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I . 

THE GENERAL NATURE AND SCOPE OF THE IllVESTIGATION. 



I. A'l'tJRE AND SCOPE OF THE INVESTIGATION. 

(a) Children• Habit of Treating the"=" 

Distinction. 
a symbol of 

One of the commonest faults in children•s statement 

of an ar ent in arithmetic 1s the misuse of the sign of equality. 

The follo 1ng ex lea of state ente, sel oted fro oh1ldren 1 

work by the writer during his marki of Fo?'t!'l I rithmet1c, are 

typical of the errors committed by oh1ldr n between ten .and twelve 
years of age: 

(1) 

(2) 

(3) 

(4) 

(5) 
(6) 

(7) 

( 8) 

~ - lf = 6 5f. = 
5r,1 - 91 - 9t • t• 
l day. 2 ! acres. 

270 t 5 - 5~ -
5 . 

a 1 -3 - 25. 
-f- 2 

'H -,.. ! -f- 6 
13' = 11 • £39 -t- li - £40i • 

6s. 8d. X 3 • £1 - 2s.6d. • 17s. 6d. 
60 packets X • -- 2 oz. • Ans. 

A study of thee and numerous other instances suggests 

th t children regard the sign of equality s a symbol of distinction 
rather than as a connecting link bringin~ into relation two 



expr ssions hioh are numerically or qu tit tively equiv lent : 

its function , to the child mind, would appear to be to separ te 
~ 

rather th n to br dge . The valid.1 ty of this st tement will b 

2. 

decided after 

gation. 
study of the results of the t sts in this invest!-

The qu st1on ta well worth invest! ating, owing both to 

the ide pread. oocurrenoe of the misconception, and to the f et th t 

be notion is of great importance in the a.rly stages of the study 
of al ebra~ when equations are apt to lose all aning if the pupil 
cannot conceive an expression as a unity and an equals- sign as so e-
thin . ore than a punctuation rk . 

Support for thi contention is ccorded by the "Report of 
In pectors of Schools to the Education Bord of the D1str1ct of 

ellington for 1933 ", published a few weeks prior to the placing 

of the account of this investigation in the hands of the typi ste . 
On p e 8 

eider tion 
th report reads : •A point that is worthy of more con-

teachers of senior classes is the logio 1 arrangement 
and correct et te ent of the suocess1ve ateps of problems . The 
loose nnd in cc te use of the •equ la' sign is still prevalent . 
It is gested that ore frequent settin, out of odels on the bl 

!' 
( 

· bo d by the te cher will be found help:f' • II 

(b) Ef~ects of Such 1soonceptions . 

The rel tion of equality in math -ties 1 the fundamental 



)• 

relation between quantities and is the b sis of all quantitative 

thought. -~d reasoning. Thus .s . J von4 ay : "The universal . 

eason1 ... is hat which al.lo principle of all 
like for like. I have now to point out how in the thematical 

scienoe this prlnc~ple 1~ involved 1n eaoh step of re oni • I 
is in th se ocience indeed that e et With the clearest oases 
of substitution, nd it is the si licity with which the principle 

can be applied hich probably led to t he oompar tively early per-

fection of the soienc~s of geo etry d arith e 10. · Euclid, and 

the Greek ma.thema.t1cians from the first, recognised equality 8 

(1) the fun ental relation of quantitative thought .......... \ 
Thus, s the relation of equality in the at1cs is 

fun ental, and is involved in ev ry step of reasoning, it follows 
that the existence of serious misconceptions conoerni the symbol 
for the atical equality will render invalid the whole proces 
of reasoning. It would see • then, that the basis of valid 
mathematical rea on1ng and inference could be laid by eradioatin 

any misconceptions concerning, and building up a right under tand1ng 
of, the precise eanin and use of the ymbol of equa.11 ty in the 

. child nd. en a child asserts th t 9 x 2 • 18 + 2 • 20, 

it 1s ev dent that the worki is echa.nical, 1n the sense that 
the s bol of addition and multi lie tion are regarded rely 

as co an Which must be executed irreepecti ve of the relation 
Which y exist between the quantities connected by the "• Si • 

oat children would a1nta1n that the"•• sign is used legitimately 
in the above example, because the 9 has been multiplied by 2 

(l) •The Principles of Sci nee•, p. i62. 



(2) 

4. 

to glve 18, to which 2 has been dded to ake :20. It is r 

able that children of ten yea.r o conce1 e y number, however 

gre t, itten in the Arabic not tion, as unity, yet ny 
cannot cone 1 e vul fraction or an e%pre sion cont 1n1 a 

symbol of operation as a simple number. Thus 9 x 2 to the child 
1nd is not a unity like 18 - but proces to be c rried o t, 

namely, the proce s of multiply! 9 by 2. It would see • then, 
that e existence of such misconceptions of the ••• ign rob 

arit etio (and the atics 1n general) of much of 1ts ean1ng 

and value. This is true whether e follow the chief aim of 

athe at1c aQ utility in olv1 pr ctical problems stated 
in e Syllabus of Instruction is ued by the duoa ion Depart ent 

of e Zealand, or as the develop ent of an appreoi t1on of the 

value and e1 1ficanoe of an ordered system oz mathematical ide~s, 
as ated by Sir Percy unn~<~) 

Few will deny that an important al of the ties is 

to provide a training in 1 ~1oal, syste t1c reasoning, both in-

ductlve d deductive, yet this lm i not rea11z d long s the 
child o ke more or less meohanica.J.ly~ or when there ls no log1o3l 
s quence between the steps in a re son! process. The follo 1 r:,, 

ex l illustr tes a.n rror that is typio 
and twelve ye of age:-

T. Percy Nunn : 

136 X 12 • 1200 +-- 12 X 30 
= J60 +- 6 X 12 
= 72. 

•The Teaching of Algebra•J p. 17. 

o children of ten 
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en then • • sign is isused as in this ex ple, the 
reasonin process does not "ha together• - it is disjointed 
and 1110 cal, 1 much as each step does not logically follow 
from the previous step. The reasoni process then loses its 
essential unity and olar1 ty, while the value of ma the atios lies 

only in the development of mechanical accuracy . Too muoh time 
in ma.the· ties sees to be devoted to the or ising of the 
mechanics of working various type of tic 1 examples 
instead of trying to develop the logic peot of the child' s 
1nd. An pt illustra ion of ,his point offered fro an 

(3) in esti ~tion by r . E. J . G. Bradford. The follo 1ng 1 
a sample of the type of proble ~ed in the 1nvest1gation: -
If Henry VIII had ei.x wives, h any ha Henry II? Bradford 
found that roughly 60'/, of the children applied the prino1pl<e s 
of numb rs" without thinking a.bout t e nature of the data in 
hich these numbers were i bedded. 

The oorrect use of the sy bol for the at1eal 
eq lity mini ises he poss;btlity of error in the following y :-
( 1) Our inds, not overburdened by a s of unnecessary detail , 
are thus left free to concentrate on rel vant matter and on the 
deduet1on of the next step fro the previous step . A comparison 
of me hod bodying the illegiti te e of the an sign with 
one embodying the legitimate uoe ;y ke th1s point clear. 

( ) 136 X 12 • 1200 ~ 12 X 30 
360 -r 6 .x 12 

• . 72. 
Forum of Education•, (Vol . 3) Sugge tion , Reasoning and Ari thmetic : by E~J.G. Bradford. 



(b) 136 X 12 = 100 X 12 + 30 X 12 + 6 X 12 = 1200 + 360 -t- 72 
• 1632. 

In (a) it is necessary to bear in nd, while we are worki the 
proble , several numbers that e have to add before we arrive t 
he ans~er. This may lead to oversight of on pr ea , confused 

tho ht, or addition of the wron~ number, 1n addition to 1naccur-
oy in eoh nioal calculation which is the only source of error 

wh1oh applies equally to example (b) . oreover, when dealing 
with complex, involved problems t he inore ed 11 bil1ty to error 
by employ1 the•- " sign 1noorreotly is oh great r th n th1s 
simple ex ple would indicate . 

(2) In the solution of a complex proble, the full rea.soni 
prooe is very seldom fully and precisely formulated in the mind 
before putti pen to paper. Often, t ough more or less blind 
reason! , or trial and error reasoning by the deduction of all 
possible relations, we ay see 11 ht . Thie is possible only if 
the • " sign has been_ u ed correctly, thus en bling us to feel 

confident that our reasoning from step to tep is valid, ltho t)'h 
we y be on the wrong track. 

The sign of equality,"• .,, ranks amo the very few the-
matioaJ. symbols that have met with l.llliversal adoption. This 
symbol as so admirably chosen t h tit survived all competitors 
in the long struggle for supremacy . in to its universality, 
thent it is important that the• - • sign ·performs always its true 
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function, namely, the expression of relationship between 

o expressions which are numerically or quantitativ ly 
equivalent. Thus, for example, if the"•" sign is per-
forming its true function, the te cher can independently 

and readily ee any errors that may exist either in the 

rea on1 process or in the echanical c oulations 1n a 
cl ld•s work. en the •• aign is used 1llegit1 tely 

by the child in his wor~ , the t acher 1s confused with a 
mas of figures expresei no true relation to one another. 

In general , then, it 1a evident that misuse and loose 

uee of the sy bol of equality leads to confused tho ht d 

1nv lid reasoning. Kies Renick says: "It 1e inconceiv bl 

that pupils who do not underst d a state ent that one ex-

pr seion is numerically equal to another can have understood 

the logical bases of the process of solvi an equation. 

Their skill was due to the oirc stance that they could inter-
pret and pply certain rule·e. There are many children who 

le n athe ties in this ta hion.• ( 4) 

lhe following ea give an account of 
mainly experimental in eh eter, into children's oo on 1 -
conceptions concerning th s bols for mathe tioal equality. 

(4) Reported in the "British Journal of Educat ional Psycholo 
June 1932. 
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This topic for investi tion geeted itself to the it r 
during his actual te 0111 experience . Teachers 1n th 
seoonda.ry and senior pr1 a:ry branches of the school fr quently 
co ented on the misuse and loose use by their pupils of the 

n•• sign. They maint in d that the precise meant of the 
sy bol was not clearly understood by the jority of th ir 
pupils, With the result hat ny reasoni proc sses ere 
erroneous and unintelligible . 

This thesis e odies experiments directed to he 
investigation of the foll ing proble s :-

(1) To what extent isconoeptions exist in the minds of 
childr n of different s concerning the • sign. 

(2) If, and when. the prec1 e eaning of th sy ol is 
clearly understood by children. 

(3) If, and to what extent there is a difference in 
the sexes in the under t di of the symbol . 

(4) Factors influenci the for tion of such miscon-
ceptions in children•e lnds . 

(5) The value (if n,y) of direct instruction in the 
removal of such soonccpt1one . 

(6) ether, and to wh t extent, inability to under tand 
clearly the precise n ture of the H: N sign hae it corr lative 

in inability to underst d the correct and precise m anin 
of the word equ 1•; or hether the word "equal~ is regarded 



s synonymous with the ord 0 eame•. 

(d) Previous ork in the Field. 

As far s the ter is aware the only previous· 

investigation in this field is that of ss E • • Renwick> 
reported in the Brt tish Journal of Education Psychology-

June 1932. se R nwiok s ore concerned to discover if 

1sconeeptions concern! ey bol for the tica.1 equality 
existed in the minda of o ldren of' a particul r age o v, 

namely, those b tween ten d twelve years of age. Only 121 
pupils were te ted and these were all rls, while the re lts 
of the test employed in the 1nvest1g tion were expressed only 
in broad cla a-groups, which, even tpough s estive, re too 
1ndefin1 te, ard incapable o sl1owing if dev lop nt of the 

ability to under tan cle ly the precise e n1 of the 

symbols varies directly 1th the inoren 1 er ea of children . 

Real1z1 the limitations of iss Renwick ' s 1nvestiga-
tion, the iter h send voured e this investigation 

ore definite, more co _ rehensive, and ore convincing, -
( ) By ubm1tt1 the tests to over eight hundred subjects . 
(2) By test1 ~ child en hose ages ran ed fro seven to 

ne y nineteen years in order to show development of ability 
if such develop ent exists. 
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(3) By testi ~ classes in which there was a.n approxi-

ately equal n ber of girls and boys, so tho.t if any 

!able di!ferenoe appear ln the remil.ts be een the sexes, 
then this differenc is probably attributable, not to diff-

erence n teaeh1ng, but to d1:f'f ereno_e of ma the tloal 

1ty betwe n the sexes . In order to ndminieter the tests, 

then, it •as necessary to select co-educational. schools 

where the cl sees cont ined both sexes. 

(4) y arr ng the results c,f the tests in e--

oup to d1 oover 1f n.ny relation P.x1sts b en age-
nd the ability of children to understand th ean1ng of 

the ;;11 sign. 

(5) By atte nting to discover the cause (or oau e) 

of 1 o noeptions of the ign of equality d eating 
easures to remove such 1sconcept1ons. 

(6) By odific t1on and extension of th te t in 

oertain direoti ns . 

(7) By ttempt1ng to discover the value of direct 

instruction in r oving sueh isconceptions. 

Thus, this 1nv etigation 1 not only ore co rehen-

sive than that co~d oted by 1ss Renw ot, but also it 

probes more deeply into the proble , reve ling sex and 

e differences possible cause and s ge ted re ed1e. 



II. 

THE INVEST? GA'rIO • 
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(a) Description of the Teat. 

This test. des1 ed to reve oh1ldren•s 1 
t1ons concerning the sympol of the tioal equality, 

mitted to classe r 1ng fro St dard III 1n the pri 

once -

s sub-

Y 

school to For VI in the second ry school; th t is, t e test 

was sub itted to pupils whose ages ra d fro 7 to nearly 

19 year. 

The test is similar to th t employed by 1es Renwick 

but the number of ex plee ha been increased fro 10 o 15 
to provide for additional· ex ples cont ning more oo n 

misuses of the-=• sign, e . g. cale t 1 inch• 1 foot. The 

close imll ty in principle between the examples devised by 

iss Renwick and those e oyed in this investi tion is due , 

not to sl vish imit tion on the writer • p rt, but to th 

t t se Renwiok •s ex 1 lea re irably chosen. The 

follo 1 1s he form 1 Which the test used is this 1nv 

tion was expressed: -

Girl and boys, and ven own-up people, often use ongly 
the~-• sign, so we a e vi xou this simple test to find 

out 1f .zsm. know the correct use of the "•" s1gn. Re d thes 

tate ente c efully and if you think thnt the =• sl is 

used correctly ite Y sff: if you think it is used ron ly 

in any p rt of the state ent write 11 No 11 , e . g. 9 -,- 5 • 12 ( o). 
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Don't guess . If you do not know, put nothing in the br ckete. 

(1) 9 X 2 

( 2) 6..,... 3 
(J) ls, X 12 

(4) 6d. X 2 

(5) 12 4 

(6) 18 !- 2 

= 
--
--
= 

14 +- 4 
9 + 3 = 3. 
12d .. 

la. 

16 + 2 :: 8. 
2)18 

9 
(7) + 2 -t-1 -

(8) 4 X 6 • 
8-rl • 9 

3 X 8 

(9) J X 5 
(10) 3 x 5 
(11) 9-,- 4 

(12) 6 X 3 

(13) 3 X 4+-4 

(14) 2! - t 

• 14-r 1 

• 15-,- 2 - 17 

• 13 - 2 11 

• 2 X 9 

• 4 X 5 - 4 • 16 

• f - t • 2} 

(15) Scale : 11noh • l foot. 

( 

( 

( 

( 

( 

( 

( . 
( 

( 

( 

An ex 1 ton of the test revels th t no effort was 

ade o catoh 8 the children by m s of freak examples. 

The examples displaying an lllegiti ate use of the "•• 

elgn ar representative of the ones the writer has en-
countere ri ~ his actual teachi erienoe. In 
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addition. the children had their attention drawn to the 

purpose of the test namely, to discover the ability of 

e oh individu 1 child to distin 1sh betwe n the correct 

nd incorrect uses of the sigr. of equ 1ty. Pr1 1ly, 1t 

• not the r te~•a intention to reveal to the children 

the purpose of the test, nor to specify the nature of the 

error to be sought. Had this been the case the· results 

displayin 1sconoept1ons of the sy bol ould h ve ·been more 

arreat1 because the ohildts attention would have been dis-

tributed over a much wider range of objects. However, the 
results h 

provis-1on as 

riter has seou:red are pUI'e, in the sense th t 

de to eliminate the possibility of extraneous 
f etors affect1 their \"alidity. Besides, the children 
ere instructed not to guess, so 1y rrors noted are errors 

in the un~ersta.nding of the oorreot ~nd precise me 1 of the 

ign. so, example involving sm land easy numbers were 
chosen so that any errors would result not fro faulty oal-

cul. tion but from a faulty kno ledge of the principles involved 
in the •examples. Renee. every pre ution w s t ken to ensure 

that errors in children• judgments ould be due to no other 

factor than isoonceptions oonoern1 ~ the ean1 ~ of then:• 
sign. 
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(b) Technique of arking. 

Tle technique of marking employed in this test bas 
been follo ed in all the tests of th1s investigation. Briefly, 
it is as follows :- One rk was s traoted from the number 
of example attempted for every incorrect judgment . Thus a paper 
hich contained no errors as credited w1th 10o%, even though 
he child bad not p seed his judgmen on every example . It 

is well to reo l ·that the instruotio on the test stated : 
Don ' t guess . If you do not know, put nothing in the brackets . • 

The inve tigation is not oonoerned 1th the easing ability of 
children but with their misconceptions concerning the symbol of 
equality. The purpose of this investigation is to discover 
to what extent children are definite i supporting wrong 
u ent . Hence, 1n this test, any rrors that arise are due 

to definite sconoeptions in the child ' s mind, and not to in-
ility to understand the ex ple . Thus, standard III pupils 

ay never have heard of "scale• in arithmetic, or their knowledge 
of fractio ery a.gr, ind ed, so to obtain val i d 
r mllt (probably conservative) we o :nnot subt ot rks for 
inability to form a judgment on the oorreot or incorrect use 
of the•• » sign in such ex ples. 

practical 111 tration may make the plan of mar 1 
clear. If ohild formulated judgments on 14 of the 15 
ex ples, e must assume, taki into consideration the nature 



of the 1nstruot1ons I that the child wa.s qu1 t deo-1ded in 

his O'Yn ind that his 14 judgments w re valid.. !f I say, 4 

of his judgment 

as ( 14 x l )1, tlat is, 71i. ery oh1ldts individual 

score as asnesaed first on a percentage basis, 

translated into a fractio of 15. In t e abov example 

the ohild•s new score would be (~ x+), that 1s 11 10.6. 

In the total score for each age-group, only ,mo e nuobers 

were employed. 

There e e comp . t.1 ly f c see in 

examples were ot ttem ted. er 9 of the punils p s ed 

definite jud ents on 3.11 the ex plea, soap ~rently the 

test ere not over-di.ff1c~ 1 t.. Thus, the eani of the 

ex les eee c to h ve been clea? so ny errors a.re due 

entirely to 1sconcept1ons concerning the symbol of 

1'h1 ent 1s u ported by the technique of kin 

which ignored y ex le whose meaning or use of the•• 

sign perplexed tho child. 

---oQo,-------
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(o) Results of Test and Discussion of Results . 

The toll 1ng table sho s the aver e ark for 

each e oup: -

otal • rk o. of p 11 verage 

7 8 10 l 10 

8-9 66 6 11 

9 10 27l 32 8.5 
10 - 11 368 40 9.2 
11 - 12 539 58 9.:, 
12 - 13 741 72 10.3 

13 - 14 838 78 10.7 
14 - 15 650 55 11_.8 

15 - 16 565 ~4 12.8 

16 ·- 17 375 29 12.9 
17 - 18 122 9 13.5 
18 -19 28 2 14.0 

k 
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Graphic representation of this result y be ore 1nstruct1 ve. 

I • .._ i;;; '- 1" - >- ~ "j' ...... ·'t, I I I 

I H-+4--+-+I 11 

~µ_+-1--1-+~ -t-l-,l....+....j...+.4-J-!--ll-l-,l....+.-+44-J-+-i~~,1....+.++-+-1-l--ll-+-J.+~+l+I I •J 
I 
I 

I / 1 
• 
I 
I 

. I I/ 

/ .-+-
I 

~ 
'-1---,1-j... '++++-+-+-t'-+ 

I 

\.. /( t,. 

(j 
.:: ....... +-

I 

' ~: , ... I I I j I 
+4--l--l-4-4~,~:~.~~::~:4:4-t-1-.............. 4-1-4-1-1-........ ++++-Hl-+-+-+-++t ~~ ~ 

, L i L.' 

It is not possible to co re the results of this test 

wi those of iss Renwick bee use the 1 tter rP.oorded her 

results, not in age-groups, but in broad class-group , while 

her cl ses mprise girls only, of cliff er iJlg ages. 



18. 

The follow! are tbe groups tested by Ren 1ck: 

Clase A ! 

Class B 1 

Olc1e O . 

o as D: 

29 girls, average age 10 years 11 onths, 
ages ranging f:rom 8 years 11 nths to 13 year , 

and includi girls o er 11 . 

32 girls of edium b111ty , aver e age 11 

years 8 onthc . 

34 girls classified s of superior intelli-

gence., aver e age 13 years. 
::? g irl , o-:= who a.bout bal! were very weak 

in m~the tios> v ~age age 14 ye • 

The follo 1 a e the results obtained by 1ss 

Renw1o: -



(A dash lndioates that the class did not oone1der the statement~) 

iumber of oorreot anowers. 
Statement Olaes A Class B Olass O Ola.SS D 

(29) (32) C34l (' ~ 
.. 

(1) 1'7 X 2 • 30-t-4 lJ 23 )4 2,. 

( 2) 12 -t- 2 = 14 7 2 : 7 9 19 32 22 
(3) 6d. X 2 : ls. 27 31 34 25 
(4) £1 X 20 • 20s. · 15 30 31 22 
( 5) 13 ~ 4 • 18 -+ 2 ::. 9 11 18 28 
(6) 26 f 2 • 2~ 8 6 8 1 1; 
(7) 6 +- 2 -t' l .. 8 -t-1 1111 9 16 ~ · - ·-
(8) 2 X 4 X J: 8 X J 13 -
{ 9) 71 - 4i = i- - t • 

= 3i - 25 28 
(10) t of 12 = ! of 9 = 3 - 32 29 2 



Thus iss Renwiok s results do not show any relation be een 
the age of children and the o.bil1 ty to tmderstand the true 
meaning of the symbol of equa.1 ty. The tabulated, statistic 1 
resul s, bile suggestive, ar, too indefinite nd conve very 
little. 

The results of the te tin this investigations em to 
sho that ftor the age of 9 there is a de in te, steady in-. 
ere se in the ability of children with i~oreasing age to under-
st~d more cle~ ly the precise meaning of the s bol. One ' s 
eye is immediately captured by the high arks - probably unex-
pected - secured by the children in the two lo est a e roups. 
Ho ever, the results in theee roups must be..dlecarded o 1ng 
to he insufficient n ber of upils tested. e writer 

* proffers the foll ing explam tion of the high marks in 
these group. The lo est class veGted was a.ndard III, 
so these pupils of even and eight yenrs of ~e were at le t 

* 1n Standard II. ' Thie means that these pupils are gifted with 

ore than ver e intelligence. This f ot, together with the 
f ot of paucity of cases tested 111 probably coount for the 
pheno ena. The 1ter feels convinced that ere a euffioien 
number of o sea taken of children between the age of 7 and 9 
ye , not only in Standard lII and higher classes. but lso 
in a ... da.rd II and 1 er olaasc , _then the average of the 
arks ould be bclo the avera e of the ·rke attained by 
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ohildren whose ages range from 9 years to 10 ye re. 

The result hat there is a direct relation between 

1ncre se of e in children an their ability to understand 

the true men.n1ng of the symbol of equa.11 ty 1s what we would 

na ally expect for increase in age normally eans increase 

in experience. increase in school in81truot1on, nd nn increase 
in the development of mental functions . This should mean 

that ven the symbol of thema.tic equality should take a 

c e er and nwre ef ini t n he c il ' s mind. 
It my appear tha an :ve_ ge rk of 8.5 fro 

possible average of 15 is a goo~ ~k for children -of nine 

year ot age b t 1~ tru.st be b.red that if a su.ffioient 

n ber of cases l:lre taken, an a erage mark of ~pproxi tely 

7.5 ould be obtained simply by chance or guesnin . About 

one half of he ju ente of th children of nine year of 

age ere ro • his sho a th t the precise and true meani ng 

or the '=" sign is not by any ~~ s clear to t·1e child of 9, 
no· ~ en o he ohild of gre te 1ear • 

o oonsis ent 1th oux do ion to iac rd the 

esults of tb1 eats on the sevau a! d eight year old children 

through insut'ficiency of ea.see, e should do the a e with 
the results fro the ccventeon an~ eighteen y old pupils 

for the same _e son. In the o inion of the riter the res1lt 

of the est applied to those s of seventeen and eight n 
years are prob bly higher than "they hould be, for the reason 
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that ost of the students re boy, a.nd boys - as 111 
be pointed out 1 ter in this thesi - after the age of 

13 or 14, show definite superiority over the girls of 
the same age 1n the te ts of t his investig tion. Hence 
it se that if the resultc of the tests applied to student 
of e~e.nteen and eighteen ere truly representative of both 
sexes, they would not· be so h gh, H ever, the result 

0 no so high as to 1nd1oatc that the real eaning of the 
s bol is accurately conceive. A par ntly doubt still 
exists in the 1 s of student of eighteen years of age 

as one student, for example, asserted th t the use of the =" 
s -~ n 18 2 2)1 an te lcgi t1 ate. Doubt not 

9 
only exists in the inde of ou pr1 ry and second y school 

pupils, but also 1n the inds of educated a ults nd fully-

qualified te chero as ill be pointed out dttr1 the course 
of ·his nveoti n.tion. lli ss Rnnw1ak sayo. 'The m1sooncep-
t n is not unkno ong e io· tcd dults e the follo ing 
ext et from modern boo on l e:redity testifies:• (l) 

(44 - 30) 2 • 142 6 a 19 X 2 • 392• 
(44 - 34) 2 

102 • 10 X 7 • 700-

rt in the •Br1 1sh Journ l of due tion 1 Psycholo •, 
June 1932. 
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The re lts of the test y be presented in 
di ereat tabulated o to sho then ber of up ls 

in e eh age-group uo ere ccrreot 1 their ju en e 
conQerni~ each ex le. This method makes th results 
111Wllinating as 1nore ae (or deorease) in the ability of 
children th inoreasi ageJ!~n:!_!a~n!l._.J2,e~~illll:.t..J!i'!~i121e~ 
may be tr ced. Th figure 1n the follo in ble g1 e 
the numbe of oh ldre in e"c~ gro p who were ouoceo ful 

in . ?' jnd ent c erni each exn.mpl.... The n Lbe 

in brackets indicate ~ e number of children in each "e-
gro • 



(1) 9 z 2 • 14-t-4 - 6 26 28 42 50 62 50 ,t2 26 8 
a • 

(2) 6 t- 3 a 9 ; 3 = 3 - 4 15 20 29 45 50 48 35 26 9 
(3) ts. Y. 12; l2d. l :, 13 23 39 64 67 5.1 43 27 8 

,. 
(4) 6d. X 2 • lo. - 5 29 :35 51 72 77 50 42 26 9 
(5) 12 - 4 • 16 ·+·2 = 8 - 5 15 21 34 40 50 40 ·39 23 8 

( 6) 18 + 2 ~ 2)18 1 .. 5 4 6 10 9 13 19 12 4 
( 7) 6-t-2 -t-l c: 8 -r 1 

9 18 60 64 26 =9 l 4 34 45 45 41 9 
(8) 4 X 6 ~ 3 X 8 - 5 24 32 35 54 63 49 42 26 9 
(9) 3 X 5 # 14+ '.l l 6 22 24 44 53 66 50 41 27 9 

(10) J X 5 • 15~£ • 17 1 5 16 23 33 51 59 49 39 29 9 
(11) 9-t- 4 = 13 ~ 2 • 11 1 4 10 20 26 47 58 46 37 27 9 
(12) 6 X 3: 2 X 9 l 6 23 26 44 54 59 48 41 28 9 
(lJ) 3 X 4 4 • 4 X 5 - 4 •16 l 5 21 30 38 49 60 42 41 26 9 

( 14) 3i - t = i .... t • 2 i 1 3 8 15 29 . 49 49 44 43 28 7 
(15) Saale: 1 inch• l foot 1 5 21 21 44 48 44 25 18 
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A already poi nted out the reeults of the tests 

bmitted to pupils of 7, 8, 17 and 18 years of age 

st b discarded owtn to 1nsuff1o1enoy of oases tested. 

This table enables one to see at a glance the 

examples produo1 

in eaoh e- oup . 

oat errors in the children ' s judgments 

Thust in each ge- group we oan arr 

the ex plea in order of difficulty fro the child ' s poin 

of view. However , the follo 1 method of present tion 

of results is prob bly more illuminating and lucid 8 

the . aph shows, at a gl ce, 

(1) The order in whioh the examples were judged 

ost correctly 1n each e- :roup. 
(2) The increase (or eorease) in the el:>ility of 

children of successive o.g - roups to form correct judg-

ments concerning the use of the"• " sign in each example . 

To make possible this ethod of present1n the 

results, the fi es sho i ng the number of correct ju -

nts h d to be expressed on a percentage b 1s to s cure 

co on working-unit for purposes of comparison and con-

trast . For ex ple, 24 of the 40 pupils betwe n 10 and 

11 years of age were auooeesful in their ju ent of 

example 9. This result ould be expressed by ( ~t x l~O), 

tha is, 60. S1m11arly ith all the other number in 

e 



...-

t .. 
f 

( 1) 9 X 2 : i4 + 4 - . - - - - 0 et, 

(2) 6 -t-3 =· 9 f 3 ~ 3 50 62 64 87 , ,80 90 ::, j:J' 
47 50 Cl> 

'° 
(3) ls. X 12 ,c 12d. 41 57 67 89 86 93 98 93 'o ~ 

~: ~ 
(4) 6d. X 2 -:: ls . 91 87 88 100 99 91 95 - - ..... (!) 

(5) 12 - 4 = 16 • 2 = 8 47 52 59 56 64 73 89 
(6) 18 + 2 = 2..l..JJ!_ 16 10 10 14 12 24 43 

9 56 85 78 83 82 82 ( 7) 6t-2+-1 a ,1 -rl • 9 9 
(8) 4 X 6 = 3 .~ 8 75 80 6o 75 81 89 9 

93 I al 

( 9) J X 5 • 14 -t- l 69 60 76 74 85 91 93 
<1) 

CQ 
(1) 

(10) 3 X 5 = l!j t-2 • 17 50 ·57 57 71 76 89 89 100 
( 11) 9 -+-4 -= 13 .... 2 = 11 31 50 45 65 74 84 84 93 ·G 

Cl) 

(12) 6 X J ·~ 2 2 9 72 65 76 75 76 87 93 97 
M) 
0 .... .... 

(13) 3 X 4+-4 • 4 X 5 - 4 •16. 66 75 66 68 77 76 93 90 i 
(14) 2'i ·- i ~ , ~ t = 2i 25 37 50 68 63 80 98 

.. 
9 

(15) Scale: 1 inch= 1 foot 66 52 76 67 56 45 41 62 I et 

~ .... 
Cl> 

N 
~ • 
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These results can be aphically repres nted follow : 
.. 

l I I 
I I 
I 

I 
qi 

) -

n- /he c.xornp/es ,,.,.., ++Je -le 

,.,..,...-,hers ,n brqcKe-fs 
.-efer -h> +he ..-,u ...,,bers of :-

. .. -
~ =-1 - '-

..... 
' t 

I 
I -~ 
~ 

I 
I 

i -~- II 

L.. L.. I-+-- ~1-.... { 
' +- L.. L.. 

- - ._ 

- ·-----· --,- ~~ 
~ 

-+-
-
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(d) of Oert ,1n Results . 
(1) General Results. 

All the chilax n see ed to weigh their deci ions very 
carefully_, so e of the pupils cheoki their ans ers o or 
three times, making al terat1ons and erasures., and appearing 
to find the task difficult . There ere in spite of this, 
inconsistencies in the judgments of a few of the beet pupil 

and this fact serve to emphasize the indefiniteness and ant 
of clearness of th ir ideas ~ It is worthy of note nd very 
significant that 

takes . 
1y 10 of the 426 papers.cont ined no mis-

oat of the pupils tested were unkno . to the riter, 

hence it is not pos ible to scert n any correl tion th t 

may exist between success in the test and goner 1 intelligence . 
However, the writer, o years ago, conducted an intelligence 
test (Stanford revision) on one of the pupil - B tty. 

I . Q. as then assessed at 130, so she would be ola sed as of 
superior 1ntell10 ence . He~ age, now, is 10 years 2 onths 
so that her isconceptions in this test y be r rded s 
afford! evidence f the point of view of the ordinary child 

of eleven or twelve . Betty is a very careful n conscientious 
wor ker and she decided as foll 

I ncorrect . 
12 - 4 • 16 • 2 = 8. 
3 X 4-t-4 • 4 X 5 - 4 • 16. 

s :-
Correct . 

6 -t-J = 9 + 3 = 3. 
18 • 2 = 2)18 

9 
2! - i = f - l : 21 



It see cle that she could not co oeive a 
to her, it was not 

a number but an instruction. Her •correct at tement is 

correct because the instructions in it have been carried 

out - the 6 has been added to the 3 to make 9, Yhile the 
9 h s been divided by the 3 to give quotient of 3. In 
her 1ncorrec "state ents, so e of the in truction may 

seem to have been ignored, hence their rejection. 

Children seem to find it very diffioult to conceive 

a vul~ar fr ction or an expres ion containino- symbol of 
operation sa a. simple number . They are in the habi t of 
transla.t1 t hee symbols of operation into verbs in the 
i mperative ood; thus u12 -,-15• is rendered "12 dd 15• . 
The child does not think of 12 -t-15 as simple n ber, 
namely 27, but as a process to be executed. 

inability to think of an expression as an 
ed by their f f1culty 1n sol 1 the follo 

Children ' s 

easy 
problems: 25 ~ 211· , (400 - 1) + 7 • . In the 1 tter 
example, the ch ild, knowi very well the function of the 
brackets, 1e perplexed, and does not know w ether to sub-

tract 1 fro 400 and find how y sevens in 3 9 or to find 
bow any sevens in 400 and then subtr et one, that is, one 
seven . 
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Miss Renwick states th t she is in tb habit 

of 1ntroduc1n~ to her pupils the ordinary conception of 

any e~pression by setting an exercise in which they a.re 

required to insert in an equation the s bole of oper tion , 

thus : 
17 A _2 : 5 ~ J . 

17 - 2 : 5 X 3• 
The state ents alw ys provoke a prot et : 

15 and you have ritt n 51 ( 2) 
is us of th sign is 

expr8ssions, oo ce1ved s instruction, in the or er in 
which they arise in the ind. or ex ple, impl 

probl which 1s solved by e ns of the series of cal-

culations : -

12 X 3 : 36, )6 - 6 a 30, 30 + 6 • 5• 
is explain d in r1 ti by the child thus :-

( ) 12 x 3 . 36 - 6 JO 6 5 nuts each . 
or 

(b} 12 

-+ 6 
6130 5 nuts 

rded as 
each. 

here (a) and (b) re r 

equivalent mo es of stating the argum nt . 

<2) Reported in the British Journal of Education 1 Psycholo ~ 
JunP 19 ..,c:. 
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ln thia oonneotion it is inter s~ing to note the fol ow-
1 xtract (3) tro an eric ar- th tic book, "The 

Col 1an r1thmet101an·", publi d in 1811 : 

1 -t-6, = 7 1 X 6 • 42, + 2 • 21 . 

.l r ther unusual use (4) of equ l 1ty signs is found in 

a wor of idler in 1740, viz . -
O -t- l -t- 2 • 
2 -+- 2 -t- 2 = ~ 1. o. 1 . 4. = 5- = 1 1 

2 ' 4 ' 4 ' 4 ' = 12 3 + 1 2 

A ourtous use~ 5tn the s e expre s ions, of - , the co 

and the word • equal18" 1 found in a T cquet- lh1 ton 

ed.1 ion of cl1d, where oner 

derit 8 x 432 • 3456 aequal.1 

, tor example, 

8 X 400 3200, + 8 X JO c 24 , +- 8 X 2 16. • 

Ex le o . 6: 18 + 2 = 2)1 
9 e graph show 

re cle iy than do the ~c-IW, the relative numb r 

' 

of 1 conceptions of then: s: in oonneot1on 1th thi 

ype of ex pl • It is eviden that approximately 9~ 
of children be een the age of 9 and 14 think th t the 

e of the"• " sign ie legiti t e 1n ex les of which 

<
3

) Q'uoted by Ca jori: 11A History of a thematic 1 Notations_,"Vol . I, p. 307 
(4) Qu ted by Oa.jori : ' History of th tic ot tion , 0 "':I,p3<13 
( 5) Quoted by Ca jori: 11 A Hi s tory of Mathematical Notat ions/ Vol . I,p.308 
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18 t 2 = 2 l a type . y does thi 1 con-

ception xist? 1 • 2 1 equal to 9 or 1~ , but 

c rt nly not 

n which is 18, 

to 2 in front of 

bel which is 9. The writer 

e ts that the ·ttrc:nib lie · , not in the child ' 

own m1soonoept1ons bUt in those of his te ohers d 

the writers of hi rit etic books. This po1nt 1 l 

be laborated lat r n the th sis but it is relev t 

here to note the !despread xietence of this typ of 

sc noeption o uthors and teachers . ven a.t th 

age of 17. only 4 ,(J of children are free from thi s-
conoeption. 

nt:UJIDle o . 15: l l 1noh = foot . 
The graphic repr nt -

tion of the decisions of children in uccessiv 

in oonneot1on wi h this ex l is v ry 1nt r stl • It 
aho.s that ohlldr n of 9 r of e not inferior, 

bu 11gb lY superior, to pupil of 12 - l7 year 1n 
their decisions re. t hio ex le. The writers eets 

that the re son ay be foun n the f et t t prior o 

the age of 10 or l, the word" oa.l u y ne~er have been 
us din his connec ion~ hence th chi dren rely for 
th ir deo1 ions on co on s • However, ter the 
age of 10 or 11 year ples of thi type ar found 



in current teit-b 

work and del 

3 • 

nta of 

ers. hence an rroneous id is con-
oe1ved by the pupil. Never c n 1 inoh = 1 foot.. One 
inch 

The exampl in oonneotion th which the 
n ber of correct ecis1ons were v~n, was th 1 le 
one, ely. 6d. 2 = l • It le r ther surpr1s1 
th t ingle incorrect deci ion should ext t, y t only 
901> of children a the ag of 7 tendered corr o ju -

n s. 

ample o. 14: 2i - • l - t • 2i. 
The resul of this example, 

particul rly in the 
than the ter's 

rotips a ove 12 y e, ar h e 

erienc 1n te chi would lead 1 
eA}) et for this ts ave t e of error found in 
the cla_, -r o of oth pr1 ary and secondary school 
Th ~aph show t t pupils from 9 - 12 ye rs fr u nt y 

C 1 t this type of error. 1 e whol r a oni roe s 

! not grasped a.a ty, rob-bly bcoause of the rel t-
1vely i ture n ti. e of the of ohildren r 12 

of age With g rd to abstr ot th ht. Ohildr n 
tro tend cy to ite down xprea ions in the 

orde e is no ubt 

that ohildr n regard this e of the sign as leg1t1 te. 



the iddle expression be1 ,a it were, placed in 

parenthesi , by of the signs op at1 the fro 

the end expressions. 

In general, ability 1n judging correctly the 

use of the sy bol in such example s 6 -r_ 3 = 9 + 3 - 3, 

l • X 12 = 12d., 12 - 4 • 16 T 2 :r 8, and 9-,-4 : 13 

see 

co 

slight accontuat1on n the develop ent 1 the 

11 obildr n thirteen and fourteen ye r of 

oc n tion y e accounted for in o • y. 

stly interest tn bstract soience usue.lly b ins to 

• 

a.ken bout this ., th t 1 , a·· th onset of olescenoe 

and eeondly, at about hi g ost childr n are 

on higher the tical tudies, algebr in particul • 

In uch studies th ch11 • nthe tice..1 ide et e ore 

definite shap 1n hi 1nd. He begins to see re son in 

y prooesse which before were unintelligible d 

echanical to hi • Howev r, an analysis of th eo1 s1o 

i the 13•14 year gro p reveals that 38 of th 78 
pup11s te ted in this up incorrectly con id red the 

use of the aM sign 1n rt12 - 4 • 16 ~ 2: 8• to be • 
11leg1t1 te, as 11 ewise did 15 of the 55 pupils tested 

in the 14 .. 15 y :.ar " oup. . This hows that 1 con-

ceptions of e lier year had persisted in spite of th 
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fact that st of these pup'ls had tudied si lee 

for o years in he ee of so pupils and over one ye 

in the case o! most pupil. Their 111 in olv1ng 

imple equations had obv1ou ly be n acquired 

s.nic skill is aoquir d, by imitation and practice. 

are y ah1ldr n who learn the ties in thi f shion. 

schools with olasse cont 1n1ng as 

far as possible an equal number of both girls nd boys 

ere selected for testi , to disco e whether 

extent there existed a difference in the ability oft 

sexes in regard to the tea. The tollowin t- le re-

sents a:ry of the remil ts :-

7 - 8 0 - l 10 
8 - 9 11 55 1 5 11 11 
9 0 41 130 17 15 8.3 . 6 

10 - 11 233 35 24 16 9.7 8.4 
11 - 12 276 263 30 28 9.2 9.4 
12 - 13 339 402 34 38 l .o 10. 6 
13 - 14 468 370 42 36 11 •. 10.3 
14 - 15 392 258 33 22 11 .9 11.7 
15 -16 425 140 33 11 12. 9 12. 7 
16 - 17 260 115 20 9 3.0 12. 8 
17 - 18 82 40 6 3 13.7 13 .3 
18 - 9 28 2 14. 0 -
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Gr ph cal repres nt t1on of the sult ay b r lucid 

and 111 ina.ti 

tested 1n the 

t scar the 

• i to the 1nsuff1c1enoy of ca13es 

d th t o highe t asrE3-2roup we 

lt • 

t ,s: Jr,<ov(fic,e:n-tr 
case:s. I 

I It,; 

I 

I 
I ,:L :rnsvffl,cienr 

Ga't,e'o . 

t /( 
I.. t 

(ii) 

The g neral trend of the gr h shows t t up 

to and including the e of 12 ye rs, boys and rls ar 

credited with p ctically equal abili yin perfo_ 1 the 

test. dmittedly, bet een the ages of and 12 y ra the 

line on the gr p repre ent1 ~ the score of e c ex do 

not coincide, but they oro sand re-cro a, thus h 1 tha1 

neither sex, as yet, has rked superior bility. 



Ho ever, aft r the e of 13 years boy eem to ve 

c perior bilit tho slight, .t s def1n1t d 

con 1atent - in · c tests. Those re· ulije o ot be 

reg dad as def1n1te1 c olusi e insufficient oases 

of en.eh sex ere tested wbile the ra io of the n r of 

g rls to boy tested is 3 4. However it cannot e 

denie th the r o ts e very eugge tive an ee to 

ree th e p u1 belief th t boys are sup r1 r to 

girls in higher the ties. his open up a very ide 

field and rai s the qu stion whether differonoe in 

ability is attributable to innate ability, to pr otioe 

or even to attitude. Our local preas reported quit 

recently ~hat the outco e of extensi e 1nv stt t1 

Dr. Cyril Burt 1 
in intelligence 

a.t,oal bility 

a' in ea.nmn 

convinced. that there is no difference 

et een d woman. Howev r~ the-

*"Y quite e ily be a ep oi 1 abi 1ty -

raseology - which ay vary in lnd1v1-
duals and in the ._ -n suoh a o se the 1 ort nee f 

g ner 1 intelligence in da 111ty in hematics 

would be rel ti v ,lJ 11. 

It 1 in resting and s1 it>ioant to no·t that 

the verge of the k of 1 the boy between the age 

of 9 a.nd 17 is 10.9 hi e ve ~e for the ir of 
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correspond! :> e 1s only 10.4. 

~n explanation of the high rks r cored for 
the groups contain! pupils of 7 and 8 years of e 

n s already been proffered. (See* t * p. 19). 



B. 

IGATION II . 



13. I STIGATION' II. 

(a) 

1 vestig tion 

(1) if f ilure t ign the corr et oani tot 

37. 

i co er: 

symbol 

= h its oor ol tive in f ilure to us corr o y the 

wo_d qu . , 
(2) 1f the a..~1 of• q 

to that of •s e. 

• tend to beo 

iss n ck ob erv • • Th1 diff C lt 

d1ff1oul y n usi ':'/' the or •equ t) le obeerv 

(the 

in 

girl of twelve and thirteen years of ge. eir uticer-

tainty as to the 1 of the word ay b _e inferr d ·both 

f 0 the reluctance to use it hich so e girl e 1bit, 

a., fro the ende on the rt of otheru tor ard it 

a. inte c ngenbl with •s e or• ke 1·:!1< 6) 

eginno a n geometry are oft.en vague in their 

inte re tion o~ the si lest of t te ents. Thus, in 

the testJ the p il d O co re to equal 11 ee, DA d 

DB. y of heir ~ate onto o e e reeoed as follo 

• o D to is e fro D to B." 

of the word "e ual • is often ass1 -

lated in or n ry clas -r o pr ctice to that of th 

f 111 th con equ nt error of 1 it to 

describe any kind free bl ce, a Meq sb es , 

(6) Reported in the •British Jo rnal of Education l Psyoholo ~ 
June 1932. 
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11 equa.l direotionsn d equal colour 

concept oe m to evel very slo ly 

cored below 1.d c te. 

• e quantit tive 

the r ul 

e ere b 1tted to o 

the pr1 ry eolool 

school • 

d to all ol s e in thee on y 

(b) Desoriptton of ~Test a.nd Regult • 

hich the test 

o e the ab 

'I 

' I 

l' e followi 1 the form 1 

ed: 
--.,."' . 

/ " 

rite as ntenoe abut 
of thv ol1o in-. (The 

(1) Len th of D ea ared with length of 

(2) Le uth of BO oomp ed with 181';1gth of DA. 

(3) en h of B ompared 1th length of o. 

0 

(4) Size of angl compared •1 h size o! angle B. 



(5) S1z of an 1 l co red th ize of 1 y. 

(6) Size of angle co ed th siz of angl Y. 

n spi e of e prohibition any pupil 

u ed he word s e, in oat cases 1noorr otly. o 

f th e oases ·e quoted: (All pelli erro have 

been correct d) 

( 1) en BO an DA are c mpa.red they are f'oun•l to be 
the same. 

(2) BC and AO a.. , tb~ s e. ( ;a.ny case ) • 

(3) Angle A is tl A s a as a.nglG 

( 4) BO and 0 et e ss. e. 

( 5) ey a.re equ , y t e s o • 

(6) and Y are 1 ent1ctJ1ly the e. 

The toll ing are ex le_e of answers in 

,,hioh ru, attc pt j!) .. do to · awid us1n the or "s e • 

So e of these a.na,e s 11 u.strate t e children•s v ue 
ide s nee 1 tb rue eanir. 

{ ) e length o n s c ...... ,,tly t :1.ce s eh 
are equal. 

(2) D s equal to the angle of DB. 
(3) is equal. 

4) e two s1d s a.:re qual in d gr e. 
(5) is equally ··· e equal len tb of • 
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(6) The len 1m1lar. 

Ee.oh an le is (7) 

(8) The length of DA is equally 11 e DB . 

(9) '!'he length ot' u 1s equally c 

(10) D is equa.l y lona- as DB . 
(11) 'J'hey oo res nd qu ly . 

(12) D is to far e 

red to t .... t of 

he,e stQ. e nte 

a.I d l yea.r of 

y p ile ev . of 17 
the difficulty c il n 

h ve 
~eq 

('/' the correct 

ote 11p y: 

• 
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I . 
The s loyed 1n 1e t I of 

this investigation applies also in thi te t . e 

follo 1ng are he instructions: ( rite sentenc 
bout ea.oh of the f lowing - do -l. un d' u 

(1) Le th of D co red with length of B. 
( 2) Le th 0 0 co ed 1 h l n 

(3) Length of BC co d 1th le th of c. 
(4) Size of angle A co red 1th size of "'le • 
(5) 1z of nnle 00 pa.red th size t 1 • 
( 6) Size of ngle 00 re 1th ize of an l Y. 

foll ing are ex· le of ere in 
hich an a.tt t. a.a de to avoid ueing the ord •eq 

(1) D and DB are b th the s e. ( a.ses) . 
Length of B, io ident~cal ( 2) 

(3) B d re like lino 
o DA. 

and hav a co n vert x. 
(4) They re both lik . ( cveral c s.s) . 

(5) A le similar to angle Y. 
(6) ngle ~ vnn to angle B. 

(7) O 1 the 1ke 1th AO . 

(8) They a.re o oorresponding. 

(9) BO is he ~et l n h of A . ( ev ral cas . ) 

•) 



(10) 
(11) 

(12) 

DA and DB re even in length . 

DA 1 the ame to DB . 

le is like B•s le. 

42. 

An analysis of these e.newers reve s the f ot 

that when the word "equ l 1 avoided e1th r •a11k" 

or •s en is sub tituted tor co 

parisons of equal titles . During the ki of 

the tests the writer found that the an ere tote ts 

I and II er practically identical, only" qual• w 

used in the a.ns•~rs ot th first test and ea e s 

used in the answers of the second test . or example :-

BC a.nd AO ar equal . 

BO d AC re the same . 
Thus the o words 

are regarded by ost children a.a eynon ous ad there-

fore i nterol ngeable . 

It is surprising to note the hi h pore nt e of 

pupils even t the e of 18 years who pfarently find 

nothi wrtn in such statements as : 11 Je and B 

are the s • They do not realize t t e only poi nt 

of si ilari ty 1s the J!!ll of the angles . Just as two 

individuals can never be the ea , except n r t~ 

for example, of height or weight, so not lines or 

lea c be thee e except in respect <f length of 



43. 

line or size 0£ angle. 
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(111) est III. 
The purpose of this test is to discover 

if children used the appr rite word by ich to 

express the particular typ of sim11 rity concern-

d in certain comp isons. 

The instructions informed the pupils 

th t they ere to reoon truot the iven s tenoes 

us1 the ord "equal• (or •equally~) 1n oner 

constructed sentence, if t t could be ue ,d 1 e:1 t1ma.tely • 
and the word nsa e 11 in another, with the a e provi o. 
The foll 1ng 1llustr tive example wa giv n : 

(A's wei ht is 
A 1s just h -:vy as B. (I)( dB r 

(2) A's wei ht is the e as 
B' • So e of the iven entences had no closer lat1on 

to their exercises 1n the ties; they re included 

1n the test because they provided ex s of conv n-
tiona.1 uses of the words . Thus ex mple ( c) deals 

with a comp rison of the direction in which two n 

streets 1n the local city run. 

n the following accai.mt each given 

sentence ie followed by samples of the ohildren•s 

ttempts to reconstruct it, 1llustrat1 the difficulty 

they experi need in ohoosi between e1 l rand pl.Ul'Bl 
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nouns and verbs, in inserting suitable prep 1t1ons 

and conjunct ons, .:.;;;.:,~:=.::.~~~.:.::. ...... ~~~~"-=-==-i;--

•ord by hi h to expre 

comp on. 

(a) A is just as clever B. 
(1) is e l to B. 
(2) is the s e B B. ( ev ral c s) 

(3) is s equally clever s B. 

(4) ey are equally the s e. 
( 5) is equal clever to B. 

( 6) 1 just the s e clever a.s B. 

(7) ' cl verness is th s B' • 
(b) 

(1) The field is the s e as the p ock . ( y 
o !.Bes, even ong children of 17 years of e) 

(2) Th field is equal to the pa.ddoo . 

(3) The field is qual.ly as the p dock . 

( 4) e field is qual e the p ddook. 

(5) e field is the s e largeness s the pad k, 

( 6) e field is nearly the s paddock. 

(7) 1 e size of the field and ddoc re the 
8 • 



(o) 
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due north and Ct b Street 

( ) 1111 treet d C ba tre t go in 
equal directions . ( any cas s) • 

(2) The direot1on of 1111s Str t is <tt\al 
to that of CUb Street. (Sev ral c ees , 

v o children of 16 y re of age . ) 

(3) 1111s treet 1s equal to CUb Btr e . 

(4) 1111s Street is the e h Street . 

(5) 1111s Street runs equally the e as 
Cuba. Street . 

(6) 11118 Street and Cuba Street run the e . 

(d) Th r are just as many pea. are pencil • 

(l) Ther e th unto eae 

(2) The peas qual the peno11 . ( ver 1 cases , 
even o children of 15 y o.r of • ) 

(3) Peas are the s e s penei • 
(4) There are equal peas and p nolls . 

( 5) The pea.a a.-nd pencil are q lly the s e. 

(6) There are just an equal size of pe ae of 
pencil • 

(7) Ther_e are same s a ther re pencils . 

(1) A and Brun equal spee 

(2) A and Bare the ea.me . 
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(3) A s equal s B. 

(4) B •s running is the same as • • 

(5) and Brun equally 1n fastne s. 

(6) A runs equally as fast s B. 

(7) A and B e equally the s ame. 

(f) ~A.t~~:....,.jUB;:::;::.:t~a~s-l~o~n=,......:t~o.d~o:;,...:1~t-n~..::...~~ 
(1) an B take equal ti e to o it. 

(2) s B. ( ever 1 c s 
of 14 ye 

(3) and B run the • 

(4) At equal y s lo s B oes. 

(5) A• ongnes 1a equal to B' • 

(6) B re equally th s e. 

(g) d B is egg-ehap .d.· 

(1) and Bare equal in sh pe. (Severe.1 cases, 
even mo children of 17 y of e.} 

(2) A and Bare qually alike. 

(3) A and Bare eq • 

( 4)" A• h pe ls e 1 to B •s hap • 

( 5) A and B are equally hap d. 

(6) Th peri eter of equals that of Bat 
similar points. 

(7) A is egg- ped s equal Bis. 

(8) is equ to B. 



(h) 
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(9) A is the s e as B. 

(1) A and B a.re equally the s e bei ht . 

(2) The height of A and Bare equ • 

{3) A and Bare equally 9 inches . 

(4) A and Bae qua]. . 

(5) A 1s the same as B. 

(6) A· dB are of equal height . 

(1) The Clp is 1uet 
(1) The cup equals the plate in b in hot . 

( 2 The cup is 3ust as equal 1n h t as the plate . 

(3) The cup is equal hotness to the plate . 

(4) e oup and the plate are the ea e hotne 
each oth r . 

(5) The cup is equal to the plate . 

{6) Tbe· cup is thee e as the pl te . 

(7 The cup 1s·a equally hot be pla e . 

(j) so. 

() and B a.:re of eq . 1 colour . 

(2) and Ba.re equally blue. (Several ea es , 
even among pupils of 16 and 17 years of ag • ) 

(3) •s colour ls equal to B. 

(4) and Bare of equal bluenes . 

(5) and Bare equally coloured. 



( 6} A d B are equally colour • 

(7) qual blue, Be als blu . 

(8) A and B 1s an ~ blue. 

(9) A 1 equal to B. 

(10) A is the same a B. 

49 . 

(11) A is equally 11ke Bin th 1r bluednes • 

( ) A 1a :1 • 

(1) 

(1) •a goodnee is the s ea •s . 

(2) A is the s e in behaviour B. 

(3) i'he goodne s of and B are the a e . 

(4) A is the a e B. 

(5) is quaJ. • 

6) ls the e betternea a B. 

(7) A dB's goodness is thee • 
(8) A•s oredi 1 the am B•s . 

T'he c n holds one pint and the mug hol one pint . 

(l.) The cap city of the cup an is equal . 

( 2) The 1 pint oup equal the 1 p1 t • 

(3) The cup 1 equal to th g. 

(4) The cup holds equal pint lie the • 

(5) The cup and holds equally the s e ount . 

(6) The p is the ea.a the • 
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These sampl s of the children• ttempt to 
reconstruct cert 1n given sentences illustr te their 

difficulty 1n choosing between singular and plural , 

nouns and erbs, in inserting suit hle preposition 

d conjunctions, and in selecting the pp opriate 

rd by whic ;press :the particular type o 

find "eq 1 bei us din de eribi res 1 nces 

here neither degree nor quantity 1s 1nvolv d. The 

ords •equalK and• ame• are reg ded as synonym 

for children think it is just as correct to y qual 

colour•• and 1equru. shape as •same colour" d same 

shape. Th se types of error a e not peculi r solely 

to children for we find the word nequal# u ed incorrectly, 

for example, in a text-book on Education , ,e follo s:-
• ne class gl vee the following result in 

diet ton te t: ·······~·· 
not er eq -1 class ve the follo in : •• {7) 

The only reE3Pect in h1ch the to cla see r equal is 

1n then ber of pupil, and this factor i not st ted. 

of duoation 1 Administration 
and Orit1ois , p.245. 

.. 



a. 
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O. INVESTIGATIO III. 

{a) 

It thought that the tests in Inv t1gation II 

were too fficult for pupils 1n the pr1 ry schools , 

or, t lea.et, for pupil in Standa.r III d IV. How-

ever, 1 t io just as 1 ortant, and ob b y ore 1 orta.nt 

to obtain re lts fro yo er children fro the older ' 

pupils. ence, a s1 lifted SW!1l7S3.Z'Y of the tests f 

Inve tigati n II a e od1ed in the f rm of th1 1n-

vest1gat1o - lnve 1g tion III -which as sub 1tted 

to chil r n of 1 fro 7 to ne ly 19 ye e. 
· In addition, bri f summary - in th for of one questio~ 

of Investig·tion t w included in this eat . 

Anotho purpose of ·th s inveatigut1o 1 1s to obt n 

results of Investigation I hioh "'Y be_ e reseed statis-

tically. The fo in which the te t 1n Investig t1on II 

we?c e pre8sed de it impossible toot n such t is-

tio 1 rAa· t • 

Thus. in general. the ai s of th1o 1nveet1 ation are 

to discov 4 • 
(1} 1c n ber of children at different e-levels 

who llllde d the ·true us of the 1 Si • 
(2) e number of children at differe t e-levels 

who ca.n d1st n 1 h b tween the corr et 

uses of tho orde equal" ( or ·•equals,.) 

the incorrect 

"e e. 



* 

* 

(b) 

The ohildren ere asked o cross out the rong 

s a e nt in eaoh of the follo ing p ir: -

(a) e •• ign 1 u d : (l) To separa et o an.tit! • 2X, 
(2) To join together o equal 

quantit • 
(b) oh is con t .. (1) 9 + 5 qual 4, 

or 
( 2) 9-t-5 -the s 14? 

( c) ich ,-a corr. • {l) A r in lap,, a 

(2) h V ""he e 

( o) 

:.i: e fol ng table indicate the nu tber of pup1ls 

in eaoh n.ge-g ou.p ho re correct in thei d oi ions for 

en.eh ex le. 

shown ·n . r· ok t . .,.. 

7 9 lO 11 12 13 4 15 1 17 1 19 
Example (l) (6) 032) (40) (58) (72) (78) (55)( 44) 29 ( 9) ( 2) 

A 0 1 9 16 19 40 52 47 34 21 7 1 
B 0 5 12 28 40 60 68 49 35 20 8 2 
a 1 2 9 13 26 42 58 48 37 24 9 2 



A 
B 
C 

e purpo e of showing 1norease or deo ease 

in the ability of children of different ag levels to 

judge corree ly in the te t, the follo n~ table 1 

presented. In this table the results of the test re 

expressed on a 06 on basis, nnmely, a peroent e basis. 

Owing to insufficiency of number we t ignore the 

r s~ts prior to the age of 9 year and after the e 

of 16 years. 

le 9 10 11 1 13 l 16 l years . 

28 40 ~ 72 67 85 ~b 72 ~& 70 ~ 87 89 6Q 
~ 83"' 32 45 74 87 84 

tho foll ,.a a. aph cal repr entat1o of 

the .e resu ts. 

. 
% ,s-: 1 ~ . 

.1. 1 .. 

,.. ;Tt I 
I I I ,. 

l I 
I I 

i --H .._.._ ... 
a 

- b i 
j --c 

i" t t T 
I 

I I 
I I I;++ .. .j... ... 

I I I ·-~~o,-~~-~-~--~~-~~-----~~---l4'·'o) ( 1J-N l'l,• I /{, -1,-J. 
tf-- - ,n ':fear,; . - - - ), 

VICTORIA UNIVERSITY OF 
WELLINGTON LIBRARY, 



d) 

12 ye 

• e.s ay 

(a). -
at e 

l 0 

point of vie, 

to .§S~ee_ru~!_e n o 

' 

ts .. 

It i evident that up to the age of 

oat children re ard the • i 

1not1on. Its use. fro the obtld 1 

~ely to e~•~....ate to qua.nt1 ies, o 

resgion fro it anner. These re ults 

suppo t the co t t1 on that pupils who do not md.erstand 

the true use oft e = sign cannot understand the logic 

bases of st ~the tiou or al'ithm.tical r on1 , p -

ticula ly oft p roco s of solving quation. A y skill 

th . h~,r oqitL. in th sub j et b been the result of he 

process by hieh y oohan1oal sk 11 1 mely, 

by 1 tation ad?~ o 100. 

It 1 inter sting 3.?ld sign fioant t n t that the 

ju~~ent !I thi~ ox ple of one of the o 18-., ar-old 

s tudnnt t e te . s incor eot. The mlsoonce tion of t 1is 

etudent•s earlier years h d therefore pe sited, in spite 

of the fact th t t h i pupil was in Fo VI, h d stud1 d 

gebr for t l a thr e. and probably four or or years, 

nd as credi cd w1 th t e Ulli var 1 ty ntr 1n tion. 

~~~;....J.J:LL·• - 11his example is undouot dly t e easiest 

of the three, yet it 1 surpriei~ to note the b r of 

erroneous deoiaio . de. Only 37a}, of the p pils of 9 

years of e e ... e corr t in br nd1ng ''9 +- 5 is the e 

as 141t a.a •wro ~·11 and tt9.,.. 5 equals 14" s •c rreot•, 



hlle 1t 1 r~ 1gn1f o t to note ate en at the 

s 31~ of the ohlldren were still incorrect 

1n third 01 ion . is shows that in eohool, te ohers 
h ve a great t enoy to talce too much for ted. The 

simplest of r~,t are o et1 n t cle ~ly derstood 

even by etu en ts ho a.re on the eve of e ter 

.B.!. this example, there sees to be lit 

de el op ent o b 1 1 ty 1n children ft r the 

niv n i t'1 
e appreci le 

10 ye 

Example (o) . - Incorrect j en in this x e re 

due to 1sund rstanding of the true an1 of he o:rd 

qwµ, hich en to bee e s i 1lated o that f 

the f 111 r d s e • In such ea th ·hildren fall 

into e error of us "equal• to de or1be y kind of 

resemblance, e it colour, shape or rection. Th 

quant1tati e c ncept see to develop very slowly and even 

at the age of 16 ye s the n s of one-fifth of th 

pupils are incorreat . 

Ing nc r e ote t tea.eh graph sho s periods of 
great pro ess followed by "platea.1.1 nor ev n periods o~ 

ht tro ion. it l o ss eens to be de 

t about th ·e of 10 y e, hich follo 8 a 

teau in of the thre ex ples. Th n c a the 

gre te t perio of progre sat a out the , of 12 when 
eaoh graph sl ows ph nomena.J. ri e . Then co sap r1od 
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of slight c ogre slon foll ed by f rt er eriod of 

progress at out the age of 14 y ar • Afta thi th re 

ee a o b~ _o 1 rov ent, b t rather re ·ee ion in 

eaoh ea e, till after the e of 16. At thi junotu:re 

we should e ~et another wave of progress, and the r sul ta 

fro childr n of 17 ye e of e, tho h inconclusive 

thro h 1nsuffic1enoy of o es, e definitely suggestive 

in this di .c~ion. Hence, it see th t the develop ent 

o the 1 to ma1c~ oorreot j dgment in this te 

foll the or l curve of learning, t t 1 , period 

of progrcs e with periods dur1 hich no 

pparent 1 ro emen takeo place. 

---oOo---



III 

F TORS INFLUE CI G THE FORMATION OF SUOH 

SOOlCEPTIONS IN CHILDREN' S NDS . 
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OONO CHI LORE t S lUNDS . 

ery little is oh1eved, if, having found that 

i sconoeptio of the symbols f>r mathema.t1o l qu ity 

exist in the m1n of children, we do not follo th 

inv stigation t its logical conclusion by tte t 

to disoover po ble c usee of such m1~conoeptio 

to s gest pos iblc re die . Thi cha ter, then, 1 

conoerned ~th t he discovery of factor 1nfluenc1 the 

for tion of such 1sconception in children ' mind• 

and, for this p t1.l"J>O e, the riter has carefully exami ned: 

(a) The oun· nt arith etic text- books in use in New 
Zeal d . 

(b) The Syllabus of Instructton* issued by the 
Educ-t1on ep e Ze land. 

(c) · ssigµ. e s of work, 
and 

(d) el ere, oo 1led by the te ohe of t he 
Education epart ent •s O<irrespondence School . 

ext-Books in Use in ew 

An ex~ i n"1t 1on of these books reveals the f ollo -

ing 111eg1t1 t ,sea of the n.n sign, thus signifying 

th t the 1nd of due t ed adults re not fr e fro uoh 

1sconcopt1on . One e ple. only, of eaqh ]II?!. of erroJ 1 



r 
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co 1tte in eaoh cl ss text-boo will b entioned. 

The current ar1th etic text-books in use in the ew 

Z ala.nd school are titled "The New Progressive". 

Standard II. 
(1) p.95. 

69 inches • 69 -;. 12 • 5 x 12 + 9 • 5ft.91n. 

In the first place 11 69 inches• does not equal 1169-.;. 12•, 

which 1 cert~inly une al to 115 x 12-t- 9• hich ie not 

equal to n5~t.9 n." 

to confu ion. 

Thi use of the •=tt ign leads 

Standard I!. 
l i) p.39. 27 -t-12 a 39 orAn es . 

( 2) p.56. 94 
~ = 4 times. 

~. 36 t1 ea. 
4 t1 ee? • 376. If th1 use of the "•1 s1gn 1 

allowed, there is nothing to pre ent its being used, 

as it fre ently is used by children, thus:-

(1) (2) 

= Ans. 

3584 + 224 111 

224)3584{ 16 - ns. 

. ... 



StaJd rd IV. (l p.14. 5 bale Ye1gh (548 x 5·) lb. = 2740 lb. 

Th1 1 one inst ce of them y slip hod s of the 

1gn which ooour fairly fre uently in dern t xt-books. 

This co o ite nt n c obt ined by running 

together the to statements: 5 bale weigh (548 x 5)lb.,• 

and "{548 x 5) lb.• 2740 lb." It will be seen to bear 

close re embl nee to the statement 4 +- 3 :. 7 x 2 14," 

which ost chi en ould cl ss as correct, b lie in · that I 

•4 + 3 7" and 7 x 2 = 14" could be combin d to for 

single sta e n. 

This minuse of the sign 1s very c on and is found 

in the ext-books of every cl s. Throughout the re inder 

of this eh pter eh eu ea will be denote by ncomposite 

s ate ent•. 

( 2) p.14. lb le= 548 lb. 

The w tght of on b l 

548 lb. but "l bale" certainly does not equal 548 lb. 

(3) p.19. 2 times 7 = 14, and 7 = 21. 

In this connectio it is 1n-

terest1 to note the follo ing extr t (l)fro an A r1can· 1 
arithmetic book• uThe Col bian Arith eticia.n1•, published 

1n 1811: 1-t- 6,: 7 • X 6 • 42, .;. 2 ;;. 21 . 

(l) ~uo ed by Cajor1 : A Histo:nr of !la.the atical otat1ons, 
Vol .I, p.307. 



(4) p.20. 

(5) p.115. 

ftandard v. 

1 b le cont 134260 i 245 • 548 lb. 
(oo oeite state ent). 

56 lb.• l bushel of z • 

(1) p.11. G1Vi eh nge: Js.6d. -r 6d. 4e. a.nd 6s. • 

lOe. and lOs. • £1. 

If hi use of th. sign is allowed, there is noth1n to 

prevent its bei used, a.sit frequently is used by 

children thus: -

123 12 • 12 .X 100 • 1200 -t-12 X 20 • 

24_ +-12 X 3 • J6 • 

(2) p.77 • 
• • 150. lfill buy 15s. + • 5 X 7 lb 7 21 • 

(a) atement. 
= 51b. 

(b) How can shilli s equal lbs? 
( 
(15 • + 2,s .. ---~~:il) 

( 3) p. 63. How y p1eces of ribbon yd. lo can b 

cut fro 7tY • ?. (= 60 eighthsf 5 ei t ths). 

e y justifiably . k for wha the"=" stand 

Should e marvel t child not understandin the leg1-

t1 te use of th sign when hi text-books display uch 

a loos use oft e ign? 
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o. •. of 8, 9, 12 is 23 x 32 • 72 . 
(Oo osite stat ent) . 

Standard VI . 6d. 1 • .i * ined • 2i':7,d. • ; 100 5~ ( ) p. 26. rac ion of· C. P. 
This st be at e ror ·1ther of o lcul t1on or of printi 

20 for 5 :: ·roo- • 2 "P• 

( 2) I I I I I .I I 11-

A:: 48 cwt. A• 60 eh . 

A, a fi e, y eproaent 48 t. but 1 t oan hardly 

equal 48 c 

(3) p.53. 

(4) p.98. 

• 

In 16 hour he would earn? of £3 .6.0. = ? 
(Compo 1te tate ent) 

,000,000. 

(5) p . lo6 . Let x • son ' s age . 

x can stand. for 
and the state cnt et nds, it ea.net t x equals ( y) 

12 years . To be correct it should be ( 1) Let years = 
son • age, then x ye s • (e y) 12 year, so x • 12. 

or 1,gl Let x = son ' s 
th s case x = (s y) 12. 

(6) p.116. 6 - 75i. 
what is equal to 60? -

e y justifiably a.s : 75% of 



(7) p . 126 . 6d. per lb . 

This e.x le bears very close 

rese lance to the st te ent, "2 - t • - t • 2 tt 

where the o end expressions r e equal but n 1~her 

ar equal to their connect!" expres ion. H r is 

another ex ple on the ame page : 

£75 • <714 .-t • 7Z-r-
1
a-t-2ld. per lb . 

• ~d. p r lb. 

{ 8) p .129. A triangle has 1 ts base 25 cha.ins , 

and perpindioul r • 14 chains . 

ta triangle! The sentence re 1 y man 

th t tlie base represen s 25 chain • 

The follo ing re e les, found in thi book, 

of the isuse of the sign in connection with SC lett : 

.134. On X is l" • 1 year • 

On y is l" • 10 lb . 

p.135 . Use C le: lit - l yd . or l" 2 y rds . 

After ex in tion of such cases it 1 not rpri -

ing w note the number of ch1ldr n who e ju nt 

cernin •so e 1• w re inoorreot . t is more ur-
prising is the number of educated dul ts who co 1 t 

this type of error . 
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.Lhl. The "8 

An exa.mi tion of the "sy labu " r veal the 

foll 1ng error • . 
(1) p . 24 . r 1ng post d its s dow to le 
of 11n . = l ft . , or " . t • 

( 2) p . 120. 1 cost £112~ - J. X 1 205 - 4 205: 
(1) Thie is ex le i te 

sentence for it cont in the o st tements , 
111 eh . cost ell tt 

= ~ 
t, and X 1 205 205 

( 11) A the above statement stand e the 

o expressions are not equal for br ckets and the 

"£" sign are o 

right hand aid 

hould read th 

Thee 

tted from the expression on the 

of the"• " sign . The expression 
. • £(.A5! X _!_ ) . 
~ 205 

ents of work , compi led by the 
full5-qua.lified teachers of the ,due t1on Dep rt-
ent •s Correspondence School, y be taken s truly 

representa.t1 ve of the qual1 ty of the work of the 
jor1ty of teachers in New Zealand. An ex in -

tion of these assign ents , 1th the purpo e of dis-
ooveri 1aus and loose use of the s bol of 



th tieal quality, reveals the followin rror . 

As the errors e numerous, only one 

type is stated. 

eulJ:ll)le of each 

Standard II . 

(1) How y pence in 4e . 2d. --
(2) 3s . 4d. t 2. 

Say : Two in three l T 1 ehi 11 g ove:,, 

Put ls . in n er and carry hillin = 

12d.+- 4d. 16d. Tiro in 16d. = Sd.. 
There are sev ral error in this ex le . Here is on 

error : How can" put l • 1n an er a.nd o ry 

8qual 12dr 4d. ? 

Standard I II . 

St 

(1) 8 + 7 • 15 . 
1 + 7 • 25 . 
28+- 7 = 35 up to 981" 7. 

(1) 2 t1 es 3 • 6 and 2 o rried • 8. 

h1111n 

This be s a close re e bl nee to ") x 5 • 15-,. 2 = 17" 
Which y pupil cl seed as correct . 

Standar d v. 
( 1) 34 boys get 34 qu rter-oranges = or ea 

(composite sentence) 



(2) £.7 .17.8 .x 2 2 x £7 = £14; +- 2 x 17s. • 34s; +-
2 X 8d. : le . 4d. 

In the writer • opinion this is a most serio rror 

and gives the c ild totally incorrect id of th 

true e in of the symbo . e cannot a. e t the 

str ge uses to which the symbol is put by children 

when th 1r teac ere put the symbol to such n ille 1-

ti te use. If thi use of the •• sign 1e pe 1tted 

there 1 nothi to p~event its be1 used -

occasionally - y children thu: -

£.7. 17• 8d. X 2 • X 2 

(3) 15 • f 2 • -

• 14. 
• 7s. X 2 
= a .14.0. 
• 8d. X 2 
= ls . 4d • 

....Q.Q..d5. 20rr,~oo 
14Q -:Wo 

100 

pp ns 

very s1 lar to e one, n 

This t t nt 1 

ly, "26 + 2 • · 2~ • 13 t 

which as e ployed in the test 1n Inve t1~tion I . 

As this error a itted by one te eh r . in th only 

school inv st1, ted we should be just1f1 din s 

that this typ of error is not infr 

by te cber • If such is the case we ble 

explanation oft e fact t t only 85 of th 426 pils 

tested were eorreat in their judgmente L,.. th1s stat ent. 
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Standard VI . 
(l) 2 C -. -

One- ighth of !h...1 we ight 1 ask . 

(2) Co ion on 100 = 6j-i • 
The I!!! of co 1 sion y b 1 , but 

be expr s .... d in 

ter of £ . • d . 

( d) odel Answets. 

These re compiled by th te oh r of 

the Correspondence School and deep toh d to their 

pupils . study of the nswer reve a the following 

errors : 

St 

St 

III. 
(1) 

(2) 

6 jars cost ls . 6d. x 6 = .9s . 
(Composite sentence) . 

15 yards • 15 x 3 
= 45 f't . + 1ft. 
• 46 ft . 

(3) 71 -.9oz . • 7x 16 
• 112-r 9oz . 
• 121 oz . 

(1) 162 + 5s . = 20)168s . 
£ • ' Co re with the te 

. 
t ex 1 :M18 T 2 = 2f18 • 

9. 
(2) ind the cost of 49 books t ls . 4d . e~ch • 

1 s • +- 4d • each • 



(3) i of 32 • £24 . 
(In other terms, 24 = £24 . ) 

(4) 50 ti s = £t = £12. 10. o. 
(5) 70 oh .-t- 70 oh . x 2 • 140 eh . x 2 • 280 eh . 

Bracket should have been insert in this 
statement to read follows : ( 70oh .-t- ?Och . ) x 2 • etc. 

(6) *· .2. • 24 i nches . 
3 

(7) Js . 2d. x 4 • 12s . 8d.+ ls .7d. for the lb .• 14 . Jd . 

(8) .~ 319 pints cost 3 . x 319 • 3td. 
319 

Standar d V. 

( 1) 1 pint costs 2s . 8d. T 8 = 4d. (Co ound s entence) 

(2) 112 threepences + 4 • 28 sh1111 s . 
( t 112 t hreepences = 28 shilllngs . ) 

(3) ••• 93 cwt . 2qr.; 72 Will be one- half of answer. 

o b = 2}2cwt . 2gr. 
cwt . lqr. 

It will b een that this example is very simil r in 

prinoip e to tle state ent, • 8 ~ 2 = 2.l,!§..! 
9. 

60 
( 4 ) "1r • 7tlb . 
( 5) ~ of 8. 12. 6 .. .: £18. 12. 6. 

~-

(The gain 1s £11 . 3. 2. ) 



(7) 28 ti ea 7{s . = 28 t1m s 7a . = 196 . -r 28 ti es is . 

(8) •95 = 9 florins • 18s .-r ls . :: 19s . 
(9) dozen at 42s .6d. = £2 . 2. 6. 

Stand.rd VI . 
(1) 12 doz . eggs i of .£1 = 17e . 6d. 

Obviously there 1 an error in this etate-

ment4 It should read thus : 

Oost of 12 doz . ggs i of 20d. per doz . = 17a . 6d. 

(2} 

(3) 

(4) 
(5) 

24i •245 . 
94•185 • 94 •185 x 8 = 753·48 pints . 

2o% ~ -
~ of 100 • 16J • 

the statement stands it ean th t 1 

of 100 : l. 

(6) 

(7) 
( 8) 

cl6~ 
(11) 

(12) 

l Los on lOd. = ld. =-ro. 
7 : 7 X 7 : 49 . 
- 4 Tax 3d. • join £1 • £24 . 3. 4. 
•5 ittohe = 50 ile . 
ll • • 1, X 4-t-2 + l • £ •047 • · ~ • 4' !!r l • 75 . 

Obviously the state ent should read thus : 

h • l : 1•75 . 
1~ = !o of 5s . = 6d. 

. 
These re so. of the most frequently oo itted type 



of errors found in the te chers.• a signm ts of work 

and del • r. In most cl sses only one 
of e eh type of err r has been recorded b c use full 

list of all exa les exhibiti ~ 1lle iti e uses of 

the sign mlld to.Jc~ up too muoh sp ce . It st be· 

re bered that the te chers' assignments of work and 

odel ans re have not been prep red h stily, but h ve 

been revised or re-dr ted annually b the te eher 

for prob bly sever 1 years . Hence, e ·re just! led 

1n as 1 ~ that erro such as are noted bove re . 

due entirely to th existence in the te eh re • minds 

of !sconce tions concernin the-=" sign . 

If such 1s the case, sho 1 e ond or if 

pupils h vo uch isconceptions? It is oi if1cant 
to note that the teacher of nearly every cla in the 
one school investig ted, co itted every type of error , 

as reveal by the test, ound in the children ' s de-

cisions concerning ·the use - legi tim te or 1lleg1 t1 te -

of the -" ign. Can we not conclude th t children ' s 

sconcept ons may be due to faulty teaching? To what 

extent will direct instruction re ove uoh 1sconcept1on~ 

This proble will enga e our attention in the next 
chapter . 

----oO -----



IV. 

N INVESTIGATION INTO TH VAL , OF 

INSTRUCTION IN R OVI G SUCH ISCO -

CEPTIOliS . 
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I.t thu been found by xperiment tion 

that there exists 1n children ' s inds only very 

hazy nd lndef1n1 t conception of the true mean1 a-

and 1 egi ti, te us of the symbol of equality. e 

have also noted that the existence of such 1soon-

c t1ons gr atly detr cts fro the valu of, nd 

goodne s t be derived fro, a study of the ties . 

at can be done, then, ore ove these misconception~ 

in ord r o deri e the ut o t goodne s fro a.the atic l 

studies? le note that even text-book editors and 

teachers are not free fro such 1seoncept1ons and 

s these o classe of people h ve such influence 

upon th developing mind of the ohild, it follo s that 

our edi tore md te ohers should be our first pupils 

in the lee on who e purpose 1 to build up tru con-

option of th strict mea.n1 and leg1 ti te us f 

the •=" sign. As a re lt, we should expect a le sen-

1ng and a f1 al eradication of childr n s 1 concep-

tion • Ito ever, as 1 t 1s not po sible, for the purpose 

of th1s the ie, to "te eh" our editors nd te chers, 

w shall in ire tow t extent children • iecon-

ceptions c be re oved thro h direct 1nstr ction. 

This, then, is the purpose of thi 1nvest1g t1on. 



!:.. The 

(l)Test I. 

71 . 

(a) Deeg 1 t~on of thP- Test . 

Th s e test as was used in Inv sti ton I 

was t1sed in t his inquiry and was oub 1 tt to an ordinary 

ixed cl so of approxi tely 50 Fo I pupils over 9~ 
of whose s rang fro 11 to 14 years . The technique 

of mar 1n eti.1)loyed 1n thi inquiry was the e e as 

that described in Investigation I, so a comp ison of 

the r .sults of the to investig tione could quite g1-

t1 tely be de. 

The follow! 1s a brief outli ne of the form 

taken by t is inquiry: 

(l) Before instruct ion the ·te t as sub ·tted to 

t he pupils and their marks recorded. 

(2) Thr e ys 1 ter a cop ratively ort lesson 

of pproxi ·tely 25 inutee s taken on the me n1ng 

and use o he ol of equ ity . The l son • 

conducted o the foll ing lines : 

{a) let is the correct use of thi ei 

~y atr nge ans er re iven . For 
exi:vnple, ( 1 J The =" sign 1 d in the answer. 

Thus, Ans . = 2; . 

(11) It is ed instead of " e". 

Apparently the child s thinking of 
his tables . (7 x 8 • 56, _seven eights a.re f i fty-

. six.) 
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~111) The "•" 31gn ia ed t e ate o 
lot of 1 oo .. 

Only one child hinted t tho e ea.n1ng of the 

bol, n ely, to join together to expressio th t 

quantit tively equivalent. 

(b) r veral e ple, s1 1 1n principle to 

tho e ployed in the test. e e r1 tten on the 

blaokb ard. In suoh example the· children ere asked 

if the sy bol was used !eglti tely1 and thci~ re sons 

for their dee1s1ons ere requested. ffort w de 

by theteacher to .ke the ohildren under tand th tin 

the ex le •12 - 4 • 6+ 2, "12 - 4" 1s W!.., 
ely, 8, while 6 +-2" is 1 1 ly unit and not 

just two figure joined by·an dition sign. ost 

of the principle repre ented in the original test 

e e d1 crusaed, and the le i irnate a d ille ti te 

uses of the •• sign revealed. 

(~) The children 1th th help of the teacher for-

mul ted the following definition of the function of 

th •.u sign: To join togeth r two expressions quan-

t1t tively equiv en . 

(d) Applications of thts principle to speo1t1c 

c e illustrating both legit! te d 1lleg1ti te 

u of the sign were then , e . 
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(3) Five days later the essentials of the lesson were 

recapitulated. 

(4) The s e test w s sub itted to the same pupils 

three days after the rec pitulatory lesson, that is, 

8 days after the or1 n lesson and 11 dye after 

their first aoqua1nta.nceship th the test . The 

technique of markin e ployed was the same in the 

children's two atte pta, th t is, the s e s th t 

adopted in Investig tion I . 

(b) eeulte oft e Tests . 

The folloWi t able gives the results of the 

test sub tted to the cl se before instruction : 
The average mark is 10. 

Age-groups t o . of pupils Total rks Aver e • 
. --

11 - 12 years 20 188 9.4 
12 - 13 • 21 217 10.3 

13 - 14 " 10 106 10. 6 

The follo ing t bl ives the results of tQe 

same test submitted to the same class after 1nstrtot1on 

Age- oups 

11 - 12 years 
12 - 13 • 
13 - 14 " 

o . of upils 

20 
21 
10 

Tot 

272 
261 
124 

13 . 6 
12. 4 
12 . 4... 



The ver e 

The following is 

r sulte before a 

14 
1' 
I 
1 '3 

I ,:i. 

I 

: \. ,, 
i 
I 
'" 

rk after instruction is 12.9 . 

gr phio 1 represent tion of the 

ter instruction: 

I 
,l... 

(;(L-----r-,,_~l :,-"'""':"""~~'::""':'::~---,--,7":' 

~ - - Aqe · qroups ,,, 'ie::,rs · -

( o) Diem s ion of the Results . 

n aver e 1 rove ent of 2.9 marks is effected 

in the scores of the upils in the test ea res1lt 

of instruction . 'l'l11s ount of i prove ent expr ssed 

in percentage terms is 29 and e been acoompliehe in 

the space of on~ short lesson while such improve ent 

without direct inst ct1on wo1ld have taken approxi t-

ely 4 years to be ffected for the aver em k o 

tained fro the tcsti of uninstructed pupils of 
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16 years of age is the s e as the avera e mark of 

this class after instruction, namely, 12. 9 . 

A closer ana1ys1s reveals the f et t t through 

the instruction the pupils of 11, 12 and 13 ye rs of e 

g ned respectively ;pproxi tely 6 ye re, 2 years nd 1 

years . The gr ph ho s very strikingly, t t while t e 

older pupils in the cl es were superior before instruction 

they were inferior to the young r e bers ofthe cl ss 

after instruction . Thus the r e of marks before and 

fter instruction for tle 11, 12 and 13 year-old ups 

were respectively 9.4 - 13 .6, 10.3 - 12 . 4, e.nd 10 . 6 - 12 . 4. 

This phenomenon is T ther startli 

explained on the follo ing lines . 

of 11 years of a e, o be in o. 

and can prob bly be 

These younger pupils 

I, st be fairly bright 

nd h ve ore t n vera e intelligeno hie the pupils of 

13 years of e are, ener ly speaking, not o bri ·ht and 

intelligent, other ioe e should expect to find the in 

hi her cl ss, probably For III . Thus, it sees r son-

ble to suppose th t the young rand brighter children, 

though behind the older nd duller pupils in eduo tion 1 

age, yet a.re ore r pid 1 r ners . The ount of pr rese 

or improve ent eff cted by the pup1le of 11, 12 and 13 
years of age was r speotively 45%, 20% and 17%• 
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That the 12 and 13-year-old groups contain d so e 

dullards is borne out by the fact th t some marks in 

these groups,even after instruction, were slow as 5. 
An analysis of the results reveals a deeided 

improvement in then ber of correct decisions!£. the 

use - le tima.te or illegiti ta - of the "=" ign in 

each example . Example number 6,. u18 f. 2 ·:;; 21!.§_ , " 
9 

as was the case prior to instruction, produced the 

moat erroneous· decisions, about half the class re-

garding the use of the sign in this example as leg1t1 ate . 

(11) Test II . 
(a) Deeor i ntion of the Test . 

The same test as was used for Investigation III 

employed in this enquiry . (see p . 52 ~ ) 

(b) Resul t s of the Teet . 

The follo 1 table presents statistical results 

of the test sub 1tted to the class before instruction. 

The numbers indicate the number of children in e eh e-

group ho er corr et in their decisions!.!:_ each ex ple . 

The numbers in brn.okets indi te the number of pupils in 

each age- o-roup . 



A 
B 
0 

e 

7 13 
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The follo. 
1nstruot on: 

t ble presents the result fter 

e 

B 

l 

17 
19 
1 

17 
20 
1 

9 
9 

of co ari on 1t 1s n.o ary to or th 
have the results 
bas1s. 

r s ed on a co · on b 1 - percentag 

Befo:re Instructi r ! 

xauple 
A 
B 
0 

.1. years 

Aver age 
After Instructio~: 

xa.mple 
A 
B 
0 

1 

81 
95 
b2 
3. 

l 
60 
Bo 
60 

90 
90 

0 

lf 

(c) 
26 1n the average of the 

teat before and fter instruction repre ents an improve-

en f 46% due o t he value of instruction. in the 

first test of tb~s investigation we find that the amount 

of i rove nt .. corded by the younger pupils in the 
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class is far great r than that recorded by the older, 

and prob bly duller, ,e bers of ihe class . However , 

eve~y ohild benefited considerably from the instruction~· 
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C. COliCLUSIOl . 

e can just1f1 bly conclude th t the benefits 

accruing from instruction.!£_ the eaning and use of 

the symbols for a.the tio l equality are unquestion bly 

substantial s the improvement effected by eans of one 

short lesson is equivalent to th t produced in pproxi-

ately 4 year by indtreot e ns . It is not fficult 

to 1 ne how much confusion and vagueness in the c 1 

ind could be re edie and ho eh trouble and f ort 

on the teacher ta p rt could be avoided by ean of 

direot instruction. It ould be interest! ,and 

doubtedly si !fie t, if one could w tch the pro r ss 

ot these pupile . ho eceived instruction to note if 

their th atic r son1n~ refl oted their great r 

kno ledge and under tand1 of the real eaning and 

leg1t1 te use of the symbol of equality . This s y 

ould involve observ-ticn over a c nsiderable period of 

tie so is impossible of aoco plishment for the pu.rpos 

of this thesis . 

In spite of suse for years of the sy bol y 

children and encour ,ed by slmil r 1eusee on the p t 

of editors d tenche , dir et 1n truction s proved 

sufficiently potent to effect an 1 rovement of 29p 

in the case of 1est I and 46% in the c se of Test II 
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duri ~ the course of one short lesson. Does it not 

see reason~ble, th n, to suppose that direct te chin, 

in a very short time, could re ove all misconceptions 

concerning the symbols? Despite the 1 r ot1c bi ity 

of destroying t once 1sconoept1ons in the minds of 

our editors and te ohers,wc cl im th t i edi te 

solutio~ of our proble, lies throt h direct instruction 

the potent effecto of which are undeni ble . 

-----uOo--~--
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RESU a CONOLUSIO 
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V. RESULTS , vO CLUSIONS AND SUGGEST! ONS . 

(a) Summary of Results and Conclusions . 

ll1. A ong children up to the age of 17 yea.re ther 

are ny who find unintelligible a state ent th tone 

numerical expression 1s qu 1 to other . This ppe rs 

to be due to the fact that their early tr 1n1 in 

arithmetic leads th to look upon any ymbol of oper tion 

as an 1 erativc, and th1 prevents them f m conce1v1 

a numerical expresoion as a unity . They use the 11= 1 sign 

simply to separate expression from its answer. 

j_gl Up to the age of 17 there 1 a direct relation 

between the increase of ge in the pupils and develop ent 

qf b111ty to underst nd the eani and use of the symbols 

for ma.the atical equ lity . Insufficient c ses re trea~ 

ed after the age of 17 to give reliable results but u to 

thio age, t no period were the Er/mbols properly derstood 

- misconceptions existed at 16, 17 nd 18 years of age 

altho h 1n a slightly deoreasi degree . 

The tests rev~ that fter the 

to display definite erior a.b111 ty to 

e of 12 boys ee 

rl of c rre 

ding age, yet prior to thi age the exes have ap roxi 

equal ab111 ty. Thi difference is hardly due to 

in teachi .-'.'/' as the tests were submitted to classes contain-

1ng both sexes in co-educational schools . It seems likely 
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then, that the differ€J!lce in b111ty is attributable 

to difference in inn te qu lities ich determine the 

attitudes, interests and o pa.cities pecul1 r toe eh 

sex . 

Children ' s mieconoept1ons of the bole eee to 

be due chiefly to f lty te chi per medium oft xt-

books and te cher . n an lysis of current. Arit tic 

text-books and teachers• ssignments of work and odel 

answers reveals the extent to which reputedly educ ted 

people - editors and teachers - are not free from •tsuses 

of the symbols of uality . The trouble seems to lie in 

faulty teaching bee e the inquiry into the v lue of 

direct instruction r ve led strik1n results, so e child-

ren r 1si their scores by ev~n s nruch s 50% as a 

result of short lea on on the eani and use of the 

symbols . The remov 1 of aconceptions first in th 

minds of our editor and teachers - this is the root 

of the trouble - sh -- d be t ckled fir t, but this ould 

be impractic ble for the purpose of this thesis long 

period of time is re uired . However, th et effect 

of direct instruction are undeniable an this see to 

be the 1 ediate solution of our proble . 
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i5l Failure to !lssign eani to th sy bo 1 "• 

has its correl tive in f ilui'e to uee oorreotly the 

word "equal", the meaning of hich tends to beco e 

ss1m11 ted to that of Ms e" . This is ade evident 

when ; ( a) The ord is avoided, ft like" or "a e" 

be1 bstituted for it info ulat~ng oo -

par1sons of equal quantities; 

(b) It i used in deacri bi rese bl noeo here 

neithe de ee nor quantity 1s involved. 

b 

(1) As a sequel to this investigation, a further in-

vestigation.£!:. the extent and nature of iec nceptions of 

the symbol for m~th~m tical equality existi 1n the minds 

of ado escents ov x 16 ye~rs of age ~ould be of valu . 

The University nnd Tr ini Colleges woul be th fields 

for such an inv ati tion nd by this inquiry w e ould 

hope to discover if, and to h t extent, University d 

Traini College otudents re free from 1sconc tions ~ 

the eaning · nd uco of the symbols . Up to the g of 16 

and 17 years stud n s ' conceptions a.re still v e . 

(2) The riter a ests that direct instruction should 

be given 1n the schools as the unquestion hl value of suoh 



instruction ha.a been indicated. This would r se further 

proble for solution, namely, (1) At wh t· ge in truct1on 

ism at opportune and benef1oi l; 

(2) ether, and to hat ex-

tent, athematics gain in v lue and 

understanding s a result of this in-

struction. 

ill. The renul ta see to indicate that boys a.re uperior 

to girls in these tests, and as these tests involve the 

relation of equality hich is the fundamental relation in 

ma.them tios and is involved in all reasoning proo sses such 

as the solution of equations, it does not see unreasonable 

to presume that G reoult of the boys ' superiority in 

these tests, they re i larly sup rior in gener the-

maticaJ. exercises . This proble calls for further 1n-

vestig tion, hoe r . 

Finally , but not negligible, is the fact th t the 

root of the error should be eradicated by definite i truo-

tion· of our teachers both in Train! Colleges and S er 

Schools . If misconceptions 1n children's minds are cleared 

up now we can feels re that there 11 be ittle cause for 

anxiety in this re eot in a few years' time because some 

of our present pupils will become teachers and 11 not 

be insensitive to misconceptions in the minds of their 



pupils, as are our te ohero today . 

--oOo--
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