complete low-
energy system, i.e. states with energies close to the Fermi energy. This arises
due to the existence of two distinct high-symmetry pseudo-spin valleys that
are present in the primitive cell of the reciprocal space, i.e. the Brillouin zone,
of the material. Coincidentally, the states in these valleys are time-reversal
symmetric to each other. We label these valleys using the label 7 = 1
which in our materials refer to the K and K’ valleys, respectively, in SLG &
TMDs or the projection of the angular momentum for I' valley basis states
in the growth direction in SQWs. In these systems, the wavefunction is de-
scribed by the 2-component spinor where the components now correspond to

a pseudo-spin degree of freedom.

As mentioned previously, one of the important properties of Dirac charge
carriers is their chirality. Chirality is possessed by particles that have a
strong coupling between spin (or pseudo-spin) and direction of propagation.
This is intriguing because systems with strong chirality present new and
unique effects in the presence of a magnetic field such as the anomalous
integer quantum Hall effect in graphene [15,|16]. The chirality is measured
by the chirality operator h. which is given by:

he =22 (1.6)

p)

where the eigenvalues of h, are 1. When we apply this to the massless Dirac
equation (which describes non-confined perfect SLG sheets where V = 0),
this operator commutes with the Hamiltonian [see Eqn. (1.4)] and hence the
chirality is exactly known for the energy eigenstates. In the case of SLG,
we can choose HéTL)G =TUpO p which describes the charge carriers at
both 7 valleys, such that electrons have an h. eigenvalue equal to 7 where

the  refers to positive or negative energy eigenvalues, respectively. The
chirality on the SLG K and K’ valleys can be seen in Fig. (1.1). This is

'The particular form of the Hamiltonian depends purely on the choice of basis states
which alters none of the physics. Generally in this thesis, we use the SLG representation
of the Hamiltonian defined by HéTL)G =vpo* p where 0" = (70y,0y). However, we use
the alternative representation here to demonstrate chirality concepts because this choice
of basis provides a simpler demonstration of the main ideas.
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just one demonstration of the strong chiral nature that is present in many
condensed-matter systems. In the next section we will delve into the struc-

tural properties of the 2D materials that are of interest to us.

Figure 1.1: Pseudo-spin chirality (indicated by the arrows) of K and K’
Dirac cones in graphene where the chirality eigenvalue is equal to T for
positive and negative energies, respectively. Chiral charges exhibit interesting
properties due to their strong spin-orbit coupling.

1.3 Dirac-like materials

Single-layer graphene consists of a plane of carbon atoms in a hexagonal (or
honeycomb) lattice as depicted in Fig. . The two-component spinor
arises due to the presence of a degree of freedom (i.e. pseudo-spin), emerging
from the existence of two identical atoms (sublattice-sites A and B) in the
unit cell. One of the exotic properties of a perfect SLG sheet (where V, B
0) is that for low energies, it possesses a linear energy dispersion that is
centred at the high-symmetry points [17,[18]. This feature is much akin to
that of free massless, relativistic particles such as the neutrino. Thus we
can potentially observe ultra-relativistic behaviour on a SLG “chip”. This
feature, in addition to its strong chiral properties and simple Hamiltonian,

is the main reason for our interest in it.

Now we turn to present the basic properties of single-layer transition-metal
dichalcogenides. TMDs possess three atomic layers constructed in the form
of X-M-X [M = molybdenum (Mo) or tungsten (W) and X = sulphur (S),
selenium (Se) or tellurium (Te)] as depicted in Fig. [19]. However,
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viewed from the top, similarly to graphene, a 2D hexagonal-shaped lattice of
alternating Xy (the 2 refers to two X atoms that are projected to the same
point) and M atoms exists, as can be seen in Fig. . In this case, the
two-component spinor represents the degree of freedom corresponding to the
conduction and valence band. In addition to the properties that are present
in SLG (i.e. strong chirality), TMDs also possess a direct band gap with
strong real-spin-orbit coupling (leading to the spin-splitting) around their
K and K’ valleys for low energies. The real-spin splitting is particularly
prominent in the valence band [19]. Due to these additional features, TMDs

will allow us to deepen our understanding of confinement effects in more

complicated systems.

(a) Honeycomb lattice (b) TMD layer structure

Figure 1.2: (a) The general honeycomb lattice that is present in both SLG
and TMDs. The green and blue circles represent the carbon sublattice sites A
and B, respectively, in SLG and alternating chalcogenide (X) and transition-
metal atoms (M), respectively, in TMD. The red diamond represents the
smallest unit cell. (b) Layer structure of TMD is visible which, when pro-
jected down from top-view, results in a honeycomb lattice. Here, yellow rep-
resents the X atoms and blue represents the M atoms.

The final material that we are interested in studying is the semiconductor
quantum well [e.g. mercury telluride (HgTe) quantum well [20] or indium
arsenide and gallium antimonide (InAs/GaSb) quantum well |21]]. These
materials are essentially a sandwich of one sheet of semiconductor (HgTe) be-
tween two other sheets of semiconductors [cadmium telluride (CdTe)] which
can be seen in Fig. . The CdTe layers have a wider band-gap than
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the HgTe layer and hence act as insulating barriers that create discrete en-
ergy subbands within HgTe. The two-component spinors for Hg'Te quantum
wells represent the spin-quantum number m, = (%, %) at the relevant high-
symmetry valley (I') and hence are pseudo-spins [2,22]. Unlike SLG or TMD,
SQWs have only one high-symmetry valley in the Brillouin zone with two
distinct Dirac cones centred on it. SQWs also have a band-gap and depen-
dences on p? terms making them much more complex compared to SLG.
Importantly, some SQWs (such as HgTe quantum wells) possess a tuneable
and invertible band-gap which would permit experimentalists to explore the
confinement-related changes of the topological nature of SQWs P} Changing

the band-gap is much more difficult in the cases of SLG and TMDs.

Many of the interesting effects arising from chirality manifest themselves
in structures where the motion of the charge carriers is confined, e.g., to a
narrow (quantum) wire or a quantum ring. Hence, we proceed to the next
section where we consider general phenomena that may arise when we confine

chiral charge carriers in quantum rings.

1.4 Ring confinement of chiral charge carri-

ers

Quantum rings (QRs) are generally defined as nanoscale sized doubly con-
nected ring-like structures [23] [a diagram of a SLG ring can be seen in
Fig. ] They are especially interesting structures because they are a
paradigm for investigating particle-wave duality and other quantum-physical
effects. This is possible due to the practical detection of changes to physical
observables when particles travel down two different branches of the ring and
interfere upon recombination. In particular, QRs present an opportunity to
observe how geometric phases (also known as Berry phases) affect physical

quantities.

Geometric phases are generally phase differences between the initial and final
eigenstates. One of the most prominent examples of a geometric phase is

the famous Aharanov-Bohm effect [24-26] whereby the magnetic flux that

2We will discuss this in more detail in Sec. 1'
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threads through the centre of a ring [see setup in Fig. (1.3)] will modulate
the transmission through the ring. To understand this, we begin with the
wavefunction at a point r in the presence of a magnetic vector potential A

which is given by
U = Wye ¥ where o(r) = 7—2/ A(r') dr’ . (1.7)
ro

Here Uy is the wavefunction when A = 0 and rq is an arbitrary initial point
where the magnetic field B = 0. In simply connected regions of space where
B =r A =0, the line integral only depends on the beginning and end
points. Thus, when we calculate the probability of finding a particle in the
region of interference between partial waves travelling above, V.o, and

below, Wpeow, the magnetic flux through the ring, we have

jq]above + \Ijbelowj2 / 1+ cos (’Y) (18)

where

e r r e ¢
== Asbove dr’ Apeow dr'| =— ¢ A dr' = 27— 1.9
e R R A

where ¢ is the magnetic flux through the centre of the ring and ¢y =
2nh/e |26]. To obtain the last equality we have used Stokes theorem to
turn the line integral into a surface integral representing the flux. Hence, the

conductance of such a system becomes periodic as a function of ¢/¢.

Another simple (and relevant) demonstration of a Berry phase is when a
particle circles around a magnetic field and gains a phase factor that is pro-

—mQ where m is the particle’s spin component along the mag-

portional to e
netic field and €2 is the angle subtended by the circuit around the magnetic
field [27]. When the particle is a fermion (i.e. possesses a half-integer spin),
a full circuit around the magnetic field produces a non-trivial phase of 1.
Both these above mentioned geometric phases will play a crucial role in the
understanding of ring transport properties of chiral charge carriers in the

presence of a magnetic field.

The essence of these examples is that the Berry phase, although “just” a

phase difference between the initial and final wavefunctions, can also manifest
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I

quelow

Figure 1.3: Schematic setup of a graphene ring (orange) with leads (grey)
attached. To demonstrate the Aharanov-Bohm setup, we have threaded the
ring with a magnetic flur ¢ (i.e. the magnetic field is perpendicular to the
plane of the ring). The partial waves Vapove and Wyeow travel via different
branches of the ring and eventually interfere in the lead on the right.

itself in physical observables such as in the conductivity.

In particular, ring structures of graphene, TMDs and topological insulators
are scientifically desirable to study due to the possibility of detecting the
effects of exotic interplay between the Dirac-like charge carriers and the con-
finement of the ring. This could yield unique geometric phases. The strong
presence of chirality allows for phenomena such as the m Berry phase in
SLG, TMD and SQW to arise [28129] due to the rotation of the pseudospin
with the electron’s momentum. In addition, having chiral charge carriers
enables the design of novel electronic devices that could become useful for
quantum information processing and spintronics devices in the realm of nano-
electronics [23,130-33].

Fabrication of general 2D quantum rings started around the mid-eighties
with the endeavour to realise smaller and smaller rings [4]. The first example
of a laboratory made graphene ring was first constructed in 2008 by S. Russo
et. al. |9]. The fabrication of HgTe QRs has also been realised [34].

The theoretical treatment of quantum rings still centres around some corner-
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stone papers that were published slightly before the fabrication of QRs. The
conductance of quantum rings with leads was a central focus of a variety of
studies in the mid-eighties [35-37]. They modelled scattering through leads
using a scattering matrix and derived expressions for the conductance. We
utilise these results to understand conductances and transport properties of

chiral charges in our systems.

Finally, one of the other intriguing feature of ring confinement is that it causes
changes in the topological nature of certain materials. This happens because
decreasing the width increases confinement energies and thus may result
in states that were initially topologically protected (i.e. they are robust to
time-reversal symmetric impurities) to become trivial [38,39]. To understand
this we move to the next section in which we give a brief overview of the

topological nature of TTs.

1.5 Topological insulators

The defining feature of a topological insulator is the presence of an inverted
band gap which allows for the existence of topologically protected edge states
(TPES) within the insulating band gap. TPES are not affected by time-
reversal symmetric perturbations and hence are desirable to study in the
realm of quantum computing |40,41] and the fabrication of devices such as

topological spin transistors [42].

HgTe quantum wells, as depicted in Fig. , are generally (dependent on
system parameters) a type of 2D topological insulator due to the presence of
an invertible band gap. This is possible due to the strong spin-orbit coupling
in Hg which causes it to have an inverted band structure [2]. As mentioned
in Sec. , HgTe-based quantum wells also have the advantage of being
able to tune the gap parameter by changing the size of the quantum well [20].
This is because the decrease of the width, d, increases the confinement effects

thus forcing an inverted gap to decrease and eventually become normal at a
critical width d.. This is illustrated in Fig. (1.4b]).

Hence, due to these properties, one can easily manipulate HgTe quantum
well system parameters to alter the topological nature of the material. When

additionally confined in a ring, we gain a second width parameter, W, which
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we expect to have similar effects on the topological nature. If this is the case,
we gain fundamental insight into quantum confinement effects in topological

insulators.

ol .| & -

CdTe «<—> CdTe CdTe€—>(CdTe
d<d. d>d,

(b) HgTe quantum well band inversion at d.

Figure 1.4: (a) Schematic setup of an HgTe quantum well ring where the
HgTe layer (orange) is sandwiched between the CdTe layers (blue). (b) As
we go from d < d. to d > d. the band becomes inverted with light-hole (or
heavy-hole) band Hy; moving to be above electron band FE; thus causing band
wmversion. The band gap is measured as M FEy Hy. This figure is adapted

from Ref. ,@/ .

Another distinguishing feature between topologically trivial and non-trivial
insulators lies in the number of pairs of time-reversal symmetric states (i.e.
Kramers pairs) at a given energy in the gap: there exist either an even or
odd amount of these pairs. Topological insulators possess an odd number of
Kramer pairs . Since time-reversal symmetric impurities destroy an even
set of Kramers pairs, TIs retain at least one pair of Kramer pairs. Thus,
this always guarantees that the insulator stays in the topological phase and

hence we call bound states in TIs topologically protected.

Additionally, TIs can be assigned a distinct Zy topological invariant that
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differs from that of a trivial insulatoi] - this invariant can be understood to
be similar to the difference between a sphere and a torus: neither can be
deformed to the other due to their distinct topologies. For further details,
the reader is referred to Ref. [44].

1.6 Outline of thesis

In this thesis we apply modifications of a general, overarching methodol-
ogy to analyse the specific materials: single-layer graphene, transition-metal
dichalcogenides and narrow-gap semiconductor wells (such as HgTe quantum

wells).

First we lay out the methodology used to examine the confinement properties
and conductances of SLG, TMD and SQW QR systems in Chapter

In Chapter [3} we apply this methodology to discover the confinement prop-
erties of SLG and determine the general subband energy dispersion amongst
other results. Since TMDs possess an identical Hamiltonian as SLG with the
addition of an energy shift due to spin splitting, they are also included in

this chapter. In Chapter {4 we apply a similar procedure to SQW.

In the next two chapters physical observables of QRs, in the presence of a
magnetic field, are examined. First in Chapter [5] we investigate the con-
ductance properties of QRs with leads for the relevant materials. Then in
Chapter [6] we study the confinement-induced geometric phases of these ma-

terials and the connection to their topological phase.

Finally in Chapter [, we review our results, compare to previous literature
and discuss the implications of our findings. We conclude by suggesting

possible directions for future work.

3The elements of the group Zy are f0,1g [44]. Trivial and topological insulators are
assigned the index 0 and 1 respectively hence distinguishing them.



Chapter 2

Methodology

In this chapter, we lay down the basic methodology that is used to anal-
yse ring-confinement and transport properties of SLG, TMD and SQW QR

systems.

First, we present the low-energy effective k p Hamiltonians, H,(J), for each
material (labelled by «) with an explanation of relevant terms and regimes of
applicability. Then, a radially-symmetric ring-confinement model is applied
to the Hamiltonians resulting in the possibility to split them into a radial,
H C(YT()), and azimuthal component, Hﬂ. Following this, we assume knowledge
of eigenstates and energies of H, C(J()), which we use to transform both Hg()]
and HO(ZT% into a new basis thus giving HS}) and Hg)l, respectively. Using
perturbation theory that ignores inter-subband interactions, we solve for the
general subband dispersion relation of the system. Then, we outline the
changes in the system in the presence of a magnetic field. Finally, we discuss
the scattering model that is used to find transport properties in QRs with

leads.

2.1 Hamiltonians

We are interested in the behaviour of electrons at low-energies close to the
high-symmetry valleys of our 2D-Dirac-like materials. In this regime, their
motion can be described by a low-energy effective k p Hamiltonian. The k p

method uses perturbation theory and semi-empirical data to discard higher

13
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order k terms thus leading to a simplified band dispersion [45,46]. For all
of our materials, we present the Hamiltonians in terms of an equation that
describes both “flavours” of electrons using the label 7 1. The 7 index
labels subspaces that are linked by time-reversal symmetry. To reiterate
from Chapter [ these different flavours are necessary since they describe
charge carriers at different high-symmetry points in the Brillouin zone of the

material.

It is well-known that any type of mass gap, either intrinsic [47] or confinement-
induced [5,48], causes dynamics that are only time-reversal invariant if both
flavours of 2D-Dirac electrons are included. We therefore discuss the effect
of ring confinement consistently for both. However, we neglect processes
that couple the time-reversal-related flavors, thus assuming graphene and
dichalcogenide rings to be sufficiently wide and point-defect-free, and spin-
splitting in SQWSs to be absent. In the following section, we present the
forms of the Hamiltonians that are used and touch upon crucial concepts for

each case.

Single-layer graphene

For SLG, we use the standard Hamiltonian which is usually derived using
the nearest-neighbour tight-binding method and identical to results from the
k p method [18]. The Hamiltonian is expanded around the high-symmetry
points K and K’ in the Brillouin zone to obtain two distinct equations for
the corresponding valleys (7 = 1 respectively) using the pseudo-spin basis
corresponding to the sublattice sites A and B: fjAi'™ ,jBig. The resulting

Hamiltonian can be shown to be:
HO = hor(kro_ +k_roy) | (2.1)

where A is the reduced Planck constant, v is the Fermi velocity, oo =
(01 103)/2 are pseudo-spin-1/2 ladder operators for the eigenstates of
o3 diag(1, 1) that correspond to the Bloch-function basis at K and K’
points, and og is the identity matrix in pseudo-spin space. Additionally,
ky =k, 1k, isin terms of the Cartesian components of the in-plane wave

vector k. A limitation of this model is the fact that we ignore all interac-
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tions other than those from the nearest neighbours [ Generally, since we
stay in the low-energy regime, these contributions from further neighbours

are negligible since the coupling decreases with the distance of separation.

Single-layer transition-metal dichalcogenides

For single-layer transition-metal dichalcogenides, we use the model that was
introduced by D. Xiao et. al. |[49]. Using the k p method, this Hamil-
tonian is derived via symmetry argument applied to the simple minimal
band model. A spin-orbit coupling term is present due to the presence of
spin-splitting in the valence band. The basis used for the Hamiltonian con-
sists of the conduction band (CB) and valence band (VB) and real spin s:
fjCB, si'™ ,jVB, sig. For MoS,, the individual elements are given by

jCB, si'™ = jd -i (2.2)
. _ 1 _ .
JVB, sit™ = pE(Jd$2_y2I + 4T jdgy 1) (2.3)

where d is an orbital that splits into three groups (for more details, please
refer to [49]). Although this is specifically for MoS,, the physics, Hamiltonian
and basis are essentially the same for all group-VI dichalcogenides. The

general Hamiltonian is thus given by

g3 Op

. A
H(T1\)/1D =hvrt(k;o_+k_rop)+ 5 03 AT S3 (2.4)

where A is the band-gap energy and A is the strength of the spin-splitting in
the valence band, s3 denotes the Pauli matrix for the real spin of electrons
in TMDP| and all the other parameters are the same as in the SLG case.
The only difference between this Hamiltonian and that of SLG is the band
gap and the valence-band spin-splitting term. Naturally, as in the SLG case,
the model that we use for TMD is a simplification of the general system. A

more general approach may involve implementing the seven-band k p model

! Coincidentally, it so happens that the contributions from next-nearest neighbours just
shift the energy at the K and K’ valleys and thus, without loss of generality, can be set
to zero.

2Notice that the real spin s is completely decoupled for spin up and down. However,
this still differs to the SLG system where energies are degenerate for real spin " and #.
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that takes into account more energy bands and additional degrees of freedom
in the system [19,50,/51]. However, this is not necessary in the low-energy

regime since we focus on the nearest bands to the K and K’ points.

Semiconductor quantum wells

In the case of SQWs, specifically HgTe quantum wells, we use the simple
model first put out by B. A. Bernevig et. al. [20]. The Hamiltonian de-
scribed the movement of charge carriers around the I' high-symmetry Bril-
louin zone point. Using k p symmetry arguments regarding the coupling
of basis fjE;+1,JH;+1g for 7 = 1 and fjE; 1,jH; ig for 7 = 1 the

Hamiltonian is deduced. The basis elements are given by
i . . 1. . 1.
JE, 1= ajl, 5! + BT, 5! (2.5)
. . 3.
JHy 1 =T, 5! (2.6)

where o and [ are just constants. Thus for HgTe quantum wells, 7 corre-
sponds to the projection of total angular momentum for I'-point basis states

in the growth direction. The SQW Hamiltonian is given by

Hégw =ht(kro_+k_;op)+ ) o3 + €, 09 (2.7)

2

where we use the usual parametrizations [20,52] ¢, = C' D k? and A(k)/2 =
M  Bk? The material parameters M, B, C and D are determined by the
setup of the system (e.g. width of SQW etc.). In this case, the eigenstates of
o3 correspond to the Bloch-function basis at the I'-point. In the following,
and without loss of generality, we set C' = 0 for convenience since it is just
a constant energy shift. It is of importance to note that the M parameter
is the gap parameter that causes band inversion and is determined by the
width of the middle (e.g. HgTe) layer in the SQW [as explained and shown
in Fig. (L.4b)]. Naturally, this model is a simplification that ignores bulk
inversion asymmetry which couples the different 7 flavours. This becomes
important for finding the exact spin orientation of edge states and can be
taken account of by adding the Hgpa term, as given in Refs. [2,/52], to the

ch%w- However, this is not within the frame of interest with respect to
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confinement-effect in QR systems and thus we proceed with the simplified

model.

Polar coordinate transformation

Since we work with a ring geometry and an axially symmetric confinement,
it is only natural for us to express the Hamiltonians in polar coordinates

r = (r,¢). It is helpful to note the relation
ky =92 (K, ik,) T2 (2.8)

with the Hermitian operators for radial and azimuthal wave-vector compo-

nents
) 1
k., = i (ar + —) , (2.9a)
/{;qJ = T . (2.9b)

For later reference, we also note the identities

1 1
2 _ 2 1 L
ki = 0 . O + ok (2.10a)
2

Tk, , k.9 kyky+ ko ky = . 0, 0, (2.10b)

2
k., 1/rg = i-0, . (2.10c)

r

It is then straightforward to apply these coordinate transformations to Eqns. (2.1)),

(2.4) and (2.7) and obtain

Hs = U, ho(k, 7oy +kyo0) Uf (2.11a)

T

03 0o ut

. A
HD)p = U, hw (ke 701+ ko 02) + 5 05 AT 3= L

(2.11b)

HOw = Us [ (ke ror+keo) (K2 +k2) (Doy+ Bay) + M as] U]
(2.11¢)
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where U;(¢) = expf i7% ¢g. These expressions form the basis for our

further study of quantum states in ring conductors.

2.2 Basic model for ring confinement

We assume the ring structure to be defined by an axially symmetric mass
confinement V(r) o3. A mass confinement (o3 instead of oy) is used because
it applies the same confinement-potential on particles of the same mass, thus
treating electrons and holes the same [53]. This gives rise to the Schrodinger
equation

[H) + V(r) o] jUi = EO 00T (2.12)

where o = SLG, TMD, SQW. We make the Ansatz
i =Uo(p) 7 jRi (2.13)

where Al is the eigenvalue of 7k, (the z component of total angular momen-
tum). This transforms Eqn. (2.12)) into the unitarily equivalent problem

10+ HO W] 0T = EDG) jofl)i (2.14)

where HO(:()] is purely radial and particle-hole symmetric , and H, L(H (1) con-
tains all the terms associated with the azimuthal motion and any (typically
very small) particle-hole-symmetry-breaking terms. For the cases of interest
here, we find the following expressions for the corresponding parts of the

Hamiltonian:

(i) Single-layer graphene:

Héi)(;,o = hk,tor+V(r)os (2.15a)
T [
HéL)Gl = hv-oy . (2.15Db)
’ r
(ii) Single-layer transition-metal dichalcogenides: because of their fundamen-

tal similarity, we can combine all terms involving o3 into a new effective

3Actually, it is the energy-reflection symmetry that we need. See Ref. |54] for more
details of discrete symmetries exhibited by Dirac models.
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potential V(r)  V(r)+ A/2 A7 s3/2, thus obtaining

H%)AD,O = hwk,7o+ ‘7(7") o3 (2.16a)
r l A
H"E‘I\ZIDJ = hU;@ + 5 78300 (2.16b)

Except for the particle-hole-asymmetric contribution to H%&ID’I, this Hamil-

tonian is in essence formally identical to SLG.

(iii) Narrow-gap semiconductor quantum well: we can again combine M and
the confinement into the effective potential V(r)  V(r) + M. The SQW

QR Hamiltonian then becomes

HiQwo = hk.roy Bklos+V(r)os Dkloy , (2.17a)
T l 12
HéQ)WJ = 202 3 (Bos+ Dog) . (2.17b)

Here we have departed from the general philosophy by including a particle-
hole-asymmetric contribution in Hézg)w,o (i.e. the o¢ term). This turns out
to be necessary because jDj < jBj is typically not a small correction [52].
As a result, some straightforward modifications will have to be made when

applying the formalism developed below to the SQW case.

We proceed by considering the radial Schrédinger equation
H) joli = BSY jolri (2.18)

with its set of discrete energy eigenvalues E(EZ(’)”) and corresponding eigenstates
jol"™i, and n = 1, 2,.... In practice, to solve for the eigenvalues and
eigenstates, we map the Schrodinger equation into a 1D Dirac-like equation
which is possible due to the symmetry of the ring system. By our explicit
construction (except in the SQW case which can be easily addressed), the
energy-reflection symmetry [54]
oy H7) 0y = HS) 2.1

2 41,09 02 = a0 > ( : 9)

holds, which implies EC(Z(’]_") = Eg(’)n) and o™i = o5 joi™i. From now

on, we thus assume without loss of generality n > 0 and Eéng > 0.

In the spirit of subband k p theory [55,56], we now posit that the radial
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Schrodinger equation ([2.18) has been solved and make the Ansatz

(£n,n’ n'): +n,n') :  (r.—n'):
2 () e ) )

n'>0

(2.20)

for the general eigenstates. The unknown coefficients in this expansion are

then found from the discrete matrix-eigenvalue problem

(£n,1) (£n,1)
l,7,a I, T«
+n,1 +n,1
b b
HO +HO] | ain? | = BC00) [z |, (2.21)
b Uit
with the new Hamiltonian matrices
I\ (1,1) T (1,1) M\ (1,2) (1,2)
(HIDDY A\ o)) HIDTY (H o)l
D) (B () (o H“ )
- (2,1) T (2,1) T (2,2) (2,2)
H) = <H(,}> (H o)) (HIDZY (H] o)
(o2 HOYED (o2 B o)) (o2 HO)ED (o H(T >22)
(2.22)
Hereh. . |§”a” Ve jolm™ )i denotes a matrix element between positive-
energy eigenstates of the radial Schrodinger equation. By construction, we
have
ESY 0 0 0
7,1
0 ER) 0 0
H =1 o 0 ETY 0 (2.23)
0 0 o ET

The explicit form of HS%

depends, in principle, on the details of the confine-

ment. However, as shown below, we can use general properties of the basis

states to gain some insight about its matrix elements.

For the SQW case, modiﬁcations are easily made by not using the energy-

reflection symmetry (jqba )i = oy ngﬁa i) and performing the general form



2.2. BASIC MODEL FOR RING CONFINEMENT 21

of a change in basis.
(1)

Furthermore, once the form of H,, ;

is known, we can use perturbation theory
approximations to find the n'® subband-dispersion relation. This is done by
just solving the (n, n) 2 2 block-diagonal Hamiltonians where we ignore
the interactions between (n, m) subbands where n & m. Generally, this is
a valid approach since the largest magnitudes in H(():z) are the diagonal energy
terms (by construction, also the only terms) and in Hfﬁ are the (n, n) off-
diagonal terms E| Naturally, the coupling between different subbands will

also decrease depending on the energy difference between the subbands.

A pictorial image of the magnitudes of Hﬁj{ elements, based off the SLG case
[as presented in Sec. (3.2)], can be seen in the following equation

i) =
HDEY (o)) (H)o2)
(o2 HNED (o2 B o)W | (o BO)
(HS) o)) (H) 00) 2
(o2 HTY®D (o2 HYE?

(2.24)

where the darkness of the colour indicates the magnitude of the element
(darker  larger: maroon>red>orange>yellow). The (n, n) 2 2 block-
(1.n)
a,l

diagonal Hamiltonians H, " are indicated by the square brackets.

We see that, although the off-diagonal (n, n) subband terms are consis-
tently the largest (maroon) for all n, the magnitude of coupling terms be-
tween (n, m) subbands can become larger than diagonal terms. This is
usually compensated by the large energy terms in the diagonal entries of
Hg()) and a cancelling of coupling effect. However, for higher n subbands
the (n,n 1) subband coupling terms may have a non-negligible effect due to
the decrease in magnitude of the (n,n) diagonal terms. This could result in a

slight shift of the subband energies that is not taken account of. We assume

4This will become more apparent in the following chapters.
5Subbands have a tendency to repel each other - this would lead to a certain amount
of the n 1 coupling effects to cancel.
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that this generally has no crucial effect on the actual physics of the subbands,

although we only completely trust the results from the lowest subbands.

Thus, the general 2 2 block-diagonal Hamiltonian in the new basis is given
by

o[BS D (HE) ) 225
: (o HD™ B 4 (o0 B 02) ™

where the n'" subband energy dispersion is given by

<HT) —|—<a H 102>

E{g‘r,in) _

<H(T)>:Zn) <02 H(Tl 02> m) 9 )j2‘

+J< 102>(,

(2.26)

Now that we have presented the overall procedure to determine subband-
dispersion relations, we move onto understanding the changes due to the

effects of an added magnetic field.

2.3 Ring-enclosed magnetic (Aharonov-Bohm)

flux

For our system, we consider a magnetic field, B, that pierces the centre of
the ring plane. In the presence of a magnetic field B = r A perpendicular
to the ring plane, the wave vector k entering Eqns. , and
for the bulk SLG, TMD and SQW systems is substituted according to the
familiar rule [25,206]

k¥ k+%A (2.27)

where we use the convention for charge ¢ ¥ e (e being absolute value of

the charge of an electron). Using polar coordinates and the vector potential
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A = [¢/(27nr)] $ for an infinitesimally thin tube of magnetic flux ¢ piercing
the ring plane at its origin, one finds the usual substitutions [24} 35} 36|

ko ¥ kp+— 1!1(¢)=z+¢i, (2.28)
0

where ¢y  2mh/e is the magnetic flux quantum and no change in k,. Re-
placing [ ¥ [(¢) in Eqns. (2.1)), (2.4) and (2.7)), respectively, yields the SLG,
TMD and SQW ring dispersions as a function of the magnetic flux penetrat-

ing the ring area.

We have now found that only the operator k, and angular quantum number
[ change in the presence of a magnetic field. Hence, we have all the relevant
tools to tackle transport properties of ring system, which is explored in the

next section.

2.4 Ring confinement with leads

For electronic transport through 2D material quantum rings, we consider a
ring system that is attached to leads with a magnetic flux, ¢, that pierces
the centre of the ring, as was described in Sec. . This generic scenario
is sketched schematically in Fig. where all the relevant scattering am-

plitudes are indicated.

The linear electric conductance G is related to the transmission probability

between scattering states from the two leads via [57]

2
e
G - % Z Tugm(E) : (229)

V1,2

where T,,,, is the transmission function with the labels 14 (1) for states at
fixed energy F in lead 1 (2) including all possible (i.e., orbital as well as real-
spin and valley) degrees of freedom for the charge carriers. To determine
the transmission functions 7,,,, (F), the scattering problem for electronic
probability waves has to be solved for the ring structure as was done, e.g., in
Refs. [37], [36] and [35].

Such a calculation is based on the description of each junction by a three-

terminal scattering matrix that links lead states at a fixed energy to ring
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Figure 2.1: FElectronic transport through a quantum ring conductor with a
magnetic flux, ¢, through the centre. Leads are connected at two junctions
labelled 1 and 2 where charge carriers are distributed between (incoming and
outgoing) scattering states in the leads and (right-moving and left-moving)
ring eigenstates. «, B and ~y are scattering amplitudes. The squares represent
the points where we match scattering amplitudes from the right and left - this
1s necessary due to the non-trivial phase change of the eigenstates. Figure is
adapted from Ref. |35].

eigenstates at that same energy. Here we adopt the general form of a T-
junction scattering matrix [35,37], S, which is based on a model that is
consistent with basic symmetries and conservation laws. S is applied to the
three incoming waves a;  («y, 5;,7;) at the T-junction (labelled i = f1,2Q)
to describe the three outgoing waves a;  (af, 5/,7;) where « is in the current
lead and 3 & y are in the ring branches [see Fig. ] This gives the relation

We assume S is real and symmetric with respect to two branches (i.e. in-
coming electrons from the lead are scattered evenly into both branches of the

ring). Thus S is given by

(a+0b) e/ ell?
s=| & a b (2.31)
e/ b a

where €, determines the the coupling strength between the lead and the ring
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and a and b can be found using the probability current conservation rule of

unitarity to give

(a+b)? 426, =1 (2.32)
a>+ b +e =1 (2.33)

Rearranging the equations, we find that a and b can be given in terms of e,:

ay = %(pl 2. 1) (2.34)
by — %(p—l 5o+ 1) (2.35)

where the solutions fa,,b,g and fa_,b_g correspond to the same physi-
cal description of the system. Without loss of generality, we use solutions
fa,,b,g henceforth. We have also neglected two other sets of solutions that
are not of physical interest to us - refer to Ref. [35] for more information.

1
5.
completely transparent junction since a + b = 0 in this case. In the other

There are obvious bounds for €.: 0 € €. = 1/2 corresponds to a
extreme, €. = 0 corresponds to all electrons in the current lead being reflected
back since @ + b = 1. In this case b> = 1 which means the electrons in the
ring do not notice the presence of a junction when they travel from one half
to the other.

To find the transmission of the ring, we assume a single incoming current
that enters via junction 1 (thus ja;j? = 1) which means the transmission is

given by T = ja4hj?. To find o), we match the wavefunctions at the squares
in Fig. (2.1)) which will result in

Ba\ g (€0 A1
)= (0 ) () e
2 el 0 %
G (0 )@ e

where ¢y /5 is a flux-independent dynamic phase change and 0,5 is the ge-

and

ometric phase change. Both these phases arise from the change of phase
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factors attached to the wavefunctions as the charges move around the ring
as was described in Sec. . The Aharanov-Bohm phase and the spin 1/2
phase both appear in ¢,/ while dynamic phases that are dependent on en-
ergy appear in ¢g /2. These also specifically depend on the geometry of the
system such as the position of the junctions. Generally, the total dynamic
phase, ¢4, and geometric phase, 26, that enter the transmission are found to
be

_ ¢sl + ¢s2

2.
s 5 (2.38)
0 = 61;92 (2.39)

Using Eqns. (2.30), (2.31), (2.36) and (2.37) we can rearrange to find o

and thus the transmission. The details of this calculation can be found in

Ref. [35]. The transmission function for a perfectly symmetric ring where
01 =02 =0 and ¢s1 = Pps2 = ¢ Is

2 i2 2
4 €2 sin” g cos” 0

2.40
[a2 +b2cos20 (1 e.)cos2¢s)? + €2 sin® 2¢ (2.40)

T(gbs,é’, ec) =

Note that in the presence of a magnetic flux ¢, only the geometric phase 6(¢)

becomes dependent on it, as expected.

In Chapter [5, we apply this theory to our model for the ring bandstruc-
ture and determine the transfer matrices that describe electron propagation
through the two ring branches that are connected to the leads. In particular,
we derive explicit expressions for the Berry phase, 6, and ¢ in terms of the
injection energy and ring parameters. The conductance can then be derived
via Eqn. (2.29)) where we take in to account all spin and pseudo-spin degrees
of freedom. To keep this discussion simple, we assume that only the ring

subband with label n contributes to transport.

The conductance of QR systems for our specific materials will be discussed
in detail in Chapter [5] and their Berry phases will be explored in Chapter [6]
Having developed the general formalism for tackling confinement in QRs, we
proceed to apply this to SLG, the simplest possible Dirac system, in the next
chapter.



Chapter 3
Single-layer graphene

In this chapter we explore the ring confinement properties, such as the dis-
persion relations, of single-layer graphene (SLG) ring structures using the
methodology as described by Sec. (2.2)).

First, we map Hé?qo into a 1D Dirac equation to which we apply a hard-wall

confinement. After we determine the secular energy equation via straight-
forward calculation, we discover that using a particular parametrisation of
the secular equation allows for the existence of a “universal” energy solution,
i.e. the energies are completely determined by the confinement energy hv /W
and the band gap V5. We also find and investigate the topological properties
of pure evanescent bound states, with energies less than jV;j, for an inverted
band structure Vy < 0.

Then, a simple massless-Dirac case is explored for which we find the full an-
gular dependence of the Hamiltonian and subband energy dispersions using
realistic approximations. These are found to agree with previous work [5].
Finally a general mass-confinement case is explored for SLG and single-
layer transition-metal dichalcogenide (TMD) rings. We find the full subband

energy-dispersion relation in terms of the confinement-energy and gap size.

27
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3.1 Ring structure in SLG

To solve the radial Schrédinger equation (2.18) with the SLG Hamiltonian
(2.15a)), we make the Ansatz

(mn)
oG =Bt 1)
r

Notice that we do not have to worry about the transformation at » = 0 due
to the ring structure. Straightforward calculation, using Eqns. (2.9a) and

(2.10d)), yields

2rr 2rr

xgo () L oy )
kr —g‘: ‘p: ( Zar) XSLG (T) . (32)
Hence the radial Schrédinger equation for a SLG ring [obtained using Eqns.
(2.15al) and ([2.18))] translates into a 1D Dirac equation with a widely studied

(1.n)

mass confinement [48,58-62] for the function xg/c (7):

(.n)

. dX 1 n n
i % TOo+ o [V(T) 03 EéLG),O 00] X(SLG) =0, (3.3)

to which we apply a hard-wall boundary that is given by

V(r)= (3.4)

1 elsewhere

{Vb forr; <r <r,

where 7; and 7y are the inner and outer ring radii, respectively. We employ

the following notation for the width W and average radius R:

W = r, n o, (3.5a)

To + T

R = . (3.5b)

T,

The eigenstates for energy E EéLg),O have the general form

T.n T,n 1 i;{//’ ‘r,n 1 —’]:[{/1"
xéﬁ&(r)zc%g)( )e +c§n)< )e : (3.6)

TOY TOYY
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where o sgn(E + V), sgn(«) a/p? and

1

Ro= BV (3.72)
E W
v = E+V2 . (3.7b)

These quantities are real for jEj > jVij. For JEj < jVoj, we have k ik and

v iy where k and & are now the real parts. They are given by

1

Ro= ooy VE B (3.8a)
Vo E
7 Vo + E (3.8)

Now, we have the general form of the wavefunction without having imposed
boundary conditions yet. In the next section, we will determine the eigenen-

ergies when hard-wall boundary conditions are applied.

3.1.1 Universal energy curve

The general method of setting the wavefunction to zero at the boundaries
(r; and 7,), i.e. X8 (r;) = 0 = X (r,), does not result in a normalisable
result in the case of a 1D Dirac equation. This is because the system is over-
determined and thus would only possess the trivial solution. To overcome
this issue, we impose the zero-current boundary conditions [5}/48,63-65] which
is equivalent to a hard-wall confinement in this system. The conditions are

thus given by

X&g)(ri) = TUQXéTL’Z;)(Ti) ; (3.9a)
X () = 7o X () (3.9b)

at the inner (r = r;) and outer (r = r,) ring radii, respectively. This yields
the secular equation
27 hv

— . 1
R Voli (3.10)

tan(k W) =0
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The trivial solution x = 0 has 7 = 0 and thus yields the unphysical spinor
xsea(r)  (0,0)T. To make contact with previous works, we further exam-
ine the solutions of the secular Eqn. using the addition theorem for
tangents. It is possible to distinguish two subsets of solutions to Eqn. (3.10)
which were derived by Ref. [58] to be

cot (g) (3.11a)

tam (ﬂ) (3.11h)

oy =
2

where solutions to Eqn. (3.11al) will result in odd n > 0 states and Eqn. (3.11b))
will result in even n > 0 states. Notice also that using the transformation
Eéig)o | Eézg)o in Eqn. (3.11a)) [or Eqn. (3.11b)] will result in Eqn. (3.11b
lor Eqn. (3.11a})] since v ¥ 1/v, k ¥ kand ¢ ¥ o. This exemplifies the

high degree of symmetry in these solutions.

Using the parameter hv/W, we can use the parametrisation: E/(hv/W)
and Vo/(hv/W), such that the solutions to Eqns. and are
“universal”. This means that the width and Fermi velocity do not have to
be exactly specified in order to have a solution - only the quantities hv/W
and Vj are necessary to determine the energies of the system. Hence hv/W
is also known as the confinement energy. The parameterisation derivations

can be seen as below:

( \/(Eh_W)z (Yol )2
AT cot( 5 ) (3.12a)
sgn(E + Vo)y |ttt Vgi =
hv hv
(52 ()2
tan(\/ " 5 W) (3.12b)
where E/(hv/W) is now purely a function of Vy/(hv/W).
For negative values of 1y where
VoW
1 3.13
= (3.13)

there exist evanescent edge states within the jVoj gap. This is because
(Vo, E) = ( 1,1), which is a solution to Eqn. (3.12a]), is the value below
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which the energy of the lowest-subband (n = 1) passes from above the gap
to below. Below this limit, x and v both become purely imaginary, as given
by Eqns. and , and hence result in an evanescent wavefunction.
This is where SLG becomes topologically non-trivial thus allowing for the

presence of evanescent TPES in the gap.

We depict the universal energy curves for the first three positive lowest-
subbands in Fig. E] It can be seen that the lowest-subband traverses
below the band gap jVyj as described by the limit in Eqn. (3.13). The figure
shows the distinct difference between the behaviour of the lowest-subband
when it becomes a TPES [E/(hv/W) ¥ 0 as V/(hv/W) ¥ 1] compared
to the higher subbands that obey the classical behaviour [E/(hv/W) 1 1
as V/(ho/W) ¥ 1]

ESRo 1 (hvjW)
(@) \9) A~ N o0

—6 -4 -2 0 2 4 6
Vo / (iv/W)

Figure 3.1: Three positive n subband energy curves as a function of the
universal parameter Vy/(hv/W) for SLG rings. The universal energy curve
forn =1 (red), 2 (blue) and 3 (black) are shown for all relevant parameters.
For reference, the black-dashed line represents where the gap s situated for a
constant width, 1.e. Eél?;)o = jVoj. If the energy of a state is below this line

then it is evanescent and a topological bound state.

Having found the universal energy curves, we now proceed to find the eigen-

states of the Hé?(} o System in the next section.

IRecall that since Hé?@'}o is energy-reflection symmetric, Eézg)o = Eézg)o and thus
we only have to consider positive energies.
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3.1.2 Wavefunctions of SLG

Using the boundary conditions, given by Eqns. (3.9a)) and (3.9b]), we find a
relation between coefficients in the Ansatz [Eqn. (3.6)],

Cg:n) _ eZi(nrifarctan(oy)) ngn) ) (314>
which allows us to find the eigenstates of the system. Straightforward calcu-

lation yields eigenstates of the form

. cos [kn(r  R) + Xl
XSid () = N, (3.15a)
ToYpisin [k (r  R)+ Xl

forr;, r 1, and X&Té) (r) 0 elsewhere. Here k,, and =, are the values of
x and v corresponding to the n'® quantised energy level. The phases y,, and

normalisation factors N,, are given by

W

Xn = /{2 g—l—arctan(a%) , (3.15b)
1| Eu(Ba+ Vo) |

N, = p— |—mZn 0 3.15¢
W EX+ Ve e

where E, is the energy of the n'" subband. The separation of the secular

equation into Eqns. (3.11a)) and (3.11b)) yields sets of momenta x,, and &y,

respectively, for which the phases are x,, = 0 and x,, = 7/2. Hence,
the corresponding eigenstates are those for which the conduction-band wave

function is parity-even and parity-odd, respectively:

cos [k, (1 R)]

e () = Ny, L (316w
T O Y, 08I0 [Ky, (' R)]
. sin [ky, (1 R)]
XSa ) = Ny, (3.16b)

T O Y, 1 COS [k, (1 R)]
One may wish to note that X(STL’T(L;)(T) = TO'O'QX(SEE;TL)<T). Thus the states are

energy-reflection symmetric. The complete eigenstate j<bé1’g)i is given by our
Ansatz in Eqn. (3.1)).
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Now that we have developed a full description of the Héi)c;,o system, we move
on to transforming the H§£)<;,1 into the basis of the eigenstates of H&)G,o and
finding the general subband energy dispersion. In the next section, we do

this for a specific example: the massless-Dirac case.

3.2 Massless-Dirac case

A perfect SLG QR is represented by the massless-Dirac case where V = 0,
i.e., v = 1. Thus, SLG rings are generally confinement dominated since the
confinement energy hv/W is much larger than the gap size Vo = 0. In this
case, the secular Eqn. has the following physical solutions:

K = (n 1>1 (3.172)

2) W 7
n 1\ whv
E{ie = (“ 5) W (3.17b)

with positive integer n. The result in Eqn. (3.17b|) recovers the expres-
sion for SLG-ring subband edges given before in Ref. [5]. Specialisation of
Eqns. (3.15p-c) to the present situation yields the eigenspinors

. 1 cos [(n l) 7= 4 (n 1)1]
X(sﬂG)(T) = pﬁ o ’ . VZR QW (3.18)
TZSIII[(H 5)# 7+ (n 1)5]

p_
where the normalisation factor becomes 1/~ W. Distinguishing the cases of
odd [n = 2r 1 which corresponds to secular Eqn. (3.11a))] and even [n = 2v

which corresponds to secular Eqn. (3.11b])] main quantum numbers, we can

write
o 1 cos [(2v &) m=E]
e o) = e S (3.192)
T 1 8In [(21/ 5) T 55 }
o 1 sin [(21/ l) s ’"*R}
X () = P o (3.19D)

T 1 COS [(2V %) T T;VR}
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Note that the total particle density for all states is uniform/nodeless across

the ring width (i.e. ngé (1i/0) € 0), in contrast to the nonrelativistic case.

It is straightforward to see the existence of symmetries in the components of
the HéTL)G,l matrix. We find that

, <n n > (nn')
NH 10 o o = Moo H{ 0o e (3.20)
and
ho—QHéL)G 11 7,SL = hHS(»LG 10-2 7,SLG (321)

which hold due to the relation Ug = 0p. Noting that the size-quantisation
energy scale for the radial equation is hv/W [see Eqn. (3.17b)], we measure
the matrix elements of H((H in the same unit. We also define the aspect ratio
e = W/R which will be important for future use. Using the wavefunctions
of Héz)(;,m we can now determine the new form of HS% in the basis of jgbéTLTé)I

and j(ﬁgjgn)i, as was set out in Chapter . It can be shown that using our
Ansatz and Eqn. (3.18)) we obtain:

LGlTSLG w r

r T—T; s T
hHéT) nn') ol [T 1 < CO?((” %)77 W 4))> 09

_ holr Tosin((n+n' Lript F)

d
w ), r "
_ hwlr [T cos((n+n’ 1)w%)dr
W T r
and
T

() hol T"l(cos((n Dgicr 1)

hH(T) ool o -
W61 hsie TW ), \risin(n Yt D)

cos((n’  I)wizrE I d
”
Tisin((n %)77’";1,” T
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To write this in a more compact form we have

(r) ) hw ,
hHSLG,1I7—7SLG - W ( T) lF (TL +n 17 6) (322)
and
- . (n,n) hv
hHéL)GJ@:T’SLG = [Fn n'e) . (3.23)

The function F is given by

F(w)z%/_g ljépcos(p[ﬁg]) (3.24)

s
2

where p is an integer placeholder for n+n’" 1orn n' to give the relevant

solutions. The solution to Eqn. (3.24) is given by

Fipd = (Cia) il A Joos(s) (Si(6)+Si(0) ) sin(s)
(3.25)

where Ci(z) and Si(z) are the cosine and sine integral functions, respectively,
and L

= - - : 3.26

b=y 1) (3.26)

There is naturally a hierarchy in the magnitudes of the components of HS%

As p is increased incrementally, 54 also increases which leads to a decrease

in the size of the integral shown by Eqn. (3.24). Hence, the value of p

(=n+n" lorn n')determines the magnitude of the components. This

is exactly how the sizing of the matrix elements were found in Eqn. (2.24]).

For p & 0, the series expansion of F(p,€) in € around € = 0 gives

2 3(72192 8)

_ 4 6
F(p,e) = p27r26 + S € +0(€) (3.27)
for odd p and
2 24
Fpo) = ¢4 T r__ )5 4 O(eN) (3.28)

p2m? mip

for even p. In the special case p = 0 [i.e. n = n' for Eqn. (3.23))] F(0,¢) can
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be expressed in closed form as

’ _(n,n) hv 1+ £
NHT 1000 g ¢, = b ( : f) (3.29)
2

In the limit of ¢ ¥ 0, i.e., for a ring with large radius and small width,

the leading contributions to the Hamiltonian are the terms proportional to
F(0,6) ¢+ O(e).

Keeping only the largest order of € terms, the Hamiltonian H((H becomes
_(n,n)

IT,SLG and

a block-diagonal matrix with only the matrix elements hHé}:)GJO'Q

hUZHé?G,li(TnS,Z)G taken to be non-zero. Some previous works [66-68] have

essentially assumed such a form of the Hamiltonian for the ideal-SLG (Dirac)
ring limit.
However, a more accurate solution to the eigenvalue problem, given by Eqn. (2.21]),

is equivalent to solving

1 w (£n,n) (£n,n)
mho [TV 3 ! (@z,T,SLG> = B(1) (alvTvSLG) (3.30)
—_— +n,n - L *n,n AN
WAm @y Ve e

where the radial-size-quantisation energy EéTL’g)O enters as a mass term in the

diagonal entries. Straightforward diagonalisation yields

1 2 2
ESG () = %\/ﬂ (n 5) +(%) 2. (3.31)

Closer inspection of Eqn. reveals that the leading correction to the
energies is of order €2, which is of the same order as the diagonal contribution
hHéE)Gll(TnSZ)G As established in Chapter |2l and Eqn. (2.25)), the more precise
form for the 2 2 blocks of the full SLG-ring Hamiltonian in the narrow-width

limit is

HGY 1 2 W
ho/W " 2 03+7r(2n 1)Elg1
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which yields the dispersions

B o (7)1 \/( ) + (5) o

which can be determined using Eqn. (2.26]). The expansion of Eqn. (3.33)) to
leading (i.e., quadratic) order in € agrees fully with Eqn. (8) of Ref. [5] that

was obtained under similar assumptions.

190
1.85¢
1.80¢
1.75¢
1.70¢
-2 1.65}

1.60¢

ESY | (hv/W)

~10

Figure 3.2: Lowest-subband dispersion for a single-layer-graphene ring with
aspect ratio W/R = 0.1. The solid blue (dashed red) curve corresponds to the

K (K’') valley.

Fig. shows the dispersion for the lowest (n = 1) subband according
to Eqn. for a particular value of the ring aspect ratio W/R. The
asymmetry with respect to inversion of the total-angular-momentum quan-
tum number (I ¥ [) for a given valley is clearly visible. However, due to
time-reversal symmetry, the dispersions for the K and K’-valley degrees of
freedom are related via the combined transformation [ ¥ [and 7 ¥ 7.
The two curves form the famous Kramer pairs which, in this case, are not
topologically protected since E&ao > jVoJ = 0. The relative shift of the
dispersion curves can be estimated as 2/[m(2n  1)], which is a decreasing
function of the subband index n. This shift is explored further in the Chap-
ter [0

Now that we have finished our analysis of the V) = 0 SLG QR system, we
move on to understanding the dispersions of a general 1 mass-confinement

in SLG and TMD QR systems. First, we study the general mass-confinement
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of SLG QRs and determine the azimuthal dependence of the energy subband
dispersion and discover the swapping of relative positions of the 7-valley
dispersions. Then, we study the changes of the dispersion in the presence
of the spin-splitting for TMD QRs with a particular focus on molybdenum
diselenide (MoSes).

3.3 General mass-confinement

3.3.1 Single-layer graphene

Mass-gaps in SLG sheets are created due to the presence of certain disorders
and substrate interactions. Hence it is realistic to examine the system with
a general Vj confinement value. The same symmetries for HéTL)G , hold as in

the massless-Dirac case and are given by Eqns. and ( - Thus the
HéL)Q1 matrix elements are given by

’ R
hHS) ("“’" [ o g ) 9y
SLGl LG RW SLG SLG,17SLG

2

R+% l
=N,, anlT/R " hv; <’Ynfl sin (kn, (' R)) cos (kn,(r  R))
-7

+ Vg 80 (K, (1 R))cos (kn, (1 R)) )dr (3.34)

hH() . (na,n, )_ R+7 (T,n4a) H() a)2 d
SLG,1021 PSLG T w ¢sca Hsra, 1U2¢SLG wrar

2

R+Y
=N,, Nng/ hv— (cos (g (1 R))cos (kn, (1 R))

woor
2
+ Yrg Ynt, S0 (Kn, (r - R))sin (“na (r R)) >dr.
(3.35)
The solutions to these integrals, via a series-expansion up to the second

order of €, can be found in Appendix . Using these solutions and applying
the knowledge that we have gained from Sec. (3.2)), the accurate subband
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dispersion up to order €? is given by the 2 2 Hamiltonian [as in Eqn. (2.25)]:

(tin) hw [Eégg),(]

wH? W
sLa — W hv/W 03 T(E) ZFSLG 0o + EZO'I (336)

where EéTLg)O is found using the secular equation given by Eqn. (3.10). Ty, is

given by

Vi
1+ hv/OW

1

Z 3 .

2 (B0 L W
hv/W hv/W

where o« = FSLG, TMDg in this instance. The general subband energy dis-

T, =

(3.37)

persion, Eéz’g)(l), can be found to be

T,tn (rn) 12 2
ESS" () A% Egrao W
—== L — — | (T — e 3.38
ho /W "\r) "8G ww| T\ R (3:38)
This is naturally equivalent to Eqn. (3.33) when V; = 0. Once again we

can see that for a given [, Esa™ (1)/(hw/W) varies universally with param-

eter Vy/(hv/W). We choose two Vy/(hv /W) values: Vy/(hv/W) = 2 (with
TPES) and Vy/(hv/W) = 0 (trivial case) and plot the the lowest two sub-

bands (n = 1,2) in Fig (3.3).

1.8p— . T T T T

B S ] 4TI
L6} RRbLC - i 1 < 476}
= 144 = s
= = 475}
= 1.2} 1 474}
=g 10} 124 473
0.8 \/ = 4724

0.6F ] 471

6 4 2 0 2 4 6
l l
(a) Lowest subband (b) Second-lowest subband

Figure 3.3: Plot of general subband energy dispersion of lowest (a) and
second-lowest (b) subbands for W/R = 0.1, Vo /(hv/W) = 2 (solid) and 0
(dashed) with both isospin valleys K (blue) and K’ (red).

We see that for n = 1 at any given energy, the 7 = 1 curve is shifted to the

right of the 7 = 1 curve for both the trivial and topological phases of the
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QR. However for n = 2, the 7 = 1 curve shifts from the right to the left of
the 7 = 1 curve as we switch from the trivial to the topological phase. This
difference highlights some of the phenomena that happen when we transition

from the trivial to the topological phase of the material.

To understand this more, we have to understand the component I's;, which
governs this shift. We plot I'spq as a function of Vg /(hv/W) for the three low-
est subbands in Fig. . For n > 1, we have I's;,g = 0 when Vy/(hv/W) =
1,1.e. the transition point between topological and trivial regimes [Eqn. (3.13)].
This means that there is no shift between the isospin valley curves at that
parameter value. Thus, since the shift between isospin valleys for n > 1
monotonically increases with increasing Vy/(hv/W) [ there is a distinct dif-
ference in the relative positions of the isospin valley subbands between the

trivial and topological phase of the material.

However, the n = 1 subband behaves significantly different because there is
no such transition, as can be seen in Fig. . Additionally, the I's;,¢ factor
monotonically decreases as a function of V,/(hv/W). These features may be
a hallmark of the topological nature and protection of this state. All of these
concepts will be discussed further in Chapter [6] where we will see that the

Berry phase is also affected by the shifts of 7 energy dispersions.

0.4}
0.3}

0.2} .
0.1 \
0,0_/{
A S | S R
Vo | (/W)

Figure 3.4: Plot of T's,q as a function of Vo/(hv/W) for the different
subbands: n =1 (red), 2 (blue) and 3 (black). Only n > 1 subbands cross at
Vo/(hv/W) = 1 from negative to positive values of I'spq.

I'sig

2This is because the shift depends on I'sp,¢ [as given in Eqn. (3.37))] which also increases
monotonically for an increasing Vy/(hv/W). This we will definitively show in Chapter @
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We will now proceed to analyse the general mass-confinement subband energy
dispersion of single-layer TMD rings. Mathematically, the calculations that
arise from this case are extremely similar to those in SLG. Nevertheless, we
give a somewhat simplified, general description of the system including the

most essential calculation details.

3.3.2 Transition-metal dichalcogenides

Single-layer TMD rings have the same form of the radial equation as the SLG
rings - however the effective spin-dependent potential 1} %(A AT s3) is
defined such that there is never a massless limit in TMD systems ] The
gap parameter V effectively acts as though there are two independent gaps
for 7s3 = 1, respectively. Unlike the SLG system that is confinement-
dominated (i.e., generally has hv/W > Vp), the large value of A fiv/1.81A
makes the TMD system gap dominated |19].

In TMD, the form of the wavefunctions remain unchanged and hence we

can use Eqns. (3.16a)) and (3.16b|) as our base wavefunctions for finding the
matrix elements for H(TTI\)/IDJ. Recall that H%\)myl is of the form

. l A
H'(I‘l\alD,l = v ; o9 + 5 T 8300 (339)

with the extra oy term as compared to SLG which is just an energy shift
with respect to the 7s3 factor in the overall energy dispersion. Once again,

the symmetries are given by

T .(n,n") . .(n,n’)
hHéI&IDJ'T,TMD - hO-2H'(H\)4D’1O-2IT,TMD (3.40)
and
T -(nvn/) T _(n,’ﬂ/)
hU2H§‘1\)/[D71IT,TMD - hH'(H\)/[Dvlo-QIT,TMD (3.41)

which hold due to the relation 03 = ¢y. The matrix elements are thus given

3Theoretically, there could be a massless-Dirac limit if we could impose a variable mass
confinement that can effectively cancel the %(A AT s3) potential. However this does not
seem to be a viable option yet.
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by
(r)  Mama) () (mamn) A
hHTMD’llT,TMD = hHSLGJIT,SLG + 57’835”(m{1 (3.42)
and
(7) (naml) o) (eng)
NH 000 e =G o0 o (3.43)

As in the case of SLG, using these solutions, we find that the subband disper-

sion up to order €? is accurately described by the effective 2 2 Hamiltonian:

ey _ o [ESin W’ w A
SFM])):W{WUB T<E) lFTMDUO‘i‘ElUl‘i‘WT&S

(3.44)

where E%{}ITI))’O is the energy that is derived using the secular equation, with
the altered potential that is now spin-dependent, as given by Eqn. (3.10).

The general subband energy dispersion, E(TTJI))(Z) is found to be

T,+n (T,n) 2 2
B () A% A ES o W
MDD AN _ T It _ 2

oW i + o0 T TS wow | T\E) !

R
(3.45)

which is equivalent to the SLG general mass-confinement subband energy
dispersion when A = 0 [see Eqn. (3.38))]. We see that the only change, for
TMD rings, is that the energy dispersion includes the real-spin dependence
term which causes the energy to receive a  A/2 energy shift based on the

sign of Ts3.

Generally accepted values for group-VI dichalcogenides of the valence band
spin-splitting strength A\ range around the hundreds of meV E|, while band
gap energies range around a couple of eV [19]. This means that for all TMDs,
Vo > 0 always holds because the band gap energy is much larger than the
valence and conduction band spin-splitting. Thus, without a variable mass

confinement, there are never TPESs in this system.

Using an experimental values for MoSe, rings, with A = 90meV [22,69],

4For conduction bands, this intrinsic spin-splitting is even smaller, being on the order
of magnitude around 10 meV.
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hw = 253 meV nm and A = 1.40eV [19], we plot Fig. which shows the
characteristic spin dependent splitting. We can also observe that the time-
reversal symmetry between the two isospin valley dispersions in the case of
TMD is different from that of SLG. To get the time-reversal partner, we have
to use the transformation 7 ¥ 7, s3 ¥ 3 (as compared to just 7 ¥ 7
in SLG) and [ ¥ [. Additionally, given our initial model, we assume that
intrinsic spin-splitting of the conduction bands is zero thus resulting in a
negligible spin-splitting of the n = 1 band. However in Fig. , we can see
a minor spin-splitting in the conduction band that is due to ring confinement,

thus allowing us to see a deviation between the 7s3 = 1 subbands.

If we were able to vary the mass-confinement, we would see very similar
results as in Sec. (3.3.1)) for SLG, with the addition of spin splitting. In fact,

there would be situations where one 7s3 state is a TPES while the 7s3 state

is trivial. For example this would happen if Vj = 1 A7s3/2 where we
have shifted the mass-confinement by a factor %A 1.
N Vs —0.436575

0.50090} —0.4366
4 \\\\ ’,’z ﬂ _ .
:\E 0.50085 S = :I\g 0.436625
we \ | S8 -056505
0. N 2

0.50080 N P = —0.565075

0.50075 -0.5651},

-20 -10 0 10 20 -20
[ l
(a) Conduction-band states (b) Valence-band states

Figure 3.5: Lowest-subband dispersion relations for an MoSey, QR with
spin-dependent splitting (** blue, # red) for isospin valley K and K' (solid
and dashed respectively). (a) Figure of the conduction band where the lower
and upper bands have Ts3 = 1 and 1, respectively. We see minor conduction
band Tsg spin-splitting. (b) Figure of the valence bands where the lower and
upper bands have Ts3 = 1 and 1, respectively. The spin-splitting direction is
in agreement with Ref. [19]. The parameter values are given by A = 90meV,
hv = 253 meV nm and A =1.40eV, W = 40nm and R = 400 nm.

We have now wrapped up our description of SLG and TMD ring confinement
effects and dispersions. The transport properties related to these results
are explored further in the Chapters [5] and [6l Using the analysis from this
chapter, we have gained a better understanding of simple ring-confined Dirac

systems which helps us tackle the more difficult case of the narrow-gapped
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semiconductor quantum well, which is presented in the next chapter.



Chapter 4
Semiconductor quantum well

In this chapter we look into the energy dispersions of a narrow-gap semi-

conductor quantum well (SQW) ring using the methodology described in
Sec. (2.2)).
Similarly to single-layer graphene (SLG), we map Hégw,o onto a 1D Dirac-

like equation to which we apply a hard-wall confinement. The eigenenergies
and eigenstates are then determined and found to be in agreement with
previous literature [7]. Then we explore the properties associated with the
transition between trivial and topological phases, and the effects of changing
the system parameters of the quantum well. Next, for a general strength
of mass-confinement, we determine the angular momentum dependence of
SQW rings by finding the matrix elements of H(ST(%WJ. As in the SLG chapter,
we use the approximation that the ring aspect ratio is small, which allows
us to determine the explicit form of the subband energy dispersion as a
function of angular momentum quantum number, [. Finally, we examine
the relative positions of the 7 flavour energy dispersions and find qualitative
differences between the lowest-subband and higher subbands that indicate

the topological nature of the lowest-subband.

45



46 CHAPTER 4. SEMICONDUCTOR QUANTUM WELL

4.1 Ring structures in SQWs

We start with the same Ansatz as in SLG:
(r,n) XB(TJ\% (7”)
ngéW(r) = - ) (41)

2rr

with the relations

2rr

(rn) (.
ky (M) 191:( 00y )XSQW( T (4.2a)

, (XS () 1 o (e}
k; <—B:> 192:( 9;) Xsqw(r) (4.2b)

which were derived with the use of Eqns. (2.10c) and (2.10a)). Hence the
radial Eqn. (2.17a]) arising from the SQW model becomes

; dX(sT(ir\Lzzf Y B d2 SQW -
dr Yo dr? 3
1 - Tn dz )
e [T0e (B D) o2 -0,

(4.3)

For f/(r) M, Eqn. (4.3) constitutes the 1D Dirac equation with the addi-

tion of the 9? terms. We apply a hard-wall confinement of the form

Vi(r) =

- M forrm<r<r,
(4.4)

1 elsewhere

where r; and r, are the inner and outer radii. We also define the width W
and radius R as in the SLG chapter [see Eqn. (3.5)]. We remind the reader
that M is the variable band gap parameter which governs the topological
nature of the material, as discussed in Chapter[I} In the inverted regime, i.e.

M < 0, we expect TPES in the form of evanescent eigenstates to appear.

Using the units £y  (lw)?/jBj and ¢y hv/jBj for energy and momen-
tum, respectively, we express our system parameters as: D D /iBj, FE
éTQ%V o/ Eo, Ex (EéQWO + Dk /Ey, and k  k/qy. We also redefine the
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band gap as & M/ Ey. Using these new definitions, the energy eigenvalues
and corresponding eigenstates of Eqn. (4.3) can be written as

Ef = \/12:4+(2§M+1)122+§§4 : (4.5a)

1

Xsqw(r) = ( 7sgn(k) sen(E + &y + k2) y

) e (4.5b)
P— .
where sgn(a)  «/ a2 and we use the fact that B < 0 in HgTe [20]. We

also introduce the abbreviation

SV

o EEE—...— 4.5C
Ep +&u + k2 (4:5¢)

The form of this wavefunction is identical to that in Eqn. ((1.5)) for 1D motion
(p= hk). Refer to Appendix (A.1)) for the relevant signs of sgn(E+&y+k2)

which will play an important role in the hard-wall confined secular equation.

To find the bound states of the 1D hard-wall confined SQW model, we super-
impose possible solutions for given energy E and determine the coefficients
from the boundary conditions. This is done by solving for the possible k
solution in the secular equation [Eqn. ] There are four possible values
of the wave number at fixed £ jéuj and E Jémj, with two of them

being real and given by k= k, and two imaginary ones given by k= i\
where & = k/qo and A = \/qo. We find

1
2

1+ 46y + 4E2 + 1) + fM] . (4.6b)

¢ = 3 (Vearra g 1) el
— %(\/1+4§M+4E2 1) §Mr, (4.6a)
A = %(\/25M+1 )2+ 4(E3 5§4)+1)+£Mr,
1
5
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The full Ansatz for the bound-state wave function is

n n 1 ik T,n 1 —1KT
Xsaw(r) = c&f( >e7“+c§n>( )
TO Vg TO Vg

+C§TA’") ( W,A ) e M+ c§§"> ( 7’\ ) e, (4.7)
it it

where ¢ sgn(E + &), + #2). The parameters are given by

1
B, 1 <\/1 + A6y + 4B 1)

EH+§(\/1+4§M+4E;§ 1)

NI

! (\/1 + 4&y + AF? + 1> Ei
TN = = N . (48b)
L <\/1+4§M+4E3A+1) + B

There will generally be many solutions with jEj  jéuj that are bulk-derived
ring-confined states. In addition, we expect solutions to arise with jEj < jéwmi,
at least in the inverted regime (i.e. &y < 0), due to the hybridisation of edge
states from the inner and outer boundaries. In the latter situation, we have

a fully evanescent state with # ik and 7, 9%, where

N|=

KN
I

{gM % (\/ 1+ 46y + A2, 1)} , (4.92)

1
(\/1+45M+4E3R 1) Eix

N |—

o (4.9b)

are then real numbers for all values of E and D within the gap when &y
1/4. When & < 1/4, k and #; are not guaranteed to be real and may be-

come a complex quantity with both a real and imaginary component. This

is due to the square-root values (such as \/ 1+ 46y 4+ 4F2 in &) that ap-
pear in all the &, A and ~v components which may become imaginary in this

limit. The exact limit at which it becomes imaginary depends on the specific
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configurations of D and F and can be shown to be

1+2DE+V%§2])MDE 1)
3Yi

- 4.10
22 (4.10)
Henceforth, unless otherwise mentioned, we only consider gap values that
obey the strict limit of &y > 1/4. We now move on to derive the secular

energy equation and explore its solutions.

4.1.1 Secular energy solutions

We treat the hard-wall ring confinement conventionally by introducing the

open boundary conditions |67 X(S%@(Ti,o) = 0. Straightforward calculation

yields the secular equation
sin(&V) sinh(AW) 27\ Vw

. g T (4.11)
1 cos(RW) cosh(AW) Ly

where W ¢oW. We rearrange this using trigonometric identities to obtain

=

tanh(A)  tan(EL) _(ﬁvg 1

2
(%) tanh(%) ViV

(4.12)

which can be shown to be equivalent to Eqn. (9) in Ref. [7]. This derivation
is shown in Appendix 1} Interestingly, in the limit AV land A > R,
which are generally satisfied [58] except potentially very deep in the inverted

regime, Eqn. (4.11]) simplifies to

~17 27)\75
tan(kW) = 0 ————
(W) Bz o1

(4.13)
This has the same structure as the secular Eqn. (3.10) for a confined 1D
Dirac particle with v ¥ 4,7,. Bound states arising from the hybridisation
of edge states in the inverted regime [7] have energies satisfying
27\ Vx

tanh(/:iW) = O—F—F5 7
T+ 1

(4.14)

Analogous to the SLG case, we find that the secular equation given by
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Eqn. (4.12)) has two distinct energy solutions that arise from the underly-

ing symmetry of the system. These two forms are given by:

oty ) (4.152)
coth(2Y)
TVEV5 = -
tan(?v;) (4.15h)
. tanh(T)

which is very similar to the SLG case [Eqns. (3.11a)) and (3.11bf)]. Solutions

to Eqn. (4.15a]) correspond to the odd n > 0 states and Eqn. (4.15b)) to the
even n > 0 states and vice-versa for n < 0. Thus adjacent energy states are

always of different “types”. Henceforth, we shall refer to states with energies
determined by Eqn. (4.15a]) as type (a) and Eqn. (4.15b]) as type (b).

We can rearrange Eqns. (4.15a)) and (4.15b)) for 7, and 7, terms, respectively,

which will come in handy for later reference. We find
(/%2 + :\2> cot (%)
0%k = = . — (4.16)
Acoth <TW> k cot (HT)
when rearranging Eqn. (4.15al) and

T = = <l~i2 +~§2> tanh <¥>~ . (4.17)
Atanh (%) + K tan (%)

>

when rearranging Eqn. (4.15bf). To obtain these relations, we have made use
of Eqns. (A.3) and (A.4) in the appendix.

Now we proceed to determine solutions for topological evanescent edge states,

i.e. when jEj < jéuj. Inthe case of & 0, Eqns. (4.15a]) and (4.15b)) become

coth(@)

-~ = Az 4.18a
coth(2¥) ’ ( )
tanh(50)

R 55 4.18b
tanh(21Y) ’ (4.180)
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where 0 = 1. We see that the left-hand side (LHS) of the equations is a
combination that is always negative and the right-hand side (RHS) is always
positive. Therefore the two sides of the equations are only equal when they
are separately equal to zero. When 7z5, = 0, we have E = &. This
is not within the gap hence there are no topological bound states between
jEj < jéumj for &y 0, as was expected in Sec. (1.5)).

For 0 > &u 1/4, these equations are different because 0 = 1 in this

case. The secular equations thus become

coth(TW)

IR N (4.19a)
coth(23%)
tanh(%)

=~ = ARy 4.19b
tanh(2Y) ’ (4.19b)

which results in a varying number of solutions. Due to the consequences of
SQW QRs generally not possessing energy-reflection symmetry E|, this may
result in zero, one or two viable topological bound state solutions, dependent
of the configurations of parameters &y < 0, D and W, as compared to zero
and two in SLG QRs. As previously expected, we have proof that TPES can

only exist in the inverted regime.

For W ¥ 1 and &, < 0, there exist two evanescent bound states for each
7 valley within the band gap. At this limit, the energies of the edge states

converge to the same energy which is determined by
Veya = 1 (4.20)

where we have applied the limit on Eqns. (4.19al) and (4.19b)). The energy is
thus given by

Ew b/ Eo = éuD (4.21)

which agrees with the results in Ref. [7].

'Recall that this is due to the o term in the H, égw,o [see Eqn. } which is present
when D 6 0. The oq terms is what we call a vector potential and couples to the charge
(unlike o5 which couples to the mass) of the particle thus treating electrons and holes
oppositely, hence causing an asymmetry in their dispersions.
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Now we explore the effects of changing certain parameters, such as width,
and how this affects the secular equation solutions. First we turn our at-
tention to the simpler energy-reflection symmetric case of D = 0 (thus
Eég%o = Eéa\_,\%) We plot E oW as a function of &yvgeW for the three
lowest-subbands in Fig. (4.1)). The parametrisation is chosen such that our
axes are analogous to those for the SLG Fig. (3.1): &uqW  Vo/(hv/W).
Unlike SLG, there is no universal energy curve because the curves change
for different W values. It becomes apparent that as W ¥ 1, the curves
approach those of SLG. The underlying reason for this is due to the quan-
tity tanh(\V/2) ¥ 1, which causes the secular equations [Eqns. and

(4.15b))] to resemble those of SLG [Eqns. (3.11a) and (3.11b)), respectively].

12}
10}

,n) qoW/Ey

(T,

Ech
S NV A O ®

EmqoW

Figure 4.1: Three D = 0 lowest-subbands energies E qoW versus EngoW at
different qoW walues for SQW (discontinuous) and SLG (thick-solid). The
different subbands are given by n = 1 (red), 2 (blue) and 3 (black). The
width values are given by qoW = 26.6 (dotted) and 53.1 (dot-dashed). The

dashed-black line represents the gap-size: Egb") /Eo = jémi-

In Fig. , we also observe that when &qW < 1, the lowest-subband
becomes topologically protected allowing for the existence of evanescent edge
states with energies jEj < jéuj. This is an approximate limit since varying the
width changes the point at which the system becomes topological. However,
this change is very small for a wide range of W values (particularly for large
W). Thus, the limit is reminiscent to that of the SLG case [see Eqn. (3.13)]
which further emphasises the similarities between the SQW and SLG for large

IW. Furthermore, in the limit of &ugeW ¥ L we see that E gV ¥ 0 for
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the lowest-subband. This is distinctly different from the behaviour of higher
subbands which have £ oW ¥ 1. All these defining features draw attention
to the topological nature of this subband.

For a negative non-zero D , energy-reflection symmetry no longer holds.
We plot the energy as a function of gap size for different n subbands in
Fig. . Contrary to the D = 0 case, the lowest-subbands now become
evanescent at two different values of &ygoW thus resulting in varying numbers
of states (0, 1 or 2) within the gap at a given &yqoW configuration. The
system is in its topological phase once the first evanescent TPES state forms
[e.g. in Fig. where &vgoW 0.5].
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Figure 4.2: Energy curves of the lowest-three n (solid/dotted) subbands
where we plot E qW/Ey versus &uqoW for a SQW QR when D/jBj =

0.746. The subbands are given by n = 1 (red), 2 (blue) and 3 (black).
The dashed-black line represents the gap-size: Eéa@,’o/Eg = jémj. The
width was held constant at oW = 26.6.

Unlike the D = 0 case, then = 1 lowest-subbands do not tend to zero in the
limit of &qoW ¥ . However, they still behave visibly different from the
higher subbands because they converge to the same values while the higher
subbands go to A, respectively. This means that the energy difference of
the lowest-subband goes to zero in the deeply inverted regime which will be

important in Chapter [6] The energy, to which the lowest-subbands converge,

is given by the value Eég\l)\)/,o /Ey ¥ &uD, as shown in Eqn. (4.21). In contrast,
the higher subbands go as Eég\?/,o /Eo @ A as {ugeW ¥ . This once

2As in the case of HgTe quantum wells.
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again signifies the difference between the the topologically protected state

(when jEégée,Oj < jémj) versus the higher subbands.

The shapes of higher subbands have also changed slightly: for n < 1, the
subbands are more “bunched” together while the n > 1 subbands are more
spread out. This effect would be reversed for a positive value of D. As for
the width dependence of the energies, although not shown in the figure, we
see the same effect as in the D = 0 case where for large values of ¢ W the
energy solutions appear at similar values for a given gap size. Although not
proven, we strongly suspect that for ¢ggJ/W/ ¥ A the curves would approach
the curves produced by a modified SLG case [i.e. with the addition of Dogd?

to Eqn. (3.3)].
As mentioned before, in Fig. (4.2), there are a varying number of TPESs

for different values of &y and oW for a non-zero value of D. A detailed
discussion on this topic is presented in the next section where we determine

the values of &y and qoW where TPESs disappear.

4.1.2 Transition from topological regime to normal

As mentioned in the previous sections, topological bound states (i.e. TPES)
are only present at certain values of &y, D and W, as seen in Figs.
and . We also know from Sec. that there are none when & 0.
However, for &y < 0, the situation still varies depending on the magnitudes
of jémj, W and D. When D = 0, we either have zero or two topologically
protected edge states at a given &y, W and 7 value due to energy-reflection
symmetry. However, when D 6 0, we can have T0, 1,29 edge states at a
given &y, W and 7 value. How these variables change the topological nature

of the states and the material will now be discussed.

Although we have mostly focused our attention in previous sections on how
the energies of the bound states vary with the gap size, &\, we will first focus
on how these TPESs vary as a function of the width, W. The reason for this
approach is that this knowledge is simpler to attain and will become useful
for finding the variation with regards to the gap because of their intertwined

relationship.

The general wavefunction [Eqn. (4.7))] can be thought of as edge states that
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are localised at r; and r, [7]. The magnitude of the coupling between these
states, which depends on the confinement width W, determines the confine-
ment energy of the overall system. For a fixed gap size & and a large width,
the bound states do not interact, thus allowing them to possess the same en-
ergies, as given by Eqn. (4.21)), which is below &y;. Hence, they are TPESs.
However, decreasing the width of the ring causes the coupling between the
edge states, situated on opposite boundaries of the walls, to increase. This
causes the magnitude of the confinement energy to increase thus eventually
pushing the bound state energies out of the jEj < jéuj region. Below a cer-
tain critical width, W, the topological properties of an evanescent bound

state are destroyed by the confinement effects. This process can be seen in
Fig. (4.3).
To find an analytical solution for the length scale at which topological bound

states become trivial, we assume A % and AW > 1 [58] such that the
Eqns. (4.19a)) and (4.19b)) become

R

coth(%) (4.22a)
Vals = .
tanh(%) (4.22b)

which can be rearranged to become

coth™ (Fx7») (4.23a)

ENH )

W =
tanh ™" (Yx7») : (4.23b)

AN

The topological bound state disappears when jEj  jéuj resulting in a critical
width Wci:

5 9 . .
W, = lim —— coth™ (%(E)%(E)) (4.24)
E——&v KR
and
~ . 2 -1 (= 1\ — I
W, = lim ——=—tanh (fy,—i(E)fy)\(E)). (4.25)
E—)fM K
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Figure 4.3: Transition of the bound states (red and blue circles) between
different limits of W with respect to Weoy. We plot the RHS (orange and
blue respectively) and LHS (green for both) of Eqns. (4.15d) and ({4.150) and
note the points of overlaps (i.e. bound states). The thick-red (thick-blue)
bound state moves from within the gap ( Jémj indicated by vertical dashed
black lines) to outside the gap after W becomes smaller than the critical width
Wy (W._). The parameters are as follows: & = 0.207, D = 0.746 and
QoW = 20, 13.4, 8, 2.3 [(a)-(d)].

Note that the limits were chosen based of Fig. (4.3) where the type (a) and
(b) bound states always transition out of the gap at &y, respectively. The

critical width is found to be

Wci:.l.\/ ! D . (4.26)
a1 DY1+21 D)y

where we have assumed 1~ D? > 0 which is generally true. Notice that the

critical widths are always real for &y 1/4 since jDj < 1. In the special
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case of D =0, W, = W,_ = W, thus giving

~ 1 1
e = Jmi V 1+ 286u (4.27)

where W, is a critical width below which both topological bound states dis-

appear making the system topologically trivial.

In literature, the system parameters of HgTe quantum wells are generally
fiv = 364.5meVnm, B= 686meVnm? and D = 512meV nm? [6[7] with
a variable gap magnitude. To give the reader a feeling of the length scales
at which this confinement effect destroys a TPES, we calculate the critical
widths for a gap parameter of M = 40 meV where we have {, =  0.207 and
D = 0.746. For these values the critical widths are W, = 13.4 ( 7.12nm)
and W, = 3.50 ( 1.86nm). We notice that W, > W,_ for D < 0 and
WC+ < W,_ for D > 0, as can be seen in Fig. . Additionally, one must
note that the approximation A > & and AW 1 can be slightly inaccurate

for the minfW,,, W,_g and thus lead to a minor shift from the actual value.

60
S
§ 40
20
-0.25 -0.20 -0.15 -0.10 —0.05 0.00 -10 -08 -06 -04 -02 00
&m D/IB|
(a) Wt versus & (b) Wy versus D

Figure 4.4: Critical width as a function of &y and D. (a) The different val-
ues of D are  0.746 (solid blue/black for W, or vice versa for W,_), 0.373
(dashed blue/black) and O (red). (b) The different values of &y are  1/4
(red for Wy and green for W._), 1/8 (solid blue/black), 1/16 (dashed
blue/black) and 1/32 (dotted blue/black).

Curiously, varying the magnitude of j&\j causes similar effects as varying
the width. When we are in the deeply inverted region, there are usually
two TPES within the gap for a wide range of width values [see Fig. ]
However, as we decrease the magnitude of the inverted band gap, i.e. j&yj ¥
0, we see states that were TPES become trivial, as seen in Fig. . To find
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the gap values at which TPES disappear, Eqn. (4.26)) must be inverted for

the critical values &yret .

The change of &y oW as a function of goW can be seen in Fig. (4.5). For
a large limit of W 1 [and thus &yer 1 to satisfy Eqn. (4.26)] we find,
via a Taylor expansion of Eqn. (4.26]), that the system has topological bound

states when

1 D
gMciQOW IS — =+ O(chi) . (428>
1 D
For D = 0, we have &yier = Evie— = &me and the limit reduces to

which is reminiscent of the SLG limit [see Eqn. (3.13)], as was also explored
in Sec. (3.1.1]). This value is seen to be an accurate description at large values
of W (2 10) in Fig. ([4.5). Furthermore, in Fig. we see support for
this limit since for the larger width (goW = 100) the limit becomes more

accurate.
—1.0p
-1.1
2—1.2-
5—1.3-
—1.4}
-1.5

0 10 20 30 40 50
qoW
Figure 4.5: Critical &ve oW as a function of qoW. As oW ¥ 1A,

Ene oW X 1. This limit is reminiscent of the case in SLG. D was held
at 0.

In the case of a non-zero D = 0.746 as in Fig. 1) we have &yerqoW =
12.62,0.381g which corresponds well to the transition points between topo-

logically protected and trivial edge states. This is accurate since we have a
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fairly large W = 26.6 in Fig. (4.2).

Generally, TPES are present in un-confined SQW whenever &y < 0 [2].
However, we have shown that when SQW become ring-confined, TPES are
only present if W > W,y and &y < &vesr.  Overall we have found that
quantum confinement of SQW QRs causes some of the TPES that were
present in the initial un-confined SQW to disappear, as in the SLG QR case.

We have now determined and explored the critical limits at which TPESs
appear and have gained a comprehensive understanding of how the secular
energy solutions vary for different system parameters. This section will be
crucial for our understanding of the 7 valley dependence for the subband
energy dispersions which will be discussed in Sec. . It will also aid us
in comprehending results in Chapter [6] where we shall discover connections
between the Berry phase, arising due to quantum-confinement, and the crit-
ical limits at which TPES dissappear. We now move on to determine the

energy eigenstates of Hégwp.

4.1.3 Eigenstates of SQW

The boundary equation matrix determined by the boundary conditions

(1,m)

XSQW(Ti/o) =0

can be shown to be

iWFR _iWR

~ p) (Tn
e Cl

e 2 e 2 Yre 2 ) 0
_iWEk iWR _ WA _ W (m,n)
e 2 e 2 TAEZ e 2 Coy B 0 (4.30)
iWE W& L _ WA . WA (ryn) | — :
TOYE 2 TOYe 2 iTe” 2 iTe 2 Cy 0
_ Wk iWE . WA WA (Tn) 0
TOYRE 2 TOYRE 2 iTe 2 iTe 2 Cax

Using the first three equations in the matrix, we can determine the gen-

) (rn n) )

eral values of 7™ 7™ and {7 in terms of ;™ which allows us to find

the general form of the wavefunction. This derivation can be seen in Ap-
pendix (|A.3]).

However, it is advantageous for us to consider a simplified version of the wave-
function by separating it into two forms that correspond to type (a) states
[i.e. energies described by Eqn. (4.15a)] and type (b) states [i.e. energies de-
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scribed by Eqn. (4.15b)]. This can be obtained by substituting Eqns. (4.16)
and (£.17) into the v, and 4, components of Eqn. (4.30) [l When we then

solve for the wavefunction we find

cosh(A(F—R)) cos(R(F—R))

) 5 - Cosh<¥> cos %
Xsow.a (7) =& " do ir(R24+32) sinh(A(F—R))  sin(&(F—R))
Xcoth(%)—kcot(%) sinh %) sin %)
(4.31)
for type (a) states [using Eqn. (4.16)], and
smh()\(r—}%)) sin(#(F—R))
(r,n) ( ) : P_— ~ s1nh<¥) sin %
Xsqw2(") = ¢ do ir(72432) cosh(A(F—R))  cos(R(F—R))
S\tanh(s‘?‘/v)-i-ntan(%) cosh :\TW cos(%)
(4.32)

for type (b) states [using Eqn. (4.17))], where ¢ and é are normalisation
constants. These wavefunctions are equivalent to those derived by B. Zhou
et. al. [7) [

Remembering that we are working in a ring geometry, the actual wavefunc-
tions are given by ngQW L= (STQ?N ,/ 2mr and ¢STC£,2, y = SQW ,/ 2mr. Both
(;S(Sg\b;gjlf) and ¢(s7(_g7€7v2(~) can be separated into two components which are
associated with the Dirac part and the wing (decaying) part of the wave-

function, respectively:

e () = D () + S (7) (4.33)

where n f1,2g. For ¢(szgw1( ), we have

S () = PE q—>< cosR(r R)) ) (43)

27T cos (% iToYsin(k(7F  R))

3For type (a) states the 7, is found as a function of 7, using the secular equation

[Eqn. (4.15a))]. Then all the 7, components are substituted using Eqn. (4.16]). For type
(b) states, the procedure is reversed where 7, is written in terms of 7, and then substituted

using Eqn. (4.17).

4Minor differences arise due to a choice of basis: we work using the z axis orientation
of r instead of their y axis orientation. Hence there is no effect on the physical results.
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and
,n El do COSh(S‘(f R))
¢SV2J W(>_19:~ — | . ) ~ L (4.35)
aw.! 27T cosh (ATW> ZT%\ sinh(A(7  R))
where ¢; is given by
. 1 e =
5_2_W[ 1+92 ' & } [4(%AT“)+’Y§ 1}tan(“W)
! 2 Lcos?(5)  cosh?(2) k2 + \2 K 2
M Z=f X)) gl I\ie
A 5N AWV
[ 2215 + 5 ] tanh( 5 ) (4.36)

and for qﬁég%z(r), we have

e - pl 9 smRE R) 4.37
dsqw.2.p(7) pﬁ sin <TW> ( iTo, cos(F (T R))) (4.37)

and

where ¢; is given by

&2 = _~ [ 1+ 7 ! A } [4(077:)\ :i_ ®) + i 1] cot(—% ~ )
2 2 [sin®(%F)  sinh?*(2) R2 4+ \2 R 2
4225 ) =+l AW
A 25Y
— + 2= coth(——) . 4.39
{ 24 A2 A } ) -

Upon seeing the separated wavefunctions, it is obvious that Eqns. and
have identical forms (up to a constant factor) to the wavefunctions
obtained by the 1D Dirac equation, given by Eqns. and . This
exemplifies the Dirac nature of SQWs with however the noticeable addition
of the wing states which play a particularly observable role close to the edges
of the ring [7]. The forms of the evanescent eigenstates, when iEi < jéui,
can be seen in Appendix (A.4)).

We have now obtained the forms of the eigenstates and energies of H:égw 0-
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In the next section, we use these results to change the basis of Hégw,l using
the eigenstates of H:égw,o- This will eventually allow us to find the azimuthal

(i.e. 1) dependence of the subband energy dispersions.

4.2 Finding the azimuthal dependence

The Hamiltonian associated with the azimuthal motion, as given in Eqn. (2.17b)),

can be reworked to become

[ 12 12

]—Iég\,v’1 = hv; 09 —B03 Dﬁao
l 12 - [?
:EO ;02+f—203 Df—20'0 . (440)

where we have made use of our parametrisation definitions. This Hamiltonian
determines the total subband energy dispersion and transport properties of
the material due to the inclusion of the azimuthal motion of particles in the

ring.

The only symmetry present in the H QW | Is given by

TN - TN T TN Lt
hgb(SQV%/ o) HéQW 1 J¢SQW 1= h¢éQV2/ J HSQ)W 1 J¢(SQ\A2 ol -
which is due to the Hermitian nature of the Hamiltonian. Unfortunately,
since energy-reflection symmetry does not generally hold, there is no sym-
metry in the diagonal terms such as in the SLG and TMD cases that would
simplify our calculations. Thus we have to apply the general change of basis
to Hégvm using the eigenstates of Hégwo-
We find that the matrix term hngQWj HSQW 1J(bSQWI can be shown to be
w
2

(m,n) T (ryn)

+
) -
h¢s€£¢v 1JHSQW 1 J¢SQW 1= /R PsOW 1 SQW 195w 1 27 dr
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~ 2 ~
D;2<cos(/\a(r R))cos(A\3(F R))
+p% /81n(A5(r R))sin( Ao (7 R)))]df
8
(4.41)

where 110 = 1, Ay = i\ Xy =R, 71 = 1/9 and v = 07,. Note that here
« 1s used as a summation index and does not indicate the material as in the

methodology. Using j¢(sTanzz72i, we have

R+ W
N T (rn
h¢SQW QJHSQW 1 JﬁbsTQr\lzv ol = /R - ¢SQW2 SQW 1¢STQW2 2mr dr

2

R+W 2 TaTh
= CQCQEQ/ -

i oW
a= 15 1s1n()‘2W)sin( 5)

[717'(7'&7'5 T4sin(Aa (7 R))cos()\'ﬁ(f R))

+Tatad TSNP R))cos(ha(F R)))
2 3 _
+ = <sm()\ (7 R))sin(A3(7 R))

TaTé,ya,y//BpTa/ Técos()\’ﬁ(f R))cos(Aa (7 R)))
-2

D7:2<sin(/\a(7? R))sin(\;(F R))

+7‘a7'é7a7/’6p77—a\/>7-écos()\'ﬁ(f R))cos( A (7 R)))}df
(4.42)

and matrix elements that couple states jqﬁ(STQ?,V (i and j¢ég€v)72i can be written
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as

h¢87<£72/,1jH égw,l j¢g<§zv),2i = /R ¢(S7E£7V 1 SQW 1¢SQW o 21 dr

2

+T[wa’/g£:fcos%(f R))sin(Aq (F R)))]df . (4.43)

When we apply the realistic assumption that the aspect ratio e =~ W/R is
small, i.e. ¢ 1, the exact solutions to these matrix elements can be found
for orders of € via a Taylor expansion. The solutions to these integrals, in this
regime, can be found in Appendix (B]) where we have tabulated the relevant

integrals up to order €2.

In the following section we explore the relative magnitudes of the matrix
elements and discuss which contributions can be neglected and which must
be taken account of. It is our aim to convince the reader that inter-subband
interactions between n and n’ & n can generally be ignored thus allowing
us to purely consider the (n, n) energy subbands dispersions for SQWs,
as in the cases of SLG and TMD. Although this was also considered in the
methodology section, we feel it prudent to show the validity of our method

due to the breaking down of energy-reflection symmetry in this case.
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4.2.1 Magnitude of matrix elements

Using the integrals in the Appendix , we can determine that, when €

W/R 1, the largest contributions to the Hégwg are the linear [ terms from
the h¢g(§‘2,’1j H&Q)WJ j¢(s:§T\Lz/\/),2i matrix elements. These are the only terms that
are proportional to the first order of e. They couple type (a) and type (b)

eigenstates [arising from the Eqns. (4.15a]) and (4.15b))] which correspond to

odd (even) and even (odd) eigenstates for positive (negative) n, respectively.

In general, when energy-reflection symmetry holds (D = 0), the largest cou-
pling terms are between n and n states, which are always of different types,
as discussed in Sec. (2.2)). The reasoning for this parallels that for SLG where
the difference in the magnitude of I = 0 subband energies governs the cou-
pling strength between the subbands. The larger the difference, the smaller
the coupling. Thus in this case, the relative magnitudes of matrix elements

are very similar to those of the SLG case.

However, when D 6 0, the strength of the coupling becomes somewhat
murkier due to the fact that energies differ in magnitude for n subbands
because of the asymmetry of the [ = 0 subband energies. Nevertheless n
and n states still have the strongest coupling for the lower subbands. This
is because the coupling depends on the magnitude of the energy difference
between the eigenstates which is relatively small for lower subbands. How-
ever for higher subbands this reasoning does not hold due to the increasing
energy difference and asymmetry of the [ = 0 energies [see Fig. (4.2)]. Thus
it becomes possible for higher subbands to be significantly influenced by
neighbouring states since the energies become relatively small. Hence, we

only fully trust the approximation described above for the lowest-subbands

results in SQW.

So far we have only concentrated on the largest matrix elements of first order
in € for which we have established a hierarchy. However, there are also €2 or

higher order contributions, some of which cannot be neglected.

There are only odd orders of € terms in hqﬁéga,’lj H§8W71j¢ég$72i. Thus in
these matrix elements, the next order terms are 3rd and higher and can be
neglected because they would be multiple orders of magnitude smaller than

the € terms.
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(r.n)

On the other hand, same type coupling terms (hgbéga,nj Hégwg 16sGw 1) only
have even orders of €. Once again the magnitude of individual terms depends
on the difference of the energies AE™") jEéa?,\),Oj jEég};,)oj the larger
the energy difference, the smaller the contribution. Thus we can ignore €
and higher order contributions of inter-subband coupling terms (i.e. n with
n’ & n) since the energy differences between subbands that are separated by
another subband is relatively large ﬂ However, the diagonal matrix terms
of order €2 that couple an energy eigenstate with itself (AE™™ = 0) have a
significant contribution to the energy subband dispersion as in the SLG case

which cannot be neglected.

Furthermore, notice how the orders of e are very similar to the SLG case
[in Sec. ] where off-diagonal terms possess only odd orders and diagonal
terms have only even orders of €. This is one of the indications that we can
mostly follow the same reasoning as for SLG and hence trust the (n, n)

subband dispersions.

A comparison of the effects of inter-subband coupling terms and diagonal
subband contributions on the lowest-subbands (n = 1) can be seen in
Fig. with parameter values that correspond to a realistic Hg'Te quantum
well ring. We plot the lowest-subbands with and without inter-subband
coupling from n = 2 and find that the difference between the dispersions
is negligible for the region of realistic azimuthal motion (I < 50). We also
find, as expected, that neglecting the diagonal €? coupling terms yields a less
accurate approximation of the energy subband dispersion and thus must be
included in the matrix elements of HéTQ)W’l. However the off-diagonal €* and
higher order (n, n) contributions to dispersion are seen to be negligible.
This all supports our previous reasoning.

Thus, we have shown that the Hégw,l can be separated into the block diag-
onal (n, n) subband Hamiltonians H(S%ﬂ\ja)l. The exact form of the subband

dispersions is derived in the following section.

5Remember that they are separated by another subband due to the alternating types
of states.
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Figure 4.6: Lowest-subband dispersion for a HgTe quantum well with and
without coupling from n = 2 states. All diagonal and off-diagonal coupling
terms between subbands n = 1, 2 (solid), 1,2 (dashed) and 1 (black-
dotted) are included to produce the lowest-subband dispersion. The red-dotted

line ignores the diagonal € HéTQ)W’l terms. Other parameter were set constant

at oW =531, D= 0.746, & = 0.207 and W/R = 0.025.

4.2.2 Subband energy dispersion

The block-diagonal (n, n) subband Hamiltonian up to the first order of
e = W/R in the (n, n) coupling terms (off-diagonal terms) and € in the

diagonal terms can be shown to be

(T:m)
HSQW Ey

=

~(rm ~ 0\ 2 2 -
Eédvez,o I (%) ASQWJFZQ( ) Tsqw ZTEASQW

T Aow B I (%) Nsqw + 12 (%) Thow )

(4.4

where we construct the basis such that Eég\l,\),’o is the energy of a type (a) state

[Eqn. (4.15a))] and E&Q;\?O is the energy of type (b) state [Eqn. (4.15b))] H

6Recall the n subbands are always of different types.
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The different components are determined by the following functions

C TaTB
AG.p0) =33 _
(0.0,0) = 73 T ) ooy 2

Ao Mg (Ao Ag)?
- AatAs)W o QatrAp)W
+(0+p) o ( ) o ( 2 ) (4.45)
2 Ao + g (Ao + Ag)? ’

and

_ p,
where Asqw = A(Z2=, PZ=,0), Asqw = A T ot T 5), Tsqw =
T (e, P, 0,1) and Thoy = Y75 7 7ava’ 7ar 3, 1) The oft

diagonal terms are given by

2 2 /
_ad TaTp
Asqw = WZZ . . AW
a=1p=1 cos(2%~) sin(~5—)
e Ve T A o rlyh) T A
V—ra 7878y T8 “n (Ao AW e 878\ T8 i (Ao + X)W
Ao g 2 Ao + g 2
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The eigenenergies, E’éaé[vn), of the n subbands are found to be given by

(T, En)
ESQ\A;L =

~(T,n ~(1,—n i) 2 i) 2
ESwo + ESowo I (%) (Asqw + Agqw) + 12 (%) (Tsqw + Tsqw)

~(T,n ~(1,—n i) 2 i) 2
[(EéQV\)ZO Eéqw,% I (%) (Asqw AISQW)+Z2 <%> (Tsqw TISQW))

2
W 2
+ 12 (R) jASQWjQ]

(4.48)

Unfortunately, so far we have discovered no simplified expressions for the
components of the subband energy dispersion, unlike the dispersion equations
for SLG and TMD. This is due to the extra layer of complication that is
present due to the existence of wing states, as seen in Eqns. and
, and the lack of energy-reflection symmetry for a non-zero D.

Now that the general subband dispersions have been obtained, we proceed
to study the qualitative features of these dispersions. To do this, we consider
the simplified D = 0 case first. Once we have understood this instance, we

proceed to the more general D 6 0 situation.

Energy-reflections symmetric case

Firstly, we must note that for D = 0, the subband dispersions can be sig-
nificantly simplified since Eéa%o = Eézz;&%, Asqw = Agqw and Tsqw =

Tsqw- Ean. (4.48) can thus be expressed as

~ 2
~(T,En w
Egw = Ir 7| Asaw

r 2

~ 2 ~ 2
—(7T,n W W H H
Eécévefp + 12 (E) TSQW + 12 (E) JASQWJZ

2

1
2
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In Fig. 1) for D = 0, we depict the relative positions of the 7 flavour
subband energy dispersions for {ygW = 2 (inverted gap with TPESs)
and &yqW = 0 (non-inverted gap), as a direct comparison to Fig.
for the SLG case. Although visibly different from Fig. , once again,
we discover that for n = 2 the 7 flavour dispersions swap positions, i.e.
7 = 1 dispersion shifts from being on the left (in inverted gap {ugeW =

2) to being on the right (non-inverted gap &vgeW = 0) of the 7 = 1
dispersion as they transition between the two topological phases. However,
this swapping phenomenon does not occur for the n = 1 subband which

indicates a qualitative difference between the topological and trivial states.

12 ==='====='==_-" ' ‘,,;====;:= 495 ~~~‘~.\ """
B - S SO S S
§ O § 4.90
& 12 S 485
g 10 9% 4.80
y 0.8 53]

0.6 475

6 -4 =2 0 2 4 6 6 -4 -2 0 2 4 6
i l
(a) lowest-subband (b) Second lowest-subband

Figure 4.7: Plot of general subband energy dispersion of lowest (a) and
second lowest (b) subbands for oW = 53.1, W/R = 0.1, D = 0, &uqoW =
2 (solid) and 0 (dashed) with both flavours T = 1 (blue) and -1 (red) at

I". Notice that for (b) we still have a gap because Eéa,)v 6 0 due to the
confinement-effects that increase the confinement energies in the material.

We expect, as in the SLG case, that there is a value of &yqoW between

EmqoW = 2 and 0 at which the two flavours have an identical energy
dispersion, i.e. Eéz’;\l;l) = Eégg;v’””, thus leading to a zero shift between the

dispersions. The value at which this occurs corresponds to when Agqw =

sqw = 0 which causes zero 7 dependence in Eqn. (4.49) (hence no shift
between 7 flavour dispersions). Additionally, by observing the subband
dispersion equation [Eqn. (4.49)] one can determine that the shift in [ values
between the different 7 flavour subband dispersions is directly proportional

to the size of Agqw. This will be explicitly shown in Chapter 6]
We plot Agqw as a function of the gap size in Fig. (4.8)). This allows us

to gain an insight into the magnitudes of the relative shift between the 7
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dispersions. Transitions from negative to positive values of Agqw only arise
for subbands with n > 1, similarly to SLG. Thus we can see points at which
Agsqw = 0 for these subbands. Additionally, the lowest-subband never swaps
positions of the two flavour dispersion curves as we transition between the
two regimes. This striking feature seems to be a signature of the topological
nature of the state. Additionally, Agqw as a function of &y monotonically

decreases for n = 1 while it monotonically increases for n > 1.

04
0.3}
0.2}

01 3 \

-4 =2 0 2 4 6
EmqoW

Figure 4.8: Agqw as function of & at a fived width oW = 26.6 for the
three lowest-subbands: n =1 (red), 2 (blue) and 3 (black). Other parameters
were held constant at W/R = 0.1 and D = 0. We choose to plot AsqwaqoW
since it is then unit-wise equivalent to U'sp,q from Fig. .

Asow qoW

Now, we shall explore the gap value at which Agqw = 0. Recall from
Sec. that, in the SLG case, the zero point corresponded perfectly
with the transition point between the topological and trivial phases of the
material. However, contrary to the SLG case, the “swapping” point of the
7 flavours in SQW does not occur at &yeqoW 1 [Eqn. ] and hence

does not correspond to the transition point from the trivial to the topological
regime as discussed in Sec. (4.1.1)).

We have now seen some of the different features between the lowest-subband
and the higher subbands for an energy-reflection symmetric SQW QR. Now,

we move on to analysing the differences that arise due to a non-zero D.
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Non-energy-reflection symmetric case

CHAPTER 4. SEMICONDUCTOR QUANTUM WELL

For D 6 0, we once again show the swapping of 7 flavour dispersions for
the n = 2 subband in Fig. (4.9) as we tune from a deeply inverted gap

[EmqoW = 7 in Fig. (4.9a)] to a zero gap [&mgoW = 0 in Fig. (4.9b))].
8.3855 _ OBBISK
° 83854 g \ %
X < /
= 83853 s 08810 .
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(a) EmgoW = 7 (b) &nmgoW =0

Figure 4.9: Plot of a SQW QR n = 2 subband energy dispersion when (a)
EmqW = 7 and (b) &ugoW = 0 with both flavours T = 1 (blue) and 1
(red). Other parameters were held constant at qoW = 26.6, W/R = 0.1 and
D = 0.746.

We also depict the n = 1 subband dispersions in Fig. for EqgeW = 7
and &yqoW = 0. Here we see that the subband flavours do not swap forn = 1
which shows the difference between the topological and trivial subbands.
Additionally for &yqeW = 1 subband so that one

can see the gapless nature of subbands in the deeply inverted gap regime. One

7, we also plot the n =

can also observe that due to the lack of energy-reflection symmetry, we see a
shift in the energies are not symmetrically distributed around Eéa%), =0, as
previously discussed in Sec. . In Fig. we also observe that when
the band-gap &\ is zero, there is still a gap between the n = 1 subbands

due to the confinement effects, as in the D = 0 case.

Contrary to the energy-reflection symmetric cases, the 7 flavour dispersion
shift now differs not only for different n > 0 subbands but also for n
4.11)). ()

In this case, for energies Egqy
Eég\;)/,o , the shift between the two flavours is approximately proportional

subbands as we will see in Fig.

to Asqw for type (a) and Agqy for type (b) subbands ﬂ In particular, the

"This is generally true for the regime of interest since a small change in the energy
causes a large change in the azimuthal quantum number [see as an example Fig. ]
Since we deal with jlj < 50, we stay in this regime.

8This will be definitively shown in Chapter @
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Figure 4.10: Plot of a SQW QR n = 1 subband enerqy dispersions for
EmqoW = 7 (solid) and &uqeW = 0 (dashed) with both flavours T = 1
(blue) and -1 (red). Other parameters were held constant at qW = 26.6,
W/R = 0.1 and D = 0.746. Then = 1 subband of &EvgeW = 0 is not
included since it has negative energies and would unnecessarily complicate
the figure.

zero shift difference between the two flavours occurs when either Agqw = 0

or Agqw = 0 for their respective subband types.

We plot Agqw [for type (a) subbands] and Agqy [for type (b) subbands]
as a function of the gap size for n = 1, 2, 3 in Fig. (£11). We see
that the jnj > 1 subbands transition from negative to positive values of
Asqw (or Agqw) as the gap size is tuned from a deeply inverted gap to a
non-inverted gap. However, as in the D = 0 case, it can be seen that the
n = 1 subbands are always positive and do not possess a Agqw = 0 or

sqw = 0 point, respectively. Furthermore, the Asqw and Agqy values
of lowest-subbands monotonically decrease while the higher subbands seem
to generally increase ﬂ Since these features are present in all cases consid-
ered thus far, it further demonstrates the curious and unique nature of the

topological subbands as compared to the trivial ones.

As shown in Fig. (4.11)), we find that the swapping points (i.e. Agqw = 0

or Agqw = 0) do not occur at &uverqoWV, as given by Eqn. (4.28) for large
qoW, and as such is not a clear indicator that separates the topological from

9Unlike the D = 0 case, the higher subbands do not monotonically increase anymore
as we can see a bump in the n = 2 subbands.
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Figure 4.11: Agsqw for type (a) states and Agqw for type (b) states as
a function of gap size &qeW for a SQW QR where the different subbands
are given by n = 1 (solid/dashed red), 2 (solid/dashed blue) and 3
(solid/dashed black). Parameter values were kept constant at oW = 26.6,
D= 0.746 and W/R = 0.1.

the trivial phase as was the case for SLG. We also notice that the swapping
points are notably shifted compared to both the SLG and SQW D = 0 case.

We will continue our discussion with respect to the differences between the
topological and trivial regimes as we explore these concepts in further detail
when investigating the QR Berry phase in Chapter [l We have now compre-
hensively explored the radial properties of the SQW ring system such as the
change in its topological nature when confined. However, a complete insight
into the physical consequences due to the azimuthal motion determined by
H (Ej{ is still missing. Thus we find it a necessity to explore the transport
properties of SQW (and SLG, TMD) ring systems in order to truly see the
effects of the H fj} Hamiltonian. In the next chapter we determine the form

of the conductance for these QR systems.



Chapter 5
Conductance

This chapter focuses on the conductance properties of the ring-confined sys-

tems and is divided into two parts.

In the first part of this chapter, we concentrate on developing the general
formalism and properties of the conductance without specifically applying
this formulism to the individual materials. We begin by deriving the non-
material specific forms of parameters: § S 65" /2 and ¢5 B W as was
discussed in Chapter [2l These parameters are then expressed in a simplified
form, via symmetry arguments regarding real and pseudo-spin degrees of
freedom, and implemented into the conductance. After this, we explore and
suggest experimental strategies for determining these dynamic and geometric

phases at zero and non-zero magnetic fields.

In the second part, we determine the explicit forms of eg’”) and XS’") for
the massless-Dirac SLG, TMD and SQW rings. The dependence of the con-
ductance as a function of ¢ and Fj, for these materials is presented and the
appearance of resonance peaks and troughs are discussed. Finally, we explore
the behaviour of the 7 flavour conductance peaks and their relative positions
and connect this back to the 7 flavour energy dispersion swapping that was
discovered in the Chapters [3] and [4

75
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5.1 General conductance derivation

By construction, in the QRs, we have an anticlockwise and clockwise moving
partial wave that are classified by the angular quantum numbers lS:’”) and
I ’n), respectively, as can be seen in Fig. . When the ring is connected to
leads, an electron injected into junction j from a lead state jv;1 with injection
energy Ei, > 0 will be in the interferometer state

jEin, l/ji — CSZ_’J') UT(SD s0]) eils:’v”)((p_@j) J(I)(n) i

lS:’"),a

+" UL (o [y + 2m]) e erlert2) @

l(_T’n),a

(5.1)

where we adopt the convention that 7  ¢; < m and ¢ > ¢; and cijj)
correspond to the scattering amplitudes f3;, 879 and fv;,77g. At this point
we remind the reader that we have defined U, () expf i7% ¢g as in
Chapter [2] Additionally, note that the phase shift of 27 between the right-
moving and left-moving partial waves (having azimuthal quantum numbers
ZS:’H) and l(f’n), respectively) is required to account for the initial conditions

associated with electron injection.

Figure 5.1: An injected wave with amplitude oy is partially reflected via a
wave with amplitude o, and partially transmitted into the ring via waves that

are categorised by their angular quantum number lS:’n) and 1. l(f’”) and
1™ are constructed to travel anticlockwise and clockwise, respectively.

Given an electron injection energy Ej,, the lg ™ are determined from the re-
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lation Ej, = Eén)(lg ’")). The anticlockwise or clockwise movement associated
with 7™ is determined via the velocity v, / sgn(@Ec(Mn) /0l) = 1, respec-
tively. Note that, for the SLG, TMD and SQW ring conductors considered

here, we generally have l(j’”) & 1™ even with magnetic flux ¢ = 0 [see

Figs. and (4.10)]. We adopt the same notation as in Ref. [35] by using
the states Uy ( g@)j@??n) i as a basis and observe that U, (27) = ee™ with
(o = 1 for the materials that are of interest to us ﬂ Then, using Eqn. (5.1))
in the new basis, we locally match the lead and ring states at the junctions
and determine the transfer matrices through the upper and lower ring parts

connecting the junctions 1 and 2. These are found to be

. (m,n)
L (rn X1 0 !
ﬁ? = 67195 : ¢ () ﬁl , (5.2&)
52 0 e "™ 51
. (m,n)
L (rn X2 0 !
( " > — ( ¢ e > ( 2 ) , (5.2b)
sl 0 e "2 Y2

with the phases

l(Tfn) + l(Tm’)

e = e (1 10 11).
(5.3a)

n l(’rvn)_’_l(_'rvn)

957) = T — 5 (P2 1) (5.3b)

( 'n,) l(Tfn) l(Tan)

X1 = %(274'@1 ©2) (5.3¢)

(m,n) lgj':”) l(j’”)

o = BB (5.3

where «;, 8; and 7; are denoted in Fig. (2.1)) of Chapter [2l The transmission
function (and therefore the electric conductance) through the ring is found

to be a function of the geometric phase

o = g e (5.4a)
- [zf")@) +17 (4) + 1} , (5.4b)
™ [zi”‘)(o) +17™(0) + 1} +om g (5.4c)

0

!As an example of a material with a different factor, bi-layer graphene has ¢, = 0.
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that depends explicitly on the magnetic flux ¢ penetrating the ring, and the

(1;n)

flux-independent dynamic phases x; 4 . For a symmetrically connected ring

(i.e., when ¢y 1 = 7), we have
(7_7”) _ (T’n) (T,n) _ Z(Tfn) l(T)”) z 5 5
X1 = Xe Xs = <+ - )2 . (5.5)

The transmission probability of the ring is then given by Eqn. (2.40) (orig-
inally derived in Ref. [35]) with the correspondences ¢, B ¥\ and § B
6™ /2, that is

T, 057, ) =
4 €2 sin \™ cos? (eg’”) /2) (5.6)

(.n) (rn)

(a2 + 02 cosO™ (1 e.)cos2x™™]2 + €2 sin? 2!

Remember from the definitions in Chapter [ that €. is a coupling parameter
that arises from the S matrix which couples the source and drain leads to

the ring.

The total conductance is obtained by summing over transmission probabili-
ties in all open channels that are associated with the real-spin and 7 flavour
degrees of freedom as stated in Eqn. . In SLG and SQW rings, there
is no real-spin dependence in the dynamics considered here and thus is ac-
counted for by a simple degeneracy factor. In TMD rings, due to real spin-
splitting, the summation of contributions from real-spin is non-trivial [see
Fig. (3.5))]. Since particles with the same 7s3 factor have similar phases and
transmissions (as we will see in the following sections), this can simplify our

calculations. However, we still have to sum over all 7 and s3 separately for

TMD QRs.

The ring transmission has a 7 or 7s3 flavour dependence because, by virtue

of time-reversal invariance:
10y = 15"(0) (5.7)

where n = 7 for SLG & SQW and n = fr,s3 = 7g for TMD H Therefore

2Here for TMD we have just added an extra index to the terms, e.g. lg:]’n) l(iT"%’n).

Additionally, s3 can be expressed as 7 to simplify our future expression.
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we find
X=X (5.8)
o0 = o (% + %) + 7660, (5.8b)
where we define
00 = [187(0) + 1 (0)] (5.9)
for SLG & SQW and
500 = 7 [z%il’")(O) + z&lvﬂ””(oﬂ (5.10)

for TMD. The quantity 69&”) is what we call the correction to the confinement-
induced Berry phase. This is because although 0&"’") nominally includes the
Aharanov-Bohm phase, 2w¢/¢q, and spin-1/2 phase, m, the extra ring cor-
rection term, 59@, has so far been given very little attention, if any at all.
However, this term turns out to play an important role in the form of the
conductances which we shall see in the later half of this chapter. Looking
closely, we also realise that 50;”) is proportional to the shift between the 7
flavour dispersions that we analysed for SLG, TMD and SQW QRs and must
thus also be related to the quantity I'y (or Asqw and Agqy for SQW QRs)

that governs this shift. This property is also explored in the later sections.

The ring conductance for SLG and SQW QRs are thus given by

G=— T (X, 0mm) e) (5.11)

T=—1,1

For TMDs, we use the modified version:

G=— T (x5, 655 ) (5.12)

S

that takes into account the real spin solutions separately.

In the next section we present measurement strategies that may be imple-

mented by experimentalists to detect the dynamic and geometric phases.



80 CHAPTER 5. CONDUCTANCE

5.1.1 Detection methods

An important feature of the conductance is the existence of peaks and troughs
(i.e. resonances) for certain configurations of non-material related parameters
(¢ and Ej,). If we can determine the connection between these configurations
and the dynamic and geometric phases, then we may find a simple method to
measure these quantities. In particular, there would be an interest in measur-
ing the correction to the confinement-induced Berry phase, 59;"), for which
we will develop specific measurement strategies in the following sections.

For a fixed value of ¢, the magnitude of conductance changes when Fj, is
varied. We find that minima usually occurs when Xé"’") = pm where p 2 Z
which causes the sin(x\"™) = 0 in the transmission function [see Eqn. (5.6)].
The energies at which these zero conductances occur are denoted by Egi)n.
There are exceptions to this feature when the denominator is also zero which

we explore below.

In the case of a varying ¢, we can observe that the conductance has a peri-
odicity of ¢g. We have seen in Eqns. ((5.11]) and (5.12)) that the conductance
is an accumulation of individual contributions from the 7 flavours, which

exhibit different 65" values [see Eqn. ] We can find their individual
conductance peaks as a function of ¢ by setting Hé"’n) = 2mm where m 2 7.
This particular Hé"’n) value causes the transmission denominator to become
a minimum and its numerator to become a maximum thus resulting in a res-
onance point. Since the 9&"’") value at which this happens varies depending
on 7 flavours, we find two different resonance points, respectively. The ¢

positions of the conductance peaks are thus given by ¢{"™™ where

1 o
(nn,m) _ - g ) 5.13
R (5.13)
The shape and width of the resonances can vary depending on the x(»™ and
thus Ei,. These peaks are particularly visible when we tune the energy such

that x™ = pr (as mentioned before) for which

62

G = % |:5¢, ¢$‘n,n,m) + 5¢’ ¢£—n,n,m):| . (514)

Notice how the peaks are symmetric around ¢om and ¢o (m  1/2). For
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most other values of Ej,, these peaks broaden and start to overlap and even-
tually result in the formation of an accumulative peak or trough at ¢gm
or ¢g(m  1/2). This causes the two separate n contributions to become

indistinguishable.

Thus for most fixed injection energy values, there are generally resonance
areas [this is explicitly shown in Fig. (5.3)] around ¢ = ¢gm or ¢o (m  1/2).
It turns out that the ¢ position where the resonance area occurs is determined
by the sign of Cos(éeé")). This dependence is shown in the following derivation

where we sum over the 7 valley conductances using Eqns. (5.8b) and (5.11)
when ¢(™ = 5 do:

6(17’”) 0(—1,’)7,)
G (¢™)) /£ cos? (gT) + cos? ( g2 )

/2 (m + 599) i (m 59@)
2 2

/1 €™ cos (59?)) , (5.15)

where we are at a constant injection energy. Note that this is possible since
the cos("™) = cos(65 ™) value and y{™™ of the conductances stay con-
stant for different 7 values, as shown in Sec. . Generally, a positive value
of cos(59é")) corresponds to a trough and a negative value to a peak. However
as shown before, at certain injection energies FEj, Eﬁﬁ)n,

appear in the interval of 27 due to narrowing of individual 1 conductance

more peaks can

contribution’s peak widths. In this case, a negative value of COS((SQén)) will

represent a local minima.

Eqns. and present us two semi-independent methods that would
allow experimentalists to measure the correction to the Berry phase, (50@.
The first method, using Eqns. , one can determine (59? by tuning
through a period of ¢ for Y™  pr and making note of the ¢ separation
of the 7 peaks. This method is completely accurate when jéﬁé”)j < .

However, for j59é")j 7, there is a certain amount of ambiguity due to the

3For SLG and SQW, this calculation should be straightforward. For TMD, this propor-
tionality rule is only valid when we purely consider the separate 7s3 conductances where
we also sum over the 7 = 1 valleys keeping 7s3 constant. This is because Mén) may vary
for different values of 7s3.
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periodicity of the conductance as a function of magnetic flux. Fortunately,
it turns out that most (56&") values have a magnitude that is smaller than 7

which is shown definitively in Chapter [6]

The second method can be implemented close to zero field strength where
we can determine a range within which the confinement-induced Berry phase
must be due to the presence of a peak or trough. Although this wouldn’t
give us the exact value of (5«9?), unless we already knew the exact Ej, value,
it would give us a range (2m + 1/2)7 < (Wén) < (2m + 3/2)m (if a peak is
present) or (2m 1/2)w < 50&”) < (2m+1/2)7 (if a trough is present) when
¢ = 0. Additionally, when (Wén) = (2m + 1/2)7, we have a ¢ periodicity of
bo/2.

We now proceed to find the specific theoretical values of 665" and yv{™™ for
the materials: massless-Dirac SLG, TMD and SQW rings. The form of the
conductance as a function of the relevant ring parameters are then shown
and discussed with reference back to results from this section. For simplicity,
we define AE;, E; E&n’n)(O) henceforth.

5.2 Massless-Dirac single-layer graphene

For a perfect SLG QR, we can rearrange the subband dispersion [Eqn. (3.33)]

for [+ to find the relevant equation for the phases:

ey €2 E.
560 = 2 CR ; — (5.16)
<# (—:) (;62) Egrq (0)
m(2n—1) m3(2n—1)3
1 E;
(5.17)

(n3) EGE(0)
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and

2 2 2
4 2 L Ein
(t,n) (W3(2n_1)36 ) " <7r(2n_1) 6) (|:Eé£g (0):| 1)
X 2

=7 (5.18)

s 2 2
2 4
(71'(211—1) €> (71'3(271,—1)3 €2>

py/E [Eo)

T oIV (5.19)

where Eé{g)(O) Eéfg{o, as given by Eqn. (3.17b)), and in the second line of

the equations we have discarded the higher order ¢ ~ W/R terms since €

1. Interestingly, the confinement-related contribution 50?) to the system’s
geometric phase is approximately constant for a fixed device geometry, and
is even a universal function of Vy/(hv/W) in the limit of small aspect ratio
W/R. Thus a useful separation of parametric dependences occurs, where
™ varies strongly with the Fermi energy Ej, in the leads but is independent
of the magnetic flux ¢, while eg’") depends on the magnetic flux but only
weakly on Fj,. Studying the ring conductance as a function of both ¢ and
E;, will therefore allow, in principle, to extract the relevant ring-structure

parameters.

Using Eqn. (5.11]), we can plot the massless-Dirac SLG conductance G as a
function of energy difference AFE},, ¢ and energy levels n. For the n = 1 sub-
band, the conductance versus injection energy for different lead transparency
values can be seen in Fig. .

We see that the shape of the curves are similar to those from Ref. [35] but are
warped due to the parametrisation of s in terms of energy. When e, = 1/2,
the junction is transparent for electrons travelling from the lead to the ring
(or vice versa) and thus there is a high amount of transmission as compared
to the ¢, = 1/4 and 1/16 cases. However, there is a zero conductance value
situated at Er(fl)n

of the partial waves within the ring. In the cases of ¢, = 1/4 and 1/16, we

that is attributable to the perfect destructive interference

see that there are only strong resonances close to the E™ value. This is

min
because as the junction becomes less transparent, the resonances are sharper

and harder to tune to.
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0 2 4 6 8 10
(z,1) -3
AE;, [ ESD0) [x107°]
Figure 5.2: Figure of massless-Dirac SLG conductance G [Eqn. ] as
a function of energy AFEy, for different values of lead transparency e, = 1/2

(dotted black), 1/4 (dashed red) and 1/16 (solid blue). The other parameters
were held constant at W/R = 0.1, n =1 and ¢/¢y = 0.1.

We also notice an eventual elongation of the resonance region as we increase
FE,,. This is due to the parametrisation of x, in terms of the energy which
behaves as xs / \/ E2  ES?(0)2. This means that as we increase Ey, the

maxima become separated further apart and elongated. Additionally, there

are consistently two resonance peaks (particularly visible for e, = 1/4 and
1/16) that appear to surround a minimum that is described by x(™) = pr,

as mentioned in the previous section. These minima, where G is given by

Eqn. 1) can be found at energies Er(fi)n:
BY) ( 2 )2
YAl —— €
T

Pol(mie) Gawe)] om

where p 2 Z. This equation corresponds very well to the G = 0 points in
Fig. (5.2]). Notice that the very first minima occurs at p = 0 which gives

Jo) \/ ( 9 )2
—min 1 () (5.21)
ESe, m(2n 1)
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This value has an energy Fj, that is smaller than Eéig) o and corresponds to

the vertex point of the subband dispersion. Although not explicitly shown
in Fig. (5.2)), we can see indications of this point since the conductance rises

for AF;, < 0 to form a maxima.

In Fig. (5.3) we display a contour plot of the conductance as a function
of both injection energy and magnetic flux. We observe that, as expected,
the conductance is periodic with period ¢q. It is also visible to us that the
resonance area [see definition in Fig. (5.3))] is centred around ¢/¢o = m which
indicates that (2m/ +1/2)7 < 660" < (2m’ + 3/2)7 where we have made use
of Eqn. . Using our analytical expression for 5Qén), we find that this is
indeed true since 69&1)/ 7 = 2/7 which is within the range.

[\
S

14

[E—
()

9

AEi, | ES20) [x1073]
=

00 05 10 15 20 25 30
b/do

Figure 5.3: Contour-plot of massless-Dirac SLG conductance in units of
e?/mh as a function of AFEy, versus ¢/¢g for e. = 1/4, W/R = 0.1 and
n = 1. We see the persistent periodicity of G as a function of ¢/¢g. What
we name the “resonance area” is indicated by the red box which is currently
centred around ¢/¢pg = m but may shift to ¢/po = m  1/2 depending on
system parameters. The two separate T valley conduction peaks that occurs
in this area are circled in green [also shown in Fig. ]

Additionally, if we take a look at the ¢ dependence of the figure at the
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energies close to EP e see the predicted two valley splitting that becomes

apparent (in the figure, we have circled samples of these peaks in green). For
E; E&)n, we plot this dependence in Fig. 1} The difference between
the 7 valleys conductance peaks is equivalent to (50!(;) /7, as anticipated from

Eqn. (5.13), which should allow experimentalists to determine 59{(;”).

1.0 :
[ I ‘
08 D EE— o>t
(n) (n)
ygoe6b || %% 0%
- T T
b 0.4'
2L UL L
00510 15 20

d/do

Figure 5.4: Lowest-subband K (blue) and K’ (red) valley massless-Dirac
SLG conductances as a function of ¢ for a fixved AEin/EéEé)(O) =1.82 1073,
Since our energy is close to EY we are able to see the distinct conductances

corresponding to different valley contributions. Other parameter are held
constant at €. = 1/4, W/R = 0.1.

We now proceed to investigate the explicit forms of the phase and conduc-
tance for TMD QRs. Since the general TMD subband dispersion, as given
by Eqn. , can be easily modified to describe a general SLG by setting
A =0, we only explicitly find 665" and x{™" for the TMD QR.

5.3 Transition-metal dichalcogenide

For TMD the values of 565 and ™™ can be found by inverting the subband
dispersion [Eqn. 1’ for the l(iT ™ values. The phases are given by

r A
59;”) =27 TNéD [Ein —7'331 W (5.22)
1 (E) T2 2 hv
r) ' TMD

A w
2T FTMD |:E11 57’83:| % (523)
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and
2 2
. \/ b 1| (B 4 B Al
X = m—— o (5.24)
hU W 1 (E) FTMD
2 2
Al ] [
s 2
"W T /W (5:25)

where we have applied the same simplification, in the second line, as before
with the massless-Dirac SLG QR. As in the massless-Dirac SLG case, (Wén) is
approximately a constant for small changes in Fj, and can thus be considered
only dependent on ¢. We also see that Xé”“ is strongly dependent on Ei,

with zero dependence on ¢.

For a MoSe; QR, we can see the resultant total (both flavours 7s3 = 1)
conductance for the n = 1 subbands as a function of energy Ej,/ E(Tq\f[f_l’l)
in Fig. (5.5). In this case, due to the small amount of spin-splitting in the

conductance band, we see a superposition of two conductance patterns due

to the different contribution from 7s3 = 1. Since the 7s3 = 1 subband sits
at a slightly higher energy than the 7s3 = 1 subband, as seen in Fig. (3.5)), we
parametrise the curve using E%\ffj;_l’l) and do not look at the pure 753 =1

subband conductance.

For TMDs, there exist local minima when Xép ) = pm which are situated in

between resonances. Additionally, they depend now explicitly on the flavour
753, unlike in the SLG example. The energies at which these can be found

at are given by

Tsan) T TMD Ts3,m N2 TMD
B R Eiso R R

A
5’7’83

(rs3,n)’
Bty

(5.26)

In Fig. (5.6) we depict the contour plot of the total and individual 7s3 con-

tributions to the conductance as a function of energy and magnetic flux
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AE;y, | ESin(0) [x107°]

Figure 5.5: Figure of MoSes n = 1 subband conductance G as a function
of energy E(TII\)AD(Z) for different values of lead transparency e, = 1/2 (dotted
black), 1/4 (dashed red) and 1/16 (solid blue). The other parameters were
held constant at A = 90meV, hv = 253meVnm and A = 1.40eV, W =
40nm, W/R=0.1,n =1 and ¢/¢py = 0.1.

for MoSe; QRs. We see that the 7s3 = 1 resonance point is significantly

elongated compared to those of 7s3 = 1. This is because the larger

the energy difference is between Ey, and E{3(0), the more elongated

the conductance shapes will be due to the parametrisation of ys which is

/ \/ E(TSS n) (0)2. Since Eéll\’/}]))(()) is below E(T_N}]’DI)(O), this means that

the energy difference between £, and E(Tll\’/}]))(()) is larger and thus results in

the longer stretched patterns.

We see that the shape of the resonances, as a function of ¢, differ greatly
from those of the massless-Dirac SLG case since the ¢ dependence of (7, s3) =

(1,1) [see Fig. (5.6a)] and (1, 1) [see Fig. (5.6b))] flavour conductions do

not exemplify two distinct o™ flavour peaks at B, = El(fl)n [i.e. the two
green circles in Fig. are not distinguishable for this case]. Since the
maxima seem to only occur at ¢/¢y = m, this indicates that (Wén) mm. If
we calculate, using Eqn. , the actual value of Mén) for a MoSe; ring we

find the value to be 0.9997 for (7,s3) = (1,1) and 0.9987 for (1, 1).
The total conductance for a MoSe, ring can be seen in Fig. (5.6¢)) which once

again shows the superposition of the 7s3 flavours. Since the (Wén) values are
very similar for both flavours, we see that the resonances align along the

same ¢/¢py = m values. In a hypothetical situation where the Berry phases
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(c) Total conductance of n =1 states

Figure 5.6: Contour-plot of conductance of MoSes n = 1 subband states
in units of €*/mh as a function of E%\)/ID(Z) versus ¢/¢o. (a) Conductance
with only the Ts3 = 1 lowest-subband states. (b) Conductance with only
the 7s3 = 1 lowest-subband states. (c) Total conductance of the lowest-
subband states. We see the persistent periodicity of G as a function of ¢/¢q.
Other parameters were held constant at e, = 1/4, W = 40nm, W/R = 0.1,
A =1400meV, A = 90meV, hv = 253 meV nm and n = 1.
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were visibly different for the two flavours, this would no longer hold, thus

resulting in an even further complicated conductance pattern.

We have now finished our analysis of the TMD QR conductance and move
on to understanding the more complex system of SQW QRs. It is difficult
to derive a full analytical solution for the phases and conductances and thus
we only present a simplified analytical solution where we neglect diagonal /2
terms in Hégw,l- This will hopefully allow us to gain some insight into the
simplified system which will guide our understanding for the general system.
After this, the general result for the conductances will be explored using

numerical calculations.

5.4 Semiconductor quantum well

Rearranging Eqn. for l§§ ™ will result in four solutions, of which two will
be real and two imaginary due to the additional presence of the I? terms in
Hégw,r We simplify the equation such that we can find analytical solutions
for eg’”) and Xéf’”) using an approximation that the terms associated with
the 12 term are negligible for small [, large W and small &y (i.e. Hég\;\)m

fwl/r o;). Using this method, the 50&”) values are given by

560 — W[ Asqw + Agqw o) Asqw Esgiwo + Asaw Esgw o
g — |- _ ) in - ) 2

JAsqwi? <%> ASQWAISQW JAsqwi? (%) ASQWA/SQW

(5.27)

™

- Tsaw (Bw BGah) + Thaw (B BSgio)]  (528)
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and

™

2
) AsqwAsqw

~ 2
. . W - —(T,n I ~(7,—n
(lJASQWJ2 (E) ASQWA/SQW} (Ein EéQVQ/O) (Ein EéQW,zJ)
+<W>{ o (B Piifn) + Asaw (B Pl 12
R 2

Xé'r,n) _

==

JAsqwi? (

(5.29)

e S EGh) (Be 250) (5.30)

where we have simplified the second lines of the equations by neglecting larger
orders of e = W/R.

The Berry phase can be further simplified for certain injection energy regimes.

In particular, a realistic simplification involves setting the injection energy to

approximately the [ = 0 energy of the subband dispersion, i.e. Ej, Eéawé,

thus resulting in the equations:

ASQW [ -~ T,m ~(1,—n) ~(rn
jAsqwi? EéQV\)f,O EéQw,o for By, Ej v)v,0>(5-313)

56
A,SQW _~T—n =(T,n 1 (1,—n)
WjAS—QVij EéQ’W,z) EéQ,V&,O for Ein EédW,O’ (531]:))

These forms of the 565 and y{™™ are very similar to those of SLG and TMD.
However, one obvious difference is the lack of energy-reflection symmetry thus
leading to separate equations that depend on the type of the state [either
(a) or (b)]. Once again, for a fixed device geometry, we see that 568" is
essentially a constant at the energies that we consider and thus is dominated

n)

by the change of ¢. Xé“ is once again strongly dependent on the injection

energy and completely independent of the magnetic flux.

Although this is just a simplified model, we see that (Wén) is essentially di-
rectly proportional to Asqw and Agqy for the two different types, respec-

tively. Fortunately this particular property also remains true even when we
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include the [? terms in the Hamiltonian which we will discover in the Chap-

ter @ It also turns out that when we include the 12 terms, x{™™ also stays

proportional to \/ (Ei Eé?g@/o) <Ei Egé%%) which causes the elonga-

tion of resonance areas as a function of Ej,, which were seen in the SLG and
TMD cases.

Using our simplified analytical model and comparing it to the numerical and
generalised analytical (this will be shown in Chapter @ solutions for the
complete system allows to gain insight into the effects of the I? /r? terms that
arises in HégWJ. We will come back to this comparison in the next chapter
in which the difference of the Berry phase with and without the [? terms will

be substantial for large &y;.

We now focus our attention upon the conductance of the complete system (i.e.
including the /2 terms) which we can calculate using a numerical method E|
In Fig. , we plot the conductance as a function of injection energy and
magnetic flux in the cases of & < &uer and &y > Eves. Recall that &yt
indicates the gap values at which bound states traverse between the bulk and
gap as described in Sec. . Ideally, we would hope to see a change in
the conductance, as the gap size becomes less and less inverted [in Fig. :
EvmqoW 7 X 0], that parallels the altered topological nature of these

bound states as their energies transition from being inside to being outside

of the gap.
In Fig. (5.7a), we have plotted the &y < &ues limit where the SQW QR
is in the deeply inverted regime [{ygoW = 7). In this case, we see that

the resonance regions of conductance are centred around ¢/¢g = m  1/2
and are thus shifted by 1/2 along the ¢ axis as compared to the SLG and
TMD cases which can be seen in Figs. and @D, respectively. This is
governed by the cos((S@én)) component in Eqn. @ which is positive [i.e.
(2m 1/2)r < 56 < (2m+1/2)7] hence resulting in a minima at ¢ = mg,.

Additionally, one can deduce from the figure that (59? must be close to 2mn
since the 7 peaks are not very distinguishable. As mentioned in Sec. (|5.1.1)),
the exact value of 59?) is impossible to deduce from the figure alone due to

the periodicity in ¢. In this case, our numerical value for 59;”) is 0.097 which

4For specific configurations of the system, we find the {4+ values by using a root finder
in Mathematica.
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Figure 5.7: Contour-plots of conductance of SQW n = 1 subband state as
a function of AEy, and ¢/po for different numbers of bound states. (a) Two
topological bound-state within — jénj for EuqW = 7. (b) Zero topologi-
cal bound-states within &y for EuqeW = 0. Other parameters were held
constant at n = 1, e, = 1/4, D = 0.746, W = 26.6, W/R = 0.1 and
6/d0 = 0.1.

is an extremely small value of 50&") as compared to the massless-Dirac SLG
and TMD systems.

In Fig. , we have plotted the & > &y scenario where the system
no longer possesses an inverted gap [&ugoW = 0]. We notice that the res-
onance regions are once again centred around ¢/¢g = m which results in a
significantly different conductance pattern as compared to Fig. . This
is due to the (Wén) component that changes for a different &y - the compo-
nent becomes closer to mm for Fig. and thus the cos(59én)) component
becomes negative thus resulting in the resonances at ¢/¢o = m. This is one
of the changes that indicate of the role of a changing band-gap which we will

explore further in the next chapter.

We also show in Fig. ((5.8) how the different subband’s 7 flavour conduction
peaks behave as we change the gap size. This is done by setting Ej, El(fl)n

and observing numerically how the 7 flavour conduction moves.

In Fig. (5.8a)), we follow the n = 1 subband which shifts from 66" ¥ 0

in the deeply inverted regime to a much larger value that approaches 7 in

5Naturally, the value of Er(ﬁ)n changes as we change the gap size. However, we can just

tune our energy to compensate for this.
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Figure 5.8: Figures of SQW QR n =1 (a) and 2 (b) subband 7 flavour con-
ductance as a function of ¢/¢o for a varying gap size EuqgoW @ 7 (solid) ¥

0 (dotted). The flavours are depicted as T =1 (blue) and 1 (red) and the
arrow indicates the movement as EqoW @ 7 ¥ 0. This is done via nu-
merical calculations in Mathematica. (a) For n = 1, there is no swapping of
the position of the flavour conductances at ¢p/¢g = m + 1/2. (b) For n = 2,
we see a swapping point at ¢/dg =m  1/2 which once again indicates a be-
havioural difference between n = 1 and higher subbands. Other parameters
were held constant at Ei, Er(fi)n, €. = 1/4, D = 0.746, W = 26.6 and
W/R=0.1.

the non-inverted regime. However, we see at no point that the 7 flavours
swap positions around ¢/¢g = m  1/2 resulting in a negative value of 50&").
We find that as we go further into the deeply inverted regime 59?) L0
since the conductance peak start to overlap at ¢/¢9 = m  1/2, but never
swap relative positions. Naturally these discoveries parallel those described

in Sec. 1' since Mén) is basically equivalent to the shift of the 7 valley

energy dispersions.

To have a direct analogy to Sec. (4.2.2), we also plot Fig. (5.8b)) where we
study the positions of the 7 valley conductances for the n = 2 subband. Re-

call in Sec. (4.2.2) we discovered that the dispersions swap positions resulting
due to a zero Agqy value being present. We see the same pattern in 66&")
as we change the gap parameter. Eventually, there is a gap value at which
595(;") = 0 (i.e. conductances overlap at ¢/¢9 =m 1/2) which separates the
56 < 0 and 665 > 0 regimes.

Now that we have seen the crucial connection between the conductance, the
confinement-induced Berry phase and the 7 flavour dispersion swapping, as

discussed in the SLG and SQW chapters, we can cement our understanding
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of transport properties in QR systems in the next chapter. We proceed to do
a detailed study of the Berry phase values for varying system parameters and
set out to tie all the results together. In particular, we aim to understand

the significance of SQW phases in comparison to the simpler Dirac system.



96

CHAPTER 5. CONDUCTANCE



Chapter 6
Geometric Berry phase

In the last chapter we saw that the correction to the Berry phase, 59?),
played an integral role in the structure of the conductance and the swapping
of the 7 = 1 flavours of conduction peaks. In this chapter, the significance
of this phase is explored in further detail with regards to changing system
parameters, such as the gap size and ring width. The transition between the
topological to non-topological regimes and its connection to (Wén) is also ex-

amined for which we discover hallmarks of such a transition in our materials.

We proceed by first investigating the form of 58&”) for different subbands in
a general SLG ring (i.e. variable gap size). Once we have a comprehensive
knowledge of this relatively simple system, we use this to compare with the
more complex Berry phase of the energy-reflection symmetric SQW ring,
where D = 0. We also draw comparisons between the (59&") values of the
SQW system with and without the /2 term in Hézg)w,l- Using our insight of
the energy-reflection symmetric systems, we finally tackle the D & 0, non-
energy reflection symmetric case of SQW QRs. During this whole procedure
we continuously draw parallels with the results from previous chapters to

create a comprehensive summary of transport properties in 2D material QRs.

6.1 Single-layer graphene

Adapting from the TMD QR form of 56&"), as given in Eqn. 1’ we can de-

termine an approximate-universal Berry phase for a general SLG QR system

97
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to be of the form:

T E
59(71) — o SLG in
g 2
1 (%) T3 /W
E;
2r T Nl
mI'sia o )W (6.1)

where we have neglected the (W/R)*> 1 term in the second line. Notice
how this result is “universal”, i.e. solely dependent on 1} and the confine-
ment energy hv/W, for a given value of Ej,, since I'spg is also completely
determined by Vy and hv/W, as explained in the Sec. . Note that
59&”) = Mé_") due to the presence of energy-reflection symmetry in SLG
QR systems. We can take Eqn. one step further by acknowledging that
the injection energy is approximately equal to the size-quantisation energy:
E; EéTL’g{O, since we only consider a limited range of azimuthal motion

Jlj < 50. Thus, for injection energies that are close to EéTL’g)yo, we have

(T.n)

E
56 27Ty hs;%ﬁ . (6.2)

The form of (Wén), as described by Eqn. , for the three lowest subbands
(n = 1,2,3) can be seen in Fig. (6.1). We can notice immediately that the
Berry phase of the lowest subband is drastically different from those of the
higher subbands.

Firstly, in the limit VoWW/hv @ A (infinitely deep inversion), the lowest-
subband has (56;1) ¥ ( while in higher subbands 59én>1) ¥ 1. Thisis mainly

because Eéfé{o ¥ (O whereas Eéfgi)l) ¥ 1 aswas seen in Sec. (3.1.1). These

limits are easily detected in the conductance since a distinct resonance centers
around ¢ = (m  1/2)¢, for 56" W 0 and around ¢ = may for 66570 ¥ 1,
as described in Sec. (5.1.1)).

The physical interpretation of this behaviour is that the lowest-subband ex-
hibits pure “Dirac” features as we move deeper into the inverted-gap regime,
i.e. the topological regime. This is due to Qg’l) ¥ 27¢/¢po + ™ and thus
retaining the spin-1/2 7 Berry phase factor that arises from the Dirac nature

of the material.

Higher subbands, on the other hand, behave non-relativistically, i.e. in
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a “Schrodinger”-like fashion, in this limit because they effectively possess
67" W 27¢) /¢y (n.b. a shift of 2mm can be neglected). This shows that,
unless a subband is topologically protected, increasing the magnitude of the

gap size causes the system to become more Schrodinger-like.
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Figure 6.1: Figure of SLG Berry phase Mén) as a function of the universal
parameter VoW /hv for the three lowest-subband. The different subbands are
given by n = 1 (red), 2 (blue) and 3 (black). The behaviour of the lowest
subband can be seen to be distinctly different from the higher subbands.

Furthermore, for the n > 1 subbands we also notice that 69é">1) = 0 at
VoW/hv = 1. Here we remind the reader that VoW /hv = 1 is also the
value at which the system transitions between being topologically trivial or
non-trivial, as shown in Eqn. . We see that this is also the point
at which 59é">1) transitions from negative to positive values (as VoW/hv is
increased). Naturally this outcome parallels those of the 7-valley dispersion
shifts results that were described in Sec. . With regards to the n >
1 subband conductance, this transition point should be detectable since it

involves the swapping of the 7-valley conductance peaks around ¢ = (m
1/2)¢o [as was seen for SQW in Fig. (/5.8b))].

The situation for the lowest subband is entirely different since 59&1) stays
positive for the entire domain. At VoW /hv = 1, 5oL = 7/2 and thus is the
only subband that does not have a zero (5(95(;") value. This particular system
parameter value is also significant for the ¢ dependence of the conductance
spectrum since it is the transition point for the centering of the conductance

resonance areas around either ¢ = (m  1/2)¢y or ¢ = mey, as given by
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Eqn. (5.15). At this point, the conductance at ¢ = (m  1/2)¢o and ¢ = may
will be of equal amplitude because the contributions from the 7 peaks are
equally distant from both points (due to being separated by ¢ = ¢o/2). This

results in ¢ having a periodicity of ¢y/2 in the lowest subband conductance,
as discussed in Sec. ([5.1.1)).

Thus, VoW /hv = 1 separates 50&") into two distinct regions that correspond
to the non-topological and topological regimes, respectively. This result is
in complete agreement to the previous conclusions in the Chapter [3] In
addition to this, we have also found that the limit of 66&”) in the deeply
inverted regime differ between the topological subband (n = 1) and the
bulk subbands (n > 1). We can conclude that, in addition to results in
Sec. , there are numerous signatures of the topological phase in SLG
QRs when VoW/hv 1.

We have now completed our analysis of the SLG QR Berry phase. As we
proceed to the energy-reflection symmetric case of SQW rings, we hope to

see some of these features paralleled.

6.2 Semiconductor quantum well

6.2.1 Energy-reflection symmetric case

To gain an in-depth understanding of the general SQW QR Berry phase,
we first consider the simplified energy-reflection symmetric SQW model with
D = 0. It turns out that one can simplify the subband energy dispersion
[Eqn. (4.49)] such that one can obtain an approximate, but accurate, (Wén)

equation:

2Asqw Ein

66" = - .
Adqw (%) Adqw +2EnTsqw

g

2Asqw Ein
A%QW + 2EinTSQW

(6.3)

where Eég\?/,o = Eég;{,”é, Asqw = Asqw and Tsqw =  Tqw- Notice that,

once again, 665Y =  §65™. To obtain this result we also discard the € and



6.2. SEMICONDUCTOR QUANTUM WELL 101

¢* terms that appear in the energy dispersion when brackets are expanded.
Naturally, since we are interested in energies that are close to E&Q’%O, we can

simplify this to

2Asqw ESGw.o
AZgw + 2ESw o Tsaw

56 (6.4)

The form of (Wén) for the n = 1,3 subbands of a SQW ring at a fixed, large
qoW value can be seen in Fig. (6.2)). In this figure, we also show the differences
due to the inclusion of the {? term in H‘ég\,\,’1 (i.e. the effects of the Tgqw

element) and, for comparison, the SLG 50&”) value.
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(a) n =1 subband (b) n =3 subband

Figure 6.2: Figure of n =1 (a) and 3 (b) subband (Wén) as a function of
&ngW Vol (/W) for SLG (red) and SQW (black). For the SQW 66
values, we use Eqn. (dashed-black) and the more accurate solution
(when Hégw,l includes the 12/r* term) as given by Eqn. (solid-black).
(a) We see that leaving out the I2/r? term causes the SQW phase to be very
similar to that of SLG - the difference is solely due to the additional wing
states in SQW. The inclusion of the I*/r? causes a suppression of the Berry
phase for large &qoW . (b) Even without the 12 /r? term, there are discrep-

ancies between SLG and SQW (59&") values. This seems to be caused due to a
shift in the overall subband energy dispersions. Other parameters were held
constant at oW = 26.6, W/R = 0.1 and D = 0.

For n = 1 the exclusion of the [? terms leads to a Berry phase that strongly
resembles that of SLG as can be seen in Fig. . The differences can
be accounted due to the appearance of additional wing states in the SQW
model [see Eqns. and (4.38)] which have an overall small effect on
the phase. Once we include the /2 term, 56’&") becomes suppressed for large

values of &vqoW which causes the black curve to tend to 59&") = 0 in the
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& @A limit as compared to (59?) = m for the other curves. The reason
underlying this feature is that as & ¥ A, the magnitude of the EéZQ?\Iz\)/,oTSQW
term increases linearly, which can be seen in Fig. (6.3D]), and since this term
appears in the denominator of the phase [see Eqn. ], it causes an overall
decrease in 59én). The linear increase is because Eéa?zg/,o 7/ &\ [see Fig. ]

and Tgqw is a constant [see Fig. (6.3a])] at large &y value.

=== — T >
— /"/-- IE 6t ‘/.
"Po 3t // X st //
X 1 =4} /
— 2} [ | amemmmmmmTTTTSTTmOTTO 2 / e
P Z 3 Y =
’ 4 S /7 -
§ 1 / ’// E% 2 e
S 5 i /'. ,,,,
- '{'I ________________________________ 1 R 1 P ,;/,—‘
0 .- -r= I O . e imnmemame
-5 0 5 10 15 20 -5 0 5 10 15 20
EmqoW EmqoW
(a) Tsqw wversus &u (b) 2Eé87\1,3,70TSQW versus &y

Figure 6.3: Figure of Tsqw (a) and 2Eég%3,7oTsQW (b) as a function of
EvqoW for a SQW QR at different widths. The different widths are given
by qW = 15.9 (dot-dot-dashed), 21.3 (dashed), 26.6 (solid) and 53.1 (dot-
dashed). (a) We see that, as the width is decreased, the overall Ysqw mag-
nitude increases. Additionally, Tsqw begins to saturate at a fairly small gap
size for all widths. (b) Since the energy increases linearly as a function of
& (for large &y ), the 2Eé7’7\l,3,70TSQW term, which appears in (59én), also be-
comes linearly dependent on . The other parameters were held constant at

W/R=0.1 and D = 0.

Physically, the [? term can be interpreted as a radially-dependent confinement
that is proportional to 1/72. Thus at certain parameter values, it may confine
the wave to an outer section of the ring since the potential at the inner part
is very high. As we increase the gap size, this causes the confinement to
become stronger and eventually pushes the effective width, within which the

wave is situated, to zero causing 59?) ¥ 0.

For n = 3, the differences between SLG and SQW become more apparent
even when [2/r? is excluded. The SQW curves seem to be shifted to the right
of SLG which could correspond to a shift of the 7 = 1 energy dispersion
relation to the right due to the additional wing states. However another

possible explanation for this effect may be due to the fact that we ignore the
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inter-subband interactions. Higher subbands may unevenly repel the n = 3

dispersion curve causing a shift in the Berry phase.

For n = 3, when the effects of the Ygqw terms (i.e. the [* terms in the
Hamiltonian) are included, we see that for £y > 0 the Berry phase decreases
in the same manner as for n = 1. However, for & < 0, 59?) becomes larger
in magnitude as compared to the 50&") described by Eqn. 1} which
indicates that at some point around &y qoW 3, the Tgqw term becomes
negative thus decreasing the denominator value. The actual value of Tgqw
can be seen in Fig. , which corroborates this theory, since at &yqoW

3, the Tgqw term becomes negative. As it becomes larger in magnitude
(while still negative), 59&") approaches infinity since Tsqw ¥ jAsqw]?.
Similar results can be anticipated for all n > 1 subbands [e.g. see n = 2 in

Figs. and (6.6))].
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Figure 6.4: Figure of QEg(i{\L)e/pTSQW as a function of EqqeW Vo /(v /W)
for subbands n = 1 (red), 2 (blue) and 3 (black). The lowest subband is
the only subband that does not become negative eventually. Other parameters
were held constant at oW = 26.6, W/R = 0.1 and D =0.

In Fig. we plot the dependence of (59&") as a function of &yqeW for
different goWW values. We see that 50én), unlike the SLG QR, does not form a
universal curve since the curve drastically changes when the width is altered.
This is due to the non-universality of the secular energy equation in SQWs.
Note that some of the curves do not stretch over the complete region since
we only consider &y > & [recall from Eqn. (4.10))] which cuts off data for

1
some of the curves that correspond to smaller values of ¢oWV .
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Figure 6.5: Figure of (Wén) as a function of &uqW Vo /(o /W) for SLG
(solid) and SQW (discontinuous) QRs for different widths. The different
widths are given by goW = 2.66 (dotted), 5.66 (dashed), 15.9 (dot-dot-dashed)

and 53.1 (dot-dashed). The transition from two evanescent states (JEéig)oj <

Jéml) to zero evanescent states (jEézg)oj Jémi) are represented by red and
black lines, respectively. We see that as the width is decreased, the overall
magnitude of the phase decreases significantly due to the increase of Tsqw.
Note that some of the curves do not stretch over the complete region since we
only consider & > }l. The parameters were held constant at W/R = 0.1

and D = 0.
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For small goWW, the Berry phase appears to shrink in magnitude. This is
because as the radius and width are both decreased, the [?/r? confinement
of the particle becomes steeper and larger which causes it to more effectively
confine higher energy particles in an effective width that is smaller than the
actual width of the ring. Thus the Tgqw term becomes larger for a smaller
width [see Fig. ] and causes the suppression of (Wén) phase. As the
width is increased, the ?/r* potential confines the wave less and less thus
increasing the overall magnitude of (599. However, we still find that at a
large enough value of &, the [?/r? eventually becomes the dominant effect

which causes 50&”) to approach 0.

Fig. (6.5) also shows the transition between two to zero evanescent states
(red to black). These transitions seem to happen at around &ygoW 1 for

large widths, which agrees with the predictions of Eqn. (4.28]).

As a direct comparison to Fig. , we plot Fig. for which goW =
26.6 E| The forms of the SQW curves are similar to SLG since the n > 1
subbands transition between positive and negative values of 50&71) while the
n = 1 subband stays purely positive. Once again, this demonstrates the
distinct difference between the lowest and higher subbands, that is indicative
of the lowest subband’s unigue topological properties. The major visible
differences between the SQW and SLG QR 50&”) are due to the Ygqw term
which causes 60" ¥ 0Oas&y ¥ L and 5657 0 2L as &y ¥ JAsqwi?.

In Fig. , the 59&">1) = 0 points are naturally the same as those in
Fig. since they are both proportional to Agqw. However, unlike SLG,
there is no clear indication in Mén) of the value at which SQW becomes topo-
logical since 59én>1) = 0 does not seem to occur at {yeqoW [see Eqn. (4.28))].
Thus, we only know that the system is in the topological regime when the

eigenstate becomes purely evanescent which occurs at &qoW 1, as de-
rived in Sec. (4.1.2)).

Unfortunately, since the QEég%,oTSQW generally suppresses the magnitude
of 59&”), we also do not possess the same distinct conductance patterns as
described in the SLG QR section. For example, when &ygoW = EveqoW,

the Berry phase of the lowest subband is not equal to 7/2 which means

INaturally, we have already discovered that 50&") will change with respect to goW and
hence this is not quite a “direct” comparison. However, we choose a large value of goW
which should be most similar to the SLG case.
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Figure 6.6: Figure of the SQW QR (5«9?) as a function of &uqeW  for
different subbands. We used the general numerical solution derived from
Eqn. (6.4). The different subbands are given by n = 1 (red), 2 (blue) and
3 (black). The parameters were held constant at W/R = 0.1, D = 0 and

that the conductance resonance regions do not swap their centering between
¢p=(m 1/2)¢ and ¢ = mo.
Now that we have analysed the differences between the SLG and energy-

reflection symmetric SQW QR cases, we can move onto studying the most

complicated system: non-energy-reflection symmetric SQW QRs.

6.2.2 Non-energy-reflection symmetric case

Applying the same procedure as for the D = 0 case, we can obtain an accurate
expression for the Berry phase with a general D value, by implementing the
same realistic approximations. Doing this gives

(Asqw + Asqw) Ein ASQWE&Q’;\% A'SQwEéng)v,o

60én) f(7,m) ( )
~ E"'»n - _ T - ET,—n ~ ,r/
B+ (B B0 R Tog ¢ (B B G T

(6.5)
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which simplifies to

~(1,m) (r,—n)
ASQW (ESQW,O ESQW,O)

~(T,n ~(T,—n
Afqw + i <EéQV\)/,O ESQW,%) (3TSQW Tlscgw)

for E’in Eég@,o

(6.6a)
56

~(7—7 ) (T’_ )
A/SQW (ESQr\LIV,O ESQV\ZO)

f Ein E(T’_n)
A2 4 L (pmn) BT (Yoow 3T .
SQW 4 SQW,0 SQW,0 S5Q SQW

SQW,0

(6.6b)

\

where we have used a similar line of reasoning as for the D = 0 case. One
notices that 59&") 6 69é_n) since energy-reflection symmetry does not hold
any more. The D terms are associated with a oy term which means it acts
differently on electrons and holes since it effectively couples to the charge of
the particle. This causes the asymmetry in the energies of the conduction
(n > 0) and valence (n < 0) subbands. For the simplicity in the next sections

we define

3Tsqw Thqw  for B, E;g’@,o
ATsqw ) )
Tsqw 3Tqw  for B Egg;;g

and Aﬁég\}), Eég\l,g,o E’&QW% Since the asymmetry in the system is
already present in the size-quantisation energies, Eégjv:\%, the D (2 /7% oy only

adds further complications due to its additional asymmetry.

In Fig. , we show the lowest-subband (Wén) as a function of &yqoWW for
different values of D. We see that the peak of the Berry phase moves from
the left to the right as we increase D from negative to positive. This is be-
cause the AYgqw (in this case = 3Tsqw T’SQW) term saturates to a smaller
magnitude for an increasing D as demonstrated in Fig. . This causes
the denominator to become smaller thus allowing for the peak to shift to the
right. We can also see a larger negative D curve approaches 0 quicker than
the less negative curves due to the same reason: larger saturation magnitude
of Tgqw for the more negative curves thus causing a quicker decrease. Addi-
tionally, we can see regions of {ygoW for which there are 0 (black), 1 (blue)

or 2 (red) evanescent topological bound states within the band gap  jéuj.
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Figure 6.7: Figure of the lowest subband n = 1 505,;”) as a function of EpqoW
for a SQW QR at differing values of D. For the SQW curves, we used the
general solution, given FEqn. . The different D wvalues are given by
D/jBj = 0.746 (dotted), 0.373 (dashed) and 0 (solid). Here we have also
depicted the presence of 2 (red), 1 (blue) or 0 (black) evanescent states within
Jémi- The parameters were held constant at W/ R = 0.1 and goW = 26.6.

These points are theoretically predicted to occur in Sec. (4.1.2)).

In Fig. , we see that ATgqw and AE&@’OATSQW behave oppositely for

n. In the case of n = 1, as shown in Fig. , we saw that the saturation
point of AYgqw was higher than when D = 0 which caused a peak shift
to the left. For n = 1, we would expect the opposite since the saturation
point of AYgqw is lower than that of D = 0 which would mean that the
peak shifts towards the right [}

We compare the magnitudes of AEéa@7OATSQW as a function of gap size
for different subbands in Fig. . Here, once again, the D = 0 curves
[seen in Fig. ] split into two curves that correspond to the n subbands.
Furthermore, we see that the jnj > 1 all cross between negative and positive

[n|>1)

values. When they are negative, the (5(9é curves can tend to 1 when

AEGW o ATsqw ¥ 4jAsqwi®.
In Fig. lD we have plotted (59&") as a function of & forthen = 1, 2, 3

subbands. We once again see that the Berry phase shows characteristic
differences between the lowest jnj = 1 subbands and the higher jnj > 1
subbands. The jnj = 1 subbands, which becomes topological for the deeply

2This expected shift can be seen in Fig. (6.10))
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Figure 6.8: Figure of SQW QR ATsqw  3Tsqw Tsqw (solid) or Tsqw

3Tsqw (dashed) (a) and iAEég\Q,ATSQW (b) as a function of &uqoW for
D = 0 (black) and 0.746 (red) at a constant width oW = 26.6. In both
figures we can see that turning on the D factor causes the D = 0 Tsqw
term in Eqn. to split into the two AYsqw terms. The direction of
splitting depend on the type of subband: solid red for type (a) and dashed red

for type (b) states. Other parameters were held constant at W/R = 0.1 and
D = 0.746.
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Figure 6.9: Figure of}lAEéBQ,Q,ATSQW as a function of EqqoW for different
SQW QR subbands n = 1 (solid/dashed red), 2 (solid/dashed blue) and

3 (solid/dashed black). Other parameters were held constant at W/R = 0.1,
qgW =26.6 and D = 0.746.
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inverted regime, do not possess zero crossing points where (59&") = 0, as was
indicated by the lack of 7 flavour dispersion swapping in Sec. (4.2.2)). This is
also supported by the results in the SQW conductance [as seen in Fig. (5.8al)]

where we saw no 7 flavour swapping of the conductance peaks.
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Figure 6.10: Figure of 50&") as a function of EyqoW for a SQW QR for
different subbands: n = 1 (solid/dotted red), 2 (solid/dotted blue) and 3

(solid/dotted black). We used the general solution derived from Eqns.
and (6.64). The parameters were held constant at D = 0.746, W/R = 0.1

and goW = 26.6.

However for jnj > 1, we do observe these zero crossing points, i.e. 66é">1) =0,

which occur at the same gap value as was predicted by plotting Agqw and
Agqw in Fig. . This was also seen in the conductance where the 7
flavour conductance peaks swapped positions [see Fig. ] Unfortunately,
like the D = 0 case, these zero points do not occur at the critical gap values,
Evier, that separate the topological and trivial regimes, as was discussed in
Sec. . Thus, the only measure of the gap value at which the transition
occurs, is found using the theoretical predictions in Sec. . However,
we should still be able to measure the topological properties of the lowest

subband by observing the unique Berry phase of this state.

Another feature that we notice in the jnj = 1 subbands is that, unlike the
jnj > 1 subbands, the curves do not appear to shift significantly and thus still
strongly resemble those of the D = 0 SQW and SLG cases. The higher sub-
bands are significantly shifted due to the distorted Tgqw values. It may also
be possibly due to the inaccuracy of the higher subband dispersion equations,

arising from the perturbation theory approximations.
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We have now explored and understood many aspects of (59én) for SLG, TMD
and SQW QRs. Although there are still areas that are worth investigating
such as the exact effects of Agqw in the SQW systems, we leave this for
another project. In the next chapter, we summarise our results, discuss some
of the implication of these observations and conclude with an outlook for

future work.
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Chapter 7
Summary and outlook

In this thesis we have undertaken a comprehensive analytical study of the
confinement effects and transport properties in single-layer graphene (SLG),
transition-metal dichalcogenide (TMD) and semiconductor quantum well
(SQW) quantum rings (QRs). We began by developing a general methodol-
ogy that was modified to tackle each material individually. In this chapter we
will summarise the main results, their implications, and provide possibilities

for further work.

For SLG QRs, we obtained a general formula [given in Eqn. (3.38])] that de-
scribes the subband dispersion of the system as a function of the confinement
energy, hv/W, and gap size, Vj, for a small aspect ratio, ¢ ~ W/R 1.

Unlike previous works for V5 = 0 [66-68], we have accounted for the size-

quantisation energy, EéTL’g)’O, which introduces a finite mass gap. We have also

(mn)

included the diagonal 2 2 block Hamiltonian Hg ) term [see Eqn. (3.22))]

that cause time-reversal flavour dispersion shifts. These terms turn out to be
vital for obtaining an accurate Berry phase. The only exception to this gen-
eral lack of terms is the work done by Recher et. al. on the V5 = 0 SLG QR

system [5]. Literature regarding SLG systems with a general V4 also do not

include the diagonal Hf(STL’T(Z;{1 term, Ispq [Eqn. (3.37)], which they may have

assumed to be negligible since it is “just” an (angular momentum dependent)
energy shift. However, we have shown that this term has a substantial effect
on the dispersions, conductances and the Berry phase and hence must be

taken into account in these contexts.

Results for TMD QRs are qualitatively similar to those of the SLG QR with
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however the noticeable addition of the large valence band spin-splitting. The
general subband dispersion was found in Sec. which is in agreement
with the work of Oliveira et.al. [§]. However, they also neglected the diagonal
I'tyvp term in their Hamiltonian which, as in the case of SLG, we have found
necessary to include for a complete understanding of the Berry phase and
conductance [see Sec. (5.3)].

General SQW systems have been analytically explored in various studies [7,
58]. In our analysis of the eigenstates and energies of the radial component
of the SQW QR Hamiltonian, Hégw,m we find that both the secular equation
[Eqn. ([4.12)] and eigenstates [Sec. ({.1.3)] agree with those of Refs. [7,/58].
However the ring-confinement of these systems have only been explored with
a strong numerical focus due to their complexity [6]. Using perturbation the-
ory and the approximation ¢ 1, we were able to derive a general subband
dispersion [see Eqn. (4.48])]. Although this equation is not yet in an elegant
format, compared to the dispersion equations of SLG and TMD, it is still a
new result which allows for the analytical exploration of the parameter de-
pendences (such as ring width W, band gap &y, etc.) of the band structure
and transport properties in SQW QR.

We also explored the topological properties of these materials. For both
SLG and SQW QRs, we found that as we moved deep into the inverted
gap regime (i.e. band structure is strongly inverted), the lowest-subbands
(jnj = 1) eventually became topologically non-trivial and hence possessed
topologically protected edge states (TPES). For SLG, the limit at which this
happens was found to be when Vy/(hv/W) 1, below which the subbands
become topologically protected [see Eqn. (3.13)]. This limit turns out to
greatly affect the Berry phase and thus using these results, experimentalists
should be able to determine whether the QR is in the topological phase or

not.

In the case of SQW QRs, the critical limits, at which the ring entered its
topological phase, took much more complicated forms [see Sec. ] due
to the lack of energy-reflection symmetry when the parameter D 6 0. This
asymmetry meant that as we increased the inversion of the band gap, the
jnj = 1 bound states traversed into the gap at different gap values, respec-
tively. This gave rise to two critical gap values, &yew < 0, that are described

by Eqn. (4.28) for a large width (g 210). In particular, when D = 0,
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energy-reflection symmetry once again holds which leads to &g <0 1
[Eqn. (4.29)]. This limit is reminiscent to that of the SLG QR, thus exem-
plifying the Dirac-like nature of SQW QRs.

We can conclude from these findings that ring confinement tends to destroy
the topological properties of subbands. Unconfined SLG and SQW systems
usually possess TPESs for any inverted band gap value [2,/70]. However once
we confine them in a ring, TPESs only arise when the system parameters
satisfy a critical limit (e.g. Vo /(hv/W) 1 for SLG QR and &ueqoW S 1
for energy-reflection symmetric SQW QR). The underlying reason for this
is that increasing the confinement (e.g. decreasing the width W) generally
increases the magnitude of the confinement energies thus pushing TPES out
of the gap. This phenomenon is analogous to the critical width that is present
in the HgTe quantum well layer structure [20], as discussed in Sec. (L.F)).

For SLG QRs, we found that the relative positions of the 7 = 1 valley
dispersions swapped for jnj > 1 subbands as Vj was tuned from topological
Vo/(hv /W) 1] to the trivial [V,/(hv/W) > 1] regions. In particular, a
zero shift between the subband dispersions was present at Vy/(hv/W) = 1.
However for the jnj = 1 subbands, this dispersion swapping did not take
place which indicated a qualitative difference between the topological and
non-topological subbands. In the SQW QR systems, we found similar results
where the dispersions of higher subbands (jnj > 1) swapped positions while
the lowest subbands (jnj = 1) did not.

In Chapters [f] and [6] we derived and analysed the analytical expressions of
the Berry phase, Qg’"), for SLG, TMD and SQW QRs. In previous work,
this phase has been only analytically studied using non-material specific QR
models [29,71,[72]. Our work, in this area, is consequential because we have
discovered a correction term to the Berry phase, 59?, that arises purely
from the ring confinement of our specific materials (SLG, TMD and SQW).

Moreover, we also determined explicit expressions of Gg’”).

In Chapter 5] we also found that the magnitude of the shift between 7 flavour
dispersions was equivalent (by a constant factor) to the magnitude of con-
finement arising Berry phase correction (Wén). Furthermore, in Chapters
and @7 these terms were discovered to be proportional to the diagonal Hg’ln)
terms: T, for SLG & TMD, and Asqw and Agqw for SQW QRs, when
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the lead injection energy is approximately the size-quantisation energy, i.e.
E; Egg)"). Additionally, 465" and the shift between flavour dispersions
were also found to be related to the ¢ separation of the 7 = 1 flavour con-
ductance peaks [see Sec. (5.1.1)]. Analogous to the swapping of the jnj > 1

7 flavour dispersions, the jnj > 1 conductance peaks also swapped positions
at ¢ = ¢o(m  1/2) when the gap size was varied [see Fig. (5.8b])].

Generally, relativistic fermionic particles possess a spin 1/2 Berry phase
eg’") ¥ 7 in the presence of a magnetic field. Particles that present this
phase, we call “Dirac-like”. This contrasts the non-relativistic Schrodinger
equation which does not take into account the spin of a particle and thus
does not predict the m Berry phase. We call particles that behave spinless,
as per the Schrodinger description, “Schrodinger-like”. This description be-
comes important for distinguishing the lowest from the higher subbands, as

was seen in Chapter [6]

We saw that for both SLG and SQW QRs, the Berry phase of the lowest
subband exhibited distinct qualitative differences compared to the higher
subbands in the deeply inverted regime. As &yuqW ¥ L, the lowest sub-

n|=1 T,n
In|=1) ()

band went as Mé ¥ 0 such that the total Berry phase became 6
21w/ po + m which meant the subband retained its Dirac spin 1/2, 7, phase.
Additionally, the phase always stayed a positive value for n = 1 and a nega-
tive value forn = 1. Furthermore, neither subband possessed a 59&'"'21) =0

crossover point.

For SLG QRs, the higher subbands go as 66{"”" ¥ 1 and thus 65" ¥
2w¢p/po which means it becomes more Schrodinger-like. Additionally, as
we varied the gap size, 50@”‘” of the higher subbands transitioned from
positive to negative with a crossover point at Vy/(hv/W) = 1 (i.e. when
Ispe = 0), as was indicated by the 7 energy dispersion and conductance
peak swapping. For SQW QRs, this swapping also occurred for the higher
subbands. However, for & ¥ L, they did not seem to approach a well-
defined limit due to the inclusion of the Tsqw and Tgqy terms. Thus for both
SLG and SQW QRs, the higher subbands, which are always topologically
trivial, behave significantly different from the lowest subbands, which become

topologically protected, in the deeply inverted gap regime.

Overall, we have seen that 56;”), that arises from the momentum depen-
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dent energy shift in the material dispersions, notably impacts the overall
Berry phase, 9§T’n), the conductance and the dispersion relations. Hence,
the momentum dependent energy shifts must be taken into account when

considering transport properties of QR systems.

Further outlook

Although we have comprehensively understood the confinement effects and
transport properties of SLG and TMD QR systems, we are still lacking the
same thorough insight with regards to the SQW QR systems. In particular,
the underlying behaviour of the Berry phase should be further investigated.
Our understanding was partially hindered due to the complexity of the SQW
subband dispersion equation which ideally could be simplified to be just in

terms of the size-quantisation energy and system parameters, as was done
for the SLG and TMD QRs.

We only analysed the conductance of a perfectly symmetric ring. However,
the next steps would be to add asymmetry with regards to the relative po-
sitions of the junctions and include realistic impurity scatterers in the ring
branches, as was suggested by Biittiker et. al. [35]. This would add an extra
layer of complexity that would however be rewarded with findings that are
more likely to resemble the results obtained by experimentalists. It may also
be useful to investigate the effects of a tilted magnetic-field that penetrates
the ring.

For now, we hope that these results will aid experimentalists in understanding
the complex QR conductance patterns that arise in SLG, TMD and SQW

QR systems and support theorists in their attempt to understand transport

phenomena in confined chiral charge carrier systems in further depth.
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Appendix A

Extra information regarding

SQW

A.1 Important signs of the SQW model

The sign of o sgn(E + &2 + &v) and various other quantities are presented
in Tables (A.1]) and (A.2) for different ranges of £\ and energy values.

&v region  Energy region sgn(E + /&2 + &) sgn(E A2+ &m)

& >0 iémi > JEj 1 -1
SYRSL! j&ui > JE] -1 -1
All E > jéuj 1 -1
All E < jéuj -1 -1

Table A.1: Table of sgn(E + &% + &u) and sgn(E A2 + &) for relevant
regions of consideration.

A.2 Comparing our formulation with B. Zhou’s

Here we show that the secular equation for a SQW QR is equivalent to the

one presented by B. Zhou et. al. [7]. Inverting the Hégw,o secular energy
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& region  Energy region sgn(E &2 &) sgn(E+ X2 &)

&m >0 Jéumj > JE] -1 1
§m <0 Jéuj > JE] 1 1
All E > jéuj 1 1
All E < jéuj -1 1

Table A.2: Tuble of sgn(E &%  &y) and sgu(E + A2 &) for relevant
regions of consideration.

equation [Eqn. (4.11))] gives us

W) cosh(AIV) 1 - 32 1
COS_(K . )~COS_ ( . 2 =sgn(E, +&u + /%2)—%% (A1)
sin(RW) sinh(AW) 27\ Yk
The LHS can be reworked to give
tanh(2)  tan(EW N 7242 ]
an (~ ~2 ) an( ~2~) _ Sgn(E,{ + gM + %2>L (Az)
tan(%F)  tanh(2L") TNV
Now, taking a closer look at v, and %), we see that
EH gM K2 [ ~2 E’I{ gM f%z
= —gen(E, + &+ R
g/ Boreyrre ® ( YR =
= sgn(E, + & + %) = (A.3)

< Z . .
"7)/)\ = i\ £M ~)\ = = A ~_ — é . (A4)
A Eut+Ey Ey &u+ A ag

where @z E, &u &2 and a5 B\ &u + A2, Substituting these
expressions into the RHS in Equation (A.2]), we find

= ; (A.5)
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which is identical to the secular equation by Zhou et. al. for which we can

substitute A ¥ 5\1 and K ¥ 25\2.

A.3 General SQW coefficients for wavefunc-

tion

) o G VEN gy 4 AW (g5, i) 20O )
Ci., 2 — —

1k 07&’7)\ 20_%{,7/\6W()\+m)_|_62mw (O—,YH,?/\_{_Z‘) 7

(A.6)

. Cg\,n),—%\e%m/(mii\) (emtfv< afy,fyA—i—eQ;\W CaR ) z) +2Z-€XW)
CT,n ! _ _

2K OV 20.,}/5,—}//\6W()\+ik)+62mw (O—PYH’_}/)\—"—Z) i

(A7)

G0 (20 1 (03 D) T W (g5 1))

(.n)

C - T Y ~
i OVeYr 207 neWOFR) - 2RW (g Ay 4-4) i

(A.8)

The wavefunction Xég@(r) = (X&’z@ﬁ(r), Xém\%, ()" is then given by

7,1 ~ ~\T,n —_— . ~TT Y/~ ~ g W
X(s(ivzf7T(r) = cé/\’ ) pqo Ax |:SIH(KW) cosh (A(r R) A;)
+ cosh(AWW) sin (/%(f R) K%) sin (&(f R)+ /f%)

a%ﬁ,\<cos(/%W) sinh (5\(? R) X%) sinh (5\(7: R) + X%)
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and

7,1 ~ . — . ~ - W
Xészw( ) = 202)\ n) pqu [g%%\(cosh ) cos (/{(7‘ R) /f?)

_ ~ w W
cos (/@ 7) cos(RW) cosh ()\(r R) )\?)
cosh ()\(7“ R %) ) + 7232 sinh(AW) sin (H(T’ R) R%)
sin(ZW) sinh (:\(f R) :\g) }
(A.10)

Eqns. (A.9) and (A.10]) can be shown to be consistent with Eqns. (4.31]) and

(4.32) by substituting the relevant expression of E i.e. Eqns. (4.16) and
(4.17)] into the v, and 7, of the more general wavefunction.

A.4 E < j&yj wavefunctions

For E < j&yj and 0 > &y > 1/4, we will have i% and 7,  #9x, where

P o= g [gM %<\/1+4gM+4E§H 1)} (A.11a)

_ 93
(\/1 A6y + 4E2 1) -
%(\/l+4§M+4E§R 1) 4 By

are then real numbers. For ¢é§@1 -(7), we have

N | +—=

(A.11b)

]|
BN
\

(rm) A C1 9 cosh(k(7 R))N A 19
¢SQW1D<( ) pﬁ cosh (%W) <ZT’7KSIHh(/%( R))) ( . )
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and

Y

itz cosh(k(7 R

( sinh(k(7 R)) ) (A14)
) R))

and

1) el % sinh(A(F R))
Psqw.aw (7) = pﬁ —sinh <X7W> (ZT% cosh(A(F  R2)) (A.15)

where we have noted that ¢ = 1 for the regime of interest.



124 APPENDIX A. EXTRA INFORMATION REGARDING SQW



Appendix B

Useful integrals

Here we present the integrals that are required to solve for the Hfﬁ matrix
coefficients. We have Taylor-expanded the solutions up to the second order

of e.

1

(Qa=Ap)W .  QaFrA)W
L ) sm<( QB) ) sm<( +25) )
1 (1+€n)cos()\anW)cos()\5nW)dn: ) +
—3

. ((Qa=Ap)W . { QaFA)W
L i () g (g
At en) sin(AanW)sin(AgnW)dn = 3

1
2
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1
/ ‘ cos(AanW)sin(AgnW)dn =

1(1+ en)
& WCOS((M;B)W) WCOS((AQZWW)
W{ 2w v 2T w
sin <(>\a_2)‘5)w> sin ((Aa"!‘;\B)W)
+ 5 5 + O (64)
(Ao ) (Aa +Ag)
(B.3)
1
2 €
/é(l_{_en)cos( anW)sin(AanW)dn
& WC°S<<M_;5)W> WCOS((M?B)W)
W[? o 2
sin <( a_é\ﬁ)w> sin <(>‘a+)‘ﬁ)w>
+ O (64)
(Ao Ap)? (Ao + Ap)?
(B.4)
2 62
/; W(1+€77)QCOS( oW )cos(AgnW)dn
o Ca—Ag)W o Catrg)W
&2 [sin (Tﬂ) . sin (Tﬂ) o ( 4) (B5)
2l A As o + g ‘ ’

3 2
/2 e—sin(/\anVV)sin()\meV)dn =

_1 W(l+en)?
2 [sin (—(A“_Q)‘ﬁ)w) sin (—(/\O‘+’\ﬁ)w

W2

2

Mo Mg Ao+ Ag

) ] +0(¢') (B.6)
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b - :
 osOunT)sin( sV )dn = O (e (B.7)
/; W (1+e77)2008( s A ) )

-1 W(l + 677)2
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