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Abstract

In this Master’s Thesis, we set up the groundwork for [8]], a paper co-written by the author
and Hung Pham.

We summarise the Fourier and Fourier-Stieltjes algebras on both abelian and general lo-
cally compact groups. Let I' be a locally compact group. We answer two questions left
open in [11] and [13]:

1. When I' is abelian, we prove that if g € B(I') is an idempotent with norm 1 <
sl < %, then S is the union of two cosets of an open subgroup of I'.

2. For general I, we prove that if x5 € M.,A(I") is an idempotent with norm || xs|| ., <

1+Tﬁ, then S is an open coset in I'.
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Chapter 1

Preliminaries

1.1 Locally compact groups

Within this and the following chapter, we summarise information from [2]], [S] and [9].
These texts provide greater insight into the topics of topological groups, measure theory
and harmonic analysis, however we will only outline the theorems that are of particular
use to us for chapters [3|and 4]

Definition 1.1.1. A Hausdorff topological space X is called locally compact if every point
x € X has an open neighbourhood whose closure is compact.

A locally compact group is a group G equipped with a locally compact topological struc-
ture, such that the operations (x,y) — xy and x — x~! are continuous with respect to the
topologies of G X G — G and G — G respectively.

For any subset A C G, and any x € G, we will use the conventions
Ax={ax:acA} xA={xa:acA} A '={a':acA}
For some B C G, we will have AB={ab:a € A,b € B}.

Proposition 1.1.2. For any open subset U C G, then for any x € G and A C G, we have
xU,Ux,U~' AU and UA open in G.

Unless stated otherwise, we shall use multiplicative notation xy for a general group, and
call the identity element e. If we are assuming the group is abelian, then we shall use
additive notation x + y, and call the identity element O.

1
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1.2 The dual of a locally compact abelian group

Definition 1.2.1. Let G be a locally compact abelian group. We define the dual group G
of G to be

G ={y:G— T: yis a continuous homomorphism}

For y1,7 € G, we define (¥ +7)(x) = % (x)(x), and have the constant function 0(x) = 1

as the identity in G. For any y € G, we have (—7)(x) = y(x) ™' = y(x).

It is convention to write (x,7y) in place of y(x), in which case we have (x| +x2,7) =

(x1,7)(x2,7), and (x, 71 + 12) = (x, 11) (%, 2)-

The topology on G is the topology of compact convergence. In particular, a neighbour-
hood base for some point yy € G consists of all the sets of the form

Uk ={v€G: |1 = (x,7—1)| < &,Vx €K}

for € > 0, and K a compact subset of G.

Throughout this text, we shall denote GasT.

Proposition 1.2.2. The dual 1" of a locally compact abelian group G is a topological
abelian group.

Proof. It is obvious that I" is an abelian group, so we must check that the operations of
(@) +:I'xI'—=Tand (b) — : I"' — I are continuous.

a) Take y;,7%» € I'. For compact, non-empty K C G, and € > 0, the set Uy¢ g, and its
translates, are open in I, thus (y; + Ug k) X (72 + Ue k) is an open neighbourhood of

(n, ) €T xT.
Via the triangle inequality, if Ny € ¥ +Ug x and 1, € > + Ug , for all x € K, we have

[ +1) = 6m+m)| = [0671)xr) — (6n)(x,n2)]
(x5, 72) [(6,71) = (e, )]+ (e m) [(x, 1) — (6, m2)]|
(e, 7) — (e, +1(x,72) = (x,m2)|

e+e=2¢

ANVAN

Hence (1, n2) must be in (y; + U k) % (Y2 + Ue k), proving + is continuous.

b) Again, for any € > 0 and compact, non-empty K C G, let us define Y+ Ug g to be an
open neighbourhood of y. For any n) € Y+ Ug g, and for all x € K, we have
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Hence —n € —(y+ Ug k), so — must also be continuous.

]
Theorem 1.2.3. The dual group 1" of a locally compact abelian group G is a locally

compact abelian group.

As we know I is an abelian topological group, all that remains to be seen is that the
topological structure is locally compact. However, this requires additional machinery we
do not wish to cover it in this text, so the proof shall be excluded. It can be found in [9].

Proposition 1.2.4. The dual group of a compact group is discrete.

Proof. Assume G is compact, and take }y € I to be arbitrary.

Then all sets of the form Uy = {y: ‘1 — (Y% l)/)| < €,x € G} are the open neighbour-
hoods of 7y, for any € > 0. If we fix € = V/2, then we must have the set

U\/Q:{}/: ‘1—(x,y0_l}/)| <\/§,x€G}

as an open set in I'. Surely Y is in U, 53, but assume some ¥; # Y is also in U /2- Then
11— (x,y51y1)| <+2forallx € G.

Take some xp such that z := (xo,)/o_lyl) € T satisfies z # 1. For some n € N, we must
have Re(z") < 0. Hence |1 —z"| > v/2, and more directly, |1 — (xg,yalyl)‘ > /2. This
contradicts the definition of U, /5, hence 11 € U /3, and indeed U, 5 = {10} O

Theorem 1.2.5 (Pontryagin duality theorem). The dual group of T' is G.

The proof of this result can be found in [9].

Corollary 1.2.6. The dual group of a discrete group is compact.
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Corollary 1.2.7. Sets of the form
Usgk ={yel:|l-(x,7)] <e&VxeK}

for compact K C G, € > 0, and their translates, form an open neighbourhood base for G.

Proof. This is simply the topology of compact convergence on I', hence is the topology
of G by the Pontryagin duality theorem. 0

The above statement is proved as Proposition 1.2.6. in [9], without reference to the Pon-
tryagin duality theorem, as it is a key part of the theorem’s proof. As it is a natural
consequence of the theorem, we are happy to accept it within this paper.

Example 1.2.8. Let Z be the integers equipped with addition and the discrete topology, T
be the unit circle with multiplication and the standard topology, and R be the real numbers
with addition and the standard topology. Then we have

1. T = Z, via the map (n,e!®) = ¢"® for each n € Z,¢® € T.

N

2. Z =T, via the map (¢®,n) = ¢ for each ¢/® € T,n € Z.

3. R =R, via the map (x,y) = > for each x,y € R.

—~

4. Zn = Ly, via the map (a,b) = e2miab/n for each a,b € 7,

It also follows that every finite abelian group is self dual.

1.3 Annihilators of locally compact abelian groups

Definition 1.3.1. Let H be a subgroup of an locally compact abelian group G. We call
the set
A={yeTl:(x,y)=1,Vxe H}

the annihilator of H.

Proposition 1.3.2. If A is the annihilator of H, then A is a subgroup of I'. Furthermore,
the annihilator of A is H.

Proof. Certainly 0 € A, for (x,0) = 1. Forany y € A, (x,7) =1= (x,—y) forallx € H,
as 1 is real valued, and finally if 71,7 € A, then (x,71 + 1) = (x,11)(x,12) = 1.

Denote by A* the annihilator of A in G. Clearly H C A+, as (x,7) = 1 forallx € H,y € A.
If H= G, then A = {0}, and the result is obvious. Instead consider that H is a strict
subgroup of G, and there some xo € A" that is not in H. Then G/H is a nontrivial
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group of G, and there exists some dual member ¢ : G/H — T that is not the identity
map. The map y:x+— (x+ H,¢) is a continuous homomorphism, hence is in I', and
satisfies (x,y) = 1 whenever x € H; this must mean that ¥ is in fact a member of A. Ergo
(x0,7) = (xo+H, ) # 1, and xo cannot be in A*, thus completing the proof. O

Not only are H and A mutually annihilators for each other, but they are deeply related to
the quotient group structure within G and I'.

Theorem 1.3.3. Let G be a locally compact abelian group, with subgroup H, let and A

be the annihilator of H in I'. Then A is isomorphic to G/ H, and T'/A is isomorphic to H,
both in a homeomorphic way.

Proof. Foranyx € G, there is a natural, open and contlnuous homomorphism i(x) =x+H
onto G/H. For any ¢ € G/H, we can create amap 1 : G/H — A defined by 1(¢) :=¢poh
Then 1 is injective, as if 1(¢;) = (@), then ¢; oh = ¢, oh. This means ¢; oh(x) = ¢, Oh(x)
forall x € G, and ¢1(x+ H) = ¢o(x+ H) for all x+ H € G/H, so we get ¢; = @,.

The map 1 is also surjective, as for any ¥ € A, we can consider Yo k™! as a member of

G/H. This is because, for any coset x+H € G/H, the inverse h~ ! (x+ H) = {x+a:a €
H}, and as 7y annihilates H, we have y(x+a) = y(x) for all a € H, hence the formula
yoh~!is well-defined. It can easily be shown that Yoz~ ! is a continuous homomorphism

on G/H,and as t(yoh™ ') =y, A and G/H are bijective.

We also have that t is an homomorphism, as

(x,1(91 + 92)) = (h(x),¢1 4 ¢2) = (h(x), ¢1)(h(x), 92) = (x,1(¢1) +1(92)) (x€G)

For any compact set K; C G, the set #(K) is compact in G/H, and for any compact K, C
G/H, there is some compact K; C G such that #(K}) = K>, as h is open and continuous.

By|[1.2.7] the sets

Uk, ={reA:|1-(x,7)| <& Vxe K}
form an open neighbourhood base of A, and 1 maps any Ug g, onto the open set Ug g,,
where .
Usk,={0 €G/H: |1 —(w,0)| <€e,Vwe K}
Furthermore, for any open set of the form Ug g,, there is some open Ug g, such that
1(Ug, Kl) Ug k,, hence 1 is a homeomorphism, thus it is a homeomorphic isomorphism

from G/H to A.

As H and A are mutual annihilators, I/‘E\ is isomorphic to H, and so by the Pontryagin
duality theorem, I"/A is isomorphic to H, and the theorem is proved. 0

Corollary 1.3.4. The annihilator of an open subgroup is compact, and the annihilator of
a compact subgroup is open.

Proof. Let H be an open subgroup of G, with annihilator A. Then G/H is discrete, and
its dual A is compact. The rest follows from mutual annihilation. U
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Chapter 2

The Fourier-Stieltjes and Fourier
algebras

2.1 Complex measures

Definition 2.1.1. Let (X,.#) be a measurable space. A complex measure pL on (X, .#)
is a function from . to C that satisfies

p@®=0 and  p(Ja)= Y ulan)
n=1 n=1

for any disjoint sequence A, in .Z .

Any complex measure can be written in the form y = u, + iy;, where u,, u; are finite
signed measures on (X,.# ), and via the Jordan Decomposition theorem,

M= — Hp + i3 — iy

for p, finite positive measures on (X,.#). The total variation of a measure |u| of a
complex measure ( is defined to be the positive measure [|(A) = sup}_; [1(A;)], this
supremum taken over all finite partitions of A into .# -measurable sets.

The total variation norm of a complex measure u is defined to be ||u|| = |u|(X).

It can also be seen that |u| (E) < u1(E) + o (E) + u3(E) 4 pa(E) for measurable E C X.

Proposition 2.1.2. Let M(X,.#') denote the space of all complex measures on (X, #).
Then M(X, ) is a complex vector space, and the total variation norm ||lL|| is indeed a
norm on this space.

M(X,.#), equipped with the total variation norm, forms a Banach space.
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Definition 2.1.3. The Borel 6-algebra of X is the o-algebra generated by the open subsets
of X. A measure on X is called a Borel measure if it is defined on the Borel measurable
sets, and a function f is called a Borel function if it is Borel measurable.

If i is a Borel measure on X, then we say U is

i. Outer regular if for each open set U, u(U) = sup{p(K) : K C U, for compact K}
ii. Inner regular if for each measurable set A, u(A) = inf{u(U) : A C U, for open U }
iii. Regular if it is both outer and inner regular, and each compact K satisfies pt(K) < oo.

In the case that our topological space G is a locally compact group, we will write M(G)
to denote the space of all regular Borel measures on G.

Proposition 2.1.4. Let u € M(G). For any bounded f on G, the inequality |[ fdu| <
[ flleo ] Rolds.

Proof. First, let f be a simple function. Then there exists values ayp,---a; and sets
Ay, -+ ,Ag such that

-

It is well known any Borel function f can be expressed as the uniform limit of a increasing
sequence of simple functions (f,) on G, and so

‘/(f—fn)du‘ = [G=pm= [(F=pometi [ (= fom—i [ (£ fi)
4
<L

k
< Z |aj| |1 (A))] < 1F]l.o 1]

/f fu)du;

4
/|f fuldu; < | f - anooZHHJH

and indeed we have ffndu — [ fdu asn — oo, hence | [ fudu| — | [ fdu| also.
As | [ fudit| < || full.o It || for all simple functions, it follows that our inequality holds for
all Borel functions of G. O]

Definition 2.1.5. Let G be a locally compact group. For u,v € M(G), we can define the
convolution |1 vV to be a measure

(uxVv)(E)=(uxv)(D), whereD={(x,y)€eGxG:xyc€E}

Convolution of measures is associative, and is commutative if and only if G is abelian.
Furthermore, we have || * v|| < |||l ||v]|, so in fact M(G) is a Banach Algebra, when
equipped with convolution.
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2.2 The Fourier-Stieltjes algebra B(I')

Definition 2.2.1. Let G be a locally compact abelian group. For u € M(G), we define the
Fourier-Stieltjes transform [l to be the function

iy /G (—x,P)du(x) (vyer)

Proposition 2.2.2. The map”: |1 — U is a algebra homomorphism from M(G) into L™(T).

Proof. We can see the Fourier-Stieltjes transform preserves multiplication, as

Tev(E) = / (—2,E)d(u*v)(2)
— [ [(x=»Bdu@ave) =2
_ / (—x,.&)du(x) / (=3, E)dv(y)

_ v

Furthermore, [ is bounded, as [U(y)| = | [ (x,7)du(x)| < ||u]] O

The image of M(G) under the Fourier-Stieltjes Transform is called the Fourier-Stieltjes
algebra, and is denoted B(I'). We define the norm of B(I') to simply be ||| B(r) =

”.UHM(G)-
Theorem 2.2.3. For u,v € M(G), if i =V, then L = V.

This is called the Fourier Uniqueness theorem. The proof is very long and involved, but
it can be found in [9]], on pages 17-30. As we are not proving this result in this paper, we
shall try not to rely too heavily on it. However, it is essential for Chapter 3]

Definition 2.2.4. A function ¢ : G — C is called positive definite if for all ¢y,--- ,cy € C
and all xq,--- ,xy € G, the following inequality holds:

N
Z CnCm® (Xrﬁlxn) >0

mn=1

This definition may be more intuitively realised as requiring the matrix

ole) - o(x'xw)
(@0 )); oy = S :
Oxy'x1) - ole)

be a positive semi-definite matrix, for x,--- ,xy € G.
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We shall denote by Z?(G) the set of all continuous positive-definite functions on G, and
Z1(G) the set of all continuous positive-definite functions on G satisfying ¢ (e) = 1.

Theorem 2.2.5. (Bochner’s Theorem) Let ¢ be a continuous function on a locally com-
pact abelian group G. Then @ is positive-definite if and only if there exists some non-
negative measure M(I") such that

6() = [wndu(y) (x€6)

The proof can be found in Rudin (pg 19). The proof is quite long, so we will exclude
most of it. However, one direction is quite easy to see.

For suppose u is a non-negative measure on I', and define ¢ (x) = [(x,y)du(y). Then in
order to show @ (x) is positive-definite, consider cy,---,¢, € C, and x1,--- ,x, € G. We
have

i ciciP(x;—x;) = i Cic_j/(xi_xij)du(Y>

i,j=1 i,j=1
=§KQ/“ (7. )du(y)
:/ Z cicj(xi,y X,J’)dﬂ(?’)
i,j=1
/ Y. cicjx P G Ddu()
i,j=1
:/(ici(xi,}/)) (iq()ﬁ,)’)) du(y)
J
ci(xi,7)| du(y) >0

Hence the non-negative measure of M(I") give rise to positive-definite functions on G.

Corollary 2.2.6. Let f be a function onI. Then f is a member of B(I') if and only if it is
the linear combination of continuous positive-definite functions on I'

Proof. First let f = i € B('). Then, by Jordan decomposulon and the linearity of the
Fourier-Stieltjes transform, we know [ = L; — U + ili3 — ill4, which we know are con-
tinuous positive-definite functions due to Bochner’s theorem.

Conversely, suppose f = Z | OOy, for o, € C and ¢, € Z(G). Then, again by Bochner’s
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theorem, each ¢, is of the form i, for non-negative (,. As such, if we define
N
H = Z Ot
n=1

then u € M(G), and L =¥ | a,[i, = £, hence the result is shown. O

Using this corollary, we can form a new definition for B(I") that does not make reference
to I' being the dual group of some G; a structure we don’t have in the case that I' is
non-abelian.

Definition 2.2.7. The Fourier-Stieltjes algebra B(I") is the algebra of linear combinations
of continuous positive-definite functions on I'.

This definition is first given in Eymard’s seminal paper [4]]. In this paper, it is shown that
one way to define the norm on B(I') is using the formula

N

ch”(yn)

n

]l pry = sup

where the supremum is taken over all finite collections of ¥, € I', ¢, € C satisfying

N

N
sup Y Y cucmo (v, ) =1
02 (Ly), n=1m=1

where I'; is I equipped with the discrete topology.

This new norm agrees with the standard norm on B(I"), in the case that I" is abelian.

2.3 The Haar Measure

In the next section, we are going to define the space of integrable functions. For this, we
require a measure that connects intimately with the group and topological structure.

Definition 2.3.1. A regular [0, oo]-valued measure m on locally compact group G is called
a Haar measure 1if it satisfies

m(xE) =m(E)  forall x € G, and all Borel sets E

This property is called translational invariance. In the case the G is non-abelian, this is
called left invariance, and the measure is called the left Haar measure. The right Haar
measure 1s a measure with right invariance. In general, the left Haar and right Haar
measures are distinct.
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Theorem 2.3.2. Every locally compact group G admits both a left and right Haar mea-
sure.

The proof of this statement is quite involved, and can be found in Theorem 9.2.1 in [2].
We shall give an outline of the construction of the left Haar measure, which will be remi-
niscent of a technique for estimating the area of planar regions.

By taking subsets K and V' of G, such that K is compact, and V has non-empty interior,
then we can take translates xV° of V° to be an open cover of K. As K is compact, there
must exist a finite sequence {xj,---,x,} such that K is covered by |J'_; x;V°. From here,
we can define #(K : V) to be the least possible n such that n translates of V° cover K.

From here, a compact subset Ky of G with non-empty interior is chosen, to serve as a
standard for measuring the size of other compact subsets. For each open neighbourhood
U of the identity e € G, we define the function Ay : € — R by

#K:U)

hy(K) = —+
v (K) #(Ko : U)

where % denotes the collection of all compact subsets of G. This estimates the size of

K in terms of Ky, by counting how many more (or fewer) translates of U are needed to

cover K. As U gets smaller, the size estimate become more accurate, as there will be less

overlap between translates of U, and less overhang (translates of U covering G\K).

From here, a sort of “limit” of Ay is constructed, by considering U moving along a net
of open neighbourhoods of the identity, towards the empty set. This gives a function
h: % — R, which satisfies many nice conditions, such as being non-negative, having
h(0) =0, h(Ko) = 1, h(xK) = h(K), and h(K; UK>) < h(K;) + h(K>) (with the equality
holding if K1 N K, = 0).

Our size estimating function /4 is only defined on compact subsets of G, but can be ex-
tended to an outer measure i* on G. First we define 1™ on the open subsets of G by
w*(U)=sup{h(K): K€€, KU}

then further extend it to all subsets by defining

u*(A) =inf{u*(U) : U is open ,A C U}

This indeed forms a non-zero, left translationally invariant outer measure. If we restrict
this outer measure to %(G), the Borel sets of G (the o-algebra generated by the open sets
of G), it is then a measure; the left Haar measure of G.

The proof holds similarly for the existence of the right Haar measure, or we can easily
see that mg(E) = my (E~") gives a right Haar measure. In the case that G is abelian, a left
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Haar measure is trivially also a right Haar measure. The following statements we shall
make about the left Haar measure shall hold equally true for the right Haar measure with
similar proofs.

Lemma 2.3.3. The left Haar measure of G is unique up to scalar multiplication, hence

referring to it as the left Haar measure is justified.

Proof. Suppose u,v are both (nonzero) left Haar measures on G. Fix some nonzero
g € CL(G), so that [ gmy, [ gm; > 0. For any f € Cc(G), we have

S(x)g(yx) (x)g(yx .

//fg(tx)dv(t //fg(tx)d du(x)dv(y) Fubini’s theorem
X)g

~ [ [ S autave oy s

(%)
dv(
FOx)g(x) .
// [g(ty~1x) dv(;) dv(y)dp(x) Fubini’s theorem

//fg((ty_l v dv(y)du(x) y = xy
B foh
— [ ewdutx) [ fg(ty—gdv(t)f”(y)

Note that the above use of Fubini’s theorem is legitimate, as [ g(rx)dv(¢) is continuous
and vanishes nowhere, hence the fraction is also continuous. Re-examining the left hand
side of the equation also shows us that

/ / ffg(()tc))cfc(i)j()t / flx f dp(x / Fx)dp(x

Hence we get

[ 5 = [ewant) [+ L0 ave

Thus we find that the ratio between [ f(x)du(x) and [ g(x)du(x) depends purely on f
and g, not the Haar measure t used. So we must have that

[fdu _ [ fdv
Jedu  [gdv

and so u and v differ only by a scalar. [
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Hence there is (up to scalar multiplication) a unique left Haar measure, which we shall
call m. If G is discrete, it is typical to use the counting measure for the Haar measure. If
G is not discrete, but is compact, it is typical to normalise m such that m(G) = 1.

Example 2.3.4. The Haar measure on R is the length measure m([a,b]) = b — a, although
in some texts the scalar multiple \/% is used, in order to preserve Haar measure when
taking the group dual. Given the above convention, the Haar measure of Z is the counting
measure, and the Haar measure of T is the arc length measure, divided by a factor of iﬂ,

to affirm that m(T) = 1.

As the left Haar measures is unique, when we integrate with respect to it, we shall say
dx in place of dm(x). If m is the left Haar measure on G, then the measure m,(E) =
m(Ex) will also be a left Haar measure and hence must differ from m only by a scalar
multiple. This scalar will be dependent only on x € G, and hence we can define the
modular function.

Definition 2.3.5. The modular function of a locally compact group G is a function
A:G—R

such that A(x)m = m,, where m is the left Haar measure of G.

If i, v are two left Haar measures, then v = cu for some ¢ € R. We also have vy = cu, =
A(x)v = cA(x)u, so indeed A is uniquely determined by the group, and not which Haar
measure is being used as the standard.

By observing the equation

AQxy)U(E) = p(Exy) = A(y)u(Ex) = A(x)A(y) 1 (E)

we can see that A(xy) = A(x)A(y). So in fact if A(x) > 1 for any x € G, then A will be
unbounded (consider A(x") as n — oo).

If A=1, then G is called a unimodular group. If G is abelian, then it is clearly unimodular,
but also if G is discrete, as the left Haar measure is the counting measure, which is also
right-translation invariant, hence G will be unimodular.

It can be seen (such as in [3]], Proposition 2.31) that dm(x ') = A(x~"dm(x).

2.4 The integrable function space L!(G)

Definition 2.4.1. .27 (G) is the space of all functions on G which are p-integrable with
respect to the (left) Haar measure, for 1 < p <. LP(G) is a quotient space of .£7(G), in
which fi ~ f, if the set of points where f| and f> disagree is:
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i. null (of Haar measure zero), for p < oo

ii. locally null (has null intersection with every compact set) for p = oo

For f € LP(G), we define f, € L”(G), the translate of f by x € G to be f;(y) = f(yx). If
G is non-abelian, this is called the right translate, while the left translate is , f(y) = f(xy).

Definition 2.4.2. For any Borel functions f and g, we can define

(F8)x) = [ FO)el 0y

to be the convolution of functions.

Convolution of functions is associative, and commutative if and only if G is abelian.

The space L'(G) is of particular interest to us. It can be viewed as a subspace of M(G),
as for f € L'(G), we can define a iy € M(G) to be pif(E) = [ f(x)dm. We have

Ifelly = 111 = (|| = |

and [y * [lg = [if4g, so L1(G) is in fact a Banach subalgebra of M(G), when equipped
with convolution of functions. In particular, || £ *g||; < |/fIl;|lgll,- Moreover, L!(G) is a
closed ideal of M(G).

2.5 The Fourier algebra A(I)

Definition 2.5.1. For f € L!'(G), we define the Fourier Transform of f to be the function

Fiye /G (—x,)f(x)dx  (YyeT)

The image of L!(G) under the Fourier Transform is called the Fourier algebra, and is
denoted A(I"). We equip A(T") with the norm inherited from L!(G).

Clearly A(T") is a subspace of B(I'), as we have f = py. In fact, A(T') C Cy(T) also holds
true, forming a more general version of the Lebesgue-Riemann lemma.

Example 2.5.2. For

1. G=7, wehave f(¢®) =Y _e 0 f(n), fore® € T

~

2. G =T, we have f(n)

ﬁ [T e "0 f(e®)dB, forn € Z

~

3. G=R, wehave f(x) = [*_e ™ f(y)dy, forx € R
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Proposition 2.5.3. L?(G) - L*(G) = L' (G), with norm defined by

Il = inf{|I£ll, gl - h = fg, f.g € L*(G)}

Proof. Let f,g be in L*(G). Then [ |f|*dm and [|g|*dm are both finite values. Thus

[issiam= ([ szam)’ ( [istan)

by the Cauchy-Schwarz inequality, so indeed L?(G) - L>(G) C L'(G). Conversely, any
h € L'(G) can be expressed as hi-hie L?(G) -L*(G), so we are done. O

An interesting consequence of this is that L>(T") x L>(T") = A(I"). In order to show this, we
will need to harness what is called the Plancherel Theorem. This states that the Fourier
transform, when restricted to the space of functions in both L!(G) and L*(G), is an isom-
etry (with respect to the L? norm) onto a dense subspace of L?(I"). As such, it can be
extended uniquely to an isometry from L?(G) onto L?(I'). This isometry is called the
Plancherel transform, and from it we can obtain the Parseval formula, which states

| swstax= [ Framay  f.8e1*(©)
The proof of these statements can be found in [9]].

Proposition 2.5.4. The Fourier transform maps L*(G) - L*(G) onto L*(T') * L*(T), hence
L>(I)+xL*(I') = A(T)

Sketch of proof. Let f,g € L'(G) N L?*(G). If we use the Parseval formula with g in place
of g, then as the Fourier transform of g is [(—x, ¥)g(x)dx (which has complex conjugate

J(=x,=v)g(x)dx = g(=7)), we get

[ f@sax= [ Fng-

Further, if for some ¥ € I', we use the Parseval formula with (—x, %)g(x) instead of g(x),
we get

~

[ r@st—xm)dx= [ Fraon-rnay
which is the value of f* g evaluated at Y.

These results can be extended to f,g € L?(G) (and not necessarily in L' (G)), so indeed
for any i € L'(G), we can express h as fg for f,g € L?*(G), which will have Fourier
transform # € A(T") satisfying h=fxgel? (I'). O

In the case that T is a non-abelian group, it seems desirable to define A(T") to simply be
L?(T") % L>(T"), with the norm defined by

191y = inf{[I£ll2 Igll2: ¢ = f*g, f,8 € L*()}
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However, the convolution f * g for f,g € L?>(T') is only guaranteed to be well-defined
when I is unimodular, such as when I is abelian, or discrete.

Consider briefly the case when I is non-unimodular, and take f,g € L*(T"). Then f *

g(v)= [ f(n)g(n~'y)dn. Consider fxg(e) = [ f(n)g(n~")dn. By Holder’s inequality,
we have

IOCE '/f “an| < (/|f<n>\zazn)é (/|g<n>r%zn)é
where £(7) = g(n""

For f *g(1) to be well defined, ideally we would have § € L*(I"), however

1z Pan = [am) " g(m)Pan

As T is unimodular, A(n)~! is unbounded, so it is not necessary that § € L?>(I") when
gcl? (T'), and so the construction above may not work in general.

As such, we need a different way to define A(I") in the non-abelian case, which will work
even if I" is not unimodular.

This problem was investigated by Eymard in [4]], and it is shown that we can define A(T")
as follows.

Definition 2.5.5. The Fourier algebra A(I") of a locally compact group I is the set

—_——

A(T) = L*(T) «L*(T)

with the norm ||¢| = inf{||f[|, [lg]l,: ¢ = f*g.f.s € L(D)}.

This may seem unbelievable that this is indeed an algebra (or even a linear space), but
it follows more easily after we observe other ways to construct A(I"). If we let g(y) :=

g(y) = g(y~1), [4] shows the following :

Theorem 2.5.6. The complex vector spaces of functions

i. Ey  generated by f+g for f,g € Cc(I')
ii. E  generated by hx hfor heCe(T

iii. E3 generated by f x g for f,g € L (I") with compact support

(
)
(
)

iv. E4  generated by hx h for h € L*(T") with compact support

! Actually, we are presenting Eymard’s results in a different order to fit our purpose. In [4], the statement

of Theorem is used as justification to define A(T") = L?(T")  L2(T"), and so the definition given in
is given after this theorem.
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=
b

)]
I

B(I)NCc(T)

vi. Eg  generated by (') NC¢(T)

vii. E7  generated by u € & (I') satisfying Ayl ()
viii. E3  generated by 2 (I')NL*(T)

ix. Ey  generated by hxh for h € L*(T)

x. Ejg  generated by f g for f,g € L*(T)

all have A(T") as their closure in B(I'), and the A(T") norm agrees with the inherited norms.

Clearly, the space A(I") is an algebra, and is closed under translation.

Theorem 2.5.7. A(T') is a dense subalgebra of Co(T').

Proof. Tt is now obvious that A(T") is a subalgebra of Cy(I"), so we aim to use the Stone-
Weierstrass theorem to prove it is dense.

For any Y € I, we can define a function f € L?(I") that is 1 on a non-empty compact
neighbourhood C of 7y, and 0 otherwise. Recall that o, f(y) = f(%7), and so 4 f(y) =

F(0y~!). Then
Fenfo) = [ £0) (nfr'w)) dv= [ r0us5 My = [ 170 Py =m(c)

where m(C) is the (non-zero) Haar measure of C. Hence f * ;0? (which can also be

viewed as fxy,f) is in A(I') and maps ¥ to some nonzero value, therefore A(I") vanishes
nowhere.

Now let 1o # 1 € I'. As A(T') is translation invariant, we can assume 7; is the identity, and
Yo is any other element. The goal will be to construct a function f, such that f* f(y) =0,
and f x f(e) # 0. To do this, we will construct our f to have support U, such that } is not
contained in U2,

Let A be an open neighbourhood of e whose closure does not contain Y (this is possible,
as we require locally compact groups to be Hausdorff). By the continuity of the inverse
operation t —» t~!, we know that A~! is open also, and so B=A NA~lisan open neigh-
bourhood of e. B is called a symmetric neighbourhood of e, as it is closed under inverses.
The pre-image of B under the group product is a neighbourhood of (e,e) € I' x I, and
hence contains some U x U C I' x I, where U contains e, does not contain ¥ in its clo;
sure, and has U? C B. Hence if we choose f to be the characteristic function of U, f * f
will evaluate e to be m(U) # 0, and }p to be 0

>We have assumed that U has non-zero Haar measure. This is true for all non-empty open sets, as the
Haar measure is regular, hence we can find some compact set C such that m(C) # 0, and n many translates
of U cover C. Therefore m(U) > 1m(C)
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Finally, if fxg € A(T'), then fx g € A(T'), as

f

19
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Chapter 3

Idempotents of small norm on LCA
groups

Throughout this chapter, we will use G to denote a locally compact abelian group with
dual group I'. We shall use + to denote the abelian group operation, and O to denote the
identity element of both groups. Subscripts will be used in case of ambiguity.

3.1 Idempotent measures

Definition 3.1.1. A member a of an algebra A is called an idempotent if a> = a. In
particular, we say a measure i € M(G) is idempotent if u * g = . We denote the set of
all idempotent measures on G by J(G).

If u € M(G) is an idempotent measure, then the Fourier-Stieltjes transform [ must be an
idempotent function in B(I'); i only takes values O and 1. This means that [l is actually
a characteristic function for some subset of I. We shall call this subset S(u), and more
formally define it to be

S(u)={yel:u(y)=1}

When it comes to discussing norms of idempotent measures, there are some small but
important details we can use. Consider 1 € J(G). As u is idempotent, ||u| = [[u* u|| <
|||, so if u # 0, then ||| > 1. So the smallest norm of interest to us will be ||u| = 1.
A very important fact we will prove shortly is that idempotent measures have norm 1 if
and only if S(u) is an open coset in I, but first we need this small result.

Proposition 3.1.2. Let ¢ be a positive definite function on 1. Then for all y,n €T,
[6(7) —9(m)I* < 20(0) Re[9(0) — ¢ (7 —n)]

Proof. Letcy :=1, and set

21
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o = SO —9(n)]
e —e(m)

C3 = —C)

for real valued c. Then, by the definition of ¢ being positive definite, with 0,7y,n as our
x1,Xx2,x3 and ¢y, c2,c3 € C as our constants, we must have

9(0)(142c%) +2¢[9(y) — 0(n)| —2¢°Redp(y—n) > 0

which viewed as a quadratic polynomial in ¢ can’t possibly have a non-negative discrim-
inant, thus giving us the result. [

Theorem 3.1.3. For non-zero u € J(G),
I.

w|l =1 if and only if S(1) is an open coset in

Proof. 1f we suppose that ||it|| = 1, then u is non-zero, and hence S(u) is non-empty. By
taking ¥ € S(u), we can define a measure dv(x) = (x, —7p)d(x), to ensure that 0 € S(v).
With this, we have

1=9(0r) = [dv=v(G) < V]| = lul| =1

Hence v(G) = ||v|| = 1. This can only happen if v is a non-negative measure, and hence
by Bochner’s Theorem, if V is a positive definite function. With this, we are now ready to
show that S(Vv) is an subgroup, and hence S(u) is the coset Y+ S(v) in T

We have defined v such that S(v) contains the identity. Let y € S(v) be arbitrary. Then

J@=pavi) = [Gravi) = [ navio =1
so —y € S(v) also.

As we have shown V is positive-definite, the inequality in holds. Hence for 1,7 €
S(v), since we have —7y;, —9 € S(v), and by setting y:= Y — 1», 1 := 71, we get

V(n—71)—v(n)| <2v(0r)Re(vV(0r) —vV(—p)) =0

So we must have V(y; — %) = V(y1) = 1, hence 71 — 1» € S(Vv), completing the proof that
S(v) is an subgroup in I'.

To prove the converse, assume S(ut) is a open coset in I'. Then there is some open
subgroup A and some Jp € I' such that ¥ + A = S(u). Let H be the annihilator of
A. Note that by Corollary [I.3.4] H is be compact. Construct a measure v by setting
dv(x) = (x,—Y)dmpg(x), for my the Haar measure of H, normalised to have my(H) = 1.
I

!'This may appear to be nonsensical, as m is not a member of M(G), but any measure y € M(H) can
be extended to one in M(G) by considering it as some 1L € M(G) such that i(E) = u(ENH)
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For any y € T, V(¥) = [(x,Y— Y )dmpy(x). First notice that if y is such that y— 3 € A,
then V(y) = [(x,y—W)dmp(x) = [ dmy = 1. Now consider when y— 7 is not in S(u).
(x,7— ) will not be 1 for all x € H, otherwise ¥ — ) would be in the A, so there must
exist some xo € H such that (xo,7— %) # 1. This means

V(1) = [ (eor=m)dma(x) = [ (xo-+x.y=20)dma(x) = (07— ) [ (5,7~ )i ()

thus [(x,7— Y)dmg(x) = (x0,Y— W) [ (x,Y— Y)dmg(x), which can only happen if they
are both zero.

Hence [i =V, as their supports are identical. Ergo, by Fourier Uniqueness, we have 1 = V.
By construction, dv(x) = (x, —Y)dmg(x), so

el = lIvil = \V\(H)Z/!(x,—YO)!dM(H)Zl
O

Proposition 3.1.4. Let i1 € M(G) be of the form du(x) = [(—x,11) + (—x, %2)]dm(x), for
distinct y1,» € I' and m the Haar measure of G. Then U is idempotent, and will have
norm defined by

2/ qsin(%)) (for odd q)

[ull =192/ qtan(z—ﬂq)) (for even q)

2 (g =)

where g > 3 is the order of }/2_] N inT.

This is not hard to calculate, but the details can be found in [[11]]

4

3.2 Idempotents of norm less than

Let us now assume that u is an idempotent measure of M(G), for compact abelian G,
such that ||u|| < §. We will write S for S().

Lemma 3.2.1. Suppose there exist u,v € S and w € I" such that u+w € S, but both
v+w,v—w ¢&S. Then we have ||it|| > 3

Proof. In order to prove this, we harness the fact that for any f € L*(G), we have

[ sau| <1t
G
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Now it suffices to find such an f to satisfy

We define f to be the function

flx) = 2(—x,u)+2(—x,v)—l—2(—x,u—|—w)—|—%(—x,u—w)—(—x,v+w)—(—x,v—w)

1
= (—X,M)[2+2(—X, W) + E(_x7 _W)] + (—X, V) [2 - (—X, W) - (—X, _W)]
From the first form of f given above, we have

242+2+3] =B Hfu—weS(u)
‘/Gf(X)du(x' {|2+2+2| ’ —6Ifu—w€S()

telling us | [ fd | will always be at least 6. Now, by rewriting (—x,w) as ¢/, the second
form gives us

+ ‘Z—eie —e 0

. 1 .
Il < ‘2+2e"’ +5e7"

5 3
= ‘2+Ecos(9)+§isin(9)‘ +]2—2cos(0)] (V6 €0,27])

If we examine this further, using the identity |z| = v/zz, we find

2
2+ gcos(e) + %isin(@)‘ +|2—2cos(0)] = \/ZS +10c0s(0) +4cos?(0) +2—2cos(0)

= 2 (cos(6)+§)2—|—2—2005(9)
5
= 2cos(6)—|—§+2—2cos(6)

9

2

9
So we have || f]|., < 5.

Jo fx
Hence %§%<H[JH O
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Lemma 3.2.2. Let i be an idempotent measure with ||1L|| < %, and let d be the difference
of two elements in S. Then for any c € S, at least one of c+d is in S.

Proof. Using the above Lemma, we see that if there exists some u,v € S(it),w € I' such
thatu+w e S,vtw¢S, then ||u|| > %.

Suppose ¢ € S, and d = b —afora,b € S. If ¢+ (b — a) are both not in S, then we can use
u=a,v=c,w=b—atosee that ||| > 3. This contradicts our assumption that ||| < %,
so indeed at least one of c+ (b —a) € S. [l

Corollary 3.2.3. For all possible choices of a,b,c € S, we must have at least 2 of —a+
b+c,a—b+c,a+b—cins.

Proof. For any possible pairing of these sums, we have at least one must be in S by
Lemma We can repeat Lemma with the remaining two, and see at least a
second must also be in S. 0

Proposition 3.2.4. If there exists some progression N,M +Y,N +2Y € S, then the coset
N + (y) must be completely contained inside S.

Proof. Assume 1,n +7v,n+2y € S. Using Lemma[3.2.2] with c = +7,d = 27, we see
we must have one of n +3y,n1 — 7y € S. Assume WLOG that we have n +3y € S. We
now aim to show that we must have that also 1 —y € S. Let us assume not, and derive a
contradiction.

Consider the function f(x) = —3(—x,1 —¥) +3(—x,n) + (—x, 0 +7) + (—x,n +27) +
(=x1 +37).

We have | [; fdp| = 6, and can evaluate | ||, using the relation |z = V/7Z. Let us write
(—x,7) as ", and remove the factor of (—x, 7). This gives us

2it 3it

3 ; 57
|f(x)] = —Ee*”—l—3—|—e”+e +e :cos(t)+5005(2t)+3cos(3t)—3c0s(4t)—|—z

By substituting y = cos(t), we get the function g(y) = —24y* + 12y° +34y> — 8y + £,
which attains its extrema when g’(y) = —4(y — 1)(24y> + 15y —2) = 0.

Clearly there is an extreme value at y = 1, which is g(1) = 84—1. If we now translate the
function g(y) downwards by ¥, we get g(y) — 8 = —2(y — 1)2(12y* + 18y + 7). This
function is positive nowhere, so must have its global maximum at g(y) — % = (0, when
y = 1. Hence the global maximum of g(y) is precisely 84—1, and by taking the square root

of this value, we find || f||,, = 3, so ||| > ¥ = 3, a contradiction.

]
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Lemma 3.2.5. If for some N,y € S the coset M1 + () is contained in S, then for any
M2 € S, the coset N2 + () is also contained in S.

Proof. First let us translate S such as to assume 1, = 0 € S. This has no effect on the
norm of ||i||.

Applying Lemma with ¢ = 0,d = y and with ¢ = 0,d = 27 tells us we must have
at least one of £y € S, and at least one of 2y € S. If y,2y € S or —y,—2y € S, then
we can apply Proposition [3.2.4] and we are done. Otherwise, we can say, WLOG, that
—7,27 € S. Let us assume also that y, -2y ¢ S, and aim for a contradiction.

Applying Corollary [3.2.3| with —7, 0,27 tells us at least two of 3y,y, —3y are in S. As we
are assuming Y ¢ S, we are forced to conclude that 3y, —37y € S, and in fact, we have the

progression —37,0,3y € S, and so by 3.2.4} (3y) C S.

If we restrict u to (), we can bind its norm || ¢t|| below by considering the natural homo-
morphism ¢ : (y) — (v)/(37) = Z3. ||| only decreases when considering it as a measure
on a subgroup of G, and as the map f — [ f(¢(x))du(x) is a bounded linear functional
on C(Z3), by Riesz Representation Theorem, there exists a unique measure v on Z3 with

[VII < [lgell, such that [ (¢ (x))du(x) = [z, fdV.

v is still idempotent, and S(v) consists of precisely two elements, 0 and an element of
order 3. Via|3.1.4], we can see that v must have norm = %, so indeed our y must

3sin(7/6)

have norm ||u|| > ||v]| = %, the desired contradiction.

Hence we must have y or —2y € S, and thus the whole subgroup () C S (or upon inversing
the translation, the coset 1, + (y) C S). O

Corollary 3.2.6. For N1+ (y1) C Sand ny+ () C S, the set N1 + (Y1) + () is contained
ins.

Proof. By Lemma [3.2.5] as 0y +ny € S for all n € Z, each coset N +ny + (%) is
contained in S. 0
Corollary 3.2.7. The set A= {y € S:3n € S such that 1+ (y) C S} is a subgroup in T
Proof. For 1,1 € A, there exists 1y, 1M € S such that n; + (1) CSand N+ (n) C S.

Hence 01+ (71) + (1r) €S, and 1 + (1 +12) € N1+ (n) + (2), so we can conclude that
Nn+reA

As A clearly contains inverses, it is a subgroup of I'. [
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Theorem 3.2.8. Let G be a locally compact abelian group, and p € J(G). If 1 < ||u|| < %,
then S(U) can be written as the union of two distinct cosets of a subgroup A of T. In
particular

dp(x) = [(=x,%) + (—=x,11)ldmu (x)
where H is a compact subgroup of G, and Yy # V1 are characters of H.

Proof. We know A, as constructed above, is a subgroup of I. By use of Lemma [3.2.5]
and Corollary we see that S must be the union of some collection of cosets of A.
Assume there are more than 2 distinct cosets (; 4+ A) such that § = Ujizi (}/j + A). Then,
in particular, we can get ¥1, 7, v3 € S such that y; + A, » + Ay + A are all disjoint.

Using Corollary[3.2.3|with a = y;,b = 1, ¢ = 3, we can assume without loss of generality
that vy — .+ 71,71+ — 1 € S. This, together with 7y, forms a progression of 3, so we
must have ¥, + (Y, — 13) C S, hence » — 13,73 — %> must be members of A itself. This
means that » + A = Y3 + A, which contradicts our assumption, so we conclude there can
be no more than two distinct cosets of A forming S.

If S consisted of just 1 coset, then || || = 1, so it must consist of precisely 2 cosets. Hence
du(x) =[(—x,7)+ (—x,7)|dmg(x), where H is the annihilator of A.

]

Theorem 3.2.9. Let I" be a locally compact abelian group, and f € B(I") be an idempotent
function. If 1 < ||f]| < %, then the support of f is the union of two distinct cosets of a
subgroup A of T..

The interval (1, %) is sharp. This follows from Proposition , and cannot be extended

to (1,3], as these theorems would not hold true with ||it|| = 3. We can see this using an
argument from [11], which considers u with S(it) = {0, 7,27y}, for y being an element of

I" with order 6. This gives ||u|| = %, while having S(u) be the union of 3 cosets.
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Chapter 4

Completely bounded Schur multipliers

4.1 Multipliers, and completely bounded multipliers

When we are dealing with an amenable group I, the space B(I") can be seen as a Pon-
tryagin dual object of M(I"). However, when I is non-amenable, there are various objects
that can be viewed as a Pontryagin dual object of M (I"). One such object is the collection
of completely bounded Schur multipliers on A(T"), denoted M, A(T")

Definition 4.1.1. A function ¢ : I' — C is a multiplier of A(T') if ¢ - y € A(T"), for all
y € A(T). The collection of all multipliers of A(I") is denoted MA(T').

Note that every ¢ € MA(T") must be continuous, as each y € A(T') is continuous, and
¢ -y € A(I) is continuous. So
_ov

Y

is easily continuous at all ¥ € I' when y(9p) # 0. As there must exist some y that is
nonzero for any given Yy, ¢ must be continuous everywhere on I'.

¢

If ¢ is a multiplier of A(T"), then we can use it to create the multiplication map m, :
A(T') — A(T"), defined by w — ¢ - y. Using this, we can define the multiplier norm to be
Q|31 := ||mg]|, where ||mg]| is the standard operator norm.

We know A(T") is an ideal in B(I") (this follows from (v) in Theorem that A(I') =
B(I') NC¢(I')), and as such, we must have that B(I') C MA(T"). Moreover, the inclusion
from B(I') into MA(T) is easily seen to be norm decreasing, giving

-llar < -l

This means that idempotents of B(I") with small norm do indeed correspond with idem-
potents of small(er) norm in MA(T'), yet this decrease in norm is too significant for the
problems we aim to solve. Instead, we wish to use what is called the completely bounded
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multiplier norm. This norm is constructed by building an operator space structure on
A(D).

Given a Banach space V, an operator space structure on'V is a sequence of norms ||-||,,,
for n € N, defined respectively on the n x n matrix spaces M, (V). The norm ||-||; must
agree with ||-||,/, and the norms ||-||, must satisfy the conditions that

i v owll,, = max{{Jvil, [Iwll,}

i [[avBll, < fleclfIvll,, Bl

forv e M,(V),w e M, (V),a € M, ,,(C) and B € M, ,(C), where @ is defined to be

This gives us an abstract operator space.

Example 4.1.2. Let V be a closed subspace of #(H), for some Hilbert space H. Then
M, (V) C M,,(#(H)), where M,,(A(H)) can be viewed as #(H"). As H" has a canon-
ical norm as a Hilbert space, Z(H") has a canonical norm also, thus we can define each
||-||,, to be the inherited norm from Z(H"). This is called a concrete operator space.

A standard reference for the study of operator spaces is Effros and Ruan’s textbook [3]].
By Ruan’s Theorem (See Theorem 2.3.5, [3]), every Banach space V with an operator
space structure upon it can be embedded into Z(H ), for some Hilbert space H, in such
a way that the norm ||-||, of M, (V) is identical to the inherited norm from Z(H") as
described in Example .1.2] so in fact all abstract operator spaces are concrete operator
spaces.

Let V,W be Banach spaces with operator space structures. For any operator 7 : V — W,
we can naturally define operators 7, from M, (V) to Ml,,(W) by applying T to each entry
in a matrix v € M, (V). That is,

VI ot Val T(vi1) -+ T(va)
T(n) Dot = : :
Vin " Van T(Vl7n> cee T(Vn,n)

It follows easily from the axiom ||v & w/|
form a sequence

man = max{||v|[,,,||wl,} that the norms ||T(n) Hn

Tl < [T, < -+ < Tl <+

and although each member of this sequence is finite, as n — oo it’s possible for || Tin) Hn —
oo as well. We define the completely bounded norm to be

17|y = sup{[| T[], : 7 € N}
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and say that an operator T : V — W is completely bounded if ||T||,, < oo. In the case that
V =W, the set of all complete bounded operators 7 : V — V form an algebra, which we
call the algebra of completely bounded operators.

We apply this to A(T") by utilising another fact shown in [3]]; given an operator space
structure on a Banach space V, there exists a canonical way to put an operator space
structure of V*, the Banach space dual of V. This is useful to us, as the dual of A(I") is
naturally contained in % (L?(I"))(a result shown in [4], but the abelian case is illustrated
in|'|). As L?(T') is a Hilbert space, Z(L*(I")) has a natural operator space structure on it,
from which we obtain a canonical operator space structure on A(T").

For any ¢ € MA(T"), we have shown the construction of an operator mg : A(I') — A(T).
As we have shown A(T) is an operator space, it is natural to ask whether a given operator
mg is completely bounded. This allows us to define the completely bounded multiplier
norm on MA(T) to be

el = H”’kp”cb ¢ € MA(T)

Definition 4.1.3. The set of all ¢ € MA(I") with ||@||., < oo is called the completely
bounded multipliers, and is denoted M ,A(T').

To confirm that M_,A(T") is indeed an algebra, consider ¢y, ¢> € M,A(I"). Then

o192l = ||m(Pl(P2||cb < H’%u ch Hm‘P2||cb =@l p @2l <o

In general, we have B(I') C MA(T') € MA(T), with [|||,, < [l < [I[| gry» but in the
case that I is an amenable locally compact group, B(I') = M,A(T") isometrically. Thus
an idempotent of small norm in B(I") is an idempotent of small(er) norm in M. ,A(T).
These results are detailed in [12].

4.2 Idempotent completely bounded multipliers

Theorem 4.2.1. Let x4 € M,A(T') be the characteristic function for some non-empty
A CT. Then the following are equivalent.

i Aisanopen cosetinl’
i || xallep =1

1 b
iii |l < 52

The equivalence of i and ii is shown in [6]]. Surely ii = iii, hence it suffices to show
that iii = 1. In order to prove this, let us first observe the following.

'Tf T is abelian, then A(T') = L'(G), which has dual space L*(G). L*(G) can easily be seen as a set of
bounded linear operators on L?(G), which by Plancherel theorem, is isometric to L2(T")
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Lemma 4.2.2. Foranys € Sandt €1, if st € S (resp. ts € S), then st € S for everyn € N
(resp. t"'s € S for every n € N).

Proof. By translation, we may (and shall) suppose that s = e, the identity of I". Consider
I’y be the (abelian) group generated by ¢, then

1+v2
>

[ 2sro|| = [| 2o [| o < N5l <

So by the main theorem of [10] (or by the proof of Theorem [3.2.8] using Proposition
[3.1.4), we see that SN I’y = I'y. This gives the lemma. O

To prove 2.1 we want to compute the completely bounded multiplier norm of our given
characteristic function. However, the definition of the completely bounded multiplier
norm isn’t very easy to work with. Luckily, there is an easier way to compute the norm.
If we define My : I' x I' — C to be the function M (s,#) = @(s~'t), then we can consider
My to be [Mq,(s,t)] , a (possibly infinite) matrix, indexed by elements in I'. From here,
we can define

”(PHSchur:: sup HM(P.k”
[[[[=1

where k is taken from the collection of infinite matrices indexed by I" with finitely many
nonzero entries, and e is Schur, or entrywise, multiplication, i.e.

(Mg ok) (5,1) := Mg(s,)k(s,1)

This gives us the Herz-Schur multiplier norm. As shown in [1], M,A(T") is isometrically
isomorphic to the space of Herz-Schur multipliers, so in fact, || || senur = ||l p- Using this,
we can prove the following.

Proposition 4.2.3. If ¢ € M, A(T) is an idempotent function such that

I 11
Fr=(1120
1 01
is a submatrix of My, then ||@|| ., > H‘[
0 V2 V2 V2
Proof. Using the orthogonal matrix U := % ﬁ 1 —1]andthevectoré:=5 | 1
2 -1 1 1

we see that

I(Fye0)Ele _ V26 142
H

B(2) 2

HFOHSchur =
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It is shown in [[7] that || Fy|| ,, is actually equal to %, but we only need to know it is greater
than 1+T‘ﬁ to prove Theorem 4.2.1

Proof of Theoremd.2.1] By [12], Corollary 6.3 (i)], we may (and shall) suppose that I" is
discrete. Also, applying a translation if necessary, we suppose that e € S. So it remains to
prove that S is a subgroup of I".

By Lemma we see that if u € S, then u" € S for every n € N. Thus it remains to
show that S is closed under multiplication.

We next claim that if u,v € S, then either uy € S or vu € S. Indeed, assume towards a
contradiction that both uv ¢ S and vu ¢ S. Then the submatrix of My, with rows e,u!,v=1

and columns e, u, v is

xs(e)  xs(u)  xs(v) 1
xs(s) xs(u?) xs(uv) | = |1
xs(v) xs(vu)  xs(v?) 1

by the previous paragraph. This contradicts the previous discussion.

1
0
1

O = =

Finally, suppose that u,v € S, the proof is completed if we can show that uv € S. The
claim shows that either uv € S or vu € S. Assume the latter holds, then from Lemma[4.2.2]
with s = v and r = u, we obtain that vu—! € S. Since we must have u—! € S, this in turn
implies, by a similar argument, that v-'u~! € S. But then, since v-'u~! = (uv)~!, we
must have uv € S. Hence, in any case, uv € S, and the proof is completed. 0



34

CHAPTER 4. COMPLETELY BOUNDED SCHUR MULTIPLIERS



Bibliography

[1]

(2]

[10]

[11]

[12]

[13]

M. BOZEJKO, AND G. FENDLER, ‘Herz-Schur multipliers and completely bounded
multipliers of the Fourier algebra of a locally compact group’, Boll. Un. Mat. Ital. A
(6) 3 (1984) 297-302.

D. COHN, Measure Theory, (Springer Science + Business Media, New York).1980

E.G. EFFROS, AND Z.-J. RUAN, Operator spaces, (London Mathematical Society
Monographs. New Series, 23, The Clarendon Press, Oxford University Press, New
York).2000

EYMARD, P., ‘L algbre de Fourier d’un groupe localement compact’, Bulletin de la
Socit Mathmatique de France 92 (1964) 181-236.

G. B. FOLLAND, A Course in Abstract Harmonic Analysis, (CRC Press, Inc.).1995

M. ILIE, AND N. SPRONK, ‘Completely bounded homomorphisms of the Fourier
algebras’, J. Functional Analysis 225 (2005) 480—499.

R. H. LEVENE, ‘Norms of idempotent Schur multipliers’, New York J. Math. 20
(2014) 325-352.

J. MUDGE, AND H. PHAM, ‘Idempotents with Small Norm’, J. of Funct. Anal.
(2016) http://dx.doi.org/10.1016/j.jfa.2016.02.011.

W. RUDIN, Fourier analysis on groups, (Interscience Tracts in Pure and Applied
Mathematics, No. 12, Interscience Publishers (a division of John Wiley and Sons),
New York-London).1962

S. SAEKI, ‘On norms of idempotent measures’, Proc. Amer. Math. Soc. 19 (1968)
600-602.

S. SAEKI, ‘On norms of idempotent measures. II’, Proc. Amer. Math. Soc. 19 (1968)
367-371.

N. SPRONK, ‘Measurable Schur multipliers and completely bounded multipliers of
the Fourier algebras’, Proc. London Math. Soc. (3) 89 (2004) 161-192.

A.-M. P. STAN, ‘On idempotents of completely bounded multipliers of the Fourier
algebra A(G)’, Indiana Univ. Math. J. 58 (2009) 523-535.

35



	Preliminaries
	Locally compact groups
	The dual of a locally compact abelian group
	Annihilators of locally compact abelian groups

	The Fourier-Stieltjes and Fourier algebras
	Complex measures
	The Fourier-Stieltjes algebra B()
	The Haar Measure
	The integrable function space L1(G)
	The Fourier algebra A()

	Idempotents of small norm on LCA groups
	Idempotent measures
	Idempotents of norm less than 43

	Completely bounded Schur multipliers
	Multipliers, and completely bounded multipliers
	Idempotent completely bounded multipliers


