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Abstract

A connectivity function is a symmetric, submodular set function. Connec-
tivity functions arise naturally from graphs, matroids and other structures.
This thesis focuses mainly on recognition problems for connectivity func-
tions, that is when a connectivity function comes from a particular type of
structure. In particular we give a method for identifying when a connectivity
function comes from a graph, which uses no more than a polynomial number
of evaluations of the connectivity function. We also give a proof that no such

method can exist for matroids.
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Chapter 1
Introduction

A number of mathematical structures, such as graphs, matroids, and poly-
matroids, have an associated set function that captures connectivity in these
structures. All these functions have certain properties in common, namely
they are all symmetric and submodular. It turns out that these are often the
only properties we need to prove theorems about the connectivity of these
structures. This motivates the study of connectivity functions in general,
where we define a connectivity function to be a symmetric, submodular set

function.

A polymatroid is similar to a matroid, except that it may have elements e
such that r(e) > 1, where r is the rank function of the polymatroid. A half-
integral polymatroid is a polymatroid such that r(A) € {§ : n € Z>o}. In [§]

the following result is proved:

Theorem 1.1. Let A be a connectivity function of E. Then there is a half-
integral polymatroid, P, on E such that A\ = pup where pup is the connectivity
function of P.

This motivates us to study polymatroids in detail later on, in the hopes
of developing better insight into the structure of connectivity functions. In
our study we develop a notion of duality for polymatroids and a new minor
operation, which corresponds to a natural minor operation in connectivity
functions. We spend some time investigating the relationship between the
notion of polymatroid duality given here and this minor operation. This

work extends work done in [§].
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The main aim of this thesis is to study recognition problems for connectiv-
ity functions, that is identifying when a connectivity function comes from a
particular class of mathematical structures. There are two different types of
such problems that we study here. The first is recognising when a connectiv-
ity function comes from some particular structure in a polynomial number of
evaluations of the connectivity function, where, when we talk about a polyno-
mial number of evaluations of the connectivity function, we mean polynomial
in the size of the set on which the connectivity function is based. As this is
the main type of recognition problem that we study, to simplify things, this
interpretation of polynomial number will be used throughout the thesis; that
is when we talk about a polynomial number of evaluations of the connectivity
function, we shall be talking about polynomial in the size of the set on which
the connectivity function is based. The other type of recognition problem we
look briefly at is adding an extra axiom to the axioms of connectivity func-
tions to get an axiomatization of when a connectivity function comes from a
particular structure. Say we are considering the question of when a connec-
tivity function is matroidal. We can, of course, always add an axiom to the
axioms of a connectivity function that states for a connectivity function, A
“There exists a matroid M such that the connectivity function of M is equal
to A”. This ensures that there is some matroid with connectivity function
A, but it also does not seem like a particularly satisfactory axiom. What we
are really interested in is the question of whether there is an axiom that can
be written in the language in which the axioms of connectivity functions are
written, which, when added to the axioms of connectivity functions, gives
an axiomatization of when a connectivity function comes from a particular
structure. A discussion of a somewhat similar problem for matroids can be
found in [7].

In Chapter 4 we show that the connectivity function of a graph gives a
lot of information about the structure of the graph with that connectivity
function. In fact, we show that, from the connectivity function of a graph,
we can determine the edge adjacencies. We then give a method for building
the graph (almost uniquely) from the edge adjacencies. In fact, building
the graph given a graphic connectivity function requires only a polynomial

number of rank evaluations. The main result of this thesis is the following:

Theorem There is some polynomial p such that, given an arbitrary
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connectivity function X\, we are able to establish whether or not X is graphic
in at most p(n) evaluations of the connectivity function, where n is the size
of the set on which X\ is based.

We prove this by first building the graph that would have A as its connectivity
function, were \ graphic. To do this we pretend that A is graphic and use
the method for building the graph given a graphic connectivity function. We
then show that if A and the connectivity function, v, of the graph that we
just built agree on some particular collection of subsets of F (of which there
will be a polynomial number), then A and ~ agree everywhere, and so A is

graphic.

This result is reminiscent of results of Seymour [12] and Lemos [6] (the latter
result we shall later go into in some detail), which show that connectivity
function of a matroid tell us a lot about the structure of that matroid and, in

all but a few cases, determines, up to duality, the structure of the matroid.

In Chapter 5 we look at the aforementioned result of Lemos, from [6], which
states that if two matroids, M; and M, have the same connectivity function,
and r(M;) # r(Ms), then My = M;. This result shows that, in some sense,
the connectivity function of a matroid in many cases almost uniquely iden-
tifies the matroid. As this is an interesting and important result we reprove
it here. The proof is very similar to the one given in [6], but uses slightly
more elementary results. We also give a slight generalisation of a result from
[8], that gives a description of when a connectivity polymatroid (a particu-
lar type of polymatroid which we construct from a connectivity function), is
the connectivity polymatroid of a connectivity function that comes from a

matroid. We then prove the following result:

Theorem [5.34. We cannot tell in a polynomial number of evaluations of the

connectivity function, if a connectivity function is matroidal.

To prove this we look to a class of matroids known as spikes, which are
known to provide counterexamples to many natural conjectures. Finally we
take a slightly different approach and look at adding extra axioms to the
axioms of connectivity function that identify when a connectivity function is
the connectivity function of an identically self-dual matroid. Unfortunately
the methods used to do this in this special case do not seem to generalise

obviously into a method for doing this for matroids in general.
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We also take a detour and consider branch-width of connectivity functions.
We prove that the class of excluded minors for connectivity functions of
bounded branch-width have bounded size. The proof of this closely follows
[2], which gives a bound on the size excluded minors of branch-width k.
However, in the case of connectivity functions, we think the bound on size

that actually exists is much better than the one I have.



Chapter 2
Basic Results

In this section we introduce connectivity functions, give some example of
connectivity functions, and give some basic results that will be used in later

sections.

Definition 2.1.

1. Let E be a finite set, an integer-valued set function on E is a function

from the power set of E, denoted 2!¥! to some subset of Z.

0.

2. An integer-valued set function f on E is normalised if f(()

3. An integer-valued set function f on E is symmetricif f(X) = f(F—X)
for all X C E.

4. An integer-valued set function f on E is submodularif f(X)+ f(Y) >
F(XUY)+ f(XNY) foral X,Y C E.

5. A normalised integer-valued set function f on E is unitary if f(e) <1
for all e € F.

Definition 2.2. An integer-valued set function p : 21°! — 7Z is a connectivity

function if the following hold:
(C1) w is normalised
(C2) u is symmetric

(C3) p is submodular.
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Definition 2.3. We say that a connectivity function X is connected if A(X) #
0 for all non-empty X C FE. If X\ is not connected then we say that \ is
disconnected. If A(X) = 0 for some non-empty X C FE, then we say that X
is a separator of X\, and we say that X is a connected component of X\ if X is

a minimal non-empty separator of \.

2.1 Examples

The following examples of connectivity functions arise naturally from math-
ematical structures. They are well-known and can be found in [9] and [§] for
example. These objects and their connectivity functions will be studied in

more detail in later sections.

Matroids

Definition 2.4. A matroid M is a pair (E,r), where E is a finite set and r

is an integer-valued set function on E having the following properties:

(R1) r is normalised.
(R2) r(X) < |X|, forall X CE.
(R3) r(X) <r(Y), forall X CY C FE (r is increasing).

(R4) r is submodular.

We define the connectivity function of a matroid as follows:

Definition 2.5. Let M = (E,r). Define an integer-valued set function on
E by
p(X) = r(X) +r(E - X) —r(E),

for X C E. Then pu is the connectivity function of the matroid M.

A proof that the connectivity function of a matroid is a unitary connectivity

function can be found in [§]

We will also define the notion of a dual of a matroid:
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Definition 2.6. Let M = (E,r) be a matroid and let 7* be a integer-valued
set function on E defined by r*(X) = | X|+r(EF — X) —r(FE) for all X C E.
Define the dual of M to be M* = (E,r*).

It is a well-known result and can be found in [9] that the dual of a matroid
is a matroid and if M is a matroid, then M** = M. It is also clear from the
definition of the connectivity function of a matroid and the definition of dual
that, for a matroid M = (E,r), we have u(X) = r(X) + r*(X) — | X] for all
X C FE, and therefore, the connectivity function of M and the connectivity

function of the dual of M are equal.

Sometimes a matroid, M = (E,r), can be represented by a matrix, A, over
a field F, whose columns are labelled by the elements of E, where X C
E is independent if, and only if, the columns labelled by X are linearly
independent in . This means that the rank of a subset, X, of E is given
by the dimension of the span of X. When we can represent a matroid in
such a way we say that it is representable. If M is representable, then
v (X) = r({(X)yNn(E — X)) for all X C E. That is the connectivity of a
subset, X, of F is the dimension of the span of the intersection of the spans
of X and £ — X.

Graphs

Definition 2.7. A graph consists of a set V(G) of vertices, a set E(G) of
edges, and an incidence relation ¢ : E — 2Vl such that |p({e})| € {1,2}.
We say that two vertices, v; and v, are adjacent if there is some e € E such

that ¢({e}) = {vi,v;}; and we say that an edge, e, is incident with a vertex,
v, if v € p({e}).

Let X C E. We use V(X) to denote the collection of vertices of G that are
incident with some edge in X. We define the connectivity function of a graph

as follows:

Definition 2.8. Let G be a graph with vertex set V(G) and edge set E(G).
The graphic connectivity function of G, denoted by =, is defined by

1(X) = V(X + [V(E - X)| = [V(E)],
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for all X C E(G)

A proof that a graphic connectivity function is indeed a connectivity function
can be found in [8]. It is easy to see that for X C E| the connectivity, v(X),
is equal to the number of vertices that X and £ — X have in common (i.e.
[V(X)NV(E - X)]).

Note that the connectivity function of the graph as defined above does not
agree with the connectivity function of the graphic matroid. For example

consider the following graph, G:

d

This has graphic connectivity function v as follows:

re({a}) = 2, 6e({b}) = 2, %e({c}) = 2, e({d}) = 2, %e({a,b}) = 2,
re({a. c}) =4, ve({a,d}) = 2, vc({b,c}) = 2, 7c({b. d}) = 4, va({c,d}) =2
and the matroid connectivity of the cycle matroid of the graph, denoted
par(c), is as follows:

e {a}) = 1, pue({t}) = L pue{c}) = 1, pued) = 1,
pue)({a,0}) =1, pue({a,ct) = 1, paey({a, d}) = 1, pare({b: c}) =1,
) ({0, d}) = 1, parey({e. d}) = 1.

In fact it is not even the case that a matroid connectivity function of the cycle
matroid of the graph will be connected if the graph is connected. Trees, as
graphs, have a connected graphic connectivity function, but viewed as cycle
matroids the matroidal connectivity function of the cycle matroid is not

connected.

The graphic connectivity function defined above is also known as the vertez
connectivity of GG, and when we talk about the connectivity function of a
graph, this is the connectivity function we mean. However, this is not the
only connectivity function we can get from a graph and we now define another
connectivity function which comes from a graph, this connectivity function
is discussed in [I] for example. It is given here as another example of a
connectivity function, and to show that we can define more than one type of

connectivity function on a graph; it will not be used again in this thesis.
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Let G = (V, E) be a graph with V' as its collection of vertices and E as
its collection of edges. Let X C V. Let Ay () (X) be the number of edges
incident with both a vertex in X and a vertex in £ — X. It is clear that
Av(q) is symmetric and normalised. To see that Ay(g) is submodular, consider
Ave)(X) + Ay, (Y) for some XY C V. As Ay ) (X) is equal to the number
of edges incident with both a vertex in X and a vertex in £ — X we can say
that Ay ) (X) = |E(X)| + |E(V — X)| — | E|, where we use E(X) to denote

the edges incident with a vertex in X. Therefore:

Avie)(X) + 2@ (V) = [EX)] + [E(V = X)[+ [E(Y)] + [E(V = Y)| = 2|E(G)|
= |[E(X)UE(Y)|+|E(X)NE(Y)|+ |E(V — X)U
E(V-Y)|+|BE(V-X)NE(V -Y)|-2|E@G)| (1)

> |BE(XUY)[+ [EXNY)[+[E(V - X) UV =Y))
+E(V =X)n(V =Y))| = 2|E(G)] (2)
= [E(XUY)|+|BE(XNY)|+|E(V - (XNY))|
+E(V = (XUY))| = 2[EG)
= Ao (X UY) + Ay (X NY), (3)

where (1) follows by the principle of inclusion exclusion, (2) follows as |E(X)U
E(Y) = |E(XUY)|and E(X)NE(Y) 2 E(XNY). Therefore Ay (g is
submodular. As it is also normalised and symmetric, Ay () is a connectivity

function.

Polymatroids

Definition 2.9. A polymatroid P is a pair (F,r), where F is a finite set and

r is a rational valued set function on E having the following properties:
(R1) r is normalised.

(R2) r(X) <r(Y),foral X CY CFE

(R3) r is submodular.

This is the same as the definition of a matroid, except that r(X) is not
required to be less than or equal to | X|, and need not be integer-valued. We

shall sometimes use r(P) to denote rp(E).
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We say that a polymatroid P = (E,r) is integer-valued if r(X) € Z for all
X CFE.

We define the connectivity function of a polymatroid as follows:

Definition 2.10. Let P = (F,r). Define a set function on E by
Ap(X) = r(X) +r(E - X) —r(P),
for X C E. Then Ap is the connectivity function of the polymatroid, P.

In fact the connectivity function of a polymatroid is not necessarily a con-
nectivity function, as Ap(X) may not be integer-valued for all X. However,
it is proved in [§] that a connectivity function of a polymatroid is normalised,
increasing and submodular. Therefore we can say that the connectivity func-
tion of a polymatroid, P = (F,r), is a connectivity function if, and only
if, A\p(X) € Z for all X C E. Therefore the connectivity function of an
integer-valued polymatroid is a connectivity function. We can also have the
connectivity functions of polymatroids which are not integer polymatroids,
that are still connectivity functions. One such example is given in [§] and

another is given here: Let E = {a,b,c,d} and the rank function be defined

as follows:
1 if | X|=1
r(X) = % | X| =2
2 otherwise
Then

Ap(X) = 1 if|X|[=1lor|X|=2o0r|X|=3
P 00 i |IX| =00 |X] =4

2.2 Minors of Connectivity Functions

This section gives an operation that removes a single element from a con-
nectivity function but still preserves some of the structure of the original
connectivity function. It is studied for unitary connectivity functions in de-
tail in [§], and we generalise those results to general connectivity functions

here.

Definition 2.11. Let pu be a connectivity function on F and let e € E. The
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elision of e from A, which we denote by A | e, is defined as follows:
(A4 e)(A) = min{A(A), A(AU {e})}
for all A C E — {e}.
Note that for all A C E — {e}, we have (A ] e)(A) < A(A) and (A | e)(A4) <
AMAU{e}).
Theorem 2.12. Let A be connectivity function on set E and let e € E; then

Al e is a connectivity function on the set E — {e}.

Proof. Tt is easy to see that (A | e)() = 0.
Let {A, e, B} be a partition of E. Then:

(A e)(A) = min{A(A), A(AU {e})}
= min{\(BU {e}), \(B)}
= (A le)(B).

Therefore \ | e is symmetric.

To show submodularity consider A, B C E — {e}. By definition (A | e)(A) +
Al (B) = min{A(A),\(AU{e})} + min{\(B),\(B U {e})}. We shall now

split into four cases:

Suppose that (A | e)(A) = A(A) and (A ] €)(B) = A(B). Then

(Ade)(A) + (A e)(B)

MA) + A(B)
MAUB) + A(AN B)

>
>(ALe)(AUB)+ (AL e)(ANB).

Suppose that (A ] e)(A) = AM(AU{e}), and (A | e)(B) = A(B). Then

(ALe)(A) + (A le)(B) =AAU{e}) + A(B)
AMAUBU{e})+A(ANB)

>
> (AL e)(AUB) + (A Le) (AN B).

If (A e)(A) =A(A), and (A | e)(B) # A(B), then the proof is similar.
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Finally, suppose that (A ] €)(A) = AM(AU {e}) and (A ] €)(B) = A(BU {e}).
Then

(A e)(A)+ (A le)B)=AAU{e}) + A(BU{e})
> M(ANB)U{e}) + A((AUB) U {e})
> (AL e)(ANB)+ (A Le)AUB).

Therefore submodularity holds in all cases. As A | e is symmetric and
submodular and normalised, it must be that A | e is a connectivity function.
m

Clearly if we have a connectivity function that has the property that A({a}) <
k for all a € E, then we also have this property for A | e for any e € E. In

particular if A is a unitary connectivity function, then so is A | e.

Lemma 2.13. Let A be a connectivity function on a set E and let e € E.
Let X C E — {e} be such that N(X U {e}) < XN(X). Then for any X' O X
we have \(X" U {e}) < AN(X') .

Proof. Suppose that A(X" U {e}) > A(X’). Then:

AMX'U{e}) + M(X U{e}) > MX') + AM(X U{e})
AMX"U{e}) + M(X)
A

> AMX'U{e}) + AM(X U{e})

AVARRAVS

—~ o~~~
W N
o N —

where the first inequality holds by our supposition, (2) follows from (1) by
submodularity and (3) follows from (2) by the assumption in the statement
of the lemma. Therefore A(X'U{e})+A(XU{e}) > M X'U{e})+A (X U{e}),

a contradiction. O

Lemma 2.14. Suppose that (A | €)(X) = AM(X U{e}), then for any X' O X,
we have (A | e)(X') = AM(X' U {e}).

Proof. If (A | e)(X) = A(X U{e}), then A(X U{e}) < A(X). Therefore, by
the previous lemma, A(X' U {e}) < A(X’) for any X’ C FE that is a superset
of X. Therefore (A ] e)(X’) = min{A\(X"), \(X" U{e})}) = AM(X' U{e}). O
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By symmetry we can say that if (A | e)(X) = A(X), then for any X’ C X
we have (A | e)(X') = AM(X).

2.3 Direct Sum

Recall that a connectivity function A is connected if A(X) # 0 for all non-
empty X C E. If X is not connected then we say that \ is disconnected. 1f
AX) = 0 for some non-empty X C FE, then we say that X is a separator
of A, and we say that X is a connected component of X\ if X is a minimal

non-empty separator of \.

Definition 2.15. Let A\; and )y be connectivity functions on sets F; and F»
respectively, such that E; N Ey = (). The direct-sum of A; and \,, denoted
A1 @ Ag, is defined as follows:

/\1 D /\Q(X) = /\1(X N El) + /\Q(X N EQ),
for all X C E; U Ej.

In [§ it is proved that the direct-sum of two connectivity functions is a

connectivity function on £y U E5. The following lemma can also be found in
[3].

Lemma 2.16. Let A be a connectivity function on a set E, such that \(X) =
0 for some non-empty proper subset, X, of E. Then there are connectivity
functions Ay on X and Ay on E — X such that A = A\ & \s. Conversely

if A = A\ @ Ao, where \1 is a connectivity function on set X, and Ay is a
connectivity function on set E — X, then \(X) = 0.

Proof. For the first part, suppose A\(X) = 0, and define A; on set X such
that A\;(A) = A(A) for all A C X.

Claim 2.16.1. )y is a connectivity function

Proof. A\1(0) = A(0) = 0, so Ay is normalised.

Let A and B be subsets of X. Then A\ (A) + A\ (B) = AM(A) + A\(B) >
AMAUB)+A(ANB) = A (AUB)+ X\ (ANB). Therefore A is submodular.



CHAPTER 2. BASIC RESULTS 14

Let AC X. Then M\{(A) =AA)=ANE - A) =A\(F-X)U (X - A)).
Therefore, as A(F — X) = 0, by submodularity of A,

M(X = A) = A(B = X) + A(X — A) > M(E = X) U (X — 4)) = A (4),

Therefore A(X — A) = A (X — A) > A\ (A). By symmetry and submod-
ularity of A,

AMX)+MA) =AMX)+AME—A) > ANE)+ AX —A),

and therefore \j(A) > A\ (X —A). Combining the two inequalities shows
that A;(A) = A (X — A), and so \; is symmetric. O

Similarly we can define a connectivity function Ay on F—X such that Ao(B) =
A(B) forall BC F — X.

Consider A(Y) for any Y C F,and let Yy =Y NX and Y2 =Y N (E — X).
By submodularity A (Y1) 4+ Aa(Y2) = A(Y1) + A(Y2) > A(Y1UY;) = A(Y). We

also have:

AY)

MY) + MX) + \(E - X) (
A1)+ AMX UYs) + ME - X) (
AYL) + A(E) + A(Y2) (3
A (Y1) + A2 (Y2), (

AVARNAYS

where (2) follows from (1) by submodularity applied to A(Y)+ A(X) and (3)
follows from (2) by submodularity applied to A\(X U Y3) and \(E — X).

Therefore A(Y) = A(Y1) + A(Ya) = A (Y1) + A2(Ya) s0 A = A @ Ao
For the converse, suppose that A = A\ & Ay, where \; is a connectivity

function on set X and A, is a connectivity function on ' — X. Then A\(X) =
A (X) =0. O

We would like our minor operation to be able to ‘pick out’ the connected
components of a connectivity function. The following lemma shows that the

elision operation can indeed do this.

In [§] it is proved that (A} e) L f = (A] f) | e. Therefore it makes sense to
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talk about A | A for some A C E. It can easily be seen that
AL A)(X)=min{A\(XUC):C C A}

Lemma 2.17. Let X be a connectivity function on a set E and let) # X C E
be such that N(X) = 0. Let Y = E — X. Then (A ] Y)(A) = XNA) for all
ACX.

Proof. As A(X) = 0 we can find connectivity functions, A; on set X and Ay on
set E'— X, such that A = A\; @ A2. We want to show that (A | Y)(A) = A(A)
for all A C X, in other words, min{A\(AU C) for all C' C Y} = A(A). This
holds as A(AU C) = A (A) + Xa(C) > A (A) = A(A). O

2.4 Connected Matroids and Graphs

Ideally we would like the connectivity function of a structure to be connected
if, and only if, that structure is connected. We show that this is true for

graphs and matroids.

2.4.1 Graphs

In [9] a graph is said to be connected, if each pair of distinct vertices is joined
by a path, otherwise it is said to be disconnected. A connected component of
G is a maximal connected subgraph of G. We show that a graph is connected
if, and only if, its vertex connectivity function is connected. Suppose that
G is not connected. Then GG must have at least two connected components.
Call one of these G4 and let E(G4) = A. As there is no walk from any
vertex of G4 to any vertex in the complement of G4, we can say that V(A)N
V(E — A) =0, and therefore V(A) + |V(E — A)| = |V(E)|, and so 7g(A) =
V(A) + [V(E = A)] - V(B)| = 0.

Now suppose that y5(A) = 0 for some () # A # E. Then |V(A)|+ |[V(E —
A)| = |V(E)|, and so V(A)NV(E — A) = ). We shall show that A induces
a connected component, or collection of connected components of G. For
suppose not, then for every v € V(A), there is a path between v and some

u € V(E — A). Chose u so that this path is of minimal length, and suppose



CHAPTER 2. BASIC RESULTS 16

the path is v, e1,v1, €2, 02, ..., €, Up, €na1,u. If €,01 € A, then u € V(A), so
V(A)NV(E — A) # (), a contradiction. Therefore e, ¢ A, so e,,1 € E— A,
and so v, € V(E — A) contradicting the choice of u.

2.4.2 Matroids

Definition 2.18. Let M; = (Fy,m) and My = (Es,ry) be matroids such
that F, N Ey = (. We define the direct sum of M, and My by M, & My =

(Ey U Eo, Taryens, ) Where 7a e, is defined as follows:
TM1EBM2(X) = 7"1()( N E1) + TQ(X N Eg),

for all X C E; U Ejs.

It is easily verified that M; @& M is a matroid.

Definition 2.19. We say that a matroid, M, is disconnected if there is some
partition (A, B) of the groundset of M such that there is no circuit of M
intersecting both A and B. Otherwise we say that M is connected.

We could also say that a matroid, M, is connected if, and only if, there is no
pair of matroids M; and M, such that M = M; & Ms.

We use M|A to denote the matroid M \ (E — A).

Lemma 2.20. A matroid M = (E,ry) is connected if, and only if, its

connectivity function, py is connected.

Proof. Suppose that M is connected, then, for each non-trivial partition,
(A, B), of the groundset of M, there is some circuit C' that has a non-empty
intersection with both A and B. This means that r(ANC)+r(BNC)—r(C) =
1. Now consider r(A) + r(B) + r(C),

r(A)+r(B)+r(C)>r(ANC)+r(AUC) + r(B) (1)
>r(ANC)+r((AUC)UB))+r((AuC)NB) (2)
=r(ANnC)+r(E)+r(CnNB), (3)

where the first and second inequalities follow by submodularity and (3) fol-
lows from (2) by noting that AU B = E and that AN B = (). Therefore
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r(A)+r(B)+r(C) > r(ANC)+r(BNC)+r(E), and so r(A)+r(B)—r(E) >
r(ANC)+r(BNC)—r(C) = 1. This means pp(A) # 0. As this holds
for all partitions (A, B) of E, the connectivity function is non-zero on all

non-empty proper subsets of E, and therefore p); is connected.

Now suppose that M is not connected. Then there is some non-trivial par-
tition, (X,Y’) of E such that no circuit of M has a non-empty intersection
with both X and Y. Let Bx be a base of M|X and By be a base of M|Y. As
neither Bx nor By contains a circuit of M and Bx U By does not contain a
circuit of M, the set Bx U By must be independent in M. Consider gy (X):

par(X) =r(X) +r(Y) —r(E)
= |Bx| + |By| — r(E)
< |Bx| + |By| — |Bx U By|
=0

Therefore when M is not connected there is some () # X # E such that
u(X) = 0. =

This means that if x(X) = 0, then there is no circuit intersecting both X
and E — X. This fact will be used later, in Section 5.



Chapter 3
Polymatroids

In [§] it is proved that every connectivity function is the connectivity function
of a half-integral polymatroid. This leads us to study polymatroids in some
detail and, as part of that study, to generalise some of the results given in
[3].

Recall that a polymatroid is an ordered pair P = (E,rp) where E is a finite
set and rp is a non-negative rational valued set function on £ which has the

following properties:

(P1) rp(0) =0 (rp is normalised),
(P2) If AC B C E then rp(A) < rp(B) (rp is increasing),

(P3) If A,B C E then rp(A) +rp(B) > rp(AU B) + rp(AN B) (rp is

submodular).

If P = (FE,rp) is a polymatroid, then we call rp the rank function of P and we
define the rank of the polymatroid, which we denote r(P), by r(P) = rp(E).
Throughout this section we shall let P = (E,7p) be a polymatroid.

When trying to visualise a polymatroid it can be helpful to think of rank-0
elements as loops, rank-1 elements as points, rank-2 elements as lines etc.
Therefore we shall sometimes refer to rank-1 elements as points, rank-2 ele-

ments as lines etc.

We do not require the rank of an element to be an integer, which leads to

the following definitions:

18
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Definition 3.1.
i) An integer polymatroid is one in which rp : 2¥ — Z,.

ii) A half-integral polymatroid is one in which rp(A) € {§ : n € Z>,} for
all AC E.

Definition 3.2. A k-polymatroid is a polymatroid P = (E,rp) such that for
each e € F we have rp({e}) < k. A k-polymatroid is a pure k-polymatroid if
for every e € E we have rp({e}) = k.

We will briefly look at a few examples of polymatroids.

3.1 Examples

Graphic Polymatroids

Suppose we have a graph G. Define P(G) = (E(G),r) where r(X) = |V/(X)|
for every X C E(G). It can be seen that P(G) is a 2-polymatroid, and when
(G is a loopless graph this is a pure 2-polymatroid. A proof of this can be

found in [8].

Polymatroids that come from matroids

i) Clearly a matroid is just a 1-polymatroid.

ii) Suppose we have a matroid M with groundset £’ and rank function 7.
Define P = (E,r) where F is some subset of the set of flats of M of rank

at most k and r(X) =7'( | z) for all X C E. This is a k-polymatroid
zeX
and every integer-valued k-polymatroid can be obtained in this way. A

sketch of the proof of this can be found in [9].

iii) Let M; = (E,ry) and My = (E,ry) be matroids. Define M; + M, =
(E,r1 + 1), where (11 + r2)(X) = r1(X) + ro(X). Tt is easy to see
that this is a 2-polymatroid. Intuitively the two matroids are embedded
in disjoint dimensions, and corresponding points are then joined by a
line which becomes an element of the polymatroid. The points of the

matroid are then deleted.
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3.2 Connectivity Functions and Polyma-

troids

We now look at some results relating to the connectivity functions of poly-

matroids.

Recall that the connectivity function of a polymatroid, pp(X), is defined by
pp(X) =rp(X) +rp(E—X)—r(P),

for all X C E. A proof that the connectivity function of a polymatroid is
indeed a connectivity function can be found in [§]. When the polymatroid
comes from a graph, GG, then up = =, where v is the connectivity function of
G. When a polymatroid is a matroid then the polymatroid connectivity and

the matroid connectivity agree.

Throughout the remainder of this section we shall assume that pp is the

connectivity function of the polymatroid P = (F,rp).

Definition 3.3. We say that P is connected if rp(X) +rp(E — X) > r(P)
for all non-empty X C F

This is equivalent to saying that up(X) # 0 for all non-empty X C E. Note

that is P is connected if, and only if, up is connected.

Definition 3.4. Let e € E.

i) eis compact if rp({e}) = up({e}).
ii) A set X C E is called compact if every element x € X is compact.
iii) P is called compact if every element of P is compact.
Lemma 3.5. The element e is a compact element of E if, and only if, rp(E —

{e}) =rp(E).

Proof. 1f e is compact then rp({e}) = up({e}) = rp({e}) + rp(E — {e}) —
rp(E). Therefore rp(E — {e}) = rp(E). The reverse direction is similar. [J

A coloop-free matroid, M, is a compact 1-polymatroid. For, if e is not a

coloop then there is some basis, B, of M that does not contain e and so
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e € cl(B). Therefore r(E — {e}) = r(F) and so e is compact for every
element, e, of M. A connected matroid on a groundset containing at least
two elements is coloop-free as, if e were a coloop r(E — {e}) = r(F) — 1 and
so r(E —{e}) +r({e}) = r(F), a contradiction to the connectedness of M.

Therefore a connected matroid is compact.

In [] it is proved that if up is the connectivity function of a polymatroid
P, then there is a compact polymatroid P’ whose connectivity function is
also pp. The following very nice result (mentioned earlier) is also proved
and we include the proof for the sake of completeness. Before we do this we

introduce the following notation:

Suppose that we have a connectivity function A\ on a set E. Then for any
X C E, we define || X ||, as follows:

1X1 = >~ A({z}).

zeX

Theorem 3.6. Let A be a connectivity function on a set . Then there is a

half-integral polymatroid, P = (E,rp), such that up = .

Proof. The proof follows by constructing the rank function of P.

Define rp by:
AX) £ [1X]1x

’I"p(X) = 9

for all X C E.

It is not hard to see that rp is the rank function of a polymatroid. This

polymatroid is clearly half-integral as both A(X) and || X||, are integers.
Now consider the connectivity function, pp, of P.
,U,p(X) = TP(X) +TP(E — X) - TP(E)
1
= 5 (AMX) +[[X]x + ME = X) +[|[E = Xx = AME) — |IE]])

= %(A(X) + X 4+ AX) + By = [IX[5 = AE) = [[E]]3)
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This motivates the following definition:

Definition 3.7. Let A\ be a connectivity function on E. Then the polyma-
troid P, with rank function rp, defined by:

rpy (X)) = [[X]]x + A(X),

for all X C FE, is called the connectivity polymatroid generated by .

We say that P is a connectivity polymatroid, if we can find some connectivity

function A such that rp =rp,.

3.3 Duality

It is proved in [8] that a pure 2-polymatroid, P, is the connectivity polyma-
troid generated by a unitary connectivity function if, and only if, P = P*,

where, for a 2-polymatroid P, the polymatroid P* is defined by

rpe(X) = 2|X| + rp(E — X) — rp(E).

The definition of duality given above is an example of the k — dual of a
matroid, which is defined in [I6]. The k-dual of a k-polymatroid, P, is
a polymatroid on the same groundset of P with rank function defined as
follows:

rp(X) = k| X|+rp(E—X) —rp(E).

In [I6] Whittle proved that this is the only definition of duality in polyma-
troids that interchanges deletion and contraction and has the property that
P = P**. However, this definition of duality relies on the value of k, and,
as a 2-polymatroid is also a 3-polymatroid, this means that the dual is not
uniquely defined. Another problem is that the 2-dual of a 3-polymatroid
is not even a polymatroid. We introduce a new notion of duality which
also gives a fairly nice relationship between deletion and contraction and
agrees with the previous definition of duality when P is a pure, compact

2-polymatroid. This means that, with our new definition of duality, we are
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still able to say that a pure 2-polymatroid, P, is the connectivity polyma-
troid generated by a unitary connectivity function if, and only if, P = P*.
We are also able to extend this characterisation to general (that is, not nec-
essarily unitary) connectivity polymatroids. Before we do this we show that

our definition of duality is a reasonable definition.

If P is a polymatroid on set F with rank function rp, then we define

111 =D re({z})

zeX

for all X C E. Note that if P is a compact polymatroid with connectivity
function y, then || X]||, = || X]|,.

Definition 3.8. Let P = (E,r) be a polymatroid; we define a function rp-

on E as follows:
rp=(X) = r(E = X) +[|X]], — r(E),
for all X C E. We call the pair P* = (E,rp+) the dual of P.

It is not hard to see that when P is a pure, compact k-polymatroid, then
the definition of the k-polymatroid dual agrees with the dual given in Defi-
nition [3.8] The dual defined in Definition [3.8] will be the polymatroid dual

that we use throughout the remainder of this thesis.

Lemma 3.9. Suppose we have a polymatroid P = (E,rp) with dual P* =

(E,rp+). Then P* is a polymatroid on E with rank function rps.

Proof. It X = () then rp«(X) = rp«(0) =rp(E —0)+ ||0]|,, —rp(E) =0, in

other words rp+ is normalised.

Suppose that X CY C E such that X U{e} =Y fore € E — X, and let
rp({e}) = k for some k. By the definition of dual rp«(X) = rp(E — X) +
|| X||rp —rp(E), in other words, rp«(X) =rp(E—X) +||Y||;, —k —rp(E).
As E—X = (E-Y)U{e}, it follows by submodularity of r, that rp(E—X) <
rp(E —Y) +rp({e}). Therefore, rp«(X) < rp(E—=Y)+k+||[Y]|,p, — k —
rp(E) = rp«(Y). Therefore, inductively, if X C Y then rp«(X) < rp«(Y),

that is rp« is increasing.
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Suppose X,Y C FE and consider rp«(X) + rp«(Y). By definition of rp-
we know that rp«(X) + 7rp«(Y) = rp(F — X) + || X||;p, — 7p(E) + rp(E —
Y) + ||Y|lrp — rp(E) which, by submodularity, is greater than or equal to
rp(E=X)U(E=Y))+7rp(E=X)N(E=Y) +|IXIlrp +|[Y|l, —2rp(E).
It is clear that || X||.p + [|Y]rp = | X UY||sp + [|X NY]],,, and so rp«(X) +
rp-(Y) 2 rp(E = (XNY)) +rp(E— (XUY))+ || XUY ], +[[X Y]], —
2rp(E) =rp«(XUY) +rp«(X NY). In other words rp« is submodular.

P* = (E,rp+) is normalised, increasing and submodular, and so P* is a

polymatroid. O]

Lemma 3.10. The dual of P is a compact polymatroid.

Proof. By the definition of the connectivity function of a polymatroid,
pps({e}) = rp<({e}) + rp«(E — {e}) — rp«(F); and, by the definition of
rp«, we know that rp«(E —{e}) = rp(E—(E—{e}))+||E—{e}||.p, —rp(E)
and rp«(E) = rp(E — E)+||E||,, —rp(F). Substituting into the formula for
pp-({e}) we get pp-({e}) = rp-({e}) +rp({e}) +||El:, —rp({e}) —rp(E) —
El, +rp(E) =rp({e}) O

It is also worth noting the following two lemmas:

Lemma 3.11. A polymatroid P is connected if, and only if, P* is connected.

Proof. Suppose P is connected, then for all non-empty X C E we have
rp(X) +7rp(E — X) > rp(F). Therefore:

rp«(X)+rp(E—X)=rp(E—X)+||X||, —rp(E) +rp(X)
1B = X|, —ro(E)
—p(X) 4 rp(E — X) + ||Bl|, — 20p(E)
> rp(E) + |Ell, - 2rp(B)
Bl — re(B)
=rp:«(F).

A similar argument works to show that if P is not connected then P* is not
connected. O

Lemma 3.12. For every e € E, the rank of e in the dual, rp-({e}), is equal
to up({e}). Moreover, when e is compact, rps({e}) = rp({e}).
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Proof. By the definition of duality of a polymatroid, rp:({e}) = rp(E —
{e}) + rp({e}) — rp(E) which is just the definition of up({e}). When P is

compact pp({e}) = rp({e}), so rp-({e}) = rp({e}). O

Therefore, if e is a compact element of F that corresponds to a point in P,
it will also correspond to a point in P*. Similarly if e corresponds to a line
in P, it will correspond to a line in P* etc. This means that this concept of
polymatroid duality does not correspond to the standard concept of duality
in a matroid as, in matroid duality, the dual of a loop (a rank-0 element) is

a point (a rank-1 element).

We shall show that the dual of the dual of a compact polymatroid is the
polymatroid itself. However, by Lemma [3.10, the dual of a non-compact
polymatroid is a compact polymatroid and so, as the dual of the dual of
a non-compact polymatroid is compact, it therefore cannot be the original
polymatroid. We shall see that the dual of the dual of a non-compact poly-

matroid is what is known as the “compactification” of the polymatroid.

Definition 3.13. Let r,(p) be a function defined on 2% as follows:

rop)(X) = rp(X) + ) (up(e) —rp(2))

zeX

for all X C E. The pair b(P) = (E,ryp)) is the compactification of P.

The next lemma is a direct consequence of [8] Lemma 5.3.

Lemma 3.14. b(P) is a compact polymatroid with connectivity function pp.

Note that when X is compact up({z}) = rp({z}) for all z € X so r,p)(X) =
rp(X). To give an intuitive idea of compactification we consider the following

2-polymatroids and their compactifications.

P b(F1)
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Py o(P,)

We also consider the dual of P;. It can easily be seen that the dual of
Py is equal to b(P;), and the dual of b(Py) is b(FPy) so (P;)* = b(Py), the

compactification of P;.

Lemma 3.15. The polymatroid P is connected if, and only if, b(P) is con-

nected.

The proof is immediate from the definition of compactification.

Lemma 3.16. Let P = (E,rp) be a polymatroid. Then (P*)* =b(P).
Proof. Consider rp+)«(X) for X C E. Then

o) (X) = rp (B = X) + [|X]]rp = 7p-(E)
=rp(E— (B = X))+ [|E = X, —rp(E) + [[X]];..
—7p(E = E) = ||Ellrs + rp(E)
= rp(X) = [ Xlrp + 1 X]lrp
=rp(X) + ) (np({z}) — re({z})) (1)

rzeX

= 1y(p)(X),
where (1) follows by Lemma [3.12] O

The above results show that the dual polymatroid behaves in a reason-
able way, so we now look at a characterisation of connectivity polyma-
troids. Recall that a connectivity polymatroid is a polymatroid P such that
rp(X) = || X||x + MX) for some connectivity function .

Theorem 3.17. A polymatroid P = (E,r) is a connectivity polymatroid if,
and only if, P = P* and rp({e}) is even for all e € E.
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Proof. Suppose that P = (E,r) is a connectivity polymatroid. Then
rp(X) = ||X||x + A(X) for some connectivity function A on E. Therefore for
any e € E we have rp({e}) = |[{e}||» + A({e}) = 2A({e}), and so rp({e}) is

even.

Next we must show that P = P*. To do this note rp(F — X) = ||F —
X|x+AME—-X) =||EF— X]||x+ A(X), where the second equality follows by
symmetry of the connectivity function; and rp(E) = ||E||x + A(E) = ||E|]x.

Therefore:

rp-(X) =rp(E = X) + |[X]l,p —7p(E)
= [[E = X|]x + AX) + || X]]r = [[E]]x
= [1E[lx = [IX[x + AX) + [IX[[rp — || E]|x
= AX) = [[Xx + 11X
= MX) + > (re({z}) = A({=}))

zeX

= MX) + ) _@A({z}) — A{z})) (1)

= AMX) + [1X] Iy
:TP(X).

where (1) follows as P is a connectivity polymatroid.

For the converse suppose that P = P*, and that rp({e}) is even for all e € E.
Let the connectivity function of P be pup. By rearranging the definition of the
rank of the dual polymatroid we get rp(E —X) —rp(E) = rp«(X) — |[|X||rp,

and therefore:

pp(X) =rp(X) +rp(E - X) —rp(E)
rp(X) +rp(X) — [| X]]p
= 2rp(X) — || X]l,p-

As rp({e}) is even for all e € E, we also know that || X]||,, is even for any

X C E. Therefore (X)) is even for all X C F, and so A = £ is a connectivity

function. As A\ = £, for any e € E we have A({e}) = rp({e}) — ||{e}],, =
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srp({e}). Rearranging this we get rp({e}) = 2A({e}). Therefore:

= rp(X) ~ lIX]],

= rp(X) — 5 3 rele)
=rp(X) =Y %2/\(1)
= rp(X) = [|X]

Therefore rp(X) = A(X) + || X]||x» and so P = (E,r) is a connectivity poly-

matroid. []

3.4 Minors

In this section we study deletion and contraction in polymatroids. We also
introduce a new minor operation, which we call “squidging”. If P is a poly-
matroid obtained from a polymatroid P’ by a series of deletions and contrac-
tions, then we call P a minor of P'. If P is a polymatroid obtained from P’
by a series of deletions, contractions, and squidging, then we say that P is a
squidge-minor of P'. We prove that in a connected polymatroid we can find
some squidge-minor operation that preserves connectedness. What is more,
in a compact, connected polymatroid, almost all squidges preserve connect-
edness, although, in general, deletion and contraction do not. We also study

the relationship between minor operations under duality.

Definition 3.18. Define the polymatroid P\ A, for every A C E, (which we
call P delete A) by P\ A= (E — A,rp\a) where 7p\ 4 is defined as follows:

reva(B) = rp(B)

for each B C £ — A. We also define the polymatroid P/A = (E — A),7p/a)

(known as P contract A) where rp;4 is defined as follows:

TP/A(B) = TP(A U B) — TP(A).



CHAPTER 3. POLYMATROIDS 29

From [16] we know that P\ A and P/A are indeed polymatroids, but it could
be that P\ A is not a compact polymatroid, even when P is compact. For

example, let P be the compact 2-polymatroid below:

This has rp({d}) =2 and rp({d,e}) =3 ford, e € {a,b,c} and rp({a,b,c}) =

3. It can be seen that this polymatroid is compact.

The polymatroid P\ a is shown below:

The connectivity pp\o({0}) =24+2—-3 =1, so up\o({b}) # r,o({0}) and so
P\ a is not compact.

However, contraction does preserve compactness.

Theorem 3.19. Suppose that P = (E,rp) is a compact polymatroid, then
P/A is a compact polymatroid for any A C E.

Proof. We want to show that jip/a({e}) = rp/a({e}) for any e € E—A. To do
this recall Lemma[3.5] that is, if e is compact in P, then rp(E) = rp(E—{e}).

np/a{e}) = rpa{e}) +rpa((E = A) —{e}) —rpa(E — A)
=rp(AU{e}) —rp(A) +rp(E —{e}) —rp(A) — (rp(E) — 1p(4))
=rp(AU{e}) —rp(4) (1)
=rp/a({e}),

where (1) follows from simplifying the line above and noticing that, as P is
compact, rp(FE — {e}) = rp(F). O

Our notion of duality does not interchange deletion and contraction, however

the two operations do have a nice relation under duality.
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Theorem 3.20. If P = (E,r) is a polymatroid, then (P/A)* =b(P*\ A)

Proof. First note that both (P/A)* and b(P*\ A) are defined on the same set,
that is £ — A. Consider 7,(p«\ 4)(X) for X € ' — A. We have the following

chain of equalities:

ey (X) = (rpaa)(X) + ) [(pea)({a}) = (rea)({a})]

= (rp\a)(X) + ) _[(rpaa) (B — A) — {a}) — (rp-\a)(E — A)]
=rp(X) 4+ > _[rp((E = A) = {a}) — rp-(E — A)]
= rp(E = X) +[| X[, —rp(E) + > _[(rp(AU{a})
+[|E = (Au{aP)llrp —rp(E) = (rp(A) + ||E — Al
—rp(E)))]
=rp(E = X) + ||X[lsp —rp(E) + Y _[(re(AU{a}) + || Ellr,

—[Allrp =rp({a}) = rp(E) = rp(A) = [[Ellrp + [[All

+7p(E))]

=rp(E = X) + || X[y, — rp(E) + > _[rp(AU{a}) = rp({a})
—rp(A)]

=rp(E—X) —rp(E) + ) _[rr(AU{a}) — rp(A)].

acX
Now consider 7(pa)-(X) and consider the following chain of equalities:
rpyay(X) = (rpa) (B — A) = X) + | X|[rp,4 — (rp/a)(E — A)
=rp(E — X) —rp(A) + |[X|[;p,, —7P(E) +7p(A)
=rp(E = X) —rp(E) + ) _(rpia)({a})

=rp(E - X) —rp(E) + Y _[rp(AU{a}) —rp(A)].
Therefore (P/A)* =b(P*\ A) O

Earlier we proved that every connectivity function is the connectivity func-
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tion of a half-integral polymatroid. In a connectivity function we may remove
elements via the elision operation. We now look at a corresponding operation

for polymatroids.

In [§] it is proved that if we have a 2-polymatroid P = (E,rp) such that
a € E and if we define P |} as a pair (E — {a},7py1) where rp1 is a set

function from E — {a} as defined as follows:

Tp(X)—l lfT'p(X):T’P(XU{a})

rpp(X) = { .
rp(X) if rp(X) #rp(X U{a}),

then Py L= Py, where P, is the connectivity polymatroid on E generated
by the unitary connectivity function A. Intuitively this operation can be
thought of as adding a point freely on a, contracting the added point and

then deleting a. This motivates our next definition.

Definition 3.21. Suppose we have a polymatroid P = (E,rp) and an ele-
ment a € E such that rp({a}) = k. For 0 <[ < k we define an [-squidge of
a, denoted P |, by

rpy (X) = min{rp(X),rp(X U{a}) — 1}

Notice that deletion is just a 0-squidge and contraction of a rank-%£ element
of F is a k-squidge.
Intuitively an [-squidge of a corresponds to putting [ points freely onto a,

contracting them, then deleting a (which will have dropped in rank by 7). In

practice, squidging will often be followed by compactification.

Lemma 3.22. Let P = (E,rp) be a polymatroid, and let a € E be such that
rp({a}) > 1 for somel € Z. Then the l-squidge of a in P is a polymatroid.

Proof. First rp;i (0) = min{rp(0),rp({a}) — I} = 0 so rpy is normalised.

Next we show that rp; is increasing. To do thislet A C B C E — {a}. We
shall show that min{rp(A),rp(AU{a}) =1} < min{rp(B),rp(BU{a}) —(}.
Suppose min{rp(A),rp(A U {a}) — I} = rp(A) and min{rp(B),rp(B U
{a}) = 1} = rp(B). Then, as r is increasing rp(A) < rp(B), and so
min{rp(A),rp(AU{a}) — I} < min{rp(B),rp(BU{a}) —l}.
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Suppose min{rp(A),rp(AU{a})—1} = rp(A) and min{rp(B),rp(BU{a})—
l} =rp(BU{a}) — 1. Then rp(A) < rp(AU{a}) =1 < rp(BU{a}) — L
Again this gives min{rp(A),rp(AU{a}) =1} < min{rp(B),rp(BU{a})—1}.
Suppose min{rp(A),rp(AU{a})—1} = rp(AU{a})—1l and min{rp(B),rp(BU
{a}) =1} =rp(BU{a}) = 1. Then rp(AU{a}) =l <rp(BU{a})—1lasr
is increasing. This gives min{rp(A),rp(AU{a}) — I} < min{rp(B),rp(B U
{a}) = 1}.

Suppose min{rp(A), rp(AU{a})—1} = rp(AU{a})—1 and min{rp(B), rp(BU
{a}) =1} =rp(B). Then rp(AU{a}) = <rp(A) < rp(B). This is the final
case and gives min{rp(A),rp(AU{a}) — I} < min{rp(B),rp(BU{a}) —}.
Therefore 7p)1 (A) < rpp(B) forall AC B C E — {a}.

Finally we must show that submodularity holds. To do this we take A, B C

E — {a} and again split into cases as above.

If rpy (A) =rp(A) and rpp (B) = rp(B), then:

rpy (A) +7py (B) = rp(A) +rp(B)
>rp(AUB) +rp(ANB)
Z TP“z(A U B) + TP‘L£1,<A M B),

and so we are done.

If rpj(A) =rp(AU{a}) — [ and rp; (B) = rp(B), then:

roy (A) + 7y (B) = rp(AU{a}) — L+ rp(B)

>rp(AU{a} UB)—1l+rp((AU{a})N B)
rp(AU{a} UB) —I1l+7rp(AN B)
rpp (AU B) +rpp (AN B),

v

and so we are done.

The proof of of the case where rp 1 (A) = rp(A) and rpy (B) = rp(BU{a}) [

is the same as above.
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If rpji(A) =rp(AU{a}) =l and rp; (B) = rp(B U {a}) — [, then:

rpp (A) +rpp (B) =rp(AU{a}) — I+ rp(BU{a}) -1
> rp(AU{a} UB) — I +rp((ANB) U {a}) — 1
> rpy (AU B) +rpp (AN B),

and so we are done.

Therefore an [-squidge of an element a of P is a polymatroid. O]

Another way that squidging naturally arises in polymatroids is when the
polymatroid is graphic. Then squidging an element, e, in the polymatroid
corresponds to contracting edge e in the graph. To see this, suppose that G
is a graph and let Pg = (E(G),rg) where r¢(X) = |Vg(X)|, where Vg (X) is
the set of vertices incident with some edge of X. Let e € F(G) and consider
Pg |l which has rank function rg |} (X) = min{r(X),r(X U {e}) — 1} =
min{|V(X)|,|V(X U {e}) — 1}. In other words:

V(X)) —1 if V(X)=V(XU{e})

ra e (X) = { .
[V (X)] if V(X) # V(X U{e}).

Now consider G/e and let X C E(G) — {e}. If Vu({e}) C Vu(X), then
Veye(X)] = Va(X)| = L 1f Va({e}) € Va(X), then [Vo(X)| = [Ve/e(X)].
Now consider Pg/. = (E(G/e),rqse) where rg/e = [Vae(X)|; by the equali-

ties above this means that:

V(X)) -1 it V(X)=V(XU{e})

ra/e(X) = { V(X)) if V(X) # V(X U{e}),

which is equal to rg |! (X) for all X C F(G) — {e}. This means that we

have proved the following lemma:

Lemma 3.23. Let G and Ps = (E(G),rg) where rq(X) = |V(X)| for all
X C E(G). Then Pg |!= Pg/e for all e € E(G).

We now look at the behaviour of squidging under duality,

Lemma 3.24. Let P = (E,rp) be a polymatroid and a be a compact element
of E such that rp({a}) = k. Then (P |*=)* =b((P*) [!).
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Proof. We first prove the following claim:

Claim 3.24.1. (rp)(X) = [|X|lp — rp(E) + (k = 1) + (rpx ) (E —
{a}) — X).

Proof. Recall that the rank function of the dual polymatroid is defined by
rp«(X) =rp(E — X)+ || X]||;, —rp(E), and that rp({a}) = k.

(rp*ul)(X) = min{rp«(X),rp«(X U{a}) — 1}
=min{rp(E — X) + || X||,, — rp(E),
rp(E — (X U{a})) + (| X|l, +rp({a}) —rp(E) = 1}
= [X[lrp —rp(E) + (k= )+
min{rp(E — X) — (k=1),rp((E —{a}) — X)}
= [ X|lvp = 7p(E) + (k= 1) + (rpp—) (B = {a}) = X).

Therefore, for any x € E — {a},

rp (B —{a}) —2) = |[[E = {a}llrp —rp({z}) —rp(E) + (k = 1) + rpp({2}),
(i)

and
rp-y, (B —{a}) = [|E = {a}|lrp — rp(E) + (k= 1). (i)
By the definition of duality

gty (X) = 1ppt (B = {a}) = X) + || X]|

r
P

=t TP¢§‘Z(E —{a}),

which, by the defintion of squidging and as a is compact in P, is equal to

ripysty(X) = rppr (B = {a}) = X) +[[ Xl oo —rp(E) + (k1) (i)
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We now consider the compactification of rp. ;.

(rype))(X) = rpeyg (X) + Y [upeyy, ({2}) = rpe s ({2})] (1)

= rpp-t (B —={a}) = X) + (k= 1) = rp(E)+ (2)
1X1lrp + X lpess ({}) = rpeys ({23)]

= rpp-t(E—H{a}) = X) + (k= 1) —rp(E)+ (3)
> e ({a}) = rpey ({2}) + re({a})]

= rpp-t((E—{a}) = X) + (k= 1) —rp(E)+ (4)
D e (B —{a}) = {z}) = rpeyy (B — {a}) +rp({2})]

=rpp-t (B —={a}) = X) + (k= 1) = rp(E)+ (5)
Y UE —{abl, —re({z}) = rp(E) + (k= 1) + 7pp({})

— (1B =A{a}llrp = rp(E) + (k= 1)) + rp({z})]
=rppt (B —={a}) = X) + (k=) =rp(B) + ) rppi({a})

(6)
= rpp-t (B —{a}) = X) + (k=) =rp(E) + || X][ ., (7)
= 7 pyye (X), (8)

where (2) follows from (1) by the claim, (4) follows from (3) by the definition
of pp«i ({x}), (5) follows from (4) by (i) and (ii), and (8) follows from (7)
by (iii). O

Recall that a polymatroid is called connected if rp(X)+rp(E— X) > rp(E)
for all non-empty X C E. Tutte proved in [13] that if a matroid M = (E,r)
is connected then, for any element a in E, either M \ a or M/a is connected.
This is not in general true for connected polymatroids. For consider the

polymatroid, P, given below:
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The rank function is as follows: rp({a}) = 2,rp({0}) = 2,rp({c}) =
2,rp({a,b}) =3,rp({a,c}) =3,rp({b,c}) = 4,rp({a,b,c}) = 4.

The rank function of P\ a is: rp\o({0}) = 2,7po({c}) = 2,7p\o({D, ¢}) = 4,
and this is not connected as rp\,({b}) + rp\({c}) = rra({b, c}).

The rank function of P/a is: rp\({0}) = 1,7po({c}) = L, 7p\o({b,c}) = 2,
and this is not connected as rp\,({b}) + rp({c}) = rpa({b, c})

We also have the following example of a 2-polymatroid, P, that is connected

but has an element a such that P |} is not connected. However, note that

P/a is connected.

re({a}) = 2,rp({b}) = 2,rp({c}) = 2,rp({a,b}) = 4,7p({a,c}) =
4, rp({b,c}) =4,rp({a,b,c}) = 5.

Consider P |}, whose rank function is: rp({b}) = 2,7p({c}) = 2,7p({b,c}) =
4. This is clearly not connected.

Consider P/a, whose rank function is: 7p({b}) = 2,7p({c}) = 2,rp({b,c}) =

3. This is connected.
Also note that, in this example, a is not compact as rp(F) # rp(E — {a}).

We shall shortly prove that if P is a connected polymatroid, then, for any
a € E thereissome 0 < j < rp(a) such that P |J is a connected polymatroid.
To do this we introduce an operation known as principal truncation, which

is very closely related to squidging.

Intuitively principal truncation is adding a point freely on an element of P
and contracting that point. Performing principal truncation on a polyma-

troid results in a polymatroid, see [4].

Definition 3.25. Let P = (E,rp) be a polymatroid and let a € E. We

denote the principal truncation of a by T,(P) = (E,rr,(p)) where rr,(p) is



CHAPTER 3. POLYMATROIDS 37

defined as follows:

rp(X) otherwise

Observe that a 1-squidge of an element e of P is just the principal truncation
of e in P followed by the deletion of e. An [-squidge for I < rp({e}) is just
the principal truncation of e in P followed by an (I — 1)-squidge of e in P.
This is an important observation and will be used in inductive arguments

later on.

In the proof that if P is connected then P |J is connected for some j, we

shall use the following lemma, which is proved in [4]

Lemma 3.26. Let P = (E,rp) be a connected k-polymatroid with e € E.
Then T.(P) is connected if, and only if, P is connected and rp({e}) > 1.

We also need to introduce the notion of closure in a polymatroid. This is

very similar to closure in a matroid.

Definition 3.27. Let P = (F,r) be a polymatroid and let X C E. The
closure of X, denoted cl(X), is equal to {x € E: r(X U{z}) =r(X)}.

The proof of the following lemma is simple.

Lemma 3.28. Let P = (E,r) be a polymatroid and suppose that X C E
Then the following hold:

1. r(cl(X)) =r(X)
2. cl(cl(X)) = cl(X)

3. If X CY CFE then cl(X) C cl(Y)

This ensures that the closure of a polymatroid is indeed a closure operator.

Lemma 3.29. Suppose that P is a connected polymatroid, and that P\ a is
not connected, where a is a rank-1 element of E. Let ) # X # E be such
that pip\o(X) = 0. Then a ¢ cl(X) and a ¢ cl((E — {a}) — X).
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Proof. As

,UP\a(X) =0
= pal(X) 4 (B — {a}) — X) — rov(E — {a})
= TP\a(X) + TP\a((E - {CL}) - X) o TP(E)’

then pp(X) = rp(X) + rp(F — X) —rp(FE) < 1. As P is connected this
means that pp(X) = 1. A similar argument shows that pup(X U{a}) = 1.
Suppose that rp(E—X) = rp((E—{a})—X), that is, a € cl((E—{a}) — X).
Then:

VJP\a(X)
=rpa(X) +rpa((E —{a}) = X) —rpo(E —{a})

= rp(X) +rp((E —{a}) = X) —rp(E —{a})
= rp(X) +rp(E—X) —rp(E)
= MP(X>7

a contradiction to the fact that p is connected. Therefore a ¢ cl((E —
{a}) = X). Asrp(X)+7rp(E—-X)—rp(E) =1=rp(XU{a}) +rp(E —
(X U{a})) —rp(E), and rp(EF — (X U{a}) = rp(F — X) — 1, we must
also have rp(X U {a}) = rp(X) + 1. This means that a ¢ cl(X) and a ¢
c((E —{a}) — X). O

We also need to recall, from Section 2.3, that a direct sum of two connectivity
functions, A; and Ay, on sets E; and F, respectively, is defined by A\; &
Ma(X) = M(XNE) + X (X NEs,). Also recall Lemmal2.16] That is, if X is a
connectivity function on a set E, such that some non-empty, proper subset,
X, of E is such that A\(X) = 0, then there are connectivity functions A\; on
X and Ay on E — X such that A = \; @ As.

Theorem 3.30. Let P be a connected polymatroid, then, for any a € E,
there is some 0 < j < r({a}) such that P }J is connected.

Proof. The proof is by induction on r({a}) and the following claim provides

the base case:
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Claim 3.30.1. If r({a}) = 1 then either P\ a or P/a is connected.

Proof. Suppose that P\ a were not connected, and let S be the collection
of all minimal separators (that is, connected components) of P \ a. Let

0£Y CE - {a}.

First suppose that there is some S € S such that Y NS =0. As Se€ S
we have Ap\o(S) = 0, and as P is connected, by Lemma [3.29] this means
that a ¢ cl(S) and a ¢ cl((E — {a}) — 5). As Y NS =0, this means that
Y C(E—{a})— S, and so a ¢ cl(Y). Therefore:

Apa(Y) = 1pa(Y) +1p/u((E = {a}) =Y) = rpja(E = {a})
=rp(Y U{a}) —rp({a}) +rp(E =Y) —rp({a}) = rp(E) +rp({a})

=rp(YU{a})+rp(E-Y)—1,(E)—1 (1)
=rp(Y)+rp(E—Y) —rp(E) (2)
= Ap(Y)

>0, (3)

where (1) follows as rp({a}) =1, (2) follows as a ¢ cl(Y), so rp(YU{a}) =
rp(Y) 4+ 1, and (3) follows as P is connected. Therefore if Y NS = () for
some S € &, then Ap/,(Y) > 0.

Next suppose that there is no S € S such that Y NS = (). Further suppose
that Y NS, = S, forall §; € S — S5 forsome S €S. If Y NS, =5, for
all S; € S, then Y = E — {a}, a contradiction. Let S; be a member of
S that is such that Y N S; # S;. As there is only one such member, this
means that (£ — {a}) — S; C Y, and so (E — {a}) = Y C S;. Therefore
a ¢ cl((E —{a}) =Y). Therefore

Apfa(Y) =7pa(Y) +rpu((E —{a}) =Y) = rpj(E — {a})

=rp(Y U{a}) —rp({a}) +rp(E =Y) —rp({a}) — rp(E) +rp({a})
rp(Y U{a})+rp(E—-Y)—r,(F)—1
p(Y)+rp(E—-Y)—rp(E)
p(Y)

|
<

Vol
o >

I
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and so, if there is only one member of S that is not fully contained in Y,
then Ap/(Y) > 0.

Finally suppose that Y has a non-zero intersection with every member
of §, and further suppose that at least two members of & are not fully
contained in Y. Let these members of § be S; and S5. By Lemma [2.16
and the definition of a direct sum of connectivity functions, Ap\,(Y) =
Ap\a(S1NY) +Ap\a(S2NY) + -+ Ap\o (S, NY) where S = {S4,...,5,}
As S; NY is non-empty and is not equal to S;, for i € {1,2}, this means
that Ap\o(S1 NY) + Apa(S2NY) > 2, and so Ap\o(Y) > 2. This means
that Ap(Y) > 2 as:

Apa(Y) =rp(Y) +rp((E —{a}) = Y) —rp(E — {a})
=rp(Y)+rp((E—{a}) = Y) —rp(E) (1)
<rp(Y)+rp(E—-Y)—rp(E)
= Ap(Y),

where (1) follows as a is compact in P and has rank 1.

Now consider Ap/q(Y).

Apa(Y) = 1pa(Y) = 1p/a((E = {a}) =Y) = rpu(E - {a})

=rp(Y U{a}) —rp({a}) +rp(E =Y) —rp({a}) = rp(E) + rp({a})
re(YU{a})+rp(E—-Y)—rp(E)—1
p(Y)+rp(E-Y)—rp(E)—1
p(Y)—1

AV AV
= > 3

Therefore, if P\ a is not connected, then for every possible choice of () #
Y C E, Ap/a(Y) > 0; that is P/a is connected. This means that, for any

a € E, either P\ a is connected or P/a is connected. ]
Suppose for the purposes of induction that the result holds when rp({a}) =
k —1, and let rp({a}) = k.

As P is connected T,(P) is connected and r7,py({a}) = k — 1 so for some
0 < j < k—1, by the induction hypothesis we have (T,(P)) JJ is connected.



CHAPTER 3. POLYMATROIDS 41

Therefore P |7t is connected and j + 1 < k so we have found some squidge
of P that is connected. O

Definition 3.31. Let P = (E,rp) be a polymatroid and let e € E such that
rp({e}) = k. An intermediate-squidge of e is any squidge of e in P that is
not a 0-squidge or a k-squidge.

We shall now show that, when a is a compact element of a connected polyma-
troid, P, any intermediate squidge of a results in a connected polymatroid.
We first show this for a rank-2 element of P (in other words we show that

P |l is connected) and then use this as a base case to prove the result when

rp({a}) = k.

Lemma 3.32. Suppose that a is a non-compact element of P = (E,rp).
Then for every X C E — {a} we have rp(X) < rp(X U{a}).

Proof. Suppose that rp(X U {a}) = rp(X) for some X C E — {a}. Then
a € cl(X). This means that a € cl(E — {a}), as X C E — {a}, and therefore
rp(E —{a}) = rp(E); a contradiction. O

Lemma 3.33. Let P = (E,rp) be a polymatroid and let a € E. Then

rp(X) if a ¢ cl(X)

Tp¢g(X):{ rp(X) =1  ifa e c(X)

Proof. Suppose that a ¢ cl(X); then rp(X U {a}) > rp(X). Therefore,
min{rp(X),rp(X U {a}) — 1} = rp(X). Suppose that a € cl(X); then
rp(X U{a}) = rp(X). Therefore, min{rp(X),rp(X U{a}) — 1} = rp(X U
{a})—1=rp(X)—-1. O

Lemma 3.34. Let P be a connected polymatroid and a be a compact element
of P such that r({a}) = 2. Then P |} is a connected polymatroid.

Proof. Let X C E —{a}, and Y = (£ — {a}) — X. First suppose that
a € cl(X) and a € cl(Y). Then, by Lemma [3.33] it is clear that 7p)1 (X) +
rp (Y) = rp(XU{a})+rp(YU{a})—2, and, as a is compact, rp;1 (E—{a}) =
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rp(E) — 1 Therefore:

rp (X)) +rpp(Y) =rp(X U{a}) +rp(Y U{a}) —2
>rp(XUY U{a})+rp({a}) —2 (1)
=rp(E)
>rpp (B —A{a}),

where(1) follows by submodularity. Therefore rp1 (X)+7p;1(Y) > rp1 (£ —
{a}).

Next suppose that a € cl(X) and a ¢ cl(Y). Then, by Lemma we
have rp)1 (X) +7p(Y) = rp(X U {a}) +rp(Y) — 1, and, as a is compact,
rp (B —{a}) = rp(£) — 1. Therefore:

rp(X) +rpp(Y) =rp(X U{a}) +rp(Y) -1 (1)
> rp(E) — 1 (2)
=rpp(E —{a}), (3)

where (2) follows from (1) as (XU{a},Y) is a partition of £, the set Y is non-
empty, and P is connected. Therefore rpj1 (X) 4 7p;1 (Y) > rpj (B — {a}).

The proof of the case where a ¢ cl(X) and a € cl(Y) is the same.

Finally, suppose that a ¢ cl(X) and a ¢ cl(Y). Then, by Lemma [3.33] we
have 7p1 (X) +rp1 (Y) = rp(X) +rp(Y), and, as a is compact, rp1 (E —
{a}) = rp(E) — 1. Therefore:

rp(X) +rpp(Y) =rp(X) +rp(Y) (1)
> rp(XUY) (2)
=rp(E —{a}) (3)
=rp(E) (4)
> rp (E —A{a}), (5)

where (4) follows from (3) by the compactness of a. Therefore rp: (X) +
Tpié(Y) > TPLII(E — {a})
[



CHAPTER 3. POLYMATROIDS 43

Before we prove that any intermediate squidge of any element of P results
in a connected polymatroid we take a brief detour and prove the following
easy corollaries of Lemma These theorems are both known, but the
proofs become much shorter when we view the objects as polymatroids, and

use squidging. This helps to provide motivation for the operation.

Corollary 3.35. Let G be a connected graph, then G/e is a connected graph
for any e € E(G).

Proof. Consider the polymatroid, P obtained from G. The polymatroid
Pg |! is connected by Lemma[3.34] and we showed earlier that Py [i= Pg/e.

Therefore Pg/. is connected so G'/e is connected. [

Definition 3.36. Let M be a matroid and a,b be elements of M. Then a
and b are clones in M if there is an automorphism on M that interchanges
a and b and fixes all other elements. When a and b are clones in M then we

call {a,b} a clonal pairin M.

Clones are used frequently in [3] and the following corollary also comes easily
from Lemma [3.34]

Corollary 3.37. Suppose M is a connected matroid and {a,b} is a clonal
pair in M, then deleting one of a,b and contracting the other will result in a

connected matroid.

Proof. Consider the 2-polymatroid that has the same groundset and rank
function as M except that elements a and b of the groundset have been
replaced by a single rank-2 element [ with the property that rp(A U {i}) =
ra(AUA{a,b}) for all A C E —{a,b}.

Claim 3.37.1. The polymatroid resulting from squidging [ is the same as

the matroid resulting from deleting a and contracting b.

Proof. Consider ryp\q/5(A) and TPy (A) for any A C E — {a,b}. By the
definition of deletion and contraction in a matroid, ryna(A) = (AU

{0}) — rau({0}), and recall rp1(A) = min{rp(A4), rp(AU{l}) — 1}.
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If b € cl(A), then rypan(A) = rar(A) —ra({0}). Asb € cl(A) and {a, b} is
a clonal pair, a € cl(A). Therefore rp(AU{l}) = ry(AU{a,b}) = ry(A).
Therefore rp1(A) = rp(AU{l}) -1 =rp(A) =1 =ru(A) =1 = ranam(A).

If b ¢ cl(A), then rapa/p(A) = rar(A) (note that if b ¢ cl(A), then r({b}) #
0). We also have rp(AU{l}) > rp(A) sorpi(A) = ry(A) = ranap(4). O

By Lemma P |} is connected, and P Jj= M \ a/b so M \ a/b is

connected. O

We now prove that any intermediate squidge of any element of P, a connected
polymatoid, preserves connectedness. To do this we shall use the following

lemma:

Lemma 3.38. Let e be a compact element of P, then e is a compact element

of To(P).

Proof. pr,p)({e}) = rr.py({e}) +rr.p)(E = {e}) —rr,(p)(E). If € # a then
r(E —{e}) =r((E —{e})U{a}) and if e = a then, as e is compact in P, we
have r(E — {e}) = r(E) = r((E — {e}) U {a}). Therefore ry,p) (£ — {e}) =
r(E —{e}) — 1.

Therefore pr, (p)({e}) = rr,(p)({e}) +r(E—{e}) —1=(r(E)—1) = rr,r)({e})
by compactness of e in P; and so e is compact in T, (P). ]

In other words, principal truncation preserves compactness.

Before stating the next theorem, we note that an intermediate squidge is

only defined for elements of rank at least 2.

Theorem 3.39. Let P = (E,r) be a connected, compact polymatroid. Then
any intermediate-squidge of an element, a, of E/, in P, results in a connected

polymatroid.

Proof. Let rp({a}) = k. The result holds when k& = 2 by Lemma [3.34]
Suppose, for the purposes of induction, that the result holds for all a such
that rp({a}) < k.

Let rp({a}) = k and consider T,(P). As P is connected and compact and
rp({a}) > 1, we have T,(P) is also connected and compact by Lemmas
and [3.38; and r7,(p)({a}) = k — 1. Therefore (T,(P)) |7 is connected for
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all 1 < j < k—1, and so P |/ is connected. Therefore all intermediate
squidges result in a connected polymatroid except, possibly, when 7 = 1. We

shall now prove that P |! is connected.

Consider (P* [*~1)*. This is connected, as the dual of a connected polyma-
troid is connected and P* |*~! is connected, as rp(a) = k. By Lemma m,
as P is compact, we have (P* [F=1)* = h(P** |1) = b(P |!). Therefore, by
Lemma [3.15] P |} is connected. O

3.5 2-sums and Unavoidable Squidge-Minors
of 2-polymatroids

Using squidging as a minor operation can sometimes simplify solutions quite
drastically. We demonstrate this by looking at the following result from [4].
In [4], Hall gives the unavoidable minors for 2-polymatroids when we define a
minor of a 2-polymatroid, P, as a polymatroid obtained from P be a series of
deletions and contractions. Recall that a squidge-minor of a polymatroid P,
is a polymatroid obtained from P be a series of deletions, contractions and
squidges. When we look at the unavoidable squidge-minors of a connected
2-polymatroid rather than just the unavoidable minors, this list is greatly

reduced.
First we introduce various ways of adding polymatroids.

Recall from the previous section that if we have two polymatroids, P, =
(E1,r1) and Py = (Es, 1), on disjoint groundsets, then Py @& Py, = (EyUEy, 1)

where 7 is defined as follows:
’I“(X) = Tl(X N El) + T’Q(X N Eg)

for all X C E; U E,, and this is known as the direct sum of P, and Ps.

Definition 3.40. Suppose we have two k-polymatroids P, = (E,r;) and
P, = (E,r3) on the same groundset, then we call P, + P the general sum of

P, and P, and define rp, ; p, as follows:

TP py (X) = 11(X) + 12(X)
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forall X C F.

Definition 3.41. Let A = (E},r;) and B = (F»,13) be k-polymatroids with
Ey N Ey = {p} and m({p}) = m2({p}). Then we define a pair A &, B =

((E1 U Es), rane,nm,) Where we define 7y, 4,07, as follows:

Ta@sns, (A) = min{ry (Ay) + r2(Az), 11 (A1 Up) + 1r2(A2 Up) —ri(p)}

where A g (E1UE2) —p and Al :AﬂEl and A2 :AQEQ
We call A @y B the 2-sum of A and B.

It can easily be seen that the direct sum, the general sum, and 2-sum of two

polymatroids are polymatroids.

Theorem 3.42. If P, = (Fy,11) and Py = (Ey, 1) are polymatroids, FEy N
Ey = p and ri(p) = ra(p), then Py |L @yPy = (P, @2 P) |1, for any
e € By, —{p}

Proof. First note that
min{min{ P, P,}, min{C, D}} = min{min{ P, C'}, min{P,, D}}.

Let e € Py and e # p and consider r(p g,p,).. For all X € (Ey U E;) —p we
let X1 =F;NX and Xy = F5; N X and get the following chain of equalities:

T(Piaapy) it (X) = min{rpe,p, (X), rpap, (X U{e}) — 1}
= min{min{r;(X1) + ro(X2), 71 (X1 Up) + r2(Xo Up) — r1(p)},
min{r (X7 U {e}) +r2(Xs) — 1,
ri(X1U{e} Up) +ra(XoUp) —ri(p) — U}}
= min{min{r;(X;) + ro(Xa), m (X1 U {e}) + r2(X2) — I},
min{r; (X; Up) + ro(Xe Up) — r1(p),
ri(XiU{e} Up) +ra(XoUp) —ri(p) — I}}
= min{min{r; (X;), (X1 U{e}) — I} + r(Xs),
min{ry(X; Up),r (X1 U{e} Up) — I} + r2(Xo Up) — ri(p)}
= min{7rp, 1 (X1) + r2(X2),7p 1t (X1 Up) + 1r2(Xo Up) —71(b)}
= (P} ®2P)(X)
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In [4] the unavoidable minors for connected 2-polymatroids are described as

follows:

Let E be a non-empty finite set and choose distinct elements a,b ¢ E. Let M;
be a matroid with groundset F' U {a, b} isomorphic to Uy g1 @ Up1, where
b is the loop, and let M, be a matroid on the same groundset isomorphic
to Ug)ej+1 © Up1, where a is the loop. Then we denote by Sjg the 2-
polymatroid M; + M, and define Sy = Uy 5 + (U1 @ Up ).

Theorem 3.43. For every positive integer n, there is an integer r such that
every connected 2-polymatroid with at least r elements has a minor isomor-

phic to

1. Uy,

2. Upp +Up—in,

3. Up—1n,

4. Upp+Urp,

5. 2U1 ;2Up 1, o1

6. Q1 By Qo Do ... Do O,

where each Q; is isomorphic to one of Sy, S, ...,S,_1 and the groundsets of

the Q;, Qi1 are disjoint in all but a single rank-1 element.

As stated before this paper defines a minor of a 2-polymatroid P as a poly-
matroid obtained from P by a series of deletions and contractions. We shall
show now that squidging S|g| gives a 2-polymatroid isomorphic to Sjg|—1, and

so we can find a squidge-minor of S|z that is isomorphic to 5.

Theorem 3.44. Let S| = M+ M,, where My and My are as above, be a 2-
polymatroid on groundset EU{a,b}. Then for everye € E, the 2-polymatroid

Sip 462 Sjpj—1

Proof. We first give the rank function of S|g by finding the rank functions
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for M1 and for MQ. As M1 = U17‘E|+1 D U071 we have

ray(A) =1forall ACE

(
ran(a) =1
ran (b)) =0
ry,(AUa)=1forall ACE
ra,(AUb)=1forall ACE
Ty (@Ub) =1

(

a
ra(AUaUb)=1forall ACFE

and the rank function for M5 is as follows:

ran(A) = |A] foral AC E
rap(a) =0
ran(b) =1

(

ra,(AUa) = |Al forall AC E
AUD if ACFE

ra,(AUD) = AU 1 >
|E| fA=F

rap(aUb) =1
v (AUaUD) =ry,(AUD) forall AC E

Now we can find the rank function of M; + My

e, (A) =|Al+1forall ACE
ran+an(a) =1

T (0) =1

raaan(AUa) =|A|+1forall ACE

|[Aubl+1 fACE

) forall AC E
|E|+1 ifA=F

T My+M; (A U b) - {

T M1+ Mo (a U b) =2

a4 (AUaUb) =ryy o, (AUD) forall AC E

Now that we have the rank function of M; + M, we find the rank function
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of (My + M) |! for e € E.

Tvy+Mz)11 (A) = min{rag 4, (A), Tan4an (AU {e}) — 1} forall AC E

ron ) (@) = min{rasan (@), 7an 0, (U {e}) — 1}

T )t (0) = min{ras 4 an (0), 'an 40, (b U {e}) — 1}

Tyt (AU a) = min{ray, an (AU a), rag (AU a U {e}) — 1} forall AC E
Tty +aip) (AU D) = min{ray a5, (AUD), 7o 40, (AUDU {e}) — 1}

Ty )t (@ U b) = min{ras o an, (@ U D), 7as 4 ar, (@ UbU {e}) — 1}

Tyt (AU aUb) = min{rag 4 ar, (AU D), 7as, 400, (AU {e} UD) — 1}

Which gives

Tyt (A) = [A| + 1 for all A C E — {e}

T(M1+M2)¢é({a}) =1

T(M1+M2)Ue({b}) =1
AU} +1  HACE
AU{b}) = -
T(M1+M2)¢é( {t}) { |E|+1 fA=F

ron+m)t (AU {a}) = [Al +1forall AC E — {e}

T(M1+M2)Ue({a7 b}) =2
on aut (AU 46,5) = 7an it (AUD)

Notice that when [AUb| = [E — {e}|, we have that 7, 1) (AU D) =

|E — {e}| + 1 so we can write

[AU{b} +1 i [AU{D} < [E - {e}]

r l AUCE —
(M + M) ( ) { |E—{e}|+1 if |A| > |E — {e}]

Which is the rank function for Sjp_cy. ]



Chapter 4
Graphic Connectivity Functions

In [IT] Seymour proved that that there is an algorithm for establishing when a
matroid is graphic in p(n) rank evaluations where p is a particular polynomial
and n is the size of the groundset of the matroid. He also proved that there is
no such algorithm for establishing when a matroid is binary. In this section
we prove a similar theorem for graphic connectivity functions, that is we

prove the following theorem:

Theorem 4.1. There is some polynomial p such that, given an arbitrary
connectivity function X, we are able to establish whether or not A is graphic
in at most p(n) evaluations of the connectivity function, where n is the size
of the set on which X\ is based.

Throughout this section we are working with the vertex connectivity of the
graph, and so, when we talk about the connectivity function of GG, we mean

the connectivity function, ¢, of graph G defined as follows:
16(X) = [V(X)| + [V(E(G) - X)| - [V(E(G))|

for all X C F(G). Recall that v(X) counts the number of vertices X has in
common with E(G) — X.

Definition 4.2. A connectivity function, A, is graphic if there is some graph
G such that A = 14.

We shall often abbreviate 74 to v when it is clear what we mean from the

context.

20
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As previously stated, this section aims to provide a polynomial-time algo-
rithm for deciding whether or not a connectivity function is graphic. To do
this we first suppose that we have a graphic connectivity function, . The
first part of this section gives a method for finding the edge adjacencies of the
graph (or graphs) that has « as its connectivity function. The second part
gives a method for identically building the graph from its edge adjacencies.
The third section first gives an algorithm that builds a graph which would
have X as its connectivity function were A graphic. At some stages in this we
may be able to identify A as not graphic. However, it may be that X\ is not
graphic but we do not find this from the algorithm. The section then gives
a method for deciding whether or not A is the connectivity function of the
graph, G, we just built. If A\ were graphic, then G would have connectivity

function A, so from this we are able to identify exactly when A is graphic.

We call e € E(G) a leaf if e is an edge that is incident with a vertex of
degree one. It can easily be seen that a connectivity function cannot tell the
difference between loops and leaves. The following example demonstrates
this:

dOa b o aOb.

Gl G2

In Gy the edge c is a leaf and d is a loop. In G5 this is reversed. Both
(1 and G3 have the following connectivity function: y({a}) = 2,v({b}) =
Ly({e}) = Lry({d}) = Lr({ab}) = 2,7({a.c}) = 2,9({a,d}) =
Ly({b,c}) = 1,7v({b.d}) = 2,7({c,d}) = 2. The remaining values can be
found by symmetry.

The connectivity function is also based on the edges of the graph and cannot
tell whether or not a graph contains isolated vertices, that is single vertices
with no edges of E(G) incident with them. In other words we have the

following lemma:

Lemma 4.3. Let v be a graphic connectivity function, then v is the connec-

tivity function of some loopless graph with no isolated vertices.
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Therefore, throughout this chapter we assume that all graphs we talk about

are loopless graphs with no isolated vertices, unless stated otherwise.

Because we are interested in the vertex-connectivity in this section, and that
is based on the set of edges of the graph, the sets in this section will generally
be sets of edges. To simplify notation, when we are given a graph, G, we
shall use |G| to mean |E(G)|.

4.1 Facts About Connectivity Functions of
Graphs
Given a graphic connectivity function we are able to find the edge adjacencies

of the graphs with that connectivity function. This section gives a method

for doing this.

Definition 4.4. Let G be a graph and e, f € F(G), then:

1. P is a parallel set of G if P C E(G) and every pair of edges in P are
parallel.

2. P is a parallel class if P is a maximal parallel set in G.

3. P is a parallel-leaf if P is a parallel class and for every e € P we have

e is a leaf edge in G\ (P —e).

4. If A C E(G), then V(A) is the collection of vertices incident with an

element of A.
5. If A C E(G), then the subgraph induced by A is the graph (V(A), A).

6. If A C E(G), then we say A is connected if the subgraph induced by A

is connected.

7. A connected component of a graph G is a maximal connected subgraph
of G.

8. A separator of G is the (entire) set of edges of a collection of connected

components of G.

9. An isolated egde of G is an edge of G that is a separator of G.
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10. An m-star of G is a set S C F such that all edges of S are incident
with a common vertex and |S| = m. We call a subset of the edges of

G a star if it is an m-star for some m.

11. A complete star of G is the collection of all edges incident with a spec-

ified vertex.
12. A partial star of G is a star of GG that is not a complete star of G.

13. If S is a star and every edge of S is incident with vertex v then v is a

centre of S.

There is a unique complete star with centre v and, if S is a star that is not

a parallel set, then the centre of S is unique.

Definition 4.5. Let {a4,...,a,} be a collection of edges in G. We say that
a vertex v; is full in G with respect to {ai,...,a,} if the complete star with

centre v; is a subset of {ay,...,amn}.

Throughout this section, when we refer to a graph, G, we shall assume that
G has edgeset E and connectivity function ~, unless stated otherwise. As
stated before we shall also assume that G is loopless and contains no isolated

vertices.

It can easily be seen that, for a graph G, if A C F then A is a separator of
G if, and only if, v(A) = 0.

The following lemma is obvious from noting that the connectivity of a set is

the number of vertices that set has in common with its complement.

Lemma 4.6. An edge e of a graph G has connectivity 1 or 0 if, and only
if, e is a leaf. Otherwise y(e) = 2. Moreover, if y(e) = 0 then e induces a

connected component of G.

Lemma 4.7. Let G be a graph with at least three vertices and connectivity
function v; and suppose we have two non-isolated edges e, f of G neither of

which induces a connected component of G. Then:

(i) if e and f are not leaves, then 0 < v({e, f}) < 3 if, and only if, e and

f are adjacent.
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(if)

(i)

if exactly one of e or f is a leaf, then 0 < y({e, f}) < 2 if, and only if,

e and f are adjacent.

if both e and f are leaves, then 0 < y({e, f}) < 1 if, and only if, e and

f are adjacent.

Proof.

(i)

(i)

(iii)

Suppose that e and f are adjacent. Then |V ({e, f})] < 3 and so
(e, f}) <3.
Suppose that e and f are not adjacent. Then |V ({e, f})| = 4, as

neither e nor f is a loop. As neither e nor f is a leaf and neither edge

induces a connected component of G, no vertex in V' ({e, f}) is full with

respect to {e, f} and therefore V(E —{e, f}) = V(E). This means that
v({e, fH) =1V{e, [} =4

Suppose that e and f are adjacent. Then |V ({e, f})| < 3 and at least

one of those vertices is full with respect to one of e and f. Therefore
(e f}) <2
Suppose that e and f are not adjacent. Then |V ({e, f})| = 4, as neither

e nor f is a loop. As exactly one of e and f is a leaf and neither edge
induces a connected component of G, exactly one vertex in V({e, f})
is full with respect to {e, f} and therefore V(E — {e, f}) = V(F) — 1.
This means that y({e, f}) = |[V({e, f})| — 1 = 3.

Suppose that e and f are adjacent. Then [V ({e, f})| < 3, and one of
those vertices is full with respect to e, and one is full with respect to f.
Therefore v({e, f}) < 1.

Suppose that e and f are not adjacent. Then |V ({e, f})| = 4, as neither
e nor fis a loop. As both of e and f are leaves and neither edge induces
a connected component of G, exactly two vertices in V({e, f}) are full

with respect to {e, f} and therefore V(E — {e, f}) = V(E) — 2. This
means that y({e, f}) = |[V({e, f})] —2 =2.
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Lemmas [4.6] and together enable us to identify, for every pair of edges a
and b, whether or not a and b are adjacent by evaluating v({a}), 7({b}) and

1({a,0}).

Definition 4.8. A graph is called simple if it contains no loops or parallel
edges. An underlying simple graph G4 of a graph G is the graph obtained by

deleting all loops of G and all but one member of each parallel class of G.

To be able to construct an underlying simple graph of G we need to know
which edges of G are loops, and which edges are in a parallel class. As we
are assuming that G contains no loops we need only identify parallel classes.

The following section will, where possible, give a method for doing this.

4.1.1 Parallel Edges

Definition 4.9. Let v be a graphic connectivity function on E and e, f be
distinct edges of E. We call the pair {e, f} parallel ambiguous if there exists
graphs G; and Gy on set E such that G; and G5 both have connectivity
function v and the pair {e, f} is parallel in G; but not Gs.

In this section we shall prove the following Lemma:

Lemma 4.10. Let v be a graphic connectivity function on set E and let
a,b e E. If{a,b} is parallel ambiguous then the only graphs with connectivity
function v must contain a connected component containing a and b that is

1somorphic to one of:

220
gV
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We shall also give a way to identify parallel edges when they are not parallel

ambiguous.

Definition 4.11. A triangle of a graph G is a subgraph of G isomorphic to
Ks. A parallel triangle is a loopless subgraph of G whose underlying simple
graph is a triangle. We say that an edge, e, in a parallel triangle is a single

side of the parallel triangle if it is not parallel to any other element of G.

Lemma 4.12. Let G be a graph with at least three edges, and let e, f be
distinct edges of G, such that y({e}) = v({f}) = 2 and v({e, f}) < 2. Let
G’ be the connected component of G containing e and f. Then y({e,g}) =
~Y{f,g}) for all g € E(G) —{e, f} if, and only if, {e, f} is a parallel pair or

G’ is a parallel-triangle with e and f as single sides.

Proof. Clearly if e, f are parallel or G’ is a parallel triangle with e and f
single sides then for all g € E(G) — {e, f} we have v({e,g}) = v({f, g9}).

Suppose that e and f are not parallel to each other. As y({e}) =~v({f}) =2
neither e nor f can be a leaf. As y({e, f}) < 2 and e and f are not leaves,
e and f must be adjacent. Let V({e}) = {v1,v2} and V({f}) = {vo,v3}. As
e and f are not parallel v; # v3, and as y({e, f}) < 2, and e and f are not
leaves, the vertex v, must be full with respect to the pair {e, f}. This vertex

is shown in red on the diagram below.

AN

Suppose v({e,g}) = v({f,g}) for all g € E(G). Then every edge that is
adjacent to e must also be adjacent to f and vice verse, for suppose that ¢
were adjacent to e but not to f. If g is a leaf then, by Lemmal4.7, v({e, g}) <
2 and y({f,g}) > 2. If g is not a leaf then, by Lemma .7, v({e,g}) < 3
and v({f,g}) > 3. Both alternatives lead to a contradiction, and so every
edge that is adjacent to e must also be adjacent to f. Similarly every edge
that is adjacent to f must also be adjacent to e. The only way an edge
g € E(G) —{e, f} can be adjacent to e is if it is incident with v; as vq is full
with respect to {e, f}, and, for the same reason, the only way for an edge
to be adjacent to f is for it to be incident with vs. Therefore every edge

that is adjacent to e must be incident with v; and vs, and every edge that
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is adjacent to f is also adjacent to e. This means that G’ must be a parallel

triangle. O

The following two examples illustrate that v does not always uniquely define

G; in both examples the pair {a, b} is parallel ambiguous.

220

G, Gy

It is easy to see that both G; and G5 have the following connectivity function:
1({a}) = 2,7({6}) = 2,7({c}) = 2.7({a,b}) = 2.7({a,c}) = 2,7({b,c}) =
2, 7({a> b, C}) =0,

The following two graphs also have the same connectivity functions:

@ g
C a
Gg G4

Again, we can see that both G3 and G4 have the following connectivity
function: y({a}) = 2,7({0}) = 2,7({c}) = 2,7({d}) = 2,7({a,b}) =
2,7({a,c}) = 3,7({a,d}) = 3,7({b,c}) = 3,7({b.d}) = 3,7({c,d}) = 2.

The remaining values can be found by symmetry.

We shall now show that the only way we cannot tell from a connectivity
function when two edges are parallel are if those two edges are contained in

a connected component of isomorphic to one of G, ..., G4 above.

Lemma [4.12] gives a way to identify when two distinct adjacent edges a and
b are either parallel, or are single sides in a connected component of G’ that
is a parallel triangle. Our next lemma gives a way to distinguish between

these two cases.
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Lemma 4.13. Suppose that G’ is a connected component of G containing
two distinct non-leaf edges a and b and suppose that either G’ is a parallel
triangle with a and b as single sides, or a is parallel to b in G (in this case
G’ need not be a parallel triangle) and suppose that |G'| > 4. Then a and b
are parallel in G if, and only if, one of the following holds:

1. v({a,b}) < 2
2. there exists an e such that v({e}) =1 and e is adjacent to a or b
3. there is some non-isolated e such that v({a,e}) = v({b,e}) =2

4. there are some e, f adjacent to a and b respectively such that y({e, f}) #
2

Proof. Suppose that {a, b} are not parallel. Then a and b are single sides of

a parallel triangle as shown below in G,

G

It is clear that if we have this situation, all of 1.-4. fail.

Suppose that none of 1.-/. hold. For the purposes of contradiction suppose
that a and b are parallel. We know that {a,b} cannot be a parallel leaf as
v({a,b}) > 2. Also, as there is no e € E such that v({a,e}) = v({b,e}) = 2,
there can be no e € F such that e is in a parallel class with a and b. The
diagram, Gg, below gives the form of the situation we must, therefore, be
in, where the dashed lines show edges that must be adjacent to a and b.
However, the diagram does not show how these dashed edges interact with

each other, or any edges of the graph that are not a or b.

o °
/ \
// \
/ \
y b \
Y ———
a
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Let one of the edges incident with v; be called e and one of the edges incident
with v3 be called f. Note that as there can be no edges parallel to a and
b, the edges e and f must be distinct and not parallel. Neither e nor f
can be a leaf in GG, as otherwise 2. would hold. As 4. does not hold, it
must be that v{e, f} = 2, and therefore, by Lemma , e and f must be
adjacent. Moreover if vy € V(e) NV(f), then vy is full with respect to e and
f. Therefore we are now in the situation shown below in G3, where the red

dot indicates a full vertex.

Vo

U1 U3
a

Gs

As |G'| > 5, there is some edge g incident with some vertex in {vy,ve.v3}.
It cannot be incident with vy as this vertex is full with respect to {e, f},
therefore, without loss of generality, assume that ¢ is incident with v;. The
edge g cannot be a leaf, as otherwise 2. would hold, and g cannot be parallel
to a,b as otherwise 3. would hold. Therefore we now are in the situation

illustrated by G4 below, where the green vertex is not full with respect to g:

)

U3
a

Gy

Therefore v{g, f} = 4, and so 4. holds, a contradiction. Therefore assuming
that none of 1.-4. held and that {a,b} were parallel led to a contradiction,
so if none of 1.-4. hold, G’ must be a parallel triangle with a and b as single
sides. O]

Suppose that G’ is a connected component of G containing two adjacent
edges, a and b, and exactly one other edge. We are able to find out when

this case occurs by finding the elements adjacent to one or both of a and b.
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If there is more than one such element, or no such element then |G'| # 3, a
contradiction, and if there is only one such element, say e, |G'| = 3 if, and
only if, v({a,b,e}) = 0.

Suppose that G’ is a connected component of G containing two edges a and
b, which are adjacent, and exactly two other edges. We are able to find out
when this case occurs by finding the elements adjacent to one or both of
a and b. If there are more than two such elements then |G| > 4, and if
there are exactly two such elements, say e, f, then |G’| = 4 if, and only if,
v({a,b,e, f}) = 0. If there is only one such element, e, and it is not a leaf
then we can find the elements adjacent to e, and if there is more than one
element adjacent to e that is not a or b, then |G’| > 4 and if there is exactly
one such element, say f, then |G'| =4 if, and only if, y({a,b,e, f}) = 0.

Therefore, when |G’| > 3 we are now in a position to identify when two edges,
a and b, are either single edges in a parallel triangle that makes up an entire
connected component of G or parallel. Given we know that a and b are in
one of these two categories, we are able to tell if the connected component
of G containing a and b has more than four edges. If it does we are able
to tell when a and b are parallel. Suppose that the connected component
containing a and b contains exactly three edges. Then it must be one of the

graphs shown below (with a possible relabelling of ¢):

Cc

G1 GQ G3

We can tell when we are in situation G3, by noting that this contains an
edge, ¢, such that y({c}) = 1.

Suppose that the connected component containing a and b has four edges.
Then the only options for this connected component are the ones shown

below:
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a b e f e f
b

Gy Gs Gs
b
£lle %:;. f
b fl a b
a e
G7 Gg GQ
=
/ /
Gho Gn

All these graphs, except G4 and G5 can be told apart by their connectivity
functions, and, more importantly, the connectivity function of G4 and Gj is

not equal to the connectivity function of any of the other graphs.

Lemma |[4.10] Let v be a graphic connectivity function on set E and let a,b €
E. If {a,b} is parallel ambiguous then the only graphs with connectivity
function v must contain a connected component containing a and b that is

1somorphic to one of:

N
g
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Proof. Clearly if |G'| < 2, where G’ is the connected component of G contain-
ing a and b, then we can tell when a and b are parallel. So suppose |G'| > 3.
Given two edges a and b, Lemmas and enable us to tell, from the
connectivity function, whether a and b are adjacent. As the graph is loop
free, if a and b are parallel then y({a}) = 2, v({b}) = 2 and y({a,b}) < 2.
This means that we can apply Lemma which gives us a condition on the
connectivity function that is sufficient to determine whether {a, b} lies within
the class of edges that are either parallel or single sides of a parallel triangle
that is a connected component of G. If a and b are parallel ambiguous then
the ambiguity lies between a and b being parallel and a and b being single
sides of a connected component that is a parallel triangle. Lemma then
shows that, given a connectivity function, there can be no ambiguity unless
|G'| = 3 or 4. The remarks following Lemma show that the cases where
|G'| = 3 and when |G’| = 4 can be resolved by considering the connectivity

function in all but the two cases given above. [

Furthermore it is clear that whether a pair is parallel ambiguous, and if not,

whether it is parallel, can be determined in polynomial time.

4.2 Building a Graph from the Edge Adja-

cencies

Suppose that we know the collection of stars of a simple graph. This is the
same as knowing the vertices of the graph and the edges incident to those
vertices and so we can build the graph. In [I7] a polynomial time algorithm
for constructing a graph given the edge adjacencies is given. However, this
algorithm only guarantees that the graph is built up to isomorphism (al-
though, in most cases, it will be identically built). We modify this algorithm
slightly so that we construct the graph identically. Other papers on building
the graph from the edge adjacencies exist (equivalently building the graph
from what is known as its line graph), such as [5] and [I5], but, from a brief
scan of the literature, these papers did not seem to guarantee building the

graph up to identity.
Let G be a simple graph with edge set F and let A be the set of all pairs of
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elements {e, f} C FE that are edge adjacent in G.

Let P be the collection of subsets of E such that for every P € P every pair

of elements of P is in A and P is maximal with respect to this property.

If G contains a connected component isomorphic to K3 or Y (as given be-
low), then we cannot tell from the edge adjacencies whether the connected

component is isomorphic to K3 or to Y.

VAN

K Y

If G contains a connected component isomorphic to one of the graphs given
below, then from the edge adjacencies we can tell which of the following
graphs the connected component is isomorphic to but we cannot tell in which

way the edges are distributed over the connected component.

Y Ky Ky

Lemma 4.14. If P € P then either P is a complete star or P is a triangle.
What is more P contains all complete stars on more than two elements and

all triangles.

Proof. Let ) be a partial star. Then there is an edge e € E — () such that e
is adjacent to all edges in (). Therefore () ¢ P, by the maximality of sets in
P.

Let @ be a connected set that is not a star or triangle in G. Then () must
contain a path of length 3. The first and least elements in this path cannot be

adjacent, as otherwise () would be a star or a triangle, and therefore Q) ¢ P.

Suppose there is a complete star, S, such that |S| > 2 and S ¢ P. By the
definition of P there must be some P € P such that S C P. Therefore there
is an f € E — S such that SU{f} € P. The edge f cannot be incident

with more than two vertices in |V(S)|, and f cannot be incident with the
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centre of S, therefore f can be adjacent to only two edges of S. Therefore
SU{f} ¢ P; a contradiction.

If there were some triangle, T', of G, not contained in P then either not every
pair of elements of T"is in A contradicting the fact that 7" is a triangle, or there
is some other edge adjacent to every pair of elements of T, a contradiction

to G being simple. m

The set P may not contain all complete stars with two elements, as these
may be subsets of a triangle. We need a way of listing all stars of E, so we
need to be able to distinguish between 3-element stars and triangles. Our
next lemmas will give a method for doing this except in the five ambiguous
cases described above. Let Pz be the collection of 3-element sets of P and
let P — Py =P

Lemma 4.15. Suppose that P € Ps and there is some P’ € P* that has a
non-zero intersection with P. Then either [P N P'| =1 or |[PNP'| = 2. If
|PNP'| =1 then P is a star and if |P N P'| = 2 then P is a triangle.

Proof. If [P N P'| > 2, then P C P’ contradicting the maximality of P.
Suppose that P is not a star; then P must be a triangle. Therefore every
vertex in V(P) would be incident with exactly two edges of P. As P’ is a star
that shares an edge with P, the set V(P’), must also share two vertices with
V(P) and one of these vertices must be the centre of the star P’. This means

that P must share two edges with P’ as P’ is a complete star. Therefore
|PNP|=2.

If |P N P'| = 2 then there is some vertex of P at which exactly two edges of
P meet, for consider the vertex where the two edges of P N P" meet (by the
definition of P they must meet at some vertex). If this vertex had more than
two edges of P incident with it, then P’ would not be maximal. Therefore
there is some vertex of P at which exactly two edges of P meet and so P

must be a triangle. O]

For the remainder of this section we shall suppose that P € P3 and there
is no member of P* whose intersection with P is non-empty. We shall also
assume that A is not the collection of edge adjacencies of any of K4,K;,Y K3
orY.
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Lemma 4.16. Suppose that there is a member, P', of Ps such that |PNP’'| =
1. Then either P and P’ are both 3-element stars or both triangles.

Proof. Suppose that P is a star and P’ is a triangle and suppose that |P N
P’| = 1. Then P and P’ must share exactly two vertices and one of those
vertices must be the centre vertex, v, of the star P. But as P’ is a triangle
there must be two edges incident with v in P’ and as P is a complete star
at vertex v both those edges must be in P, so |P N P'| = 2, a contradiction.

Similarly P cannot be a triangle while P’ is a star. O

Lemma 4.17. Let P’ € Ps be such that |P N P'| = 1. Then if there is some
edge, e of P such that for all f € P' — P we have {e, f} ¢ A then P is a

star.

Proof. Suppose that P were a triangle. As [P N P’/| = 1 we must also have
P’ is a triangle, and the two triangles must meet along a single edge. Then

every edge of P’ — P is adjacent to an edge of P, a contradiction. O]

Lemma 4.18. Let P’ € P3 be such that |P N P'| = 1 and suppose that for
every edge e of P there is some f € P’ — P such that {e, f} € A. Suppose
that there is an element, P" ¢ P U P', of P such that |P N P"| = 2 or
|P'N P" =2. Then P is a triangle or G' = Ky, where G’ is the connected
component of the graph which contains P. If no such P" exists then P is a

star or G' = K .

Proof. We know that, as P,P’ € P3 and |P N P'| = 1, either P and P’
are both triangles, or both stars. If, for every edge e of P, there is some
f € P' — P such that {e, f} € A, then, when we restrict the edges in our
graph to P U P’ and our vertices to V(P U P’), we get a graph isomorphic to
K, . The possible ways this may arise are shown below with the edges of P
shown in red and those of P’ shown in blue, the common edge of P and P’

is shown in purple.

Situation 1 Situation 2
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Proof that, if there exists a P” € P such that |[PNP"|=2or |[PPNP"| =2
and P” ¢ PU P’, then either P is a triangle or G’ = Kj:
Suppose that there exists such a P”.

First suppose that P” € P*. Then, by Lemmas |4.15| and P must be a

triangle.

Next suppose that there is no such P” € P* and suppose that P” is a triangle.
The only way that we can have a triangle meeting with either P or P’ in
two edges, is to have the situation shown below (remember that the graph is

simple).

Note that the subgraph generated by P U P’ U P” = K,4. Suppose that
G' 22 K4. There there is some edge in GG’ not shown above and this edge is
contained in an element of P. However, this element of P must have size at
least four, and must either intersect with P, or intersect with two edges of
P’ a contradiction to the assumption that there is no element of P* that has

an intersection of size two with P or P’. Therefore G’ = Kj.

Finally suppose that there is no such P” € P* and suppose that P” is a
three-element star. As |[PNP"|=2or |P'NP"| =2, if P is a star we must

have the situation shown below:

However, as P” € P, all three edges of P must be in P”, and so P" € P*.
As |[P"NP|=2or |P"NP'| =2 this is a contradiction. Therefore, if P” is

a three element star, P must be a triangle.

Proof that, if no such P” exists, then P is a star or G' = K :

Assume that there is for all P” ¢ PUP’ we have [PNP"| < 1 and |[P'NP"| <
1. If [IPNP"| =0and |P"NP"| =0 forall P” € P, then G' = K. Therefore
assume that [P" N (PUP")| > 1.
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If we can find some such P” € P*, then, by Lemmas and P must

be a star.

Therefore suppose that there is some P” such that |[P”" N (P U P’)| > 1, but
no such P” € P*. Suppose, for the purposes of contradiction, that P is a

triangle.

First assume that P” is a triangle. If P N (P U P’) = 1 then we must be in

one of the situations shown below:

B

But in both these situations there is an intersection of a four element set and

P, a contradiction.

If P”N(PUP')=2then, as P” ¢ PUP" and we are assuming that P is a

triangle, we must have the following situation:

But this gives a star that is not contained in P U P’ that has an intersection

of size two with P, a contradiction.

Next assume that P” is a star and again suppose that P is a triangle. There
is no way to have P intersecting P” or P’ intersecting P” that does not given

an intersection of size two between P” and P or P’, a contradiction.

Therefore, if for all P” ¢ PUP’" we have [PNP"| < 1or |[P’"NP”| <1, then
either G’ = K or P is a star. O

We shall now assume, for the remainder of the section, that there is no

element of P3 that has an intersection of size one with P.
As A is the collection of edge adjacencies of a graph, there can be no more

than three members of P that have a 2-element intersection with P.

Lemma 4.19. If there exists a 3-element set, P' # P, that has a two element

intersection with P, then one of P, P’ is a 3-element star and the other is a
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triangle

Proof. If P and P’ were both triangles then |V (P)| = |[V(P')| = 3 and any
two edges of P must be incident with three vertices. As |P N P'| = 2 we
have |V (P N P’)| = 3 and so there is no vertex of V(P) or V(P’) that is not
in V(P N P’). Therefore the edge of P’ that is not in P must be parallel to
the edge of P that is not in P’ but this contradicts the fact that the graph

is simple.

Suppose that both P and P’ were both stars and P N P’ = {e, f} for some
e, f € E(G). By the maximality of elements in A, we know that P and P’
cannot, share the same centre. Let a be the centre of P. Ase € PN P’ the
centre of P’ must be V({e}) — {a}. Similarly the centre of P’ must also be
V{f})—{a}, andasa € (V({f})NV({e})), we must have V({e}) = V({f})

so e and f are parallel, a contradiction as our graph is simple. [

Lemma 4.20. Suppose that there are two or more sets, P’ and P" from Ps

that have a 2-element intersection with P. Then P s a triangle.

Proof. Suppose that P were a 3-element star. Then P’ and P” would be
triangles each with one edge not in P. This would mean that P and P”
would have to share a common edge with each other and that edge must also
be in P. This means that the edges of P’ and P” that are not in P along
with the edge of P that is in both P’ and P” would form a three element star
with a one element intersection with P; a contradiction, as we are assuming

that there is no element of P; that meets P in a single edge. O

Lemma 4.21. Suppose that there is exactly one set, P’ € Ps that has a
2-element intersection with P. Then either the connected component of G

containing P is isomorphic to Y, or P is a triangle.

Proof. Let G’ be the connected component of G that contains P. Suppose
that G’ is not isomorphic to Y and that P is a star. Then we must have the
situation below, where P is shown in red and P’ is shown in blue and the

common edges are shown in purple:
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As G is not isomorphic to Y, then there is a set (), in P that is not contained
in PUP’, but does share at least one edge with PUP’. As there is no P’ € P*
that intersects with P in at least one element, and no member of P5 that is
not P or @, that has PN P # (), the only way we can have this is to have Q

a triangle as shown below (@) is shown in green):

However, this gives a member of P — {P U P’} (specifically the star with

centre v) which has a l-element intersection with P; a contradiction. O

Lemma 4.22. Suppose that there is no member of Ps that has a non-empty
intersection with P. Then P is a connected component of G and is either a

triangle or a 3-element star.

This means that we have now identified which sets of P3 are 3-element stars
and which are triangles, except in some cases for small connected compo-
nents. Our final step is to find all two element stars. The two element stars
that are not part of a triangle are in P so we need to find out when a pair of

elements of a triangle is a 2-element star.

Let the collection of all P € P such that P is not a triangle be known as S.

Lemma 4.23. Let P be a triangle and suppose that P = {ej, ea,e3}. Then
{ei,e;}, wherei,j € {1,2,3} and i # j, is a two element star if, and only if,
{62‘,6]‘} ,@ Ses.

Proof. As e;,e; are adjacent either {e;, e;} is a star or {e;,e;} is properly
contained in a star. If it is properly contained in a star then it will be a
subset of an element of S as § is a complete collection of stars of more than

two elements. n

Summary

Given P, to find the complete stars of G we split P into two sets, P* and Ps,

where P3 is the collection of all and only the three element members of P
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and P* = P — Ps. Every complete star that contains more than three edges
is contained in P* and these are the only sets of P* except for some one and

two element complete stars.

If a two element star is not contained in P*, then the edges in this star are

two of the edges of a triangle.

Consider a member, P, of P3. To find out if P is a three-element star:

i) Find a P’ € P* that has a non-empty intersection with P. If the inter-
section is of size one then P is a star, if the intersection is of size two

then P is a triangle. The intersection cannot be of size greater than two.
ii) If no such P’ exists find a P’ € P53 such that |[P N P'| = 1.

a) If there is some e € P such that for all f € P'—P we have {e, [} ¢ A,

then P is a star.

b) If no such e exists then:

e If there is P” ¢ P U P’ such that P” € P and |[PNP"| =2 or
|P' N P"| =2, then P is a triangle or G’ = Kj.

— If there is no set @ € P U P"U P” such that Q € P and Q
has non-empty intersection with PU P’ U P”, then G' & K.
Otherwise P is a triangle.

e If there is no such P” then either G' = K, or P is a star.

— If there is no set Q € PUP’ such that Q € P and @ has non-

empty intersection with P U P’ then G’ = K. Otherwise

P is a star.

iii) If there is no set in P53 that has an intersection of size one with P, then
find P’ € Ps such that [P N P'| =2

(a) Suppose that there are two elements of P3 that have a two element

intersection with P, then P is a triangle.

(b) If there is exactly one member of P’ € Ps that has a 2-element

intersection with P, then P is a triangle or G’ 2 Y.

e If there is no member of P that is not contained in P U P’
that has a non-empty intersection with P or P’, then G 2 Y.

Otherwise P is a triangle.
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iv) If there no set in P; that has an intersection of size one or two with P,
then G' =2 Kz or Y.

We have now identified all stars of more than two elements. We have also
identified all triangles. To find all two element stars we look at all pairs of
edges {e, f} that are in some triangle. If {e, f} ¢ P for any P € P*, then
{e, f} is a two element star, otherwise it is not. The collection of all such
pairs of edges along with the two element members of P* gives the collection
of all 2-element stars of the graph. To find all single elements stars we look at
edges that appear in exactly one star. These, along with all sets of P* of size
one gives the collection of all single-element stars of the graph. This means
that we are able, except in the ambiguous cases of K3,Y,Y, K, and Ky, to
identify all stars of the graph and therefore have a complete description of

the graph. Given a list of stars of G we can build G from this list.

The algorithm also gives a way of identifying when we have a connected
component isomorphic to Y or to K; or to K4 or when we have a connected
component that is isomorphic to either K3 or Y. The connectivity function

cannot tell the difference between the following labellings of Kj.

d a

so when, from the edge adjacencies, we identify that we have a connected
component isomorphic to one of the above graphs, we may arbitrarily choose
which one the graph contains. The other ambiguous cases can be told apart

by their connectivity functions and will be dealt with shortly.

4.3 When 1Is a Connectivity Function
Graphic?
In this section we shall give a method for establishing when a connectivity

function, A, is graphic. This algorithm uses a polynomial, in the size of the

set on which the connectivity function is based, number of evaluations of
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the connectivity function. To do this we use the results from the previous
sections to build a graph that would have connectivity function A\ were A
graphic. We shall then show that if we have a connectivity function A\ and
a graphic connectivity function, v, both on set F, then if A\ and ~ agree on

some particular subsets of E then A and v will agree everywhere.

Building a Graph From a Connectivity Function

Suppose that we have a connectivity function A on E. We now give an
algorithm that builds a graph which would have connectivity function A
were A graphic. If A is not graphic we may still be able to build such a graph
or at some stage of the algorithm we may be able to stop and state that A
is not graphic. We will therefore assume that \ is graphic and comes from

graph GG, and may at some stage find a contradiction to this.

From Section 4.1| we know that the leaves of G are exactly those elements,
e € E such that A({e}) < 1. If for any a,b € FE we have A\({a}) > 2
then we are able to say A is not graphic, otherwise Lemma then gives a
method for finding out which elements of E are adjacent in G. The algorithm
given for building a graph given the edge adjacencies requires the graph to
be simple. We are assuming that G does not contain any loops but G may
contain parallel edges. We shall therefore identify the parallel classes of G
using Lemmas and [£.13] Once we know the parallel classes we are able
to find the adjacencies of an underlying simple graph, G, of G. We are then
able to build G using the algorithm given in Section 4.2| This will uniquely
build G, in all but a few cases which we shall consider shortly. If there are
more than three sets with a 2-element intersection with some element, P,
of P3, then A is not graphic. Suppose that we have successfully found the
collection of stars from the edge adjacencies. We must now check that this
collection of stars is the collection of stars of a graph. To do this we must
check that every element appears in no more than two stars. This will be so
if, and only if, we have the collection of stars of a graph, and so if an element

appears in more than two stars, then A is not graphic.

Having built G, we know which collections of edges form parallel classes in
G. We are then able to add the parallel edges uniquely to G to obtain G.

In some cases GG, may not be able to be uniquely built from the adja-
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cencies. However, the connectivity function gives more information than
the adjacency relation, so in some of these cases we are able to build Gy
uniquely. The cases where we cannot build G4 uniquely from the adjacency
relation are when (G4 contains a connected component, G, isomorphic to one
of Y,K3,Y,K;,K,. We now consider these cases. Note that we know all

parallel classes of G.

Suppose that G’ is isomorphic to K3 or Y (from the edge adjacency relation
we cannot tell which). If there is some element, e, of G, such that A({e}) =1
then this element is a leaf of G (as G5 contains no loops) and so G/, =2 Y.
Suppose that there is no e € E(G%) such that A({e}) = 1. Then either
G = Kj,or G, =2 Y and for every e € E(G) thereis some f € E(G)—E(Gj)
such that f is parallel to e. In this second case it must be that A(E(G%)) =4
as no vertex of G/, is full in G with respect to G,. In the case where G, = Kj
it must be that A\(G%) < 3 as G, contains three vertices.

Suppose that G, = Y, the adjacency relation cannot tell the difference be-

tween the following two situations:

Suppose that we are in the first situation. Then A({d}) = 1 or else there is
some edge of G that is parallel to d. If there is some edge of G that is parallel
to d then \({a,b,d}) = 4. This distinguishes this situation from the second
one which has A({a,b,d}) < 3.

Suppose that G, = K, . Then from the edge adjacencies we cannot distin-

guish between the following two graphs:

Either there is no edge parallel to a or b in which case A\({a,b,c}) = 2 in the
first case and A({a,b,c}) > 3 in the second case, or there is an edge parallel

to at least one of a or b. Without loss of generality say that there is an edge
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parallel to a, then \({a, b, c}) = 3 in the first case and \({a, b, c}) = 4 in the

second case.

Suppose that G, = K. From the edge adjacencies we cannot distinguish

between the following two graphs:

If there are no edges of G parallel to edges of G, the connectivity function
of the two connected components are the same so we cannot distinguish
between the two cases. Suppose that there is an edge of GG parallel to a. In
the first case this gives A\({a, d, e}) = 4 so we know that {a, d, e} is a star and
in the second case A\({a,d,e}) = 3 so {a,d, e} is a triangle. Once we know
one star or triangle of K we can find the rest of the stars and triangles and
distinguish between stars and triangles that are subgraphs induced by three

element subsets of K.

Therefore except when G has a connected component isomorphic to K4 we
can build G uniquely (except that we cannot distinguish loops from leaves)

from its connectivity function.

When is a Connectivity function Equal to a Graphic

Connectivity Function?

The next question is, given we have been able to build this graph, is A
necessarily graphic. The answer is no, we cannot say that A is graphic just
because we have built the graph that would have )\ as its connectivity function
were A\ graphic. For consider the following two connectivity functions A and

v described on the next page:
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Ay
{a} 212
{b} 2|2
{c} 2|2
{d} 2|2
{e} 2|2
{f} 2|2
{a,b} [3]3
{a,c} 313
{a,d} 313
{a,e} 313
{a,f} 4|4
{b,c} 313
{bd} |4]4
{b,e} 313
{b,f} 313
{ed) |33
{c,e} 4|4
{c,f} 313
(de} |33
{d,f} 313
{e,f} 313
{a,b,c} | 4] 3
{a,b,d} | 4 | 4
{a,be} 3] 3
{a,b,f} | 4] 4
{a,c,d} | 3]3
{a,ce} |44
{a,cf} |4 ]4
{a,d,e} | 3|3
{a,d,f} | 4|4
{aef} |44

The remaining values can be found by symmetry. Note that A\ # ~ as
A({a,b,c}) =4 and y({a,b,c}) = 3.
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If we consider the edge adjacencies of the graph that would have \ as its
connectivity function were A graphic, we find that this graph would have to
be isomorphic to one of the graphs shown below, and to establish this we

only need to check sets of size at most two.

However, these graphs have connectivity function, -+, Therefore A # ~ so
A cannot be a graphic connectivity function despite the fact that we were
able to build a graph that would have A as its connectivity function were A

graphic.

We now prove that, if A and v agree on some particular collection of sets,

then \ and ~ agree everywhere and so A is graphic.

Definition 4.24. If S is a complete star of G and e € S then S — {e} is an
almost-complete star of G. Let S is a complete star of G, and e € S. For any
a € F that is adjacent to e but not in S, the set (S — {e}) U {a} is a broken
star of G.

The definition of a broken star is a little hard to digest so a couple of pictures
of broken stars are given below, where the dashed red line is in G' but not in

the broken star.

Recall that a parallel class is a maximal parallel set. In this section we prove

the following theorem:

Theorem 4.25. Let G be a graph with connectivity function . Let A be
a connectivity function on E(G) such that \(X) = ~(X) whenever X C E

satisfies any one of the following:
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C1 |X| <2,

C2 X is a complete star of G,

C8 X is an almost-complete star of G,
C4 X is a broken star of G,

C5 X is a triangle, mazimal parallel triangle, or XU{e} is a mazximal parallel
triangle for some e € E(G) — E(X),

C6 X 1is a parallel class in G.
Then AM(X) =~(X), forall X C E.

Suppose that we are given an arbitrary connectivity function, A\, on a set E.
We can then build a graph, G, in the way described earlier in the section
(labelled Building a Graph From a Connectivity Function). Now consider
the connectivity function, v of G. Suppose that, for all X C E such that one
of C1-C6 from Theorem holds, 7(X) = A(X). Then, by Theorem [4.25
AMX) = y(X) for all X C E, and so A is a graphic connectivity function.
This means that, given Theorem we have proved Theorem |4.1] holds, in

other words we have proved the following theorem:

Theorem [4.1l There is some polynomial p such that, given an arbitrary
connectivity function A\, we are able to establish whether or not A is graphic
in at most p(n) evaluations of the connectivity function, where n is the size
of the set on which A is based.

The following lemma is immediate from the definition of graphic connectivity

functions.

Lemma 4.26. Suppose that G is a graph with connectivity function . Then
v(X) is the number of non-full vertices of G with respect to X.

If S is a star of G then we shall use S to denote the complete star of GG
containing S; and if P is a parallel set of G then we shall use P to denote

the parallel class containing P in G.

Throughout this section we shall consider G to be a loopless graph with no

isolated vertices, whose edge set is F whose connectivity function is 7. Let
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A be a connectivity function on E such that A(X) = v(X) if one of C1-C6
from Theorem [4.25] holds.

We will define a function full,, : 28 — {0,1} by

1 if v; is full in G with respect to X

0 otherwise

full,, (X) = {

for all X C 2F.

Lemma 4.27. Let P be a parallel set in G. Then A(P) = ~(P).

Proof. Let V(P) = {vy,v2}. Suppose that vy or vy is full with respect to
P. Then P is a complete star of G and so A(P) = v(P) by C2. We shall

therefore assume that neither v, nor v, is full in G with respect to P.

First, we show that A(P) < y(P). If |P| < 2 then this result holds by C1
so we assume that |P| > 3. Assume for the purposes of induction that this
result holds for all parallel sets P’ such that |P’| < |P|. Let e € P. As P is
not a complete star of G and |P| > 3, we have v(P — {e}) = v(P) and for

f € P —{e} we have v({e, f}) = v({f}). Therefore:

1(P)+y{f}H) =P —{e}) +~({e, f}) (1)
> AP —{e}) + A({e, f}) (2)
> AP) +A{f}) (3)
= MP)+v({f}), (4)

where (2) follows from (1) by the induction hypothesis and C1, (3) follows
from (2) by submodularity, and (4) follows from (3) by C1.

Therefore A(P) < ~(P).

Next, we show that A(P) > ~v(P). We do this by induction on |P — P|. If
|P — P| = 0, then P is a parallel class, so the result holds by C'6. Assume
that the result holds for all P’ C P such that |P — P'| < k and suppose that
|P — P| =k for some k > 1. Let e € P and f € P — P. If neither vertex of
PU{f} is full in G with respect to P U {f} then v(P) = (P U{f}) and
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v({e, f}) =~v({e}). Therefore

1(P) +y({e, f1) =P UL{f}) +v({e}) (1)
S AP UL} +A({e}) (2)
< A(P) +A({e, /1) (3)
= AP)+({e, f}), (4)

where (2) follows from (1) by the induction hypothesis and C1, (3) follows
from (2) by submodularity, and (4) follows from (3) by CI. Therefore, in
this case, A(P) > ~v(P).

If some vertex of P U f were full in G with respect to P U f, then P would
be an almost-complete star of G, so \(P) = v(P) by C3.

Therefore A(P) > ~v(P) O

Lemma 4.28. Suppose that S is a star of G with centre v. Then A(S) =
().

Proof. We shall assume that S # () and S # S , as in these cases the result
follows directly from C2.

First we show that A(S) > ~(S). We do this by induction on |S — S|. If
\g — S| <1, then the result holds by C3. For the purposes of induction we
assume that this result holds for all §' C S such that |S — S| < k. Let
|S— S| =k for k> 1, and let a € S — S be such that V({a}) = {v,v,}. Let
ecS.

Suppose that a is not parallel to any edge of S. As |§ — S| > 1, we have
Y(S) = v(SU{a})—(1—full, ({a})) and y({e, a}) = y({e})+ (1 —fully, ({a})).

Therefore:

7(8) +7({a, e}) =v(SU{a}) +7({e}) (1)
< ASU{a}) +A({e}) (2)
< AS) + A({ae}) (3)
= AS) +7({a e}), (4)

where (2) follows from (1) by the induction hypothesis and C1, (3) follows
from (2) by submodularity and (4) follows from (3) by C1. Therefore, in this
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case, v(S) < A(9).

Now suppose that a is parallel to some edge of S and let P be the maximal
parallel subset of S —{a} with which a is parallel. Then v(S) = y(SU{a})+
full,, (S U {a}) and y(P U {a}) = v(P) — full,, (P U {a}), as |S — S| > 1. As
full,, (S U {a}) = full,, (P U {a}) we have:

Y(S) + (P U{a}) =~(SU{a}) +~+(P) (1)
< AMSUA{a})+ AP) (2)
< AS) + MNP U{a}) (3)
= A(S) + (P U {a}), (4)

where (2) follows from (1) by the induction hypothesis and Lemma [£.27] (3)
follows from (2) by submodularity, and (4) follows from (3) by Lemma [£.27]
Therefore A(S) > v(95).

Next we show that A(S) < ~(S). We shall do this by induction on the
number of edges contained in non-trivial parallel classes of S. The following

claim provides our base case:

Claim 4.28.1. If S contains no parallel edges than \(S) < v(S)

Proof. The result holds for S such that |S| < 2 by C'1. For the purposes
of induction suppose that the result holds for all S such that |S| < m.

Let S = {by,...,bn}, for some m > 3, and consider the subsets, {b1, by}
and {by,...,by,}, of S. Let V({b1}) = v,v1. As {by,...,by} is not
a complete star of G, y({b1,b2}) = v({b2}) + (1 — full,, ({b1})) and
vY({b2, .- b }) = v({b1, ..., bm}) — (1 — full,, (by)) Therefore:

T{01, - bm}) +7({b2}) = ({2, - b }) +y({br,b2}) (1)
> A({ba, -, bm}) + A{br, 02})  (2)
2 A({br, - bm}) + A({b2}) (3)
= A({b1s- - bm}) +y({b2}), (4)

where (2) follows from (1) by C7 and the induction hypothesis of the
claim, (3) follows from (2) by submodularity, and (4) follows from (3)
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by C1. Therefore A(S) < v(S5) when S contains no parallel edges. [

Assume, for the purposes of induction, that the result holds for all stars S’
with less than k£ edges contained in non-trivial parallel subsets of S. Let S
be a star with k£ > 1 edges contained in non-trivial parallel subsets of S. Let
b; be an edge of one such parallel set, which we shall call P,,. Either S = P,
or there is some edge, e, which is not contained in P, but is contained in S.
If S = PB,,, then the result holds by Lemma 4.27} so suppose that there exists
e € S—PB,,. Let v; be the vertex of G that is incident with b; but not with e.
Then (5 —{b1}) = v(5) +fully, () and v (P, —{b1}) = 7(F,) +1fully, (F,).-
Therefore:

V(S) + (B, = {01}) = (S = {b1}) +v(F) (1)
> AMS = {b1}) + A(Fy,) (2)
> MS) + APy, = {b1}) (3)
= A(S) + (B, — {b1}), (4)

where (2) follows from (1) by the induction hypothesis and Lemma [4.27] (3)
follows from (2) by submodularity, and (4) follows from (3) by Lemma [£.27]
Therefore A(S) < ~(5) O

Lemma 4.29. Let Py, Py, P3 be three parallel sets of G such that Py U P, U P
is a parallel triangle in G. Then \(P; U P, U P3) = v(Py U Py U P3).

Proof. Let V(P1) = {v1,v}, V(P2) = {vo,u3} and V(P;) = {v3,v1} We
shall first show, by induction, that A(P, U P, U P3) > (P, U P, U Py). If
|(P1U P2U P3) — (PLU P, U Py)| < 1 then the result holds by C5. Therefore
we shall assume that |( P U PyU P3) — (P,UP,U Py)| > 2 and without loss of
generality let e € Py — P;. As (PyU{e}) U P, U Py is not a maximal parallel
triangle it must contain at most one full vertex. If v; is not full with respect
to (P U{e})UP,UP;, then v(PLUP,) = v(PU{e}UP)+full,, (P U{e}UP;)
and y(PLU Py U Py) =~((PyU{e}) UP,U Ps) + full, (P U{e}) U P U Ps).
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As full,, (PLU{e}) U P, U Py) = full,, (P, U{e} U P2) we have:

Y(PLUPUPR) +v(PLU{etUR) (1)
=((PU{e}) UR U Ps) +~(P U PR) (2)
<AM(PLU{e}) UPRUP;) + NP UP,) (3)
<SNPUPRUP;) + A(PLU{e}UPR,) (4)
=AMNPLUPRUP;) +~(PLU{e}UP) (5)

where (3) follows from (2) by the induction hypothesis and Lemma [4.28] (4)
follows from (3) by submodularity and (5) follows from (4) by Lemma [4.28]

If v; were full with respect to P, U P, U P53, then v, would not be and so we

could use a similar argument using the pair Py, P3 instead of P, P,. Therefore

’}/(P1UP2UP3>§)\(P1UP2UP3).

We now show that A(P,U P, U Ps) < (P UP,UPs). To do this we first need
to note that the result holds if P, U P, U P5 is a maximal parallel triangle of
G by C5, and if P, U P, U P; is not a maximal parallel triangle of GG it must
contain at least two non-full vertices. Also note that the result holds for
triangles by C'5. Assume for the purposes of induction that the result holds
for all parallel triangles that are strict subsets of P, U P, U P35 and assume

that P, U P, U P53 is not a maximal parallel triangle.

Suppose that |P;| > 2 and e € P;. As P, U P, U P, is not maximal, at most
one of v; and vy can be full with respect to P, U P, U P;. Without loss of
generality we shall assume that v; is not full with respect to P, U P, U Ps.
Note that v((P, —{e}) U P, U P;) = (P, U P, U Py) + full,, (P, U P, U Ps) and
Y(PLUPy) =~((P — {e}) U Py) — full,, (P, U P). Therefore, as full,, (P, U
Py U Py) = full,, (P, U P2) we have v((Py — {e}) U (P2 U Ps) + y(PLU Pp) =
v(PLUPyU Ps) +~y((Py — {e}) U P,). Therefore:

V(P URUP) +((P—{e}) U R) (1)
=7((Pr —{e}) UR U B3) + (P U B) (2)
>AN(PL—{e})UP,UP3) + AN(PLUP,) (3)
> NPLUP,UPs) + A((P—{e}) UP) (4)
= MNP URUP) +~(P—{e}) U B), (5)
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where (3) follows from (2) by the induction hypothesis and Lemma [1.28] (4)
follows from (3) by submodularity and (5) follows from (4) by Lemma [£.2§
0]

Lemma 4.30. Let S be a partial star of G with centre v, and P a parallel
set of G which is adjacent to an edge f of S. Then A(SU P) < ~(SUP).

Proof. If P C S then we are done by Lemma , so we will assume that P

is not contained in S.

Suppose that P does not form a parallel triangle with any pair of edges of S.
Let V(P) = {v1,v2} and let f € S be such that V({f}) = {v1,v}. We shall
use P to denote the collection of edges of S that are parallel to f.

Note that v(SUP) = v(5) + (1 — full,, (P)) —full,, (PUPy) and v(PUPy) =
v(Ps) + (1 — full,, (P)) — full,, (P U Pf). Therefore:

V(S UP)+7y(Fy) =~(S) +~(PUFy) (1)
= A(S) + AM(P U Py) (2)
> A( P) 4+ A(Py) (3)
= ASUP)+~(Py), (4)

where (2) follows from (1) by Lemma [4.28] (3) follows from (2) by submodu-
larity and (4) follows from (3) by Lemma[4.28, Therefore A(SUP) < 7(SUP)

when P does not form a parallel triangle with any edges of S.

Now suppose that P forms a parallel triangle with two classes of parallel edges
of S which we shall call @; and Q2. Let V/(P) = {v1,v2}, V(Q1) = {v1,v}
and V(QQ) = {U27 U}'
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Then v(S) = v(SUP) +full,, (PUQ) +full,,(PUQ>) and y(PUQUQ2) =
¥(Q1 U Q) — full, (P UQ;) — full,, (P U Q). Therefore:

YSUP)+9(Q1UQ2) =7(5) +7(Q1UQ2U P) (1)
= AS) + MQ1UQ2U P) (2)
>AMSUP)+AQ1UQ2) (3)
= AMSUP) +7(Q1UQ2), (4)

where (2) follows from (1) by Lemmas and [4.29, (3) follows from (2) by
submodularity and (4) follows from (3) by Lemma [4.28]

Therefore A(SU P) < ~v(SUP) O

Lemma 4.31. Let S be a partial star of G with centre v, and e an element
of E(G)—S which is adjacent to an edge, a, of S. Then A\((SU{e})—{a}) =
(S U{e}) —{a}).

Proof. 1f e is contained in the complete star containing S then the result
holds by Lemma 4.28. Therefore, for the remainder of the proof, we shall
assume that e is not contained in the complete star containing S. This means
that the sets we are interested in have one of the forms shown below, where
the dotted lines indicate some of the edges of G that are not in (SU{e})—{a}.

First we show that A(SU{e} — {a}) <~((SU{e}) —{a}). If a is parallel to
some other element of S or e forms a triangle with some elements of S, then
the result holds by Lemma [4.30] To do this, note that v(S — {a}) +~({e}) =
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v((SU{e}) —{a}). Therefore:

1S U{e} —{a}) = (S —{a}) +1({e}) (1)
= A5 —{a}) + A{e}) (2)
> A(SU{e}) = {a}), (3)

where (2) comes from (1) by Lemma and C1, and (3) comes from (2)
by submodularity.

Next we show that A((S U {e}) — {a}) > v((SU{e}) — {a}). We do this by
induction on |S — S|. By C4 the result holds when |S — S| = 0. Assume
that the result holds for S such that |S — S| < k. Suppose that |S — S| = k,
where k > 1, and let f’ be an edge of S that is not a and that is not adjacent
to e, (if we cannot find such an edge then |S U {e} — {a}| < 2 so the result
holds by C1). Let f € S — S be such that V(f) = {v,v1}.

Suppose that f is not parallel to any element of S.

Case 1 Case 2

In Case 1, v((SU{e}) —{a}) =~((SU{e, f}) — {a}) — (1 — full,, (f)) and
Y{f fed) =v({f' e}) + (1 —fully, (f)), and in Case 2 7((SU{e}) —{a}) =
’7((3 U {6, f}) - {CL}) + fuum(f) and ’7({f7 f/> 6}) = ’y({fla 6}) - fuum (f)

Therefore:

(S U{e}) —{ah) +7({f, F e}) =1((SUfe, 1) —{a}) +1({F e}) (1)

<A(SU{e f}) —{ah) + A e}) (2)
<A((SU{e}) —{ah) +A{S ' el) (3)
<A(SU{e}) —{ah) +1(F [ e}), (4)

where (2) comes from (1) by the induction hypothesis and C1, (3) comes
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from (2) by submodularity, and (4) comes from (3) by the first half of the
lemma. Therefore y((S U {e}) —{a}) < A((SU{e}) — {a}).

Suppose that f is parallel to some element of S — {a} .

Then y((SU{e}) — {a}) = ~((SU{e, f}) — {a}) + fully, (Py U {e}) where Py
is the collection of elements parallel to f in S, and v(Pf) = v(Pr — {f}) —
full,, (Pf U {e}). Therefore:

Y((SU{e}) = {a}) +7(Fy) =v((SUfe, f}) = {a}) +7(Pr = {f}) (D)
< AMSU{e f1) —{ap) + AP ={f})  (2)
< A(SU{e}) = {a}) + A(Fy) (3)
< A(SU{e}) = {a}) +(Fy), (4)

where (2) comes from (1) by the induction hypothesis and Lemma [£.28] (3)
comes from (2) by submodularity, and (4) comes from (3) by Lemma [4.28
Therefore v((S U {e}) — {a}) < A((SU{e}) — {a}).

Finally suppose that f is parallel to a.

Then y((SU{e}) —{a}) = 1((SU{e, f}) —{a}) and v({f, /', e}) = v({f', e})-
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Therefore:

W(SU{e}) —{ah) +7({f, f' e}) =2((SU{e, f}) —{a}) +7({fe}) (1

A(SU{e f1) —{ah) + A{ S e}) (2
((SU{e}) —{a}) +A{ [, /1 e}) (3
((Su{e}) —{ah) +7({f. [ e}), (4

IN

)
)
<A )
<A )
where (2) comes from (1) by the induction hypothesis and C1, (3) comes

from (2) by submodularity, and (4) comes from (3) by the first half of the

lemma.

The result follows. O]

This next lemma considers at structures that look something like the one

shown below:

Lemma 4.32. Let e be an edge of G between vertices vy and vy. Let Sp be

a star at vy such that e € Sy, and Sy be a star at vy such that e € Sy. Then
A((S1U S2) —{e}) = ((S1 U Ss) — {e}).

Proof. We first show that A\((S1US2) —{e}) > ~v((S1US2) —{e}). The result
holds for |(S; U S3) — {e}| < 2 by CI on A. Suppose for the purposes of
induction that the result holds for all (S; U Sy) — {e} such that |(S; U Ss) —
{e}| <m.

Suppose that [(S; U Sz) — {e}| = m > 3. If at least one of S; and Sy has
cardinality less than three, then the result holds by Lemma SO we can
assume that | S| > 3 and |S3| > 3. Let f be an edge in S; U Sy that is not
e and is not parallel to e. If no such f exists then all edges in S; U S5 are
parallel to e and therefore S; U Sy — {e} is a parallel set and the result holds
by Lemma [4.28] Therefore we assume such an f exists and without loss of

generality we shall assume that it is in Sy.

Let V({f}) = {v1,v3} (note that vy # v3 as f is not parallel to e). Let S be
the complete star of G' at v3 and let the collection of all edges of S that are
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also in S7 be P; and the collection of all edges that are also in Sy be P,. Let
P - Pl U P2.

The pictures below aim to illustrate this situation, although do not, by any
means, cover all possible configurations. In the pictures below, the red edges
are the edges of S — (57U S,) and in the second picture S; — {e} is shown in
blue.

/\

Suppose that S; — {e} # P, and Sy — {e} # P5. This means that there is
some edge in S; — {e} that is not in S and some edge in Sy — {e} that is not
in S. Then ((S1 U S2) —{e}) =v(((S1USy) — {e}) — P) + (1 — fullvz(P)),
and y(SU{e}) = vy(SU{e} — P) — (1 —fullv3(P)) (note that this holds when
S = P). Therefore:

(51U S2) — {e}) +7(SU{e}) (1)
=7(((51US52) = {e}) = P) +7((SU{e}) — P) (2)
S M(S1US2) = {e}) = P) + A((SU{e}) = P) (3)
= ME = (51U 82) —{e}) = P)) + AM((SU{e}) — P) (4)
SAME = ((S1U52) —{e})) + A(S U {e}) (5)
S A((S1US52) = {e}) +(SU{e}), (6)

where (2) follows from (1) by the equalities given above, (3) follows from
(2) by the induction hypothesis and Lemma [£.31] (4) follows from (3) by
symmetry, (5) follows from (4) by submodularity and (6) follows from (5) by
symmetry and Lemma[4.30] Therefore v((S;US2)—{e}) < A((S1US2)—{e}).

Suppose that either S} — {e} = P, or Sy — {e} = P,. If S; — {e} = P,
and Sy — {e} = P, then, as P; U P, share vertex vs, the collection of edges
(S1USy) — {e} is a star, and so the result holds by Lemma [4.28] Therefore
we assume that only one of S; — {e} = P, and Sy — {e} = P, hold. Without
loss of generality let 57 — {e} = P, and recall that f € S; — {e} = P. We
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shall split into two cases here, one for when S = P and one for when S # P.

First consider the case where S = P.

Then ~((51US5:) —{e}) = 7((51US52) —{e, f}) -1 and v({e, f}) = v({e}) +1.

Therefore:

(51U S2) —{e, 1) +7({e}) (1)
V(E = ((S1US52) —{e, 1) +7({e}) (2)
SAE = ((S1US82) = {e, [1) + A({e}) (3)
AE = ((51U5:) —{e})) + A({e, [}) (4)
A((S1 U 52) = {e}) +({e, f}), (5)

where (2) follows from (1) by symmetry, (3) follows from (2) by the induction
hypothesis and C1, (4) follows from (3) by submodularity and (5) follows from
(4) by symmetry and C1. Therefore v((S1US2) — {e}) < A((S1USy) —{e}).

Now consider the case where S # P and again note that f € P;. As S # P,
let g be an element of S — P. Note that there are at least two edges in P,
as P = S; — {e} and |S;| > 3. On the diagram below edges of S — P are

shown in red.

Then y((51U S2) — {e}) = v((S1U S2) —{e, f}) and v({e, f,g}) = v({e, 9})
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as |S1| > 3. Therefore:

(51U S2) —{e}) +~v({e, [, 9}) (
= 7((51 USy) —{e, f}) +7({e. g}) (
A((S1U S2) —{e, f}) + A({e; g}) (3
A( —((S1USy) —{e, f1)) + A{e. g}) (
ME = ((S1US2) —{e})) + A({e, f,9}) (
< A((S1U Ss) = {e}) +v({e, f. 9}), (

IN

where (2) follows from (1) by the equalities given above, (3) follows from (2)
by the induction hypothesis and C1, (4) follows from (3) by symmetry, (5)
follows from (4) by submodularity and (6) follows from (5) by symmetry and
Lemma [£.300

Therefore y((S1 U Se) — {e}) < A((S1US2) —{e})

Next we show that A((S;USy) —{e}) < v((S1USy) —{e}). Again the result
holds for (S; U Sy) — {e} such that |(S; U Ss) — {e}| < 2. Suppose that

(S1 U Sy) contains no triangles.

Let @ be the collection of edges of S; U S5 that are parallel to e and notice

that v(S1 — {e}) + (52 — {e}) = ¥((51U S2) —{e}) +7(Q — {e}) (note that
this works even if @ = {e} and if S;, Sy or both are equal to Q). Therefore:

(51U Ss) —{e}) +7(Q — {e}) = v(S1 — {e}) +7(S2 — {e}) (1)
= A(S1 = {e}) + A(S2 = {e}) (2)
> A(51US2) = {e}) + M@ —{e})  (3)
= AM(S1US52) = {e}) +7(Q —{e}), (4)

where (2) follows from (1) by Lemma [4.28] (3) follows from (2) by submod-
ularity and (4) follows from (3) by Lemma [4.28]

Suppose that S; U .S, is not triangle free. We will proceed by induction on
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the number of parallel triangles in S; U Sy. The following claim provides the

base case.

Claim 4.32.1. If S; U Sy contains exactly one parallel triangle then
A((S1U S2) — {e}) < (51U S2) — {e}).

Proof. Let the maximal parallel subsets of the parallel triangle be
Pl,PQ,Q where Pl g Sl and P2 g SQ.

Q

Then 7((51 U Py) = {e}) +7((S2 U P1) = {e}) = (51U S2) = {e}) +
~v(Py U Py). Therefore:

Y((S1US2) —{e}) +v(P U B) (1)
=7((S1U ) —{e}) +v((S2 U P1) — {e}) (2)
> AM(S1UBRy) —{e}) + A((S2 U 1) — {e}) (3)
> AM(S1U S2) — {e}) + AP U P) (4)
= A(S1U52) = {e}) + (AU R), (5)

where (2) follows from (1) by the equalities given above, (3) follows from
(2) by Lemma [4.30} (4) follows from (3) by submodularity, (5) follows
from (4) by Lemma [4.28] Therefore the claim holds. O

Now suppose that S;US, contains at least two parallel triangles, two of which
we shall call Py, P, and P|, Py, Q where Py, P{ € Sy and P,, Pj € Ss.
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Note that y((S;USs) — (PLU{e})) +7((S1USs) — (Pu{e}) = v((S1USs) —
{e}) +~v((S1 U S2) — (P, U PyuU{e})). Therefore:

Y((S1U S2) — {e}) +7((S1 U S2) — ({e} U PLU Fy)) (1)
=7((S1US2) = ({e} U P)) +7((S1US2) —({efUR))  (2)
> A(S1USs) = ({e}U 1)) + A(S1US2) — ({e}UR))  (3)
> A(S1US2) —{e}) + A(S1USs) —({eJUPUR))  (4)
> A((S1US2) —{e}) +7((S1US) —({e}u (P UR)) (5

where (2) follows from (1) by equalities given above, (3) follows from (2)
by the induction hypothesis, (4) follows from (3) by submodularity and (5)
follows from (4) by the first part of the lemma. Therefore A((S;USs)—{e}) <

Y((S1 U Sy) — {e}). O

Lemma 4.33. Let e be an edge of G between vertices v1 and vy and let S7 be
a star at vy such that e € S7, and Sy be a star at vy such that e € Sy. Then
)\(Sl U SQ) S ’)/(51 U Sg)

Proof. Let @ be the collection of edges of S; U Sy that are parallel to e. If
S1USy; = @ or one of Sy,9; is contained in () then the result holds by
Lemma [4.28] Our proof will be by induction on the number of triangles in

S1 U .S, and the following claim will provide our base case:

Claim 4.33.1. When S; U Sy is triangle free A(S7 U Ss) < v(S1 U Sy).

Proof. Suppose that S; U S, is a triangle free subgraph of G. If the only
edges in Sy or Sy are parallel to e, then the result holds by Lemma [1.28]
so we will assume that both S; and S, contain at least one edge each

that is not parallel to e.

Observe that v(S; U Q) + (52 U Q) = v(S1 U S2) + 2 and note that
by Lemma V(S UQR) = AMS1UQ), 7(S2UQ) = A(S2UQ), and
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Y(Q) =2 = A(Q). Therefore:

Y(S1US) +79(Q) =v(S1UQ) +7(S: UQ) (1)
— A5 UQ) + A(SsUQ) (2)
> A(S) U Sy) + A(Q) (3)
= A(S1U Sy) +7(Q), (4)

where the first equality holds by the equalities given above, (2) follows
from (1) by Lemma [4.28] (3) follows from (2) by submodularity and (4)
follows from (3) by Lemma[4.28 Therefore A(S; US:) < v(S1USy). O

Suppose that the result holds for subgraphs with less than k parallel triangles.
Now suppose that S; U Sy contains & > 1 parallel triangles. Let one of the
triangles of S;U Sy be Py, Py, @ (note that @ will be in all parallel triangles),
where P, € S; and P, € 55.

Suppose one of S; and S, contains no edges other than those in ) or in
P, U P,. Then the result holds by Lemma |4.30}

So suppose that both S} and S5 contain an element that is not parallel to any
element of () and is not contained in P; U P,. Then v; is not full with respect
to P UQ and vs is not full with respect to P,UQ. Let V(P;) = {vy,v3} and
note that v(S1UP,UQ) = v((S1— P1)UP,UQ) —full,, (P UP,)—full,, (S1UQ)
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and v((S1USy) — Py) = v(S1USs) +full,, (P UPy) +full, (S1UQ). Therefore:
")/(S1USQ)+’)/((51—P1)UP2UQ) :’y((SlUSQ)—P1)+7(51UP2UQ)
(
> A(S1US2) —P)+ A(S1URUQ)
(2)

> AS1US) +A(S1—P)UP)  (3)

A

(S1USy) +7((S1 — P)UPRUQ),
(4)

1)

where the first equality follows from the equalities given above, (2) follows
from (1) by the induction hypothesis and Lemma [4.30] (3) follows from (2)
by submodularity and (4) follows from (3) by Lemma using stars (57 —
P))U{e} and P, U {e} for some e € P;.

Therefore (S U Sa) > A(S; U Ss). O

Lemma 4.34. For allY C E(G), we have A(Y) < y(Y).

Proof. Let Y be a minimal subset of F(G) for which the lemma fails. In other
words, let Y be such that A(Y) > (V) and every Y’ C Y has A\(Y') < ~(Y").
If A(Y) > ~(Y) then, by C1, |Y] > 2.

Suppose that e is an isolated edge in Y, that is, e is an edge of Y that is
adjacent to no other edge of Y. The diagram below shows that subgraph of
G whose edges are the edges in Y.

V2

v
oy

Let V({e}) = {v1,v2}, and let f € Y —{e}. Then v(Y —{e}) =v(Y)— (1 —
fully, (€))—(1—full,,(e)), and y({e, f} = y({f})+(1—fully, (e))+(1—full,, (¢)).
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Therefore:

YY) +v{f}) =7 —{e}) +v({e, f}) (1)
> MY —{e}) + A({e, f}) (2)
> AY) +A({f}H (3)
= A\Y) +v({f}): (4)

where the first equality holds by the equalities given above, (2) follows from
(1) by minimality of Y and C1, (3) follows from (2) by submodularity and
(4) follows from (3) by C1.

Therefore v(Y) > A(Y) contradicting the assumption that Y is a minimal
subset of E(G) for which \(Y) > ~(Y). Therefore ¥ cannot contain an
isolated edge.

Suppose that e is an element of Y which is incident with exactly one vertex
in V(Y — {e}). Again, the diagram below shows that subgraph of G whose
edges are the edges in Y.

U1 U2

Let V({e}) = {v1,v2} where v; € V(Y — {e}). Let S be a maximal subset
of Y that is a star of G at v; (note that S contains at least two elements).
Then v(Y — {e}) = v(Y) — (1 — full,,(e)) + full,, (Y), and v(S) = (S —
{e}) + (1 — full,,(e)) — full,, (S). As full,, (S) = full,, (Y):

YY) +7(5 —{e}) =Y —{e}) +1(5) (1)
> MY —{e}) + A(5) (2)
= AMY) + A(S —{e}) (3)
= AMY) +7(5 —{e}), (4)

where the first equality holds by the equalities given above, (2) follows from
(1) by the minimality of ¥ and Lemma [£.28 (3) follows from (2) by sub-
modularity and (4) follows from (2) by Lemma [4.28, Therefore v(Y) > A(Y)

contradicting the assumption that Y is a minimal subset of E(G) for which
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A(Y) > ~(Y). Therefore every edge of Y must be incident with two vertices
in V(Y —{e}).

Suppose that e is an element of Y which is incident with two vertices in
V(Y —{e}).

V2

Let V({e}) = {vi,v2}. Let S; be a maximal subset of Y that is a star of G
at v; and let Sy be a maximal subset of Y that is a star of G at vy (note that
S1 and S both contain at least two elements). Then y(Y — {e}) = v(Y) +
full,, (Y)+full,, (Y), and v(S1USs) = (S1USy —{e}) —full,, (S1) —full,, (Ss).
As full,, (S1) = full,, (Y) and full,, (S2) = full,,(Y):

YY) +7(S1U S —{e}) =v(Y —{e}) + (51U S2) (1)
> MY — {e}) + A(S; U Ss) 2)
> AY) + A(S U Sy — {e}) (3)
= A(Y) + (51U 52 — {e}), (4)

where the first equality holds by the equalities given above, (2) follows from
(1) by minimality of ¥ and Lemma [1.33] (3) follows from (2) by submod-
ularity and (4) follows from (3) by Lemma [4.32] Therefore v(Y) > A(Y)
contradicting the assumption that Y is a minimal subset of E(G) for which
AY) > ~(Y).

As we cannot find a minimal Y for which A(Y) > ~(Y), for all Y C E(G)
we have v(Y) > A(Y). O

Lemma 4.35. For allY C E(G), A(Y) > ~(Y).

Proof. We will consider a set Y which is maximal with respect to A(Y) <
~v(Y), in other words for any A C E(G) - Y, v(Y UA) < A(Y UA). Note
that, by C'1 and symmetry, \(Y) = y(Y) for all Y C E(G) such that |Y| >
IB(G)] -2
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Suppose that V(G) # V(Y). Then, either there is an edge e with V(e) =
{v1,v2} where v; € V(Y') or Y is a separator of G.

Suppose first that Y is a separator of G. Note that v(Y)+~({e}) = v(YU{e})
if eisin £ — E(Y). Therefore:

1Y) +y({e}) =Y Ufe}) (1)
< AY U{e}) (2)
< AY) +A({e}) (3)
= AY) +({e}), (4)

(2) follows from (1) by maximality of Y, (3) follows from (2) by submodu-
larity and (4) follows from (3) by C1. Therefore in this case y(Y) < A(Y).

Next suppose that Y is not a separator of G. Therefore there is some edge e
such that V({e}) = {v1,v2} where v; € V(Y) and vy ¢ V().

U1 U2

Let the maximal subset of Y U {e} that is a star of G at v; be S. Note that

(Y U{e}) =~(Y) + (1 — fully, (¢)) — fully, () and 7(5 —{e}) = () — (1 -
full,, (e)) + full,, (5). Therefore:

1Y) +9(5) =7V U{e}) +7(5 = {e}) (1)
SAY U{e) A5 = {e}) (2)
< A(Y) +A(S) (3)
<A(Y) +(9), (4)

where the first equality follows from the equalities given above, (2) follows
from (1) by maximality of Y and Lemma [1.28] (3) follows from (2) by sub-
modularity and (4) follows from (3) by assumption and Lemma [4.28 a con-

tradiction.
Therefore every vertex of G must be contained in V(Y).

As the result holds for £(G) and we are considering Y to be a first subset of
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E(Q) for which the result fails, there must be an edge in E(G) that is not in
Y. Let e be such an edge and suppose e is incident with vertices v; and vy
(both of which are in V(Y)).

V2

Consider the maximal subset of Y'U{e} that is a star at v; which we shall call
S1 and the maximal subset of Y U {e} that is a star at v which we shall call
Sy. Then v(S1USy) = v((S1US2) —{e}) — full,, (S1) — full,, (S2) and (Y') =
y(Y U{e})+full,, (Y U{e}) + full,, (Y U{e}). As full,, (S;) = full,, (Y U{e})
and full,, (S2) = full,, (Y U{e})

YY) + (51U S2) = (Y U{e}) + (51U Sy — {e}) (1)
MY U{e}) + A(S1U Sy — {e}) (2)
AY) 4+ A(S1US,) (3)
A(Y) + (51 U Sa), (4)

<

IN

A

where the first equality follows from the equalities given above, (2) follows
from (1) by maximality of Y and Lemma [4.32] (3) follows from (2) by sub-
modularity and (4) follows from (3) by assumption and Lemma {4.34, A

contradiction.

Therefore there does not exist a set Y for which the theorem fails so A(Y) >
1Y) O

Combining our last two lemmas we immediately get a proof of the following

theorem:

Theorem [4.25] Let G be a graph with connectivity function . Let \ be a
connectivity function on E(G) such that \(X) = v(X) whenever X C E

satisfies any one of the following:

C1|X| <2,

C2 X is a complete star of G,
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C8 X is an almost-complete star of G,
C4 X 1is a broken star of G,

C5 X is a triangle, mazimal parallel triangle, or XU{e} is a mazximal parallel
triangle for some e € E(G) — E(X),

C6 X is a parallel class in G.

Then AM(X) = ~(X), for all X C E.

Theorem [4.1l There is some polynomial p such that, given an arbitrary
connectivity function X, we are able to establish whether or not X is graphic
in at most p(n) evaluations of the connectivity function, where n is the size
of the set on which \ is based.

Earlier in this section we saw an example of a graph that could be built from
a connectivity function, A, according to our algorithm, but did not have
connectivity function A\. This means that there is some case where not all
C1-C6 are redundant. However, we do not show that C'7-C6 is a minimal
set of conditions and the example used to show that checking is sometimes
necessary is a graph whose connectivity function does not generally behave

nicely. This leaves us with the following open questions:

Open Question 1 Are C1-C6 a minimal set of conditions for checking
v= A

Open Question 2 Are any such conditions necessary if we can build a graph
that would have \ as its connectivity function were A graphic, and this graph
does not lie within some particular small collection of graphs (such as the
collection of graphs that cannot be built identically, when we do not consider

loops and isolated vertices, from the connectivity function).



Chapter 5

Matroidal Connectivity

Functions

Definition 5.1. A connectivity function, A, is matroidal, if there is some

matroid M such that, py, = A where ), is the connectivity function of M.

This section focuses on recognising when a connectivity function is matroidal.
Certainly not every connectivity function is matroidal, as all connectivity
functions that come from a matroid are unitary. In [8] an example is given
of a unitary connectivity function that is not matroidal. This example is

described below:

A:{a,b,c,d} = Z>g
A({i}) =1 for i € {a,b,c,d}
A({a,b}) =1
A{a,c}) =

({a,d}) =

The remaining values can be found by symmetry. This connectivity function
can be obtained by taking the connectivity function of a graph that is a cycle

of length four, and dividing this connectivity function by two.

In Section 5.1 we give an alternate, albeit similar, proof of a theorem of

Lemos. Specifically the theorem is that if two matroids, M; and M, have

100



CHAPTER 5. MATROIDAL CONNECTIVITY FUNCTIONS 101

the same connectivity function and r(M;) # r(M,), then My = M;. Af-
ter this, the remainder of this chapter focuses on recognition problems for
matroidal connectivity functions. In Chapter 4 we provided an algorithm to
decide when a connectivity function is graphic. Recall that when we refer to
a polynomial number of evaluations of the connectivity function, we mean
polynomial in the size of the set on which the connectivity function is based.
The next step is to attempt to do the same for matroids, which leads to the
following question: Is there a polynomial p such that we can identify when a
connectivity function, A, is the connectivity function of a matroid in at most
p(n) evaluations of the connectivity function where n is the size of the set on
which )\ is based? We study this question in Section 5.3 and use spikes, a class
of matroids known to provide counterexamples to many natural conjectures,
to prove that the answer to this question is no, we cannot identify when a
connectivity function is matroidal in a polynomial number of evaluations of

the connectivity function.

This, however, is not the only recognition problem for connectivity functions;
there is also the question of whether it is possible to add an extra axiom,
or axioms, to the axioms of connectivity functions to give an axiomatiza-
tion of matroidal connectivity functions. In this case we are not looking
for something that may be checked in a small number of evaluations of the
connectivity function, but rather for something that can be written nicely
as an axiom. Mayhew, Newman, and Whittle investigate a similar question
for representable matroids. In [7] they investigate whether it is possible to
add finitely many axioms to the matroid axioms to give an axiomatization
of matroid representability. A discussion on what we mean by written nicely

as an axiom can be found in [7]. This leads us to another question:

Open Question 3: Is there an axiom that can be written in a logic that is
no stronger than the logic used to write connectivity function axioms, that
can be added to the axioms of connectivity functions, to ensure that the

connectivity function is the connectivity function of a matroid.

In Section 5.4 we investigate Open Question 3 for the restricted class of
self-dual matroids. In particular we find an axiomatization for when a con-
nectivity function comes from an identically self-dual matroid. Unfortunately
this didn’t seem to give me any intuition about whether or not we can do a

similar thing for general matroids.
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5.1 Matroids With The Same Connectivity
Function

It is proved in [6] that if two matroids, M; and M, have the same connectivity
function and r(M;) # r(Ms), then My = M; (when M is used to denote
the matroid dual of Mj). As this is an important result we give a proof
of it again here. Our proof is very similar to the one in [6], but uses more
elementary results (for instance we do not rely on results of Tutte), and is a

little more detailed. The duals in this section will all be matroid duals.

Definition 5.2. Let M, My, M5, M, be matroids on a set E, where each
M;, for ¢ € {1,2,3,4}, has rank function r;. If, for every X C E, we have
r1(X) + (X)) = r3(X) + r4(X), then we say that (M, My) ~ (Ms, My).

We are interested in such matroids as matroids M and N have the same

connectivity function if, and only if,

ru(X) +ryu(E—X)—ry(E)=ry(X) +ry(E—X) —ry(F)
= ru(X) +ry(X) — | X| =ry(X) +ry(X) — [X]

= ru(X) +ry(X) = ry(X) + ry(X)

< (M,M*)~ (N,N").

s

Definition 5.3. Recall from chapter 2 that we may say that a matroid
on a set F is not connected, or disconnected, if the connectivity of some
X C F such that X # (), is equal to 0. Otherwise we say that the matroid is
connected. We say that a pair, (My, M), is connected if pps, (X)+pan,(X) > 1
for some X C F such that X # ().

For (M;, Ms) to be connected it is sufficient that one of M; and M, is con-

nected, however, this is not necessary.

The main theorem for this section is the following:

Theorem 5.4. Let My, My, M3, My be matroids on a set E. If (My, My) ~
(M3, My) and (M, My) is connected, then B is a base of My or My if, and
only if, B is a base of M3 or My.

It is a well known result, and can be found in [9], that if B; is a basis for
matroid M;, then |B;| = r(M;), so by Theorem [.4 we are able to say
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that if (My, My) ~ (Ms, My) and (M, M) is connected, then { My, My} =
{Ms, My} or ryry, = ra, = s = Tag,- Suppose that we have a connected
matroid with r(M) # r*(M), and a matroid N with the same connectivity
function as M. Then (M, M*) ~ (N, N*) and so {M, M*} = {N, N*}.

The following lemma shall be used throughout the remainder of this section.

Lemma 5.5. If (M, M) ~ (M3, My) and e € E then
1. (My\ e, My\e)~ (Ms\e M\ e)
2. (My/e,My/e) ~ (Ms/e, My/e)
3. (My, M) ~ (Mg, M)

Throughout the remainder of this section we will let M;, My, M5, M, be ma-
troids on groundset E such that (M, Ms) ~ (Ms, My).

Establishing when (M, M) ~ (Ms, M,)

The next few lemmas prove that (M, My) ~ (M3, My) if, and only if, for all
CCFE

{i: C'is a circuit of M; and i € {1,2}}| =
[{i: C'is a circuit of M; and i € {3,4}}|.

Definition 5.6. A modular pair of circuits of a matroid M is a pair of
circuits, {C1, Cy}, such that r(C; U Cy) = |Cy U Cq| — 2.

Definition 5.7. Let C; and C5 be circuits of M. A path joining C; to Cs is
a sequence of circuits, Fp, ..., P,, of M such that all the following hold:

l) ClzpoandCQZPn
H) IDl N ]DiJrl 7é wa and
iii) {P;, P;11} is a modular pair of circuits of M for every i.

Lemma 5.8. Suppose that Cy and Cs are circuits of a matroid M, and
e € C1NCy. If (CyUCy) — {e} contains a unique circuit, then r((Cy U
Cy) —{e}) = |(CLUCy) —{e}| — 1. Moreover {Cy,Cs} are a modular pair of

circuits.
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Proof. 1f e € C1NCy, then there is some circuit contained in (C; UCy) —{e},
and so r((C1UCy)—{e}) < |(C1UCy)—{e}|. Suppose that r((C1UCy)—{e}) <
|(CLUCy) —{e}| —1, then (C;UCs) —{e} contains no independent set of size
|(C1UCy) —{e}| — 1. Therefore ((C; UCy) —{e}) — {f} must be dependent
for all f € C1UC%, so for some a € C} it must be that ((C;UCy) —{e}) —{a}
contains some circuit C3, and, as C3 cannot be contained in C it must be
that C'3 contains some § where § € Cy (also note that C5 must contain an
element of C; as C3 ¢ C5). We also know that (C,UCy) —{e} — {5} contains
a circuit, and this circuit does not contain /3 so is not equal to C3. Therefore

we have found two distinct circuits contained in (C} U Cy) — {e}.

As e € cl(Cy UCy) —{e} we know that r(Cy UCy) = r((C1UCy) — {e}), so if
(Cy U Cy) — {e} contains a unique circuit, then r(Cy U Cy) = |Cy U Cy| — 2,

so {C1, Cy} are a modular pair of circuits. O

The following lemma is a direct consequence of a result of Tutte given in
[14]. However, we give a proof here which does not use that result. We do
however need the strong circuit elimination axiom, which can be found in
[9], that is: Let M be a matroid with set of circuits C. If C} and Cy € C are
such that e € 1N Cy and f € C — Cs, then there is some C3 € C such that
feC; C(CLUCy) —{e}.

We use AAB to denote the symmetric difference of A and B (ie (A — B) U
(B—A)).

Lemma 5.9. Let Cy and Cy be circuits of a matroid M with e € C; N Cy.
Then there is a path, Pi,...,P,, from Cy to Cy such that e € P; for all
ie{l,...,n}.

Proof. We prove this result by induction on |C; U Cy|. For the base case
assume that |C; U Cy| = |Cy]| + 1. Suppose that (C; U Cy) — {e} contains
at least two distinct circuits. As these two circuits cannot be contained in
C1 —{e} they must both contain the element, 5 in Cy — C;. We shall refer to
these two circuits as C3 and Cy. By the circuit elimination axiom this means
that there is a circuit in (C3UCy) —{f} which, as e ¢ C3UCy, is a subset of,
but is not equal to, Cy. This is a contradiction as C} is a circuit. Therefore
there is a unique circuit contained in (C; U Cs) — {e} and so, by Lemma5.8]
r(C1UCy) = |CyUCy| — 2.
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Suppose that C and C5 are circuits and e € C7 N Cy. Then, by the circuit
elimination axiom, there exists some C3 C (C; U Cy) — {e}. Suppose that
there is some such Cj5 such that there is some o € C1ACs such that o ¢ Cs.
Without loss of generality we shall assume that o € C; — Cy. As Oy SZ (&
there is some 3 € (Cy — C1) N C3. By the strong circuit elimination axiom,
as e € Cy — (3, this means that we can find some Cy C (C3UCy) — {5} such
that e € Cy, and |C; U Cy| < |C1 UCy| and |Cy U Cy| < |Cy U Cs|. Therefore,
by the induction hypothesis there is a path from C4 to C; and from Cj to
Cs, and so there is a path form C4 to Cs.

Suppose there is no a € C;ACy such that o ¢ Cs. If there is only one
circuit in (C; U Cy) — {e} then r(Cy U Cy) = |Cy U Cy] — 2 and so we are
done. Therefore we shall assume that there are two circuits, C3 and Cj in
(Cy U Cy) —{e}. For all a € C1AC,, by our assumption o € C3 N Cy.
Without loss of generality let o € Cy — Cs. Then by the circuit elimination
axiom there is some C5 C (C3 U Cy) — {a} such that e ¢ C5. Therefore
e € Cy — (5 and there is some § € (5 that is also in C5, as otherwise
Cs € (). By the strong circuit elimination axiom this means that there is
some Cg C (C5UCy) — {5} such that e € Cg (note that this does not contain
a so is not C7). As Cg C C; U Cy and contains neither a nor 5 this means
that |C; U Cg| < |C; U Cy| and |Cy U Cg| < |Cy U Cy|. Therefore, by the
induction hypothesis there is a path from C4 to Cg and from Cg to C5, and
so there is a path form C4 to Cs. ]

Lemma 5.10. Let {Cy,Cs} be a modular pair of circuits in a matroid, and
let a € Cy — Cy. Then Cy is the unique circuit contained in Cy; U Cy — {a}

Proof. Let a € C; — Cy and 8 € Cy — C be arbitrary. Then, as C; and Cy
are circuits, we have a, 8 € cl((Cy — {a}) U (Cy — {5})), so r((Cy — {a}) U
(Cy — {B5})) = r(CLUCy) = |Cy UCy| — 2. Therefore, as |(C} — {a}) U
(Co —{B})| = |CLUCy| —2 =r((Cy —{a}) U (Cy —{B})), it must be that
(Cy —{a}) U (Cy — {B}) is independent.

Suppose there is some circuit, C' C C; U Cy — {a}. Then, if there were some
f € Cy—Cy such that 5 ¢ C, C would be a circuit contained in (C; — {a})U
(Cy —{B}), which would contradict the fact that (C; — {a}) U (Cy — {5}) is
independent. Therefore every 5 € Cy — C is contained in C'. Suppose that
C # (Cy, Then, for any g € Cy — (', there exists some C3 C C' U Cy — f.
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This means that C3 C ((Cy — {a}) U (Cy — {B})), which is a contradiction
as (C7 — {a}) U (Cy — {B}) is independent. Therefore no such Cj exists, so
C = (. O

Lemma 5.11. Let {Cy,Cy} be a modular pair of circuits and let e € C1NCs.
Then for every C C (Cy U Cy) — {e}, the symmetric difference, C1ACy is

contained in C'. Moreover {C,C1} and {C,Cy} are modular pairs of circuits.

Proof. Suppose that there is some C' C (C; U Cy) — {e} such that for some
a € C1AC,, we have a ¢ C. Without loss of generality we shall assume that
a € Cp — (5. As both C and (4 are distinct circuits, C' SZ C1, so there is
some [ € Cy — (4 such that g € C. Therefore 5 € Co N C. Therefore, by
circuit elimination, there is some C3 C Co UC — {5} C C, U Cy — {a, B} so
C3 # Cy and C3 does not contain a. This contradicts Lemma [5.10], so there
can be no o € C1;ACy such that a ¢ C.

Now consider r(C' U ;) for i € {1,2}. As C1ACy; C C, it must be that

Lemma 5.12. Suppose that

{i: Cis a circuit of M; and i € {1,2}}| =
[{i: C is a circuit of M; and i € {3,4}},

fO'I” all C - E. Then (Mh MQ) ~ (Mg, M4)

Proof. The result holds when |E| = 1.

Assume, for the purposes of induction, that (M; \ e, Ma\e) ~ (M3 \e, M4\ e)
for every e € E. We need to show that (M, Ms) ~ (M3, My). To do this it
suffices to show that r(My) + r(My) = r(Ms) + r(My), as (M \ e, My \ €) ~
(M3\e, My\e) for every e € E. Suppose that r(My)+r(My) # r(Ms)+r(My).
Then, as r(M; \ e) +r(My \ e) = (M3 \ e) + (M4 \ e) by the induction
hypothesis, and r(M;) + r(Msy) # r(Msz) + r(M,) by assumption, we must

have:
r(My)—r(Mp\e)+r(My)—r(My\e) # r(Ms) —r(Ms\e)+r(My) —r(My\e).

If E — {e} spanned e in all M; then r;(E) = r;(E — {e}) for all i and so
we would have r(M;) — r(M; \ e) + r(My) — r(My \ e) = r(Ms) — r(Ms \
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e) +r(My) —r(My\ e), a contradiction. Therefore there is some i such that
E — {e} does not span e in M;. This means that e is a coloop of some M;.
Without loss of generality let ¢ = 1, in other words, suppose that e is a coloop
of Ml.

Claim 5.12.1. E — {e} spans e in M; for all i € {2,3,4}.

Proof. First suppose that E — {e} does not span e in M,. This means
that e is a coloop of Ms. Therefore e is not contained in any circuit of
Mj and, as e is also a coloop of M, e is not contained in any circuit of
M. By the assumption in the statement of the theorem this means that
E—{e} does not span e in M3 or in My. Therefore r;(E) = r;(E—{e})+1,
so r(My)+r(My\e)+r(My) —r(Ma\e) =r(Ms)—r(Ms\e)+r(My)—

r(My \ e), a contradiction. Therefore E' — {e} must span e in M.

It cannot be that E — {e} spans e in exactly one of M3 and M, as
otherwise we would have r(M;) — r(M;y \ e) + r(My) — r(My \ e) =
r(Ms) — r(Ms \ e) + r(My) — r(My \ e), a contradiction. Therefore
E — {e} either spans e in neither or both of M3 and M. Suppose that
E — {e} spans e in neither M;3 nor M,. This would make e a coloop of
Mj3 and of My so e would not be contained in any circuit of Mj3 or of
M,. However, this contradicts the assumption in the statement of the
theorem as E — {e} spans e in M, and so e is contained in some circuit
of Ms. Therefore E — {e} must span both M3 and M,. O

This means that every circuit, C, of M3 or M, which contains e, must also
be a circuit of My, and C can only be a circuit of exactly one of M3 and M,
(as M; does not contain any circuit containing e). Let C5 be a circuit of M3
which contains e and C4 be a circuit of M, which also contains e. Note that
C5 and Cy are also circuits of My. Therefore by Lemma [5.9] there is a path,
By, ..., P, in M, such that By = ('3 and P, = C}, and each P, contains
e. Therefore P; is not a circuit in M for all i € {0,...,n}, so each P; is a
circuit in exactly one of M3 and M,. Therefore there is some P, so that Py
is a circuit in M3, and Py, is a circuit in My. Let C be the circuit of M,
contained in Py U Pry1 — {e} (such a circuit exists by the circuit exchange

axiom). As C'is a circuit of M, it must also be a circuit of Ms or Mj.
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Without loss of generality say that C'is a circuit of M.
Let & € Py — Pyy1. Then, by Lemma [5.11}, o € C' and {C, P;} is a modular

pair of circuits.

Let C” be a circuit of Mj such that e € C" and C' C (P, UC) — {a}. There
will be such a circuit by the strong circuit elimination axiom as both P
and C are circuits in M3. By Lemma as {C, Py} is a modular pair of

L ,
circuits, " = P11

This means that Py; is a circuit in both M3 and My, a contradiction. [

Let M be a matroid with circuit set C. Recall that the collection of circuits

of M\ {e}is{C|C €C,e¢ C}
Lemma 5.13. Suppose that (My, My) ~ (M3, My). If C C E then

{i: C is a circuit of M; and i € {1,2}}| =
{i: Cis a circuit of M; and i € {3,4}}|.

Proof. Suppose that we can find some My, My, M3, My, E and C' for which
the lemma fails. Choose these such that |C| + | E| is as small as possible.

Claim 5.13.1. E=C.

Proof. Suppose E # C'. Then there is some e € E — C. By Lemma [5.5]
(My \ {e}, My \ {e}) ~ (M3 \ {e}, M4\ {e}), and, as e ¢ C, C is a
circuit of M; \ {e} if, and only if, C is a circuit of M for i € {1,2,3,4}.
Therefore [{i : C'is a circuit of M; \ {e} and i € {1,2}}|

# [{i : Cisacircuit of M; \ {e} and ¢ € {3,4}}|, contradicting the
minimality of |E| + |C]. O

C' cannot be a circuit of both M; and either Mz or M,;. Without loss of
generality suppose that C' was a circuit of both M; and M;s. This would
mean M; = M3 and so, since (M, Ms) ~ (M3, My), we would have My = My,
which would mean [{i: C'is a circuit of M; \ {e} and i € {1,2}}|

= |{i: C is a circuit of M;\{e} and i € {3,4}}|, a contradiction. Therefore
C cannot be a circuit of both M; and M5 or M.

Suppose C' were a circuit of M; and M,. By the previous paragraph C' cannot

be a circuit of either M3 or M.
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Claim 5.13.2. Neither Ms nor My contains a circuit.

Proof. Suppose that M3 contained a circuit, C’. As C" # C' there is some
e € E that is not in C". This means that C’ is also a circuit of M3\ {e},
but is not a circuit of M; \ {e} or My \ {e} (as C is a circuit of both M;
and My). Therefore [{i: C'is a circuit of M; \ {e} and i € {1,2}}|

= |{i: Cisacircuit of M; \ {e} and i € {3,4}}|, and (M, \ {e}, M\
{e}) ~ (M;3\{e}, My\{e}), contradicting the minimality of |C|+|E|. O

Therefore r(My) + r(My) = 2|E| — 2 # 2|E| = r(M;3) + r(M,) and so
(M, My) = (Ms, My); a contradiction.

Suppose that C' is a circuit of M; but not of M; for i € {2,3,4}. Let
C'" C E. If " is a circuit of M3 or My then C’ is a circuit of M, and
exactly one of M3 or M, (as otherwise |C| + |E| would not be as small
as possible). Let N be a matroid on groundset F with no circuits. Then
[{i: Cis a circuit of N; \ {e} and i € {1,2}}|

= [{i : Cisacircuit of N; \ {e} and i € {3,4}}|, where N; = N and
N; = M; for all i € {2,3,4}; which, by Lemma [5.12] means that (N, My) ~
(M3, My). But r(N) = r(M;) + 1 so this contradicts the assumption given
in the lemma, that (M, My) ~ (Ms, My). O

Matroids with Low Connectivity

For this section we shall suppose that M, My, M3, M, are matroids on a set
E such that (M, My) ~ (Ms, My), and that M; has connectivity function
par, for @ € {1,2,3,4}. We shall further suppose that M; and M, are such
that 1 < ppr, (X) + par, (X) < 2 for all X C F such that X # 0. We study
these cases separately as these are the pairs of matroids that are connected
but may have (M; \ {e}, My \ {e}) not connected for some e € E.

We use M | A to denote M \ (E — A).

We shall also need the following Lemma which can be found in [9].

Lemma 5.14. Suppose that M and N are connected matroids on the same

groundset, E. If e € E and M, and My have the same circuits containing e,
then Ml = MQ.
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Lemma 5.15. If there is an X that is a connected component in My and M,
and is such that M| X = M| X, then My, = M;

Proof. Choose Ay, Ay C E such that all the following hold:
1) pi(A;) =0 fori e {1,2},

i) M;| Ai = My | A

iii) |Ay| 4 |As| is a maximum.

We know that we can find some such A; and A,, as choosing A, = () and
Ay = N, where N is the connected component common to both M; and Mj,
will give a pair A; and A, that fulfil i)-iii) above. This means that we cannot
have both A; and Ay, = (), as we can find some A; # () that works, and we

require |A;| + |Az| to be a maximum.

Suppose that Ay = Ay. As (My, Ms) is connected, then pipg, (A1) + pias, (A1) >
0 unless A; = () or E. As we know that up, (A1) = 0 and pa, (A1) =
par, (A2) = 0, either Ay or Ay = ) or E. As A; U Ay # (), this means that
A = Ay, = F and so M; = M,.

Suppose that there is some e € A; — A (a similar argument works if e €
Ay — Ay). Ase € Ay and My | Ay = M3 | Ay, we know that M; and M;
contain the same circuits containing e. By Lemma [5.14] we know that this
means that the connected component of M; containing e, which we shall call
Ni, and the connected component of M3 containing e, which we shall call
Ns, are equal. As (M, M) ~ (Ms, My), by Lemma[5.13] this means that M,
and M, have the same circuits containing e and so the connected component
of M5 which contains e, which we shall call Ny and the connected component
of M, which contains e, which we shall call N,, are equal. As e € A; — A,
we know that Ay # N, but

i) pan (A2 U E(Ng)) =0,

1) L00,|(AUE(NS)) = HMa|(AsUE(N2)) 85 HMalAs = Paalds and Uap (N, =

HMa|E(N2)-

and |A;| + |As U E(Ny)| > |Aq| + |Asl, contradicting the assumption that
|Ay| + |A2| is a maximum. Therefore we must have A; = A,, and so the

result follows. H



CHAPTER 5. MATROIDAL CONNECTIVITY FUNCTIONS 111

We now consider matroids on E that have a set X C E such that | X|, |E —
X|>1and pu(X) =1.

Definition 5.16. Let M and N be matroids, both with at least two elements
such that E(M)N E(N) = {e} where e is neither a loop nor a coloop. Then
M @9 N, known as the two-sum of M and N, is the matroid with groundset
(E(M)U E(N)) — {e} and collection of circuits:

C(M\{e})+C(N\{eHhU{(CuD)—{e}:ec CeC(M)and e D € C(N)}

The following theorem can be found in [10].

Theorem 5.17. Let M be a matroid on groundset E with connectivity func-
tion p, and let (X, Xs) be a partition of E such that u(Xy) = 1. Then there
are matroids My and My on X, U{e} and XoU{e} respectively where e ¢ E,
such that M 1is the 2-sum of My and Msy. Conwversely, if M is the 2-sum of
M, and My, then p(E(M,) — E(Msy)) = 1 and My and My are isomorphic to

manors of M.

Lemma 5.18. Suppose that Ny and Ny are matroids on a set E such that
for some X C E such that | X|,|E — X| > 1, we have pn, (X) = un, (X) = 1.
If N1 and Ny have the same set of circuits intersecting both X and E — X,

then N1 and Ny have a connected component in common.

Proof. As un,(X) = pn,(X) =1, then by Theorem we can write N as
a 2-sum of matroids, H; and Hj, and N; as a 2-sum of matroids, Hy and HJ,
where E(H;) = X U{e} fori € {1,2} and e ¢ E.

As N; and N, have the same circuits intersecting both X and F — X, this
means, by the definition of 2-sum, that H; and Hy have the same circuits
containing e. Let J; be the connected component of H; that contains e and
Js be the connected component of Hy that contains e. As J; and .J; both
contain the same circuits containing e and J; and J, are connected, J; = Js.
Similarly let Ji be the connected component of Hj that contains e and .J;
be the connected component of H) that contains e. By the reasoning above
H{ and H will have the same circuits containing e so J; = Jj. Therefore
JIAJ] = JoAJ) and J;AJ7 is a connected component of Ny and JoAJ; is a

connected component of N,. [
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Lemma 5.19. Suppose that (M, M) ~ (Ms, My) and there is some X C E
such that | X |, |E— X| > 1, that has pip, (X) = pa,(X) = 1. Then if My and
M3 have the same circuits intersecting both X and E— X, we have My = Mj.

Proof. This follows immediately from Lemma [5.18 and Lemma [5.15] m

Before proving the following lemma we note that if (M, My) ~ (M3, M,),
then foar, (X) + par, (X) = poass (X) + par, (X). Recall, from Lemma[2.20] that
if u(X) = 0 for some X C E, then there cannot be a circuit that intersects
both X and £ — X.

Lemma 5.20. If pips, (X) + pas, (X) = 1 for some X C E, then My = Mj or
Ml - M4.

Proof. As (M, Ms) ~ (Ms, My), we can, without loss of generality, assume
that fiag, (X) = pa, (X) =1 and oy, (X) = piar, (X) = 0.

Suppose that |X| = 1. Then, as pp, (X) = parg (X) = 0, we have 7y, (X) +
T, (X) = |X| for i € {1,2}, and so either ry,,(X) =0 or rj, (X) = 0. In
other words, X is either a loop or a coloop in Msy;. Assume that X is a loop
in My. Then, as (M, Ms) ~ (Ms, My) it must be that X is loop of M3 or M,
by Lemma[5.13] In fact X must be a loop of My, as g, (X) = 1. Therefore,
if | X| =1 and X is a loop of My, then X is a loop of M. By Lemma [5.5 we
can use a similar argument to show that if | X| = 1 and X is a coloop of M,

then X is a coloop of Mj.

Suppose |E — X| = 1. Then, by a similar argument, X is either a loop of M,
and My, or a coloop of My and Mj.

Therefore if | X| =1 or |E — X| = 1, either the matroids M, and M, have a
connected component in common, in which case, by Lemma [5.15], My = My;
or M; and Mj have a connected component in common, in which case, as
(M7, M3) ~ (M3, M;) by Lemma [5.5] we have M; = Mj by Lemma [5.15]

and so My = M,. Therefore we must also have M; = M;.

Now suppose that | X| > 1 and |E — X| > 1. As up,(X) =0 for i € {1,2},
there is no circuit of Ms; that intersects both X and EF — X. Therefore,
as (M, My) ~ (Ms, My), the matroids M; and M; must have the same
circuits intersecting both X and F — X by Lemma [5.13] The result follows
by Lemma [5.19 O
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Lemma 5.21. Let pup, (X) = pan(X) = pan(X) = pa,(X) = 1 and let
| X|, |E— X| > 2. Then either My € {Ms, My} or there are matroids N; and
N fori € {1,2,3,4} such that all the following hold:

1. (N1, Ny) ~ (N3, Ny),
2. MZ = Nz @2 N;

3. ENE(N) e {X,E— X}

Proof. As pup,(X) = 1 for some X such that |X|,|F — X| > 2, then, by
Theorem [5.17], M; is the two-sum of two matroids with X U{e} and (F—X)U
{e} as their groundsets. Define C; 7, for Z € {X,E— X} and i € {1,2, 3,4},

as follows:

Ciz ={CNZ:C is a circuit of M; which intersects both X and £ — X}.

Claim 5.21.1. CLZACQ,Z = C372AC472

Proof. Let Y € C;z. As M, is the two-sum of two matroids, N; and
N/, then N; is isomrphic to a minor of M;. Without loss of generality
we may assume that E(N;) = Z U {e} for some e ¢ E. Therefore for
some R, S C F — Z, we can say N; = M; \ R/S and, by the definition

of two-sum, Y U {e} is a circuit of NV;.
By Lemma (My\ R/S,My\ R/S) ~ (Ms\ R/S,My\ R/S).

By Lemma [5.13] it follows that either Y U {e} is a circuit of exactly one
of My \ R/S and My \ R/S and exactly one of M3\ R/S and My \ R/S,
or Y U{e} is a circuit of all M; \ R/S for i € {1,2,3,4}.

We now show that if Y U {e} is a circuit of M; \ R/S, then Y € C;
and so Y is a circuit in exactly one of C; z and Cy z and exactly one of
Csz and Cyz or Y is a circuit in all of Cy z, Ca 7, C37, and C4 z, and
therefore C; zACy 7z = C3 2ACy z. Suppose that Y U {e} is a circuit of
M; \ R/S. Then there is a circuit, C', of M; such that C " R = ) and
C—-—S=YU{e}. AsCNZ#Pand C—Z #0, wehaveY =CNZ
andso Y € Cj ¢ O
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Claim 5.21.2. IfY € Cl,Z — 6272, andY € Cg’Z — C47z, then Cl,(E—Z) =

CS,(E7Z) and CZ,(EfZ) = C4,(E72)-

Proof. Let Y' € Cy (g-z), then, by definition of the two-sum, Y’ UY
is a circuit of M; and not a circuit of M, (as Y ¢ Cy 7). Therefore,
by Lemma [5.13, Y/ UY is a circuit of exactly one of Mz and My. As
Y ¢ Cyz, we know Y/ UY is not a circuit of My, so YUY is a circuit
of M3. Therefore Y’ € C3 (p_z). This shows that Ci (g—z) C Cs5—2).
Similarly we can show that C3 (p_z) C Ci (p—z), and therefore Cy (p_z) =
Csp-z). As C1zACy 7z = C37ACy 7, this also means that Cy (p_z) =
Cu(p—27)- []

We now show that either M; € {Ms, My} or there are matroids N; and N
for i € {1,2, 3,4} such that all the following hold:

1. (Nl,NQ) ~ <N37N4),
2. M; = N; &2 N,

3. ENE(N) € {X,E — X},

we split into two cases.

Case 1: assume that C; z # Cyz for both Z = X and Z = (F — X). In
this case we show that we always have My = Mj. As Cy z # Cy 7, we can,
without loss of generality, assume that there is some Y € Cy z — Cy z. Then,
by Claim , this means thatY € C3 zACy z. Without loss of generality
we can assume that Y € C3 z — Cyz. Therefore, by Claim Ci(p-z) =
C3,(EfZ) and Cz,(Efz) = C4,(E72)-

We now show that C; z = C3 z. By Lemma this means that M; = M.
To show that C; z = C3 7z, we assume, without loss of generality, that there is
some Y € C gz — Cop—z. Then, by Claim [6.5.1] Y’ € C3 p-xACyp—x. If
Y’ € Cyp—z, then, as Cs (p—z) = C4,(p—z), this means that Y € C; so we get a
contradiction. Therefore Y’ € C3 p_x. This means that Y’ € C3 gz —Cy p—2.

Therefore, by Claim [6.5.2, C1,z = C3 7.
Case 2: suppose that C; z = Cy » for some Z € {X, E — X}.
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Claim 5.21.3. If Cy z = Coy z for some Z € {X,E — X}, then C, z =

Coz =C37 =0Cyz.

Proof. As C1 z0Cez = C370Cyz and Cy zACyz = ), we must have
Cs2ACyz =0 and so C3 z = Cy z. It remains to show that C; z = Cs .
To do this first let Y € Cy z. Then there is some circuit C of M; that
is such that CNX # 0 and CN(E—X) #0and CNZ =Y. By
Lemma [5.13] C'is a circuit of M3 or M, which, as M3 = My, means that
C'is a circuit of M3 and so Y € Cs z. Therefore C; z C (5 z. In a similar

way Cg,Z g Cl,Z and so Cl,Z = C37z. O

Therefore there is some N, N; for i € {1,2,3,4} such that E(N) = Z U {e}
and E(N;) = (E — Z) U {e} for some e ¢ E, and M; = N; @ N. As
M; = N; &4 N, the collection of circuits, Cy, of N; is equal to:

{C:CCE—ZandCis acircuit of M; or e € C and C — {e} € C; (g_z)}

To show that we have (Ny,N;) ~ (N3, Ng), by Lemma it suf-
fices to show that [{i : C'isacircuit of N; andi € {1,2}}| = [{i :
C is a circuit of N; and i € {3,4}}|.

Let C' € Cy, and C € Cy, for 4,5 € {1,2,3,4} and ¢ # j. Then C cannot be
a circuit in M; and in C; z at the same time, as Cy,z = Cy,z = C3, 7z = C4,z and

no circuit of M; is in Cj .

Let C' € Cy, and C' € Cy,. Either C'is a circuit of both M; and M that does
not intersect with £ — Z or is a circuit of neither M; nor M,. Suppose the
former. As (M, My) ~ (Ms, My) this means that C' is a circuit of both Mj
and M, that does not intersect with £ — Z, which means that C' € Cy, and
C € Cy,. I C'is a circuit of neither M; nor My, then C' € Cy z and C € Cy 5.
Therefore, as C; z = Co.z = Cs5, 2z = C4.z, we have C € C3 7 and C € Cy 2, and
so C' € Cy, and C' € Cy,.

Let C' € Cy, and C ¢ Cy,. We cannot have C' € C; z for i € {1,2,3,4} since,
as C1,z = Coz = C3z = C4z, this would mean C' € Cy 7, a contradiction.
Therefore C is a circuit of M; and not M,. This means that C' is a circuit
of exactly one of M; and M, and so, as C' ¢ C; z for i € {1,2,3,4}, the set

C'is a circuit of exactly one of N3 and Ny.
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Similarly if C' € Cy, and C ¢ Cy,, the set C is a circuit of exactly one of N3
and Ny.

Finally let C' ¢ Cy, and C ¢ Cl,. This means that C' is not a circuit of M
or M, and therefore not a circuit of M3 or My, and C' ¢ Cy, and so C' ¢ Cy,
and C ¢ Cy,. Therefore C' is not a circuit of N3 or V. O

Proof of Theorem

We are now almost in a position to prove the main theorem for this section.

Before we do this we must prove the following:

Lemma 5.22. Let M; and My be matroids such that E(M;) N E(Msy) = {e}.
Then B is a basis of My @y My if, and only if, B = (By U Bs) — {e} where
By and By are bases on My and M, respectively such that e € B1/A\Bs.

Proof. Let By and B, be bases of M; and M, respectively, and suppose that
e € BiAB;y. Without loss of generality let e € By — By. The set of circuits
of M1 D M2 is:

COMN\{e)+C(M\{eU{(CUD)—{e} s e € C € C(M,) and e € D € C(My)}.

As neither B; nor By contains a circuit in M \ e or M\ e, and By U{e} does
not contain a circuit in My, we can see that (B; U Bs) — {e} does not contain
a circuit of M @s M. This means that (B; U By) — {e} is independent in
My ©o M.

To show that (B U By) — {e} is a basis of M; @9 M, we must show that
(B1 U By) — {e} is maximally independent in M; &2 M,. Suppose that it is
not. Then there is some f € E(M; @y My) — ((B1 U By) — {e}) such that
((By U By) — {e}) U{f} is independent in M; @9 M. Note that f # e as
e ¢ E(M; @y Ms). Either f € E(M) or f € E(M;). Suppose first that
f € E(M,). As B is a basis for My, the set B; U {f} contains a circuit
in M;. The circuit of M; contained in By U {f} is also a circuit of M; \ e
and therefore is a circuit of My @y M,. Therefore ((B; U By) — {e}) U {f}
contains a circuit of M; @Gy My when f € Bj; a contradiction. Therefore
suppose that f € E(Ms). Then By U {f} contains a circuit of Ms, which we
shall call Cy. If e ¢ Cy, then Cy is a circuit of Ms \ e, and therefore a circuit
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of My @y Mo, a contradiction and ((B; U Bs){e}) U {f} is independent in
M @9 Ms. Therefore assume that e € Cy. As By is a basis of M; that does
not contain e, there is a circuit of M; contained in B; U {e} that contains e.
Call this circuit C;. As (s is a circuit of M, containing e and Cf is a circuit
of M containing e, the set (C; UCy) — {e} is a circuit of M; @9 My; but this
is contained in ((B; U B2) —{e}) U{f} and therefore ((By U By) —{e}) U{f}
is not independent. Therefore (By U By) — {e} is maximally independent in
M, @45 M, and so is a basis of My @y M.

Now suppose that we have a basis B of M; & M,. Suppose that B is fully
contained in M;. Then either |B| < r(M;) or B contains a circuit of M;. If
B contains a circuit of My, then, as e ¢ B, the set B also contains a circuit of
M\ e and therefore a circuit of M; @y My. This contradicts the fact that B is
a basis of M@ M, and therefore B cannot contain a circuit of M;. Therefore
B must be independent in M;. If |B| < r(M,), then |B| < r(M;)+r(My)—1,
as (M) > 1, as e is not a loop, and so | B| < r(M; @2 M), so B is not a basis
of My &y My, a contradiction. Therefore we shall assume that B is a basis for
M. Therefore |B| = r(M;). We know that r(M;Be Ms) = r(My)+r(Msy)—1,
so B can only be a basis for M; & M, if r(My) = 1. If r(Ms) = 1 then e is a
basis for My as e is not a loop, therefore B = By U By — {e} where By = B,
a basis for M; that does not include e, and By = {e}, a basis for Ms.

Now suppose that B has a non-empty intersection with both M; and M.
Let BNE; = Dy and BN Ey = Dy. Both Dy and Dy must be independent in
My and M, respectively, as otherwise B would contain a circuit of My Gy M.
This means that D; is independent in M; and D, is independent in M.
The only way that D; U Dy could be dependent in M; @9 My would be if
both Dy U {e} and Dy U {e} contained circuits of M; and M, respectively,
containing e. As B = Dy U Dy is a basis for My @, Ms, it cannot be that B
contains a circuit of My @y M. O

Theorem [5.4. Let M, M,, M3, M, be matroids on a set E; then, if
(My, My) ~ (Ms, My) and (M, My) is connected, then B is a base of M,
or M, if, and only if, B is a base of M3 or Mjy.

Proof. We shall prove that if B is a base of Mj, then it is a base of M3 or

M. As the relation ~ is symmetric we could use a similar argument to show
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that if B were a base of M3 or My, then B would be a base of M; or Ms,

and the result follows.

The proof is by induction on |E|. For the base case assume that |E| < 3. If
E contains an element, e, that is a loop of My, then e is also a loop in Mj3
or My by Lemma [5.13] and so, by Lemma [5.15, M; = M3 or M; = M, and
the result holds. Similarly if £ contains an element that is a loop of M, then
My = Mj or My = M, and so, as (M, My) ~ (Mj, My), we have M; = M,
or My = Mj; and the result holds. If E contains an element that is a coloop
of My or of My, then the result holds by duality. Therefore assume that |E|
contains no loops or coloops of M; or M,. Then the base case follows as there
are no such l-element matroids, one such 2-element matroid, and two such
3-element matroids. The two such 3-element matroids have different rank so

the result follows.

Suppose that (M \ {e}, Ms \ {e}) is disconnected for some e € E. Then
there is some A C E such that g e} (A) = 0 for all @ € {1,2,3,4}. There-
fore pp,(A) < 1 for all i € {1,2,3,4}. If ppr(A) + par,(A) = 1, then
by Lemma [5.20f, M; = Mj or My = M, and so the result holds. There-
fore we shall assume that u,(A) = 1 for all i € {1,2,3,4} (note that
poar, (A) + par, (A) # 0 as (M, My) ~ (Ms, My) and (M, My) is connected).
This means that by Lemma [5.21] either: M; € {Mj, My}, or there are ma-
troids V; and N for i € {1,2,3,4} such that all the following hold:

i) (N1, N2) ~ (N3, Ny),
ii) M; = N, @, N,
i) E(N) = AU{e} or B(N) = (E — A) U {e}

If My € {Mj, My} then we are done, so assume that such NV; and N exist,
and without loss of generality let E(N) = AU {e}. By Lemma we can
say that either:

(a) B— Ais abase of Ny and (BN A)U{e} is a base of N, or

(b) (B — A)U{e} is a base of N; and BN A is a base of N.

Note that, as (M;, My) is connected, (N7, Ny) is connected. Assume that (a)
holds. Then by induction B — A is a base of N3 or Ny, and, as (BN A) U {e}
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is a base of N and M; = N; @, N, the set B is a base of M3 or My. If (b)

holds then a similar argument shows that, again, B is a base of M3 or Mjy.

We have now shown that the result holds when (M;, M) is connected and
(M \ {e}, My \ {e}) is disconnected for some e € E. Therefore, for the
remainder of the proof, we shall assume that (M;\ {e}, M\ {e}) is connected
forall e € E.

First suppose that B = E and recall that a coloop is not contained in any
circuit (see [9]). This means that every e € F is a coloop of M;. Therefore,
by duality and Lemma [5.13| every element of E is a coloop of either Mj
or My. Let A; = {e € E : eis acoloop of M;} for i € {3,4}. As every
element of E is a coloop of either M5 or My, the set A3 U Ay, = F and, as a
coloop is not contained in any circuit, M3 and M, do not contain an element
intersecting both A3 and A,. However, as (Ms, M,) is connected, this means
that either As = () or A, = 0, and so either A3 = E or Ay = E, and so either

B is a base of A; or B is a base of Ajy.

Suppose that B # E, and let e ¢ B. By induction, as (M; \ {e}, M5 \ {e})
is connected and e ¢ B so B is a base of M; \ {e}, the set B is either a base
of M3\ {e} or My \ {e} and so B is a base of either M3 or M. O

5.2 Connectivity Polymatroids

Recall that the connectivity polymatroid generated by a connectivity func-

tion A on a set E, known as P,, is defined by
ey (X) = [[ X[y + AX),

for all X C E. The connectivity function of P, is equal to twice .

In [§] a description of when a connectivity polymatroid is the connectivity
polymatroid of a matroidal connectivity function is given. We give a slight
generalisation of the result and proof here. Note that in this result we use

the polymatroid dual, as opposed to the matroid dual.

However, before we do this, we shall need the following two lemmas:

Lemma 5.23. If u is the connectivity function of a matroid, then u is the
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connectivity function of a coloop-free matroid.

Proof. Let My = (FE,r;) be a matroid whose connectivity function is gy, .
Let a be a coloop of M; and let My = (E,r3) be the matroid defined as

follows:
A if A
ro(A) = nid) : i
r(A)—1 ifa€ A

This is the matroid obtained by replacing the coloop, a, of M; by a loop in
M. Tt is fairly easy to check that this is indeed a matroid. This gives

r(A)+r(E—A) —1—-(r(E)—1) ifag¢g A

-1
MMz(A) = { 7”1(14) _1+7,1(E_A) —_ (TI(E) — 1) if a € A,

so, in both cases, pn,(A) = pa,(A). inductively, this means that for any
matroidal connectivity function p, we can find a coloop-free matroid M, that

is such that py, = pu. O]

The proof of the following theorem is simple.

Lemma 5.24. Let M = (E,r) be a loopless matroid with connectivity func-
tion ppr. Then, for all X C E we have pp(X) = r(X) 4+ ry=(X) — || X,
where ry« 18 the polymatroid dual of M.

Theorem 5.25. Let A be a unitary connectivity function on a set E, and
let Py be the connectivity polymatroid generated by A. Then X is a matroidal
connectivity function if, and only if, there is some matroid, M, on E with

rank function r such that:

ey (X) = ra(X) + ry= (X)),
where r* is the rank function of the polymatroid dual of M, and X C FE.
Proof. Suppose that A\(X) is matroidal:

A(X) is matroidal
= MX) =ru(X) +ra(X) = [|X]]ry,
= MX) + || X[y, = 10 (X) + 72 (X)
= MX) + || X||x = rm(X) + ra(X) as M is coloop-free.

where M is a coloop-free matroid
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Suppose that rp, (X) = ry(X) + ra (X).

e (X) = rar(X) + 7 (X) (1)
= MNX) + || X]||x = rm(X) + ra (X) (2)
= AX) +[[X]|[x = par(X) + [| X[, (3)

where (2) follows from (1) by definition of rp, (X), and (3) follows from (2)
as fn (X) = 7 (X) + rage (X) = [|X]]ry -
When X = {a} for any A C E, we have 2\({a}) = pn({a}) + rn({a}).

Therefore, as A and gy are both unitary and rp({a}) < 1, we have

ru({a}) = nu({a}) = A{a}), so [|X[[x = |[X]lr\,. Therefore A(X) =
pa (X) for any X C E| and so A is matroidal. O

5.3 Spikes

Definition 5.26. Let n be an integer greater than 2. A matroid M with the

following properties is a rank-n spike:

1. E(M) is the union of n lines Ly,..., L, where each line contains two
points. Ly, ..., L, will be known as the legs of the spike (and each L,
will be a leg).

2. For all kin {1,...,n — 1}, the union of any k legs has rank k + 1.

3. r(LyULyU...UL,) =n

The next result is taken from [9]:

Theorem 5.27. A pair M = (E,C), where M is a matroid with collection of
circuits C, is a rank-n spike, if, and only if, E can be partitioned into pairs
{x;,y;} such that C is equal to C; UCy U Cy where Cy = {{,yi, z;,y;} = 1 <
i < j <r}, Cyis a, possibly empty, subset of {{z1,...,2.} : 2zi € {mi,yi}}
such that no two members of Cy differ in exactly one element, and C3 is the
collection of all n + 1 element subsets of E(M) that contain no member of
Cy UCs.
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The circuits in Cy are known as the transversal circuits of the spike. When
talking about spikes we shall use z; to describe a single element of {x;,y;},

and we shall refer to {z1,..., 2,} as a transversal of a rank-n spike.

Throughout this section we shall use the following results:

Lemma 5.28. Let S be a spike with legs Ly, . . ., L, and connectivity function
. Then

i) w{zays- - s 20, }) = k.
ii) (Lo, U+ ULy, ) = 2.

i) f(Lay U-+-U Ly, U{20,, 15+ Zap ) =m —k +2.
where k <m <n and a; € {1,...,n}.
Proof.

1) r({zays---s 20, }) = k and r(E — {24,,...,%q,}) = r(E). Therefore
M({Zau s 7Zak}) = T<{ZCLU s 7Zak}) = k.

i) r(Lg,U---ULgy,) = k+1and r(E—(Ly,U- - -UL,, )) = n—k+1. Therefore
p(LagyU---ULg, ) = 1(Lag,U- - -ULg, ) +7(E—(Lqg,U- - ULy, ) —7(E) = 2.

iii) It is easy to see that r(Lg, U---U Lg, U{Zap,1,---»2%am}) = m+ 1 and
7(E—(Lq,U---ULq, U{20,, s+ %an})) = n—Fk+1. Therefore we must
have pi(Lq,U- - -ULg, U{Za, 15 - - -5 Zay }) = MmA14+n—k+1-—n = m—k+2.

]

Lemma 5.29. Let pu be the connectivity function of a spike with legs
Ly,..., L, where n > 3, and let A be a connectivity function that agrees with
i everywhere except possibly on transversal sets. If there exists a matroid,
M, such that ppr = X\, then M s a spike.

Proof. Let M = (E,r) be a matroid such that gy, = A\. We do not yet know
that we have a spike, but we shall refer to pairs {z;, y;} as legs. We shall also
use a; to denote some integer in {1,...,n}. We need to show that the union of
any k legs has rank k+1 for all £ € {1,...,n—1}, and the rank of the union



CHAPTER 5. MATROIDAL CONNECTIVITY FUNCTIONS 123

of n legs is equal to n. First we shall look at the rank of k legs for k£ < n,
and without loss of generality we shall let those legs be L, U --- U Ly,.
As p is the connectivity function of a spike p(Lg, U --- U L,,) = 2, and
s0 A(Lg, U -+ U Ly, ) = 2. Therefore, r(Lg, U-+-U Lg, ) + 7*(Lg, U -+ U
L) = 2k + 2. We also know that (L, U {22,...,24.}) = k+ 1 and so
A La, U {22,...,24,}) = k + 1, and therefore this matroid would also have
to have 7(Lq, U {22,...,2a,}) + 7" (Lay U{22,...,24,}) —(k+1) =k + 1.
Therefore 7(La, U{za, ..., 24, }) =k +1=1%(La, U{2a,...,24,}). Therefore
(Lo, U---ULg, ) > k+1and r*(Ly, U---UL,, ) > k+1and as r(L,, U---U
Lo )+1"(Lg, U---UL,, ) = 2k+2, it must be that r(L,, U---UL,, ) = k+1.

Now consider 7(Ls, U -+ U L,,). We know that r(L, U --- U L, ) +
™(Layy -y La,) =2nand, as r(Lg, U-- UL, ) =n=1r"(Ly U---UL,, ,)
we have (L, U+~ UL, ) > n and 7*(Ls, U --- U L,,) > n. Therefore
7(Lgy U---ULg,) =n.

We have now shown that M satisfies the definition of a spike. m
For the remainder of this section we shall let a; € {1,...,2n}.

Lemma 5.30. Let E = {x1,y1,...,%on, Yon} be a set and C be a collection
of subsets of E that contains

i) all sets of the form {x;,y;,xj,y;} fori# j andi,j € {1,...,2n},

ii) all sets of the form {z1,..., zon} such that [{z1, ..., 220} O {Y1, ..., Y2n }| is

even and is strictly less than n.

iii) all sets of the form {z1,...,za}, such that |{z1,..., 220} N {y1, s Yon }|

18 odd and s strictly greater than n and

i) all sets of 2n+1 elements that do not contain any of the subsets described

above.

Then (E,C) is a spike with C as its collection of circuits.

Proof. By Theorem (E,C) will be a spike if, and only if, no pair of
elements of the form {z,...,29,} that are contained in C, differ in exactly

one element. It is clear that we have this property. [
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For the remainder of this section we shall call this spike S and let its con-

nectivity function be p.

Lemma 5.31. Let E = {x1,41,...,%on,Y2n} be a set and C be a collection

of subsets of E that contains

i) all sets of the form {x;,y;,xj,y;} fori# j andi,j € {1,...,2n},

i) all sets of the form {z1,..., zan} such that |[{z1, ..., zon} N {y1, ..., Yon }| is

even and is strictly less than n.

iii) all sets of the form {z1, ..., za,} such that |{z1, ..., zon} N {y1, ..., Yon }| is

odd and is strictly greater than n.,

w) the set {Yays- - Yan Tapirs - - - LTagn ts» aNA

v) all sets of 2n+1 elements that do not contain any of the subsets described

above.
Then C is not the collection of circuits of a spike.

Proof. By Theorem m, (E,C) will be a spike if, and only if, no pair of
elements of the form {z,...,29,} that are contained in C differ in exactly
one element. If n is odd, then the set {y1,...,Yn—1,%n,..., 22, } is in C
and differs from {y1,...,Yn, Tns1,..., 22, (which is also a member of C), in
exactly one element. If n is even, then the set {y1,...,Yni1, Tni2,---,Ton}
is in C and differs from {y1,...,Yn, Tns1,-.., T2}, in exactly one element.

Therefore, in neither case can C be the collection of circuits of a spike. [

Lemma 5.32. Let i be the connectivity function of the rank-2n spike whose

collection of circuits is:

i) all sets of the form {z;,y;,xj,y;} fori# j andi,j € {1,...,2n},

ii) all sets of the form {z1,..., zon} such that [{z1, ..., zan} OV {Y1, ..o, Yon }| is

even and is strictly less than n.

iii) all sets of the form {z1,..., 2z}, such that |{z1,..., 220} N {Y1, .., Yon }|

15 odd and is strictly greater than n and
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i) all sets of 2n+1 elements that do not contain any of the subsets described

above.

Let N\ be a set-valued function on the same set as p that agrees with

poin all sets except on the two sets {Yay,.- - Yan, Tapsrs-- - Tas, ) 00d
{Zars s Tans Yanrs - - - Yaon }» Which have N({Zay, - .., Tap, Yansrs - - > Yasn }) =
n—1=A{Yars--Yan>Tapsrs--->Tasn ). Then X is a connectivity function.

Proof. We need to show that A is submodular, that is A(A) + A\(B) >
MAUB) 4+ AMAnNB) for all A;B C E. If neither A nor B is equal

to ({Zay, - s Tan, Yaniar - - - s Yasn b OF ({Yars -+ s Yans Tansrs - - - s Tasy, t» then this

holds by the submodularity of © and by noting that for any X C E, we have
A(X) < p(X).

If either A C B or B C A then the inequality is trivial, so we shall suppose
without loss of generality, that A is equal to {y1,...,Yn, Tni1,.-.,Ton}, and
that A is not a subset of B and B dis not a subset of A.

Suppose that B = {z1,...,29,}. Then A(B),A\(A) > 2n — 1. We have
AMAUB) = u(AUB) = 2n — k where k is the number of legs fully contained
in AUB, and A(ANB) = u(AN B) = 2n — k where k is as above. As A and

B are both transversal sets and are not equal, we have k > 1. Therefore:

AMA)+AB)>(2n—1)+ (2n—1)
> (2n—k)+ (2n—k)
=ANAUB)+ AXANDB).

Suppose that B is not a transversal but contains elements from all legs. Then
A(B) = 2n — k where k is the number of legs that contain two elements of
B. We also have A(AU B) = 2n —m where m is the number of legs of AU B
that contain two elements of AU B, and A(AN B) = (2n — m) + k. Note

that, as we are assuming that A ¢ B we have m > k, so:

MA)+AXB)=2n—1)4 (2n — k)
>(2n—m+k)+2n—m
=AMAUB)+ XANDB).
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Suppose that B is of the form {z,,,..., 2., } where m < n. Then \(B) = m.
We also have A(AU B) = 2n — k where k is the number of legs that contain
two elements of AUB (note that as B ¢ A we have k > 1) and A\(ANB) <m
as B ¢ A. Therefore:

AMA)+AB)=2n—14+m
>2n—k+m
> AMAUB)+ AANDB).

Finally suppose that B is not a subset of a transversal and does not contain
an element of every leg, so B is of the form {L,, U---ULq, U{z4 - Zm}}-
This means that A\({Lq, U---ULg, U{2a;,,,---,2m}}) = m—k+2. Consider
AU B and AN B. We have A(AU B) = 2n — [ where [ is the number of legs
fully contained in AU B, and A\(AN B) < m as AN B is a strict subset of A
and AN B is a subset of a transversal. Note that £ < [. Therefore:

AMA)+AXB)=2n—14+m—k+2
=2n+m-—~k+1
>2n—1l+m
>MAUB)+ AANB)

This means that in every case A(A) + A(B) > AM(AU B) + A(AN B), and so

A is submodular. O]

The result we proved is actually slightly stronger than the one stated in the
lemma. We proved that, given a spike with connectivity function p that has
connectivity at least n—1 on all transversals, for any set X = {z1,..., 29, }, if
weput A(Y) =p((Y) forall Y # X, (E—X)and A(X) =2n—1=NE—-X),
then A is a connectivity function. However, the result stated in the lemma is

sufficient for our purposes.

Lemma 5.33. The connectivity function, X, described in[5.39 cannot be the

connectivity function of any matroid.

Proof. For the purposes of contradiction let M be a matroid with connectiv-

ity function A. As A = p on all non-transversal subsets of F, by Lemma [5.29]
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M must be a spike. For any k # n we have A({%a,, - - -, Tay: Yarsrs - - -+ Yasn }) =
2n — 1 and so, for any set of the form {x,,,...,%a,, Yap1>-- > Yas, } Where
k # n, exactly one of it and its complement is a circuit of M. This means
that exactly one of {z1,...x9,} and {y1,...,y2,} is a circuit of M. With-
out loss of generality let {z1,...,z9,} be a circuit of M. This forces all
sets of the form {z1,..., 22, } such that [{z1,..., 200} N {y1, ..., y2n }| is strictly
less than n and is even, and all sets of the form {z,...,2,} such that
{215 s 220 O {Y1, -y Yon }| 1s strictly greater than n and is odd, to be circuits
of M. As A({%a,, -+ %ansYani1>- -+ Yasny) = 2n — 1 either it or its comple-
ment must be a circuit of M, which contradicts Lemma [5.31] which states

that no such spike can exist. [

Theorem 5.34. Let p be any polynomial. Let \ be a connectivity function
of set E such that |[E| = n. We cannot recognise in p(n) of calls to the

connectivity function oracle, whether a connectivity function is matroidal.

Proof. Consider the connectivity function p, which is the connectivity func-
tion of S, the spike whose collection of circuits is C, where C is described as

follows:

i) all sets of the form {z;,y;, z;,y;} for i # j and i,j € {1,...,2n},

ii) all sets of the form {z1,..., 29, } such that |{z1, ..., 20, } N {Y1, ..., Yon }| is

even and is strictly less than n.

iii) all sets of the form {z1, ..., z2,}, such that [{z1, ..., 20, } N {y1, ..., y2n }| is

odd and is strictly greater than n and

iv) all sets of 2n+1 elements that do not contain any of the subsets described

above.

As p is the connectivity function of S, we know that p is matroidal. Now
consider the connectivity function A which is equal to p except on the two sets
{Zars s TansYanrs -+ Yagn b ANA {Yar, -, Yans Tani1s-- > Tag, } Which have

AM{Zay, - Taps Yanirsr - > Yazn }) = 20—=1 = AX{Wars - - s Yan> Tangrs - - > Tagn })-
From Lemma [5.33] we know that A\ is not the connectivity function of

any matroid. However, to distinguish A and g we must check, in the

worst case, the connectivity of half (due to symmetry) the sets of the form
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{Zars - Tan:Yapsrs- - -+ Yon ), that is the connectivity of %(2:) sets, a non-

polynomial number. O

As, by Lemma [5.29] the connectivity function of a spike cannot be the con-
nectivity function of any non-spike matroid, we cannot tell, in a polynomial
number of evaluations of the connectivity function, when a matroidal con-
nectivity function is the connectivity function of a binary matroid. The proof
of this is very similar to the proof that we cannot, in a polynomial number of
rank evaluations, determine if a matroid is binary. This proof can be found
in [II]. Given that we cannot recognise, in a polynomial number of rank
evaluations, when a matroid is binary, it is not surprising that we cannot
recognise when a connectivity function is binary in a polynomial number of
evaluations of the connectivity function, but it is worth noting as it shows
that, in this case anyway, connectivity functions behave as we expect them

to.

5.4 Self-Dual Matroids

Recall that the dual of the matroid M = (E,r) is the matroid M* = (E,r*)

where r* is defined as follows:
r*(X)=|X|+r(E—-X)—r(M)

for all X C F.

Recall that the connectivity function of a matroid, M, is pup(X) = r(X) +
r(E — X) — r(M), or, equivalently, uy(X) = r(X) + r*(X) — |X|. An
identically self-dual matroid, M, is one in which r(X) = r*(X) forall X C E,
so, for an identically self-dual matroid, py(X) = 2r(X) — | X]|.

For the remainder of this section we shall let ;1 be the connectivity function

of an identically self-dual matroid M, and let A\ be a connectivity function

which agrees with p on all the following sets

i) all circuits (and therefore cocircuits),

ii) all sets X such that there is some e € E such that X U {e} is a circuit,
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iii) singletons.

Note that no self-dual matroid contains loops or coloops, as a coloop is
contained in every basis so must have rank equal to one, and a loop must

have rank 0.

Lemma 5.35.

i) If C is a circuit of M then u(C) =r(C)—1

ii) If X is an independent set then pu(X) = r(X)
Proof.
i) If C'is a circuit of M then r(C) = |C| — 1 so

u(C) = 2|0 — 2~ |C| = |C| —2 = r(C) - 1

ii) is clear.

Lemma 5.36. Suppose that X is independent, then u(X) = A\(X).

Proof. We first prove that u(X) > A(X). We do this by noting that X is
independent, and therefore u(X) = r(X) = |X|. As A is unitary, A\(X) <
X = j(X).

We now prove that u(X) < A(X). If there is some circuit, C', of M such that
X C C then we proceed by induction on |C' — X|, otherwise the induction
is on |E — X|. By our conditions on A the result holds when |C' — X| <1
and when |E — X| < 1. For the purposes of induction assume that the
result holds for any X’ such that |C' — X'| < |C' — X[, or, if there is not C'
such that C' O X, then assume that the results holds for all X’ such that
|E — X'| < |E — X|. Assume that |C — X| > 2 (or |E — X| > 2), then
X U{e} is independent for e € C' — X (orin £ — X if no C' O X exists) and
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so u(X) + u({e}) = u(X U{e}). Therefore:
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1
2
3

(
(
(
(4

)
)
)
)

where (2) follows from (1) by the induction hypothesis, (3) follows from (2)
by submodularity, and (4) follows from (3) by the conditions on A. Therefore

p(X) < A(X).

Lemma 5.37. Suppose that X is dependent, then pu(X) = A(X)

]

Proof. We first show that u(X) < A(X). We do this by induction on |E— X]|.
If |E — X| <1 then the result holds by the definition of A\. Suppose first
that 7(X U {e}) = r(X) for some e € F — X. Then e € cl(X) and so,

as X contains a circuit, e is contained in a circuit C, C X U {e}, (see [9]

Proposition 1.4.11). We next need the following equalities:

p(X U{e}) =2r(X U{e}) — | X U{e}|
— 2 (X) — |X| —1
= pu(X) -1,

and

M(Ce - {6}) = 2T<Ce - {6}) - |Ce - {e}l
= 2T(Ce) - (|Ce| - 1)



CHAPTER 5. MATROIDAL CONNECTIVITY FUNCTIONS 131

Therefore u(X) + p(Ce) = (X U {e}) + u(C. — {e}) and so:

w(X) + pu(Ce) = p(X U{e}) + pu(Ce — {e}) (1)
S AX U{e}) +A(Ce —{e}) (2)
< AX) +A(Ce) (3)
= AX) + u(Ce), (4)

where (2) follows from (1) by the induction hypothesis and conditions on
A, (3) follows from (2) by submodularity, and (4) follows from (3) by the

conditions on .

Suppose now that r(X U {e}) = r(X) + 1. Note that r({e}) = 1 and so
p({e}) =1 as M is self dual. Therefore:

p(X U{e}) =2r(X U{e}) - [X U{e}|
=2(r(X)+1) —|X| -1
=2r(X)— |X|+1
= p(X) +r({e})
= p(X) + p({e})

Therefore:
n(X) +p({e}) = p(X U{e}) (1)
< AMX U{e}) (2)
< AX) + A({e}) (3)
= MX) + u({e}). (4)

where (2) follows from (1) by the induction hypothesis, (3) follows from (2)

)
by submodularity, and (4) follows from (3) by conditions on A.
We now show that u(X) > A(X).

As X is dependent there is some circuit C' C X; we proceed by induction on
| X |, keeping C fixed. If X = C then the result holds by conditions on A.

If r(X) = r(X — {e}), then there is some circuit C, C X such that e € C,
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(again, see [9], Proposition 1.4.11). Therefore:

w(X) + pu(Ce — {e}) = p(X — {e}) + u(Ce) (1)
> AMX —{e}) + A(Ce) (2)
> MX) + A(Ce — {e}) (3)
= AMX) + pu(Ce — {e}), (4)

where (2) follows from (1) by the induction hypothesis and conditions of
A, (3) follows from (2) by submodularity, and (4) follows from (3) by the

conditions on .

If r(X) #r(X —{e}), then r(X) = r(X — {e}) + 1, then

p(X —{e}) =2r(X —{e}) — |X — {e}|
—2(r(X) — 1) — |X] +1
— 2r(X) — |X| — 1
= pu(X) -1,

and p({e}) =1, as e is not a loop or a coloop. Therefore:

w(X) = p(X —{e}) + p({e}) (1)
> MX —{e}) + A({e}) (2)
> A(X), (3)

where (2) follows from (1) by the induction hypothesis, and (3) follows from
(2) by submodularity. O

Theorem 5.38. Let A be a connectivity function on a set E and let C be
the set of all C C E such that \(C') < |C| and C' is minimal with respect to
this property. Then X is the connectivity function of an identically self-dual
matroid if, and only if, X is unitary and both the following properties hold:

1. MC)=|C|=2 forallC €C
2. C 1is the collection of circuits of an identically self-dual matroid.

Proof. If X is the connectivity function of an identically self-dual matroid, M,
then the circuits of M are the sets C' that have A\(C') = |C|—2 and are minimal
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with respect to this property. Every subset of a circuit is independent so has
connectivity equal to its size. Therefore the circuits of C' are the sets such
that A(C') < |C| and C' is minimal with respect to this property. In other
words M has collection of circuits C, where C is as described in the statement
of the theorem. It is then easy to see that i) and i) hold.

Conversely if C is the collection of circuits of an identically self-dual matroid,
then let M be the matroid with collection of circuits C. The connectivity
function, pr, of M will have pp (C) = |C] —2 = A(C) and for any X C C,
by the minimality of C', we will have u(X) = |X| = A(X). In particular
AMX) = pup(X) when X is a circuit, a singleton, or when there is some e
such that X U {e} is a circuit of M. Therefore ppy = A and so A is the

connectivity function of an identically self-dual matroid. O]



Chapter 6

Branch-Width

Definition 6.1. A minor of a connectivity function A on set E, is a connec-
tivity function X such that ' =\ | A for some A C E.

This section follows [2] closely to prove the following theorem:

Theorem 6.2. Let A be a connectivity function on set E. If X is an excluded

manor for the class of connectivity functions of branch-width at most k > 1,

then |E| < ¥ =1,

Introduction to Branch-Width

A tree is cubic if every vertex has either degree 1 or degree 3; we call a vertex
with degree 1 a leaf, and a vertex of a cubic tree that has degree 3 an internal
vertex. A partial branch-decomposition of a connectivity function A on a set
E is a cubic tree whose leaves are labelled by elements of E and all elements
of F label some leaf of the tree. A branch-decomposition is a partial branch-
decomposition in which no leaf is labelled by more than one element of E. If
T is a branch decomposition and 7" is a subgraph of T whose labelled leaves
are labelled by exactly X C E, then we say that 7" displays X. The width
of an edge, e, of T"is A(X) where X is the subsets of E displayed by one of
the connected componets of T\ {e}. Note that this is well-defined as A is
symmetric. The width of T' is the maximum of the widths of the edges.

Definition 6.3. The branch-width of a connectivity function, A, is the min-

imum of the widths of all possible branch decompositions.

134
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We shall allow our branch-decompositions to contain unlabelled leaves, but
note that we can always modify our branch-decomposition, without altering
that branch-width, so that we are left with a branch decomposition that

contains only labelled leaves.

Consider the following connectivity function A on set {a,b,c,d}: A({a}) =1,

A{b}) =1, AM{ch) = 1, A({d}) = 1, A({a,b}) = 1, A({a, ¢}) = 2, AM({a, d}) =

1 and the remaining values can be found by symmetry.

Bs

All of the above graphs are branch decompositions of A\. The trees B; and By
have width 1 and B3 has width 2. The branch-width is therefore one and B;
and By are both minimal branch-decompositions (as clearly the branch-width

is not zero).

Definition 6.4. Let A be a connectivity function on set £ and let (A, B)
be a partition of E. A branching of B is a partial branch-decomposition of
A in which there is a leaf displaying A and no other leaf is multiply labelled.
We say that B is k-branched if there is a branching, T', of B with width less

than or equal to k.

For example, if we look again at the connectivity function A on set {a, b, ¢, d}
such that A({a}) = 1, A\({b}) = 1, A({c}) = 1, A({d}) = 1, \({a,b}) = 1,
A{a,c}) = 2, A{a,d}) = 1 and the remaining values can be found by
symmetry, the following would be a branching of {¢,d} and so we can say
that {c,d} is 1-branched, and so k-branched for any k£ > 1.
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{a, b}

Branch-Width Lemmas

The following lemma is proved in [2] but is proved again here in slightly more
detail.

Lemma 6.5. Let A\ be a connectivity function on set E with branch-width
k, and let (A, B) be a partition of E such that \(A) < k. If B is not k-
branched, then there is a partition (A1, Aa, As) of A such that A\(A;) < A(A)
for alli € {1,2,3} (note that A; may be empty for som i1 € {1,2,3,}).

Proof. Note that as A has branch-width k, every e € E must have A({e}) < k.
Suppose that for all (A;, A, A3) that partition A, there is some A(A;) > A(A)
for i € {1,2,3}.

Claim 6.5.1. If (X1, Xs) is a partition of E such that \(X;) < k, then
either \(BN X1) <k or A(BNXy) < k.

Proof. Notice that (AN X1, AN X3,0) is a partition of A. Therefore
AMANXy) > AA) or M(AN Xy) > A(A). Without loss of generality
suppose that A(A N X;) > A(A). Therefore:

AMX1) +AMA) > AMAU X))+ AMAN X)) (1)
> MAU X)) + A(A) (2)
= ANBNXy)+ A(A4), (3)

where the first inequality follows by submodularity, (2) follows from (1)
by noting that A(ANX;) > A(A), and (3) follows from (2) by symmetry
of A and noting that AU X; = F — (BN X3). The claim follows by
noting that A(X;) < k. O

Let T be a branch decomposition of A that is of width k. If |E(T)| < 1

then B will be k-branched, so we assume that 7' contains at least three edges
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(note that T" cannot contain two edges).

If v is a vertex of 7" and e is an edge of 1", then we use X, , to denote the set
of elements of E that are displayed by the component of T\ e that does not

contain v.

Claim 6.5.2. There is some degree-3 vertex, s, of T' such that for every
edge, e, of T', we have A\(X.sN B) < k.

Proof. We shall construct an orientation of 7" as follows: Let e be any
edge of T" and let V({e}) = {u,v}. If A\(X., N B) < k then orient e
from w to v, and if A(X,., N B) < k then orient e from v to u. As T
has branch-width & and so A(X,,,) < k for w € {u, v}, by Claim [6.5.1]

every edge will receive at least one orientation, and some may have two.

Suppose that there is some vertex v such that every vertex in the graph
can be connected to v via a directed path. If v has degree 3, then setting
s = v will prove the claim. Suppose now that v has degree 1 and let f
be the edge incident with v. Let the other vertex incident with f be v’
From every vertex of T'\ f there is an oriented path to ¢', and f must
be oriented from v to v" in T', as either X;,,NB =0 or X;,, NB = {v},
and therefore A\(Xy,» N B) < k. Therefore v’ is also reachable from every
other vertex in the graph via a directed path, and v' has degree 3, so

setting s = v’ gives an s that works.

Now suppose that there is no such vertex. We show that this leads to a
contradiction. If no such vertex exists then there is a pair of edges e and
f, and a vertex, w, on the (not directed) path connecting e and f such
that neither e nor f is oriented towards w. Let Y7 = X, ., Yo = Xy,
and Y3 = E — (Y1 UY3). As e is oriented away from w we must have
AM(Y2UY3) N B) < k and as f is oriented away from w we must have
A(Y1 UY3) N B) < k. Therefore:

k+k>XM(YoaUY3)NB)+ A((Y,UY3) N B) (1)
= M(YaUY3) N B) + A(YaU A) (2)
> AMY2 N B) + AM(Y2UYs) U A), (3)

where (2) follows from (1) by symmetry of A and noting that £ — ((Y; U
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Y;) N B) = Yo U A, and (3) follows from (2) by submodularity and
noting that that (((YaUY3)NB)U (YoUA)) = ((YoUY3)UA) and that
(Y2UY;)NB)N (Y2 UA)) = (Y2N B).

This means that either (YoN B) < k or A(Y; N B) < k which contradicts

the fact the both e and f are not oriented towards w, a contradiction. [J

Let s be a degree-3 vertex of 7' that is such that every edge, e, of T" has
AMX.s N B) < k. We know that such a vertex exists by Claim [6.5.2] Let
e1, ez, and ez be the edges of T incident with s and let X, s = X, for
i € {1,2,3}. Recall that we are assuming that for any partition (A, As, A3)
of A there is some A; such that A(A;) > A(A). Therefore we may, without
loss of generality, assume that (X; N A) > A(A). Consider the branching 7"
of B that is constructed by taking a copy of T" and keeping only labels from
B, then subdividing e; with a vertex w and adding a new leaf incident with
w whose other vertex is labelled by A. This construction is shown below.
The green vertices are the vertices from B (these are the labelled vertices in
T") and the new vertex, w, and the new leaf are shown in red. The black

vertices are unlabelled.

Tl

All edges, except the new edge and e; and ¢}, have width at most k as
AMXes N B) < k for all edges, e, of T and the only labels of the vertices
are labels from B (except the label A, which we are not considering at the
moment). We know that \(A) < k, as this is one of the assumptions in the
statement of the lemma, and so the new leaf (indicated by the red edge)

has width at most k. This means that to show that 7" is a branching of
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B of width at most k, all that remains to check is the widths of e; and e].
That is we must check A\(X; N B) < k and A\((X2 U X3) N B) < k. The first
inequality holds by choice of s, and the second holds as: A(X;) + A\(A) >
AMXTUA)+AX1NA) > ANX1UA) + A(A) where the first inequality holds
by submodularity and the second by the assumption that A(X; N A) > A(A).
Therefore k > A(X;) > A(X; UA) = A((Xy U X3) N B) and so €] has width
at most k. ]

Definition 6.6. Let f : Z, — Z, and m € Z. We say that a connectivity
function, A, on set E is (m, f)-connected if, for all A C F such that A\(A) =
[ < m, either |A| < f(I) or |[E — A| < f(1).

Recall that the elision of an element, e, from a connectivity function, A on a
set E with e € E, is defined by (A | €)(A) = min{A(A4),\(A U {e})} for all
ACE.

Lemma 6.7. Let f : Zy — Z, be a non-decreasing function, and let X be
a (m, f)-connected connectivity function on set E. Then for all e € E, the

connectivity function A | e is (m, f)-connected.

Proof. Suppose that (A | e)(A) =1 < m. Suppose that (A | e)(A4) = A(A).
Then A(A) =1 < m, and so, as A is (m, f) connected, |A| < f(I). Suppose
that A | e = AM(AU {e}). Then A(AU{e}) =1 <mso |A] < |AU{e}| <
fD). 0

For the proof of the next lemma it may be helpful to refer back to Subsec-
tion

Lemma 6.8. If A is an excluded minor for connectivity functions of branch-
width k, then X\ is connected.

Proof. Suppose that X is not connected. Then A = A\; @& Ay for some con-
nectivity functions A\; and Ay and A\; and Ay are minors of \. Suppose that
A1 and Ay both have branch-width less than or equal to k. Let T} be a
branch-decomposition of A; with branch width at most k and T3 be a branch-
decomposition of A\ with branch width at most k. Now consider the graph
obtained by subdividing an edge of T} and subdividing an edge of T5 and

joining the two new vertices with a new edge, e; call this new tree T'. Clearly
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e has weight 0 in 7', and 7" is a branch-decomposition of A\ with branch-width
at most k. O]

Lemma 6.9. Let A be a connectivity function on set E. If A be an excluded
minor for branch-width k connectivity functions, and (A, B) be a partition of
E, then it cannot be that both A and B are k-branched.

Proof. Let T} be a branching of A of width at most k, and let 75 be a
branching of B of width at most k. There is a vertex in 77 labelled by
B. Let e be the edge incident with this vertex. The width of e is equal to
A(A) = A(B). Similarly in 75 the edge, f, incident with the vertex labelled by
A, has width A(B) = A(A). Let v; be the internal vertex of 7} incident with
e, and let vy be the internal vertex of Ts incident with f. The graph obtained
by joining 7 \ {e} to T\ { f} via a new edge g, that is incident with vertices
v1 and vy and has weight A(A) as shown below, gives a branch-decomposition
of A that has width k; a contradiction.

O

Let g be defined by ¢(0) = 0 and g(n) = 3g(n — 1) + 1 for all n > 1, that is

_ 31

g(n) = =5

Lemma 6.10. Let A be a connectivity function on set E. If X is an excluded
minor for the class of connectivity functions of branch-width k > 1, then A
is (k+ 1, g)-connected.

Proof. The proof is by induction. As A is connected, \ is (1, g)-connected.

For the purposes of induction suppose that A is (m, g)-connected for some

m < k. We shall now show that X is (m+1, g)-connected. First suppose that
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AA) =1 < m. As X is (m, g)-connected, either |A| < g(I) or |[E — A| < g(1).
Now let A(A) = m and suppose, for the purposes of contradiction, that
|A| > g(m) and |B| > g(m) where B = E — A. That is, suppose that
|A| > 3¢g(m — 1)+ 1 and |B| > 3g(m — 1) + 1.

As X is an excluded minor for connectivity functions of branch-width k, it
cannot be that both A and B are k-branched. Without loss of generality we
may assume that B is not k-branched. Let e € A, as A is (m, g)-connected
then so is A | e. As A | e has branch-width k£ and (A | e)(A — {e}) < &,
then by Lemma [6.5, either B is k-branched in A | e, or there is a partition
(A1, Az, A3) of A — {e} such that (A | e)(A4;) < (A | e)(A — {e}) for all
i€ {1,2,3}. We show that it must be that B is k-branched in A | e.

Suppose that there were some partition (A;, A, A3) of A—{e} such that (A |
e)(A;)) < (Al e)(A—{e}) for all i € {1,2,3}. Then, as |A| > 3g(m — 1) + 1,
we have |A —{e}| > 3g(m — 1) and so for some i € {1,2,3}, it must be that
|A;| > g(m—1). As|B| > 3g(m—1)+1 we also have |E—A;| > 3g(m—1)+1.
Therefore, as A | e is (m, g)-connected, it must be that (A | e)(A;) > m =
AMA) > (A ] e)(A — {e}). Therefore (A | e)(4;) > (A ] e)(A—{e}), a

contradiction.
Therefore no such partition exists, so B is k-branched in A | e.

We show next that this means that (A | e)(B) < m — 1. For suppose
that (A | e)(B) > m and recall that A(B) = m. Then (A | e)(B) =
min{\(B),\(B U {e})} = A(B) so A(B) < A(B U {e}). Therefore, by
Lemma [2.14] (A ] e)(B’) = A\(B') for all B’ C B. Therefore B is k-branched
in A, a contradiction. Therefore (A | e)(B) <m — 1.

As A ] e is (m, g) connected this means that |B| < g(m — 1) or |A — {e}| <
g(m — 1) so |A| < g(m), a contradiction. O

The following lemma is well-known and a proof can be found in [9]

Lemma 6.11. Every cubic tree, T, has an edge, e, such that each of the two

connected components of T'\ e contains at least one-third of the leaves of T
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6.1 Main Branch-Width Theorem

Theorem [6.2] Let \ be a connectivity function on a set E. If X is an excluded
manor for the class of connectivity functions of branch-width at most k > 1,

then |E| < &=L

3k+1

Proof. First note that if |E| < 3, then |E| < =5
|E| > 3. Let e € E. As X is an excluded minor for connectivity functions of
branch-width £, it must be that A | e has branch-width k. Let T be a branch
decomposition of A | e that has width k£. As T contains at least two labelled
leaves then, as T' is cubic, there is an edge f of T such that T\ f displays
some sets X; and Xy such that |X;| > w and | Xs| > w Without
loss of generality we may assume that |X;| < |Xs|. As X; is displayed
by T'\ f the connectivity of X; must be equal to the width of f. Therefore
(A e)(Xy) <k. As Ais (k+1, g) connected, thensois A | e, so | X;| < g(k).

3ktl_1

Therefore g(k) > |E|T_1, and so |E| < 3g(k) +1=g(k+1) = >5— ]

. Therefore suppose that
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