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Abstract

This thesis is about estimation bias of longitudinal data when there is correlation between
the explanatory variable and the individual effect. In our study, we firstly introduce what is
longitudinal data, then we introduce the commonly used estimation methods for the general
linear model: the least squares method and maximum likelihood method. We apply these
estimation methods to three simple general models which are commonly used to analyse
longitudinal data. Secondly, we use frequentist and Bayesian analysis to explore the esti-
mation bias theoretically and empirically, with an emphasis on the heterogeneity bias. This
bias occurs where random effect estimation is used to analyse data with nonzero correlation
between explanatory variables and the individual effect. We then empirically compare the
estimated value with the true value. In this way, we demonstrate and verify the theoret-
ical formulation which can be used to determine the size of the bias [Mundlak, 1978]. In
order to avoid the estimation bias, the fixed effect estimation should be used to get the bet-
ter solution under nonzero correlation situation. The Hausman test is used to confirm this.
However, the bias not only occurs when we use frequentist analysis, but also exist by us-
ing the Bayesian estimation of random effect model. Finally, we follow the Mundlak [1978]
idea, then define the special Bayesian model which can be used as Hausman test and as a
comparable model. We also prove that it is best fit model among the random effect, fixed
effect and pooled model if there is correlation between explanatory variables and individ-
ual effect. Throughout this thesis, we illustrate this ideas using examples based on real and

simulated data.
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Chapter 1

Introduction

1.1 Longitudinal Study

A longitudinal study is a study that involves repeated observations of the same individual
over time (or over different locations, etc.). Cross sectional study is a study that involves
observations of a population or a sample that are made at one single time point. Because
longitudinal studies are the repeated observation on the same individual, it may be thought
as a repeated cross section. Therefore, longitudinal data analysis can be applied in various
of field.

Longitudinal data is used in a wide range of fields: economics, biology, public health,
business, social sciences, education, etc. Econometricians call it panel data. Longitudinal
data consist of repeated observations of an outcome variable y on a set of individuals. These
individuals may be people, animals, plants, businesses, field plots etc. And usually are a
sample from a population. The repeated measurements are often taken at different times,
however they may instead be at different locations (e.g. within an agricultural trial, the
unit being experimental plots) or other form of replicates within an experiment. For most
data described as longitudinal the replicates have a unique ordering (such as ordering in
time), but longitudinal analysis methods may also be applied to unordered data, and are
frequently used in spatial analyses such as small area estimation.

Methods exist for the analysis of continuous, discrete (count) and binary longitudinal
data. If a longitudinal data set has all individuals have the same number of observations,
taken at time points which are also the same for all individuals, this data set is called bal-
anced longitudinal data. Otherwise it is called unbalanced longitudinal data. In this thesis

we concentrate on balanced longitudinal data with continuous outcome variable, and will



assume underlying normality whenever a distributional assumption is required.

1.2 Objective of the Thesis

Our basic model for longitudinal data therefore is
_ T
Yit = LB + €ir (1.1)

where y;; is the observed value of the outcome variable for individual ¢ at time ¢. A set
of K explanatory variables x;; are also observed at the same time, and these are associated
with a set of K coefficients 3, which are to be estimated. For each observation we have a
disturbance/error term ¢;,. These error terms have mean zero, are independent between
individuals, but may be correlated within individuals. If it is correlated within individuals,

one way to define the error term is
Eit = QO + Uy Z:1,,N t:1,,T (12)

where «; is called individual effect and random variable u;, is independent and identically
distributed (iid) with mean zero and variance 2. In many data sets of interest, individuals
are unlike one another; that is, they are heterogeneous. The «; is used to model the individ-
ual behaviour, so if it is within the model, the model is called heterogeneous otherwise it is
called homogeneous model.

A fundamental aim of longitudinal analysis is to characterise within and between in-
dividual variation. Variation within individuals is accounted for by any time dependent
covariates x;; and the error term ¢;;,. Variation between individuals is accounted for by the
full set of covariates z;; and also by individual effects which may modelled as fixed effect
or random effect. There are two common assumptions made about the individual effect «;,
tixed effect assumption and random effect assumption. If the individual effect «; are cor-
related with the explanatory variables or are treated as fixed, we should use fixed effects
model. If the individual effect «; are treated as draws from an unknown population or as
a random effect, we should use random effects model. But if we use the random effect es-
timation to the case that the explanatory variable X is correlated with the individual effect
a, the estimator is biased in estimating 3. This is called heterogeneity bias. Figure 1.1 and

1.2 show these two cases graphically as examples: with and without correlation between



explanatory variable and individual effects, respectively. Figure 1.1 shows the intercept of
individuals are step increasing and Figure 1.2 shows the intercepts for individuals are inde-

pendent although they start at same place.

® - --- Population averaged relationship
— Individual relationship

Figure 1.1: Figures of Correlated = and individual effect o



® — --- Population averaged relationship
—— Individual relationship !

Figure 1.2: Figures of uncorrelated = and individual effect o with same start point for each
individual

Hsiao [2003] gave more elaboration on when the heterogeneity bias exist. Rosenzweig
and Schultz [1983] showed the problem of heterogeneity bias in a study of child health pro-
duction and the demand for child health inputs. Also several researchers have indicated the
gender wage and earning differences have attempted to heterogeneity bias using as PSID
data [Johnson and DiNardo, 2007]. However, these studies leave some important question
unanswered. Most of important findings from these studies are identify the heterogeneity
bias, then use instrumental variable estimator (see Chapter 5 for detail) to obtain unbiased
estimates. Mundlak [1978] produced a formulation for the model with correlation between
the individual effects and the explanatory variables to theoretically prove there is biased. In
our thesis, we empirically prove the bias exist and then look into the bias, eg. how the degree
of the correlation affects the bias and at what stage the correlation exits but is insufficient to
produce the bias, etc.

There are wide variety of analytical methods developed by econometricians and statis-
ticians for modelling the behaviour of longitudinal data. Approaches to random effect and

tixed effect estimation with longitudinal data fall broadly into three categories:



e Least squares based methods — including ordinary and weighted least squares;

e Likelihood based methods — including maximum likelihood (ML) and restricted max-

imum likelihood (REML);
e Bayesian hierarchical approaches.

Social scientists prefer the random effect estimation based on likelihood method (refer to
Diggle et al. [2002]), the reason for that might be health and social scientists have designed
experiments with randomisation that may break down the correlation between the explana-
tory variable and individual effect (or it may be because social scientists unknown this is a
problem).

Econometricians prefer to use the least squares based methods to obtain the fixed effect
estimation (Johnson and DiNardo [2007], Wooldridge [2009] and Verbeek [2004] discussed
this case a lot). That might be because econometricians are more concerned with causa-
tion than association: may be more concerned with correct quantitative values for 3. Thus,
when the explanatory variable X is correlated with the individual effect o, the fixed effect
estimation is preferred, because the random effect estimation has bias in estimating 3.

In this thesis we:
e Demonstrate the occurrence of bias in two cases:

— Omitted variables bias case

— Heterogeneity bias case.

e We show theoretically and empirically (via simulation) how and when these bias occur

in each case.

e We discuss the standard Hausman test [?] for deciding if a Random Effects or Fixed

Effects estimation is more appropriate.

e We investigate Bayesian alternative formulations of this problem to determine whether

such solutions also suffer from the same bias.

e Weinvestigate the model selection criterion under frequentist and Bayesian approaches

to see whether they produce the same conclusion.



1.3 Overview of the Thesis

This thesis is organized as follows:

e In Chapter 2, we describe the two commonly used analysis methods, least squares

based method, likelihood based method and their extensions.

¢ In Chapter 3, we describe three simple types of longitudinal data models and the Haus-
man test which can be used to compare the fixed effect estimation and random effect
estimation. Also, we prove that the compound symmetry model and random intercept

model with iid error term are equivalent models.

e In Chapter 4, we program the different longitudinal datasets generator in R, ie. random
effect data with iid or AR(1) or compound symmetry structure, fixed effect data and
pooled data (cross sectional data) with different variance-covariance structures, and
also program the data generator for the correlated explanatory variable and individual

effect case.

e In Chapter 5, we use a simple case to see the bias in omitted variables model and pro-
vide a theoretical and empirical investigation via simulation. Then we use the same
strategy to investigate the heterogeneity bias when there is correlation between ex-
planatory variable and individual effect. Finally, we use the Hausman test we describe
in Chapter 3 to compare the fixed effect estimator and random effect estimator under
two cases, with correlation case and without correlation case. And we introduce in-
strumental variable estimator as an alternative way to obtain the unbiased estimator

when correlation exits.

e In Chapter 6, we empirically investigate whether random effect estimator has the
same bias under correlation assumption by using Bayesian approach. Then we de-
scribe a full Bayesian formulation of the Hausman test under Bayesian approach to
test whether the random effect estimator or the fixed effect estimator is more appro-

priate under correlation case.

e In Chapter 7, we describe two model selection criteria, AIC based on likelihood ap-
proach and DIC based on Bayesian approach. Then we compare the results obtained
from these two methods with the result from the Hausman test and the full Bayesian

formulation by using the real data and simulated data.



e In Chapter 8, we conclude with the discussion, and present directions of future re-

search of our study.

Throughout the thesis, we will illustrate the ideas using examples based on real data and
simulated data. Statistical programming software R and WinBugs are used to model and

analyse data (the functions are built in or programmed by using R).

1.4 Notation

Before we analyse the longitudinal data, let’s define some notation:

ek i=1,...,N, t=1,....T, k=1,...,K

it

where i is the observation dimension, ¢ is the time dimension and % is explanatory variable
dimension; since we restrict the study on the balanced panels, thus the total number of

observationsis NT. y is the value of the dependent variable and x is value of the explanatory

variable. ~ ) ) )
1 2 K
Yi Ty Xy ... Ty
1 2 K
Yi2 Ty Tip ... Ty

yi=| . |, X=| . . (1.3)

1 2 K

| Yir | | Yir it - |

Often the longitudinal data are in vector as

Y. Xy
X
y=| 2| x=|"" (1.4)
RN | XN |

where yis NT'x1and X is NT x K .

A general longitudinal data standard linear model is written as

y=XB+e. (1.5)



Where
B

2

Ok

is the coefficient matrix for explanatory variables. And the error term can be written as

€i1 €1
€i2 €2

g = and e = (1.6)
EiT EN

where € is NT'x 1 vector.



Chapter 2

Estimating Methods for General Linear

Models

In this chapter, we introduce the standard estimation methods for longitudinal data, ie. the
ordinary least squares method, the generalized least squares method and the maximum
likelihood method. These methods are commonly used to estimate the parameters in the

general linear model. We use them throughout the thesis.

2.1 Least Squares

One of the powerful estimating method in statistics is least squares which assumes that the
best fit model that has the minimal sum of the deviations squared from a given set of data.
The least squares approach is based on the criterion which makes as small as possible the
sum squared errors between the data and fitted model. And this method is widely used by

scientists and mathematician in early times.

2.1.1 Ordinary Least Squares

In statistics and econometrics, ordinary least squares (OLS) is a method based on least square
theory which can be applied on a linear regression model. The OLS method minimizes the
sum of squared differences between the observed value and prediction value obtained from
the linear approximation. In order to use the OLS method to obtain a meaningful result,
there are a few assumptions to be made on the linear regression model. Assume a simple

linear regression model (in this thesis means standard linear regression) with independent



error term is

y=XB+e¢ (2.1)

then the OLS assumptions based on this model which might be made are (from [Hayashi,
2000])

e OLS-Al: Strict exogeneity.
Ele|X]=0

e OLS-A2: No multicollinearity. The regressors in X must all be linearly independent.

e OLS-A3: Spherical errors, ie. homoscedastic and uncorrelated error e

Var(e| X) = o*I

e OLS-A4: Normality
e ~ N(0,0°1)

All but the OLS-A4 assumption are necessary assumptions for the OLS method. But under
this assumption that the errors are normally distributed, OLS can be derived as a maximum
likelihood estimator (see proof in section 2.3). The OLS estimator is valid when the regres-
sors are exogenous and there is no multicollinearity, also when the errors are homoscedastic
and serially uncorrelated.

Now we can derive the OLS estimate for B in Eq.(2.1) and define a vector of residuals e

as

e:y—XE
Apply the least squares principle to choose 8 to minimize the residual sum of squares (RSS),
ele
RSS = (y—XB)'(y— XB)
= yy-p'X'y-y' Xp+B'X'X0
= y'y-28"X"y+B'X"Xp
The first derivative of RSS gives

% =2X"y+2X"X3=0

10



So the estimator B is

B=(X"X)"'XTy 2.2)

The B is unbiased, since
E(B) =8

(see Section 3.1 for the proof).

The variance covariance matrix of 3 is

Var(8) = o*(X7X)"! (2.3)
and an unbiased estimator of o2 is
T
&\2 _ e e
N - K

where N is the number of the observations and K is the number of variables (see Section 3.1

for the proof).

2.1.2 Generalized Least Squares Estimation

In statistics, generalized least squares (GLS) is applied when the variances of the observa-
tions are heteroscedastic (not equal), or when there is a certain degree of correlation between

the observations. This means the OLS-A3 assumption is violated. The model is changed to
y=XB+e, (2.4)

where E[e|X] = 0 and Var(e| X) = 0?2 where it is assumed that the variance of Y given X is
a known matrix €2 which is positive definite and its inverse is positive definite as well. Thus,

we are able to find a non-singular matrix P that has the following equation
Ql=prp (2.5)
Now we let y = Py, X = PX and € = P¢, then we apply OLS estimator to the new equation

y=XB+¢ (2.6)

11



This is because if € = Pe for e ~ N(0,02Q)) the

Var(é) = Var(Pe)
= PVar(e)P"
= Po*QpP"
= o*P(P"P)'PT
= o’PP(P")'PT

= %]

which indicates these are homoscedastic errors. Then we can apply OLS to Eq.(2.6), so that

we obtain

B = (XTX)' X"y
= [(PX)"(PX)|7'(PX)"(Py)
= (XT"PTPX)"'XTPTPy

Then the generalized least squares (GLS) estimator by using Eq.(2.5), we have
B\GLS — (XTgle)leTgfly
Var(Bors) = o}(XTX)™!
_ UQ(XTQ—1X>—1

The unbiased estimator of the unknown o2 in Eq.( 2.8) is

(;2 _ 6’ — XBGLS)T(}N’ - XBGLS)
B N - K
(y — XBars)"Q Yy — XBars)
N -—-K

2.7)

(2.8)

(2.9)

So GLS estimation is equivalent to OLS estimation of the transformed data by using a non-

singular matrix (Johnson and DiNardo [2007] give more details of the proof). There are

number of choices of disturbances or error term structure which are listed below.

12



Covariance structure

Suppose we have 7' observations for a given individual i:

The vector of disturbances or error term

€; = [51‘1,"' y EiT

has a T' x T (symmetric, positive definite) variance-covariance matrix as

0'1 012
2
0192 0'2
Var [g;] =
o1 O2r

1T

Oor

ot

(2.10)

Then there are $7(T + 1) possible covariance parameters with the variance-covariance ma-

trix, since this matrix is symmetric. Also a variance-covariance matrix can have following

possible structures:

e Independence has a single parameter o*:

Var [g;] = o*

2.11)

e Compound Symmetry has a fixed correlation between all observations, regardless of

lag: (two parameters o2, p):

Var [g;] = o*

(2.12)

e First-Order Autoregressive AR(1) has two parameters o2, p. We define the error terms

13



as

Eit = PEit—1 -+ Uit (213)

where u;; has following distribution

ug ~ iid(0, o?)

Note: iid means independent and identically distributed.

1 p p2 pT—l
T—2

Var[e] =02 | © o (2.14)
_prl prQ pr?y 1 |

There are many other possibilities, eg, unstructured covariance, power law covariance struc-
ture, exponential covariance structure, etc. In this thesis, we only consider the indepen-
dence, AR(1) and compound symmetry covariance structure. The covariance structures are

introduced here follow by Arnold and Liu [2004].

2.1.3 Feasible Generalized Least Squares Estimation

GLS assumes the 2 matrix is known. However, in practice, the true variance covariance is
not known directly. Then the feasible generalized least squares (FGLS) estimator is intro-
duced, where unknown parameters in Eq.(2.4) 0?2 can be replaced by unbiased estimates
V which can be obtained by using the OLS estimator [Johnson and DiNardo, 2007]. Recall

Eq.(2.2) for homoscedastic errors
B=(x"X)"XTy

and we can obtain the variance covariance matrix V' by using OLS method to calculate the
residuals for each individual. Then we use the estimates of the residuals as the diagonal
elements of matrix to construct the variance covariance matrix V. Now we replace the un-

known ¢%Q2 in Eq.(2.7). The estimator B raLs can be written as

Brars = (XTVIIX)TIXTVy

14



The variance of Brgrs is

Var(Brars) = o2(XTV1X) ™

This method is called the FGLS method, the estimator obtain by this method is called the

FGLS estimator (some context written as FGLSE), ﬁ FGLS-

2.2 Weighted Least Squares Estimation

Recall the OLS-A3 assumption (homoscedastic errors), if this assumption is unsatisfied, the
OLS estimation method can’t be used. In such cases, we can use the GLS estimation in-
stead of OLS estimation as in section 2.1.2. In this section, we suppose the variances of the
observed values are unequal (heteroscedastic) but all the off-diagonal entries are 0, so that
there are no correlations exist among the observed values. Then the weighted least squares

(WLS) estimate is introduced to solve this problem. This assumption can be written as
Var(e) = oV

Then the distribution of y is
Y ~N(Xg3,0°V)

The weighted least squares method use a symmetric weight matrix I, then apply the least

squares principle to choose a Bw to minimise
RSSy = (y — XB)"W(y — X0)
Follow the same procedure as in section 2.1.1 , BW can be expressed as
B = (XTWX) ' XTWy (2.15)

then the variance of BW is

Var(By) = o (XTWX) ™! (2.16)

Since E(Y) = X3, the weighted least squares estimator is unbiased, whatever the choice of

W. Diggle et al. [2002] gave two example of choice of IV:

15



o If W = I, the identity matrix, the WLS estimator is identical to the OLS estimator
BI — (XTX)—lXTy

and

Var(@) = 02(XTX)’1.
o If W = V!, the estimator becomes
B — (XTv—lX)—lXTv—ly

with
Var(f) = o?(XTV1X)™

Note that for empirical data, the appropriate W may be unknown and must be estimated
by using Feasible Generalized Least Squares (FGLS) estimation. The weighted least squares
estimation is unlike least squares, it gives each term a weight, so that takes the influence of

each observation into account.

2.3 Maximum Likelihood Estimation

Maximum likelihood estimation (MLE) is another popular statistical method which is used

for fitting a statistical model to data and providing estimates for the parameters in the model.

Definition 2.1. Let y = [V}, ...,Yn]" denote a random vector and let the joint probability
density function of the Y;'s be

f(y;0)

which depends on the vector of parameters 6 = [0 --- 0, ,0k]T. The likelihood
function L(0;y) is algebraically the same as the joint probability density function f(y;0)
but the change in notation reflects a shift of emphasis from the random variables y, with
0 fixed, to the parameters 6 with y fixed. Since L is defined in terms of the random vector

y, it is itself a random variable. The maximum likelihood estimator of 0 is the value 0

16



which maximizes the likelihood function, that is
L(0) > L(0;y) forall 0

[Dobson, 2002]

Since f(y;#) > 0 and the logarithm is a monotonic function on the positive real line, 6 is also

the value which maximizes the log-likelihood function

£(0;y) = log L(6;y)

The estimator # can be obtained by differentiating the log-likelihood function with respect

to each element 6, of # and solving the simultaneous equations

oL(0;y)
00,

=0fork=1,...K

To check the solutions do return the maximum ¢(6; y), we have to verify the second deriva-

tive with respect to each element ¢;, of 6 is negative.

[025(9; 0

<0Ofork=1,. K
i),

Here the # that maximizes ¢(0;y) will also maximize L(6;y). The derivative of ((6;y) is

known as the score, s(6;y).

Property 2.1. The major properties of MLEs are large-sample, or asymptotic, ones. They

hold under fairly general conditions.

1 Consistency

lim (A) =6

2 Asymptotic normality
6L N@O,.17'(9))

This states that the asymptotic distribution of § is normal with mean 6 and variance

17



2.3.1

given by the inverse of 1(0). 1(9) is the information matrix and is defined as

o0\ (o\"
1 =8 l(%) (%) ]
3 Asymptotic efficiency
If 6 is the MILE of a single parameter 6, the previous property means that

~

Vn(d—6) % N(0,0?)

for some finite constant 0. The MLE has minimum variance in the class of consis-

tent, asymptotically normal estimators.

4 Invariance.
If § is the MLE of 0 and g(0) is a continuous function of 6, then g(f) is the MLE of
g(0).
[Johnson and DiNardo, 2007]

MLE of simple regression model

By using the definition and properties of MLE, a simple regression model

with

y= XfB+e (2.17)

e ~ N(0,0%)

can be written in the normal density form for ¢ if the sample size is V is

f(6i8,0%) = ———ce (@
(2mo?)2

The log-likelihood function is

(B,0%y,X) = —glogQW - gloga2 - %‘25%
N N 1

18



In order to get the estimators 3 and 02, we take the partial derivatives of Eq.(2.18)

ol
55 = (- XTy 4 XTXP) (219)

ol N 1

60-2 = _20.2 + 2(02)2(y—X6)T(y—Xﬁ) (220)

Then we set Eq.(2.19) and (2.20) are equal to zero, the MLEs are
B=(XTX)'XTy (2.21)

and

~ 1 ele

02 = —(y—XB)(y - XB) = + (2:22)

The MLE 3 is the OLS estimator and o2 is iNe The LS theory gives

ee .
Nk ~°

E( (2.23)

where N is the number of observation and K is the number of variables in the model (see

Chapter 3 for details of proof). Thus
E(o?) = ———— (2.24)

So that o2 is biased for o?, but B is unbiased for .

The MLE B is identical to OLS estimator from Eq. (2.2). From the properties of the MLE,
we can infer that the OLS estimator is consistent (unbiased) and is asymptotically efficient
(with minimum variance) if the normality assumption is satisfied.

Now we can extend the above knowledge into the linear model with non-spherical (het-

eroscedastic) disturbances.
y = XB + ¢ with e ~ N(0,0%Q)
where (1 is a positive define matrix of order N. The normal density for ¢ is

fle) = (27T)_%|0-29’—%€—2[%25T(Q)*15
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We can rewrite this as

fle) = (2m)~ 3o~ N|Q| 2e a7

since |02Q|=%" Q).
The log-likelihood function is

1

553 — XB)T 0 (y— XP)

N N 1
= —log2r — — 2_ - Q| —
¢ 2log 7r 2loga 2log| \

By differentiating with respect to 3 and o2, we have

or 1
95 = —;(—XTQ*y +XTQ'X )
ol N 1 B
902 = g2 T @(Z/ - XB)T Ny — XP)

Then the ML estimators for non-spherical disturbances model are

B=(XTQ'X)'XTQy

02 = %(y ~ X3 (y - XB)

(2.25)

(2.26)

(2.27)

The MLE § for non-spherical disturbances model is the same as the GLS estimator B\GLS'

There are more complex models, Frees [2004] described this by assuming y ~ N(X3,v)

where v =V (1) =V,.

The log likelihood of a single individual is

£4(5,7) = — (Tiog(2m) + loglVi(r)] +(y, = X8 Vi(r) ™y, ~ X;))

Then the full data log likelihood is

N

L(67T) = Zgl(ﬁa’r)

i=1

Then the estimators of 3 and 7 can be obtained by maximize the L(5, 7), take the

tirst derivatives with respect to 3 and 7, and set the equations equal to zero. We
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have

0 Yo
%L(677—) = 2%61(57T>

Therefore, the estimator of 3 is

N N

BuLe = (Z X7 X/Z-(T)lXi) > XTVi(r) s
=1 =1

Hence, the fixed covariance 7 of MLE is the same as the GLS estimation [Frees,

2004].

2.4 Restricted Maximum Likelihood Estimation

In statistics, the restricted maximum likelihood (REML) approach is a way of estimating
variance components (see Patterson and Thompson [1971] for definition) which was intro-
duced by Patterson and Thompson [1971]. In contrast to the maximum likelihood estima-
tion introduced earlier, REML can produce unbiased estimates of variance and covariance
parameters.

Recall the general linear model Eq.(2.17) with independent errors

y=XB+c¢
with
e ~ N(0,0%)
Then the distribution of Y is
Y ~ N(XB, ). (2.29)

In this case, Y is an N dimensional vector with known covariate values, and X is N x K

matrix, where K is the number of variables of . It also assumes that all observations are
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independent. So the maximum likelihood estimator for o is Eq.(2.22)

~

.1
0? = N(y—Xﬁ)T(y—Xﬁ) (2.30)

N—-K

which is biased downward by . See Eq. (2.24) for detail.

Now we introduce REML estimator which is defined by Diggle et al. [2002] as a maxi-
mum likelihood estimator based on a linearly transformed set of data Y* = M”Y where M
is N x (N — K) matrix. So the distribution of Y* does not depend on g3, then it follows a

normal distribution with mean zero and variance covariance matrix o2M7* M. Now using

the MLE method on the transformed data, the estimated o2 is

~ 1

0? = (= Xp)"(y - XP) (2.31)

which is unbiased for .
Note: one way to achieve this is by taking A to be a subset of N — P linearly independent

columns from the matrix P which converts Y to OLS residuals,
M=1-X(XTx)"'x"T (2.32)

Therefore,
A (Y= X(XTX)TXTY)T(Y - X(XTX) ' XTY)
? N_-K

which is the mean squared error, unbiased for o2. It used as the estimator for the residual
variance in linear regression. There are more details of proof from [Diggle et al., 2002].

In summary, maximum likelihood and REML estimators will often give very similar
estimates for 3. But when K is relatively large, the result of ML and REML may differ.
However, when they do differ substantially, REML estimators should be unbiased or less
biased [Diggle et al., 2002]. It has been recommended by some authors (eg. [Arnold and Liu,
2004]), that the REML can be used to select an appropriate variance covariance structure; ML
then be used to select significant terms in a longitudinal model by using AIC (see definition
of AIC in section 7.2); and then finally model estimates be estimated using REML estimation
in the selected model.

Remark: In this thesis, we consider model where n >> p, so the distinction between ML

and REML estimators is not important. We therefore do not consider REML estimation.
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Chapter 3

Models for Longitudinal Data

In this chapter, we apply the methods from the general linear model presented in chapter
2 to the case of longitudinal data. We now introduce a general longitudinal data standard

linear model that can be written in three different forms:

e Full data form:

y=XB+e (3.1)

where the dimensions of parameters are yis NT'x 1, X isNT'x K, Bis K x 1 and € is

NT x 1.

e Vector or individual form:
y,=XiB+e i=1,-- N (3.2)

where the dimensions of parametersarey,is T x 1, X;isT x K, Bis K x land ¢;is T

x 1.

e Scalar form:

Yo =xyB+ey i=1,--- N t=1,--- T (3.3)

where the dimensions of parameters are y;; is 1 x 1, x}, is 1 x K and is known, 3 is K

x land g;;is1 x 1.

where ¢ is the individual specification and ¢ is the observation specification. There are dif-
ferent assumptions can be made on the error term structure of this general model.
If we assume that € ~ iid (0, 0°I), that means we ignore the correlation structure of the

data for a given individual, observations within individual are assumed to be uncorrelated;
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and across individuals and time, the errors are homoscedastic. Then the simplest model has
been defined.
If we don’t ignore the relationship between observations for a given individual and time,

then one way to define the error term is

en=ai+uy i=1--,N t=1,---,T (3.4)

The first term of the right side of Eq.(3.4) is called an individual unobserved effect. It varies
across individuals, but is constant across time; this part may or may not be correlated with
the explanatory variables X;. These two assumptions can be made about the individual

unobserved effect correspond to two different models:
e Random effects model: «; ~ iid (0, 02) and are uncorrelated with X
o Fixed effects model: o; are constant over time and may be correlated with X;.

The second term of the right side of Eq.(3.4), u;; is assumed to be a random disturbance,
that is uncorrelated with X, (although the u;, may be correlated amongst themselves for a
particular individual). It varies independently across individuals and may vary across time.
Note: In this chapter, we state three models which are following Johnson and DiNardo

[2007].

3.1 Pooled Model

Longitudinal data can be modelled as a pooled model. The pooled model stacks data over
individuals and time. The estimator derived based on this model is called the pooled esti-
mator.

The pooled estimator can be derived in two ways based on the model

y=XB3+e. (3.5)
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3.1.1 Ordinary Least Squares (OLS) Estimation for pooled model
The least squares principle is used to find an estimate A to minimize the residual sum of

squares (RSS), e’e wheree =y — X B

RSS = (y-XB)'(y - XB)
= y'y-B"X"y —y'XB+p'X"Xp
= y'y-28"X"y + B'X"XB
The first derivative of RSS gives

% = 2XTy +2XTX3 =0

Estimation of 3 :
B=(X"X)"'X"y (36)

substituting for y gives
B=X"X)"'X"(XB+e) =B+ (XTX) "X e

from which

B-B=(X"X)"X"Te

Taking the expectation,

E(B—B) = (XTX) "X E(e) =

giving

E(B) =B (37)
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Thus, under the assumptions of this model, the LS coefficients are unbiased estimates of the

B parameters. The variance-covariance matrix of the OLS estimates is established as

-~

Var(8) = E[B-B)B-B)"]
= EB[(XTX) ' XTee" X (XTX) ]
= (XTX)'XTElee’ |1 X(XTX)™?
= (XTX) ' X" IX(XTX)™!

— 0'2(XTX)71

So
Var(8) = o*(X7X)™! (3.8)

Estimation of o2 :

The residuals from the OLS regression can be expressed as
e=y-y=y-XB=y- X(X"X)"'X"y = My
The symmetric matrix M is defined as:
M=1-X(XTx)'x"
M is idempotent matrix, we have MM = M and M X = 0.
Proof: To prove M is idempotent matrix, then

MM = (I-XX"X)'XT")(I - X(XTX)'XT)
= I-XXTX)'XT - X(XTX)'XT + X(XTX) ' XTx(XTX)"'xT
= I -XXTX)'XT - X(XTX)'XT + X(XTX) ' X7
= I-XXT'X)'x7

= M
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Also we have

MX = (I-X(XTX)'XTXx
= X - XXTX)'XTx

= X-X=0

Then we can write e = My = M (X3 + €) = Me. And we utilize the fact that the trace of a

scalar is the scalar. Thus,

E(e'e) = E(e'M"Me)
= E(e'Me)
= Eltr(e’ Me)]
= E[tr(eTeM)]
= tr(E[(e"eM])
= tr(o”E[M])
= o*tr(M)
= o’tr] — o[ X (XTX) ' XT]

— ol — ot (XTX) (X XT)]

= o*(NT - K)
So
o2 = E(eTe)
NT - K

Thus, the unbiased estimator of o2 is

2 (3.9)

3.1.2 Maximum Likelihood Estimation for Pooled Model

In Chapter 2, we derived the maximum likelihood estimators in Eq. (2.21) and Eq. (2.22) by
assuming the e ~ N (0, 0*I). Now we apply the same theory on pooled model. We have

BMLE = (XTX)_lXTY
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The B\ vLE 1S the same as the OLS estimator B And

R 1 ~ ~ ele

Trie = ﬁ(y ~ XBare)(y — XBur) = NT
where e=y-X By and is the OLS residual vector. The Ordinary Least Squares estimation
assumes only € ~ iid (0, 0%I) and gives

T
e'e 5

Eyr—w)=°

This property is still true for normal errors. Thus,

~ o?(NT — K)
E(o2ypp) = — "
(*a1p) NT
So that 63,; ;; is biased for 0?2, although @\M Lk is unbiased for 5. And an unbiased estimator

by using MLE method is
= NT
= NT RO

3.2 Fixed Effects (FE) Model

The fixed effects model is defined as
yz-t:xg;ﬂ—i—ozﬂruit i=1,--- N t=1,---.T (3.10)

where time invariant individual unobserved effect ¢; is a fixed parameter which is repre-
senting the effects of those variables is constant over time and may be correlated with X;.
Note: Hsiao [2003] gives an alternative and equivalent formulation of Eq.(3.10) is to in-

troduce a “mean intercept,” 1, so that
Y =p+xpB+o;+uy i=1,--- N t=1,--- T (3.11)

Because both 1 and «; are fixed constants, without additional restriction, they are not sepa-
rately identifiable or estimable. One way to identify ;2 and «; is to introduce the restriction
SV, ;. Then the individual effect a; represents the deviation of the i** individual from
the common mean . But both formulation lead to the same least-squares estimator [Hsiao,

2003]. In this thesis, we only concentrate on the formulation Eq.(3.10).
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In vector form, Eq. (3.10) can be written as

wherey, = (i1, yir]", Xi = X, -+ X)Wy = [win, - ,wr)t and 1pisa T x 1 dummy
vector. Note: By using the FE model, the estimator 8 only can calculate the time variant
variables. The time invariant variables are not estimable, thus X is a subset of variables
which are time varying.

We make two assumptions on the fixed effect model Eq. (3.10)

Al.
E(ui’Xiaai) =0

A2.

Var(ui|Xl-, Oéi) = 021T

The assumption A1l means the disturbance term u; are uncorrelated with explanatory vari-
able X; over time, that means all the explanatory variables are strictly exogenous.

The assumption A2 is the common homoscedastic assumption, under this assumption,
the OLS estimation of model (3.12) is unbiased.

There are three approaches to the fixed effect estimator that we introduce below.

3.2.1 Within Estimation for fixed effect model

In the first approach, we calculate the mean values of the variables in the observations for

each given individual. The mean of y; averaged over time is

Yi = _1Tyz‘

the matrices are defined same as Eq.(3.12) and subtracted from Eq.(3.10) for that individual
gives

yit — Ui = (X = X)) 'B+ (g —w) i=1,--- N
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Applying the OLS method, we obtain the estimator

By zyxit—mxﬁ—wl lzgxu—myu—m 313

i=1 t=1 1=1 t=1

We also can write the model (3.10) in full data form

y=XB+Za+u (3.14)
wherey = (y',--- ,y0)T, u= (uf,--- ,uk)" are NT x 1 vectors and
Irva 0 O
Z = 0 0
0 0 1ra NTXT
and o = (ay, -+ ,ay)?. Z can be written as
Z=1Iy®1p

where Iy is an identity matrix of dimension N, 17 is a vector of ones of dimension T and
® denotes Kronecker product (which is an production on two matrices resulting in a block

matrix.). Then we can derive

117 0 0
zz" = |0 0
0 0 117
(Jr 00
= |o 0
0 0 Jr|
= INn®Jr
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15 171 O 0

(ZTZ)_l — 0 0
0 0 1%, 11
1 0 O
1
= T 0 0
0 0 1
T
1
— TIT

where Jr = 117. Thus

P = Z(zZ¥z)y'z"
1
= —IN®J
T N ® Jr
= In®Jr

Let Q = Inp — P, the matrix P and () have the following properties:

e Idempotent: P7 = Pand P? = P; Q* = Q.

Proof: P isidempotent matrix, then

PT — [Z(ZTZ)‘lZT]T

= (2" [(Z2"2)7) (2"

= (ZNN(Z2"z2)(2)"

=P
So PT = P.

) AVAV AR AP AV AN AR A=A VAP A R A
SoP?=P
QQ = (I-P)I-P)
= ]-P—-P+PP

= I-P
= Q
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S0 QQ = Q.

e P and @ are orthogonal: PQ) = 0 and () and Z are orthogonal: QZ = 0

Proof:
PQ=P(I-P)=P—-P>=P—-P=0
So PQ = 0.
QZ=(I-P)Z=2-PZ=72-27Z"2)'2"2=2-7=0
SoQZ =0

e Additive identity: P + Q = Inr.
Proof: Since we defined Q =1 — P,thus P+ Q = In7.

We now transform y using (); by premultiplying Eq.(3.14) by @

Qy = QXB+QZa+ Qu
= QXB+0+Qu

This transformation eliminates the time invariant variable o and any time independent vari-

ables. Now we rewrite in standard linear model form
vy=XB+1u (3.15)
where

- 1
y=Qy = (Inr— TZZT)Y
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with _ -

71
7,1

<
Il

and u = Qu and X = QX are in the same form. These can be interpreted as individual
deviations which measuring are the difference between individuals and its individual mean

over time.

By using the least squares theory, we can derive the following estimator:

By = (XTX)'XTy (3.16)
= [(@X)"(QX)]"1(QX)"(Qy)
= (XTQX)'X"Qy (3.17)

EBy) = (XTQX)'XTQXB
= B (3.18)

So [NHW is an unbiased estimator for 3 often referred to as the the within or fixed effects

estimator, with

Bw = Bry (3.19)
Var(Bpp) = o2(XTQX) ' = o2(XTX) ! (3.20)
Let
iy =y - XBy
Then we have the estimator of o2
~ Uy Uy
2 w
oW = e (3.21)

However, since the transformation matrix eliminated the time invariant variable «; where
i =1,---, N, there is a loss of N degrees of freedom. Therefore, we have to adjust the de-

nominator of Eq.(3.21) . The correct calculation should be NT observations minus N means
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and K parameters. Thus, the correct unbiased estimator of <;2u is

T~
~ uyu ~ NT - K
e = SN R - OYNT N (3.22)

The a can be estimated as

This is known as the within estimator. The within estimator is only one possible fixed effects
estimator.
Note: In fact, model (3.15) does not satisfy the OLS assumption, because after transfor-

mation the residual u = Qu are no longer uncorrelated
E[(Qu)(Qu)'] = 0*Q # o°.

So we introduce the OLS estimation below.

3.2.2 OLS Estimation for fixed effect model

The alternative way to derive the fixed effect estimator by using OLS method with a parti-

tioned design matrix W = [ X Z} and an augmented parameter vector v = B In order
le"

to use this method, we rewrite the Eq.(3.14) as

y=|x Z| z fu=TWry+u (3.23)

By using the Least squares theory, the estimator of ~ is

= (Wrw)~'wly (3.24)

Q) W)

Eq.(3.24) will give the same estimate of Bas Eq.(3.17). To prove this we have to use blockwise

matrix inversion method which is given in Appendix A.
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Proof:

Since W = [X Z} ,then W7 = [XT] )

where

B =

ZT

gy | XX XTZ
Z'X Z'Z

0 0 ]
+
0 (Z272)!

IPXP

(XX - XT7z(Zz"2) ' 727 X))
—(ZT2)7\ZTX

lpr —XT2(272)7]

(A B
C D

= (X'X-X"Z(z"2)7'Z2"X)"!
= (XTI -2z(Zz"2)"'z")X)"!
= (X'ex)™

~X"Z2(Z"2)NXTX - X" Z2(Z2"Z2) 7 27 X) !
S S A VAV AR 0. SV A VAVA Y ARD. O

= —X"Z(Z"Z)M(XTQX)™!

(2T ZX(XTX - XTZz(ZzT 2 2T X))
(2T X (XTI - z(ZT2) 2T X))
—(ZT ) 2T X (XTQX)!
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D = (Z'2)'+(Z" 227" XXTZ2(ZT 2y N XTX - XTZ2(ZT2) 7 2T X))
= (Z"2)y '+ (ZT )X XTZ2(Z 2y X (1 - Z2(ZFZ2) T 2 X)) !
= (Z'2) '+ (2T )T XX 22T Z2) (X QX))

Now Eq.(3.24) can be written as

A B
¢ D

B

5= [ ] = (WTW)"'why = y

~

(8

XT
ZT

Thus, the OLS estimate of 3 and &

Bows = [AX"+BZ"y
(XTQX)" Y XT - XTZ2(Z"2) ' Z )y
= (XTQX)"'XT(I—-2z(z"2)"'Z")y
(XTQX) ' XTQy (3.25)

dors = [CXT+DZTy
= —(Z"2)7'ZTX(XTQX) ' XT + (3.26)
VAN I AR VAVARYAD . CVAVAVA YA 0. € 0D 't

(27 2)"
= (Z"2)' 2T - X(XTQX) ' XT + T+ XXTP(XTQX) )y
(2" 2) 271 — (XTQX) (=X XTP+ X X"y

(27 2)"

7P 2y — (ZT ) 2T X (XTQX) TP X (T - P)y

Since o = Zaprg = : Therefore

OéNl

Q)

(3.27)
= y-X(XTQX)"'X"Qy
= ¥—XBows (3.28)
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Where Q=1 - Z(ZTZ)'ZT =1 - P,

71

y=(272)"' Ty = 7Ty =

and

- 1
X=(Z2"2)17"X = :FZTX =

X1

So the OLS estimator gives the same formulation as the within group estimator.

3.2.3 Maximum Likelihood Estimation for fixed effects model

The maximum likelihood estimator of fixed effects model (3.23) is the same as perform MLE
on a simplest model by assume u; ~ N(0,02). Thus the MLE are same as OLS estimator,

recall Eq.(3.25):
BMLE = (XTX)AXTY

and the estimator of 02, follows by the definition is:

e
MLE—NT(y Xﬁ) (Y_Xﬁ):ﬁ

where e =y — X B ve and is the residual vector refer to section 2.3. The ordinary least

squares estimation gives

ele
F(—— — ) — 52
Nr—~N—F =°
Thus
~ o*(NT — N — K)
E(o2 -
(0%arL) NT

So that o2 v is biased for o2, although B wvie is unbiased for 5. The adjusted estimator is

-~ NT Y
0= —————0
NT — N — K MLE
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Note: if u; ~ N(0, D) where D is diagonal, the MLE estimator follows by Eq.(2.2) is
Bwrs = (XTD'X)'XTD ly

If D is not diagonal, then the MLE estimator follows Eq.(2.7) is
Bers = (XTVIX)IXTy -ty

The proofs of WLS and GLS is similar to OLS case.

3.3 Random Effects (RE) Model

The major difference between random effects model and the fixed effects model is the indi-
vidual unobserved effect a; is random and uncorrelated with X;. The model follows Eq.(3.3)

and Eq. (3.4) structure, it can be defined most generally as

e Scalar form:

ylt:xz;ﬁ—l—Zg;az—i—ult Zzl,,N tzl,,T

where the dimensions of parameters are y;; is 1 x 1, x%,is 1 x K, Bis K x 1, Zlis1 x

P,a;is P x Tand u; is 1 x 1. x}; and Zz; are known covariates.

e Vector or individual form:
where the dimensions of parametersarey,isTx 1, X;is T'x K, Bis K x 1, Z;is T'x P,

o;isPxlandu;is T x 1.

e Full data form:

y=XB+ Za+u (3.30)

where the dimensions of parametersareyis NT'x 1, X is NT'x K, Bis K x 1, Zis NT'x
NP and Z can be written as Z = Iy ® 17, a« is NP x 1 where a” = [af,al, - -  o¥]

(a;is Px1)and uis NT x 1.

There are three components in random effect model, eg, in model (3.29): the fixed effect

term X;3 with K variables and the random effect term Z;cr; with P explanatory variables;
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the last term is a vector of residual components. This is sometimes called mixed effects
model because it includes both fixed effects (3) and individual random effects (a;).

Now we assume u; ~ iid (0, R;) for some covariance matrix R; the structure of R encodes
the correlation among the u;;. We have several choices for this structure, for example, it can
be independent, AR(1), have a compound symmetry structure or be unstructured (refer to
Chapter 2). And R; is a (I' x T') covariance matrix.

Also, ; is assumed to be normally distributed as iid (0, G;) which are independent with

u,. G; is a (P x P) covariance matrix with (k,[) element Gj; = Gy, for simplest model, G;

can be
03 ., 0 0
Gi=|0 o2 0 fori=1---N
0 0 o

Following the assumptions, conditional on the random effect, y, is normally distributed as

N(X,8,Z,GZ} + R;), the proof is below.
Proof
E(y,) = EX:B + Zia; + w;) = Xi83

Since

E(X:8) = XiB

E(u;) =0; E(a;) =0

Var(y,) = Var(X,8+ Zo; + w;)
= ZVar(a;)Z! + Var(u;)

= Z,GiZ! + R;

because

COV(OLi, ui) =0
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3.3.1 Two special types of Random Effect Model

Recall the random effect model Eq.(3.29):

For longitudinal data, the simplest random effect models are:

e Random Intercept Model

where o; is 1 x 1, Z; = 1p where 17 is a vector of ones of length T. In Eq.(3.31), obser-
vations collected on an individual are attributable to a individual“level”, or random

intercept.

e Random Intercept and Slope Model (Random Trend Model)
yz:XZﬂ—i—ozzo—l—Zzozﬂ—l—uz Zzl,,N (332)
In Eq.(3.32), each individual has an individual “trend”, or follows a random linear

trajectory with its own random intercept a;y and slope ;.

Note: the random effect model we are going to discuss most in this thesis is random intercept

2

o

model with independent covariance, i.e. Var(u;) = o211 and Var(a;) = o

3.3.2 Generalized Least Squares Estimation for random effect model

Recall the model (3.29)

u; - -uy, o --- oy are independent

In this thesis, we are interested in the random intercept model. So we assume R; to be equal

to 021y where I is the T dimensional identity matrix. And let G; to be equal to o2 and Z;
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equal to 17. So the model can be written as Eq. (3.31)

yi:Xi/6+1Txlai+ui Z:L ,N

Basically, random effect model can be considered as an extension of the fixed effect model.
We need to make another three assumptions based on the fixed effect model assumptions.

In addition to

Al.
E(ui|Xi, O(i) =0
A2.
Var(ui|Xi, Oéz') = 0'2IT
We assume:

A3. «a; ~ iid (0,02)
A4. Cov (Oéi, th) =0
A5, w| X; ~ iid (0,02 17 + 02117)

The assumption A3 assume the unobserved individual effect is randomly independently
distributed with mean zero and variance o2. The assumption A4 assume the «; can not be
correlated with the explanatory variable X;;. The assumption A5 assume the o; and u;; are

independent and this is guaranteed by our assumptions
u; ~ iid (0, JijT)

a; ~iid (0,02)

The covariance matrix of the error term can be derived by using the given assumptions listed
above. We have

g = 1lra; +u,

and we can write the error covariance of each individual cross-section unit as

Vi = Eleiel] = o2Ip + 02117 (3.33)
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The proof of this can be found in Section: 3.5. When the data are organized as stacked form,

the covariance of the error term for whole data set can be written as

Vi 0 -~ 0
0 Va - 0
Q=1Iy®V;=Eee'] = 2
0 0 - VN

where V; = E[e;e] ] isa T x T matrix.
Now we derive the estimator based on model (3.30). The GLS estimator of random effect
model is

Brp = (XTQ ' X) 1 XTQ Yy (3.34)

The variance of B is

Var (Bpp) = (XTQ1X)™! (3.35)
This can be written as

-1 N

N
Brp = <Z Xz‘T‘/i_lXi) > XTIV,
=1 =1

and
N

Var (Brp) = 02> (X]VX,) ™! (3.36)

i=1

The GLS estimation assumes known o2 and o2. In fact, we don’t know the two param-
eters in the real data analysis. So we have to estimate these two parameters first, then sub-
stitute these two into the GLS estimator in order to obtain the estimation of random effect
coefficient. This method is called FGLS (”feasible” GLS) estimation.

Since the within group estimator is an unbiased estimator, we can use the fixed effect
model to estimate the residual variance o2. That’s because the fixed effect estimator elimi-
nated the unobserved individual effect already, it would not affect our estimation of o2. Let

the fixed effect residual be
Uy = (yit - @i) - (Xz’t - yz)BFE

where



T T
t=1
T
| 1,
U; = fzuzt = Tl u;
t=1
Thus,
T
s,
2o i=lt=l 3.37
CUTNT-N-K (3:37)

Then we apply the OLS estimation on model
Yy, = yzﬂ"")’i +u;
We define the combined variance

0% = Var(a; +u;)
= Var(w;) + Var(w;)

L,

_ 2
= o, + =0,

and hence estimates of these variances are related by ((;\2 p can be calculated by using Eq.(3.42))

~ ~ 1 ~
0%p = 0% + 0%,

T

We combine the 025 and 02, result, we have

~

02, =02y — —a2, (3.38)

T

Now we could substitute these two estimators into Eq. (3.33) to use the GLS estimator Eq.

(3.34) to get the estimation of 8 rpe- This estimator is called FGLS estimator.

3.3.3 Between Estimation for random effect model

The between estimator converts all the data into individual averages and performs OLS on
the following equation:

Gi=XB+a+uw i=1- N
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where the ith term 7; is
T

— 1 T
yz‘ZfZ?ﬁthl Vi

t=1
and X is defined as the vector of ith individual means of the explanatory variables. Let

RSS to be the sum of squared residuals, then we have

N N
RSS =Y w'w =Y (5 — Xif — o) (57 — XiBB — )

i=1 i=1

Take the partial derivatives of RSS with respect to o; and let it equal to zero, we have

a=y—Xp
Then take the partial derivatives with respect to 3 and substitute &; into it and let this equal

to zero, we have

N 1N
Bp = {Z(Xz‘ - X)(X; — X)T} {Z(Xi - X)(¥; —7)}
1=1 i=1
This estimator is just as the OLS estimator on the cross-sectional equation with «; as the
intercept. The between estimator ignores important information on how the individuals
changed over time and is biased if «; is correlated with X; (see Chapter 7 for more detail).
Now we put this expression in matrix terms. We define a projection matrix P as the

transform matrix to get the estimator. The random effect model is
y=XB8+Za+u (3.39)

where Z is the matrix of N dummy variables corresponding to each cross-section unit. As
we defined P = Z(Z"Z)7'Z" in matrix form, this is a symmetric and idempotent matrix.
Premultiply the model (3.29) by this matrix transforms the data into the means over time

form.

Py =PXB+PZa+ Pu
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where

Py = Z(Z'72)'Z"y

ynlr
=Yy

and PX = X, Pu=uand PZ = 0. Thus,
y=XB+1u
By using the least squares theory as above, we have
By=(X'X)"'X'y
This estimator B p is called the between estimator and also can be written as

B = (XTPT)PX)(XTP")(Py) = (X"PX)"'X"Py

Let
up = y- YIBB
Then we have the estimator of 0%
~T o~
~2 Ugupg
BEN-K

where u is the residual vector obtained by using between estimator.

3.3.4 Maximum Likelihood Estimation for random effect model

(3.40)

(3.41)

(3.42)

To use the maximum likelihood estimation method, we assume the «; and w;; are normally

distributed. Thus,
y ~ N(p, Q) withp=Xp

45



(See proof from Section 3.5) The probability equation of the random effect model is

Pyl ) = (2m) ¥ 10] L exp [~y — )"0y — )

where Q2 = Iy ® V. Recall the vector form model (3.31), then the log likelihood function of

random effect model is written as

log L = —g log 2m — — log V|
| N
=5 2y = XiB)'V 7y, — X:6)
i=1
- N — log 27 — NT-1) log o2 — g log (02 + To?)
|
T 9,2 (yi — 1ro, — Xzﬂ)TQ(Yi —1ra; — X,8) (3.43)
U =1
1 N
N+ TeD 2 Z ~ XB)T 1 (y, ~ X.p)
= —ElogZW——N(T )loga — log(a +To?)
| N
20_2 (Y1 - XZ/B)TQ(yl - XZ/B)
i=1
T al _
3074 7o) 2T~ Xib)’ (3.44)
v a’ =1
where
V] =0T V(o} +To?)
from Hsiao [2003].
1 0'2 1 0.2 1
v o2 Ir TU§+0511] o2 [Q+TU§+05T

and Q = I — %llT as before. The result is obtained from Hsiao [2003].

To get the estimators, we take the first derivative of the log-likelihood of random effect
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model and then set each equation is equal to zero.

0log L 1 Y
02 - o2 Z(yz - Xzﬁ)TQXZ
U =1
1 To? N R
_0_5 02 + To? Zl(yz - XiB)X;
~ 0
dlogL ~  N(T-1) N
g2 207 203+To2)
1 N
301 2. ¥~ XiB)Qly, ~ X.B)
U =1
N
T a7, 2
o7+ Torp 2T~ X =0
dlog L NT T2 N ,
Gt = Aot Tod) T oz 1 Ty 2 Kby =0

1=1

Solve the above partial derivative, we obtain the estimators as
N 2 LN 9
B=S" XTI — 11| X,y N XTI - 117 |y,
B ZZI LT To? 4 o2 ' el T To2 + o2 Yi

. 1

N
7= Fr =) 2~ s~ XiB)"Q(y, ~ Ly - X,B)

1 N 1
~2 — ~ 2 ~2
g = — E i — XZ[; — —0
@ N — (y ) T u

Hence, to get the estimation of the maximum likelihood estimator, we can iterate between 3

2 2 .
and o, o/ until convergence.

3.4 Hausman Test

We have described two estimators, random effects (RE) estimator and fixed effects (FE) es-
timators that have different properties depending on the correlation between unobserved
individual effect o; and the explanatory variable x;;, ([Hsiao, 2003]). ? has named a test

called Hausman test for H, null hypothesis : o; and X;; are uncorrelated.

47



Testing FE vs. RE

We can test whether a fixed or random effects model is appropriate using a Hausman test.
HO o7 1 Xit

Ha e 7‘KX’Lt

1. If the effects are uncorrelated with the explanatory variables, the Hj, is true, the random
effects (RE) estimator and the fixed effects (FE) estimator is unbiased but the random
effects (RE) estimator is the one that should be adopted as it is efficient (random effect

estimation has smaller variance than fixed effect estimation).

2. If the effects are correlated with the explanatory variables, the H, is true, the fixed
effects estimator is unbiased and efficient but the random effects estimator is biased

(see proof in Chapter 5).

The test statistic is

H = (Bre — Bre)" (Sre — Zre) " (Bre — Bre) (3.45)

where X5 is the covariance of B refer to Eq.(3.20) and Eq.(3.36). X g is the covariance of
Bre refer to Eq.(3.34) and Eq.(3.35). This test statistics will be distributed asymptotically as
x* with K degrees of freedom under the null hypothesis that the random effects estimator

is true where K is the number of 3 parameters in the model.

3.5 Special Case: Equivalent Model

We note that two important models of interest are equivalent: compound symmetry model
and random intercept model with independent error term. A model without random effect,
but with compound symmetry variance structure (refer to Eq.(2.12)), we call it compound
symmetry model and the random effect model with only random intercept, we call it ran-
dom intercept model. The proof is below:

Proof of Equivalence

e Compound symmetry model:
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with

and ) i
L p p

V: p o .. p

_p p - 1_

E(y,) = E(X:B +w) = X3

L p p

1 ...
Var(y,) = Var[u] = o> |7 | : ’
_p p 1_.

e Random intercept model with i.i.d u;:

yi = XiB+Zy;+u
1
1
= XiB+ |  |vtw

1
— XB+1v,+w i=1,-- N

with
u; ~ N(O, 0'3])

and

Vi ™~ N(07 O-?/)

E(y,) = E(XiB+ Ziv;, +w) = X3, Z; =1
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Var(y;) = Var(ly,) + Var(w)
= 1Var(y,)1" + 1

= o211" 4+ 071

11 1 10 0
= 03 + 0,
11 1 0 0 1
03+03 U?/ 03
U,QY 03 03,—1—05
- ) -
1 O-’Y O-"/
2 2
o2 +o; os + o,
= (034—03)
2 1
o240l o2+02
L p p
_ 2P 1 p
2
o
where 0* = 02 4+ 07 and p = ———
o5+ 0y

Both models end up with the same distribution of y. So the random intercept model is

identical to the compound symmetry model, but is derived from a different perspective.
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Chapter 4

Simulation of longitudinal data

In this chapter, we define the simulation functions in R for several common models. For
example, random trend model, random intercept model, fixed effects model and pooled
model. Within the fixed effect model section, we define two simulation functions: one for
the case without correlation between individual effects and explanatory variables and one
for the case with such correlation. We also give a special case of random intercept model
function which may look like there is correlation between individual effects and explana-
tory variables. But actually there no such correlation. We then graphically present these
models by given the true values for each model, we also indicate the different features of
each model. Finally, we define the simulated functions for three simple types of covariance
structures, i.e. i.i.d or with serial correlation - AR(1) or compound symmetry. In this section,
we assume there is only one explanatory variable. And we only generate the small dataset
to demonstrate the features by plot the data for each model with i.i.d as covariance structure
only. At the end of this chapter we give the R codes included in this chapter. In the later
chapters, we are going to use these functions to generate the data for fixed effects model
with correlation and random intercept model without correlation, then we could investigate

whether there is estimation bias by using different estimation methods on these two models.

41 Random Trend Model

The random effect model for a single covariate X with random slope and intercept, also

called the random trend model is defined as:

Yij = Po + Prxi + i + iy + €at 4.1)
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wherei =1,--- ,Nand ¢t =1,---,T; B and 3, are fixed effect intercept and slope respec-
tively, and «y; and «; are random effect intercept and slope for i*" individual respectively.
First we randomly sample the N values z;; from a uniform distribution U(a, b) as the first

observation of X for each individual.
€T U(a, b)

We then let the observations x;; (for ¢ = 2,--- ,T) be the order statistics of T-1 draws from
the uniform distribution U(z;, z;; + §) for some .

Next, the random distribution ¢;, is simulated. For independent errors, we have
gy ~1i.d(0,0?) 4.2)

and we assume this is a Normal distribution with mean 0 and variance o?2. As noted in chap-
ter 2, it also can be other structure, i.e. AR(1) (first order autoregressive) or CS (compound
symmetry). We discuss simulation of such errors later.

The random effect ap; and «; is multivariate normal distribution with zero mean and

covariance G where o2 for ay; and o7 for ay;.

T MVN (0, G) 4.3)

Qg

2
0Op 0Oo1

where G = and we set gp; = 0.

oo 02
To simulate frorrll this distribution, we define the rmwvnorm function as following (in our
case, we always set 1o = 0 and ;1 = 0): Choose the centre of Multivariate (bivariate) Normal
distribution at (ug,u1) with a standard deviation in the (0, o1) direction. Define a mean
difference vector u.

Ty — U
u=X—-—p= ’ 1 - " ) u(]?ulNN(O?]-)

Tr1 — 1 Uy
then we define a variance matrix D and derive Du as

D— (o) 0

0 g1
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(o)) 0 OolUg
u= = Du
0 01 o1Uq

Now we rotate it with certain angle 0, using matrix

cosf) —sind

sinf cos6

cosf —sinf oolo

RDu = (4.4)
sinf cos6 o1U1
y = 1+ RDu

Note:

Var(a) = Var(RDu) = RDVar(u)D’R”
= RDID'R?
= G

Note, the 0 and o in this function are practical components which are not equal to 0y, and
o1, unless 6 = 0.

Alternatively, we can simply call the rmovnorm function from R built in function to simu-
late the individual effect.

Finally, we simulate the random effect data by calling the function sim.RE with parame-

ters N,T,a,b,0, n, G, 0., By and ;. The true value for these parameters are

100 0
=5 n=0 0] G- ,
0 50

0. =10, fy=0and 3 = 1.

Figure 4.1 shows an example of a random trend model with spherical errors. Data points
for a single individual ¢ are connected with lines for i« = 1---N. There are 12 simulated

individuals and each individual has 5 observations.
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Figure 4.1: Figures of an example of a random trend model with spherical errors data

From Figure 4.1, we can see the most of the individual slopes are positive as most of
individuals have upward trend, there are a few individuals have negative slope as a few
of them have downwards trend. Especially, the bottom individual has the biggest negative

slope.

4.2 Random Intercept Model

The random effect model with random intercept only is a special case of random trend

model where a;; =0 foralls, i =1,---, N and is defined as:
Yit = fo + Biwit + i + i (4.5)
wherei =1,--- ,Nandt =1, --- ,T; B and 3, are fixed effect intercept and slope respec-

tively, and «; is the only random effect for i’ individual.
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In R program, we called the sim.RE function. We set the parameter a;; with zero mean and
zero variance which means o7 = 0. Now, all the oy; fori = 1,--- | N are equal to zero. The
random trend model simplifies to Eq.(4.5) — the random effect model with random intercept
only. We call this the random intercept model. Now we simulate the random intercept data

by setting the parameters of sim.RE function as
N=10,T=5 a=1, b=5,

s=sn=[o o] a=|"" )

o. =1, Gp=0and 3; = 1.
Figure 4.2 shows an example of a random intercept model with spherical errors. Data points

for a single individual ¢ are connected with lines for ¢ = 1---N. There are 10 simulated

individuals and each individual has five observation.
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Figure 4.2: Figures of an example of a random intercept model with spherical errors data
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From Figure 4.2, we can see all of the individuals have positive slopes and the trends are

parallel with different intercept.

4.3 Fixed Effect Model

We have defined the random trend model (or we can call it individual effect model) in
Eq.(4.1) with
Eit N (0, g 3 )

and

Qo;
~ N(O, G)

Q5

For random intercept model, we have a;; = 0 and ag; ~ N(0,03). The fixed effect model is a
special case of random intercept model where «a;; = 0 and «; is constant over time that may

be correlated with X; and defined as:
Yie = Bo + Biwi + o + €i (4.6)

wherei=1---Nandt=1---T; (3, and 3, are fixed effect intercept and slope respectively.
Note, the random effect model simplifies to the Eq.(4.6) — without any random effect. The
tixed effects simulated data set has the same setting as the random intercept model but the

definition of «ay; is different.

4.3.1 Fixed effects model without correlation

Firstly, we generate the data for the fixed effect model without correlation by setting the
parameters as below

N=10,T=5, a=—5, b=5,

O R e

o. =1, fp=0and 3; = 1.

In R program, we call the sim.RE function and then set «;; equal to zero that means the
random slope with zero mean and also set the variance of o;; o%al = (0 in order to eliminate

the random effects slope. We don’t have to change the setting of o, because o, is random
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and is not correlated with X .
The model is Eq.(4.6) with

COV(ZL’it, Oé()z') =0

Figure 4.3 shows 10 simulated individuals with constant individual effect.
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Figure 4.3: Figures of an example of a fixed effect model with Cov(z;, o) = 0 data

From Figure 4.3, we can see all of the individuals have positive slopes and the trends are
parallel. The data characteristic is hard to distinguish between random intercept model data

and fixed effect model data without correlation.

4.3.2 Fixed effect model with correlation

In this section, we generate data of the fixed effects model with correlation. The model is

Yit = Bo + Prxie + i + €t (4.7)
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with
COV(Xit, Oéol') =p 7é 0

Set the correlation equation by following Mundlak formulation [Mundlak, 1978] as

ag; = X;p + w; (4.8)

where

The correlation means the explanatory variable z;; is correlated with the individual effect
Q;-

Now we define the generator of fixed effects model with correlation in R. Compare with
the sim.RE function, the only part of program we need to change is the way of generate indi-
vidual effect ay;. Firstly, we generate N random numbers of w; to follow Eq.(4.9). Then we
calculate X; and define a constant p as the correlation coefficient or degree of the correlation.
Finally, we follow the Eq.(4.8), we obtain «(; random generator.

We call this R program function as sim.cor with parameters N, T', a, b, 6, p, 0., 0w, Bo
and ;. Figure 4.4 shows 10 simulated individuals with Cov(z;, o) # 0 by setting the
parameters as

N=10, T =5, a= -5, b=5,
0=10, o. =1, o, =1,

p=3, fp=0and ; = 1.
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Figure 4.4: Figures of an example of a random intercept model with spherical errors and
Cov(X,ag) #0

From Figure 4.4, we can see all of the individuals have positive slopes and the trends
are parallel. The intercepts of each individual are step increasing. This indicate that there is

positive correlation between individual effects and covariate X.

4.4 Pooled Model

The pooled model with no individual effects is a special case of fixed effect model where

ag; =0 foralli, i=1---N and defined as:

Yie = Bo + Bixie + € (4.10)

wherei=1---Nandt=1---T; 3 and 3, are fixed effect intercept and slope respectively.

Call the function sim.RE and we set «; and «ay; to equal to zero that means both random in-
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tercept and slope with zero mean and zero variances. Now the random effect model simpli-

ties to Eq.(4.10) — the pooled model without individual effect. Now we simulate the pooled
data by setting the parameters of sim.RE function as

N=10,T=5, a=

9

s=5 u=[p o] o=
0 0
0'5:10, 602021]1(151:1.

Figure 4.5 shows 10 simulated individuals with no individual effect and each individual has

5 observations.
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Figure 4.5: Figures of an example of a pooled model with spherical errors data

From Figure 4.5, we can see the individuals distribute randomly. There is a slightly

upward trend.
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4.5 Error Structure

In this section, we present three simple types of error structures, independent covariance,
AR(1) covariance and compound symmetry covariance (refer to Chapter 2). The ¢; is dis-

tributed as normal distribution with zero mean and V' as covariance. We set V' = Var(g;).

4.5.1 Independence covariance

The independence covariance matrix is the simplest of all covariance matrix. The model
with spherical errors have independence covariance. o is the only parameter in the matrix
(refer to Chapter 2), and

V=01

with no correlation between observations. The independence matrix is common useful co-
variance matrices. In this thesis unless individual effects are included, the simulations for
different models we introduce in previous sections are all defined with independence ma-

trix. There are other choices for the covariance matrix that we introduce below.

4.5.2 First Order Autoregressive AR(1) covariance

The first order autoregressive processes, AR(1), have the following structure, recall Eq.(2.13):
€ = per_1 + Uy (t=0,%£1,...)

where {u;} is a sequence of independent N (0, 0?) random variables and |p| < 1.

The ¢ is distributed as N (0, 02/(1 — p?)) to proof that we express the AR(1) as

o
€t = Zﬂ%t—j
§=0



and
Varlg;] = Var[z Plue ]
=0
— szjVar[ut,j}
=0

)
— 0_2 § p2]
J=0

1—p

Since E[u;] =0V t and E [usu;] = 0 unless s = t, E[u?]= Var[u;]=c>.

So Vt, ¢; is normal distributed with mean 0 and variance % by the property of the normal
0.2
1—p?

distribution. Then ¢, is normal distributed with mean 0 and variance by the property
of the normal distribution.

So AR(1) covariance has two parameters in the matrix, p and o?. In R, we firstly random
generate a number from normal distribution as the zero term in AR(1) process with zero

g

mean and standard deviation i by using rnorm function. Then we generate 7" innova-
—p

tion terms (u;) by using the same R function rnorm with zero mean and Seps as standard
deviation. Now by following Eq.(2.13) we have T+1 terms. In order to get 7" terms, we have
to eliminate the ¢, finally return e as the AR(1) process simulation. For a given individual,
the T number of observations follow the AR(1) structure. So we call it arl function which

have parameters T, p, o..

4.5.3 Compound Symmetry (CS) covariance

Compound symmetry (CS) is another simple form for the variance-covariance matrix. Eq.(2.12)
shows the matrix form of this structure which has two parameters (¢ and p). The first pa-
rameter is the variance of the individuals and is constant across time. The parameter p is the
correlation between any two observations from the same individual which represents the
degree of association of the longitudinal data within individuals, and specifically indicates
the proportion of variance in the data attributable to individuals (refer to chapter 2).

Follow the definition of compound symmetry, we have

€ ~ CS(Ioa 02)

62



For each individual, the covariance matrix has o2 as the common variance; within the in-
dividual pairs of observations have the same p. In R, we define the diagonal matrix as
(1,---,1), the off diagonal elements are p and we define it in two parts: lower.tri(corr) and
upper.tri(corr). Then combine them, we have the covariance matrix for multivariate normal
distribution. Now we use rmonorm function to generate N x T dimension of data. We called
the full compound symmetry generator as cov.cs.

Alternatively, in Chapter 3, we prove a special case the Random intercept model with
iid structure is identical to the simple regression with compound symmetry covariance, it is
derive from different perspectives. We can use R to generate random intercept data for the
simple regression with compound symmetry covariance model and we call the function as

comp. For example, the model follows this perspective can be
Yie = o + b1z + aoi + €it (4.11)
And we generate ay; with zero mean and p * o? variance
ag; ~ N(0,02.) (4.12)

then we generate ¢; with zero mean and (1 — p) * o* variance

g; ~ N(0,02) (4.13)

where
or, = po’ (4.14)
02 =(1-p)o? (4.15)

Finally, we combine two terms together ay; +¢;. Then we gather it with other simulated val-
ues as the simple regression with compound symmetry covariance model dataset. There-
fore, in this section, we introduce the way of generate random numbers with compound
symmetry covariance and present a special case to create the compound symmetry struc-

ture.
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4.6 Special random intercept model without correlation

In this section, we generate data of the random intercept model with same X;;. This kind
of data may look like there is correlation between the individual effects and explanatory
variables, but actually there is no such correlation. The model is the same as the random

intercept model, recall Eq.(4.5)
Yie = Bo + brzir + c; + €it (4.16)

But

x;1 is same for all individuals

Now we define the generator of this special random intercept model in R. Firstly, we gener-
ate N random numbers of ¢ from normal distribution as € ~ N (0, 02). Then we generate one
random number z;; from a uniform distribution with a and b as z;; ~ U(a, b), then repeated
it N times as the starting points for each individual. We define an increment column vector
for each individual, combine the column and row vector using outer function to create the
design matrix X. Finally we generate N random numbers of ay; from normal distribution
as ag; ~ N(u,c2).

Follow the random intercept model as Eq.(4.5), we obtained Y;;. We call this R program
function as sim.RlI.ss with parameters N, T, a, b, delta, mu, sigma, Seps, beta0, betal. Note: This
is different compare with the fixed effects model with correlation. The difference is that we
generate X and ay separately. So for this special model Cov(z;;, ap;) = 0.

Figure 4.6 shows 10 simulated individuals of random intercept model with same same

z;; and Cov(z;, ap;) = 0 by setting the parameters as
N=10,T=5 a= -5, b=5

§=10, u=0, o, =1,

0'5:1, 50:Oandﬁ1:1.
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Figure 4.6: Figures of an example of a random intercept model with same xz;;

From Figure 4.6, we can easily see all of the individuals have the same z;;. The slops of

each individuals are positive and parallel on average.

4,7 R Codes

4,71 sim.RE function

sim.RE<-function (N, T,a,b,delta,mu,G, Seps,betal,betal) {
#define the matrix we need
xM<-matrix (rep (NA,NxT),nrow=N,ncol=T)
yM<-matrix (rep (NA,NxT), nrow=N,ncol=T)
idM<-matrix(rep (NA,N*T),nrow=N,ncol=T)
timeM<-matrix (rep (NA,N*T),nrow=N,ncol=T)
gammaMO<-matrix (rep (NA,N*T),nrow=N,ncol=T)
gammaMl<-matrix (rep (NA,N*T),nrow=N,ncol=T)

#generate X_{il} as start point for each individual

65



xM[,1l]<-runif (N, a,b)
#generate the individual effect
gammaM<-rmvnorm (N, mu, G)
#generate the error term with indep covariance
epsM<-matrix (rnorm(N*T, 0, Seps),nrow=N,ncol=T)
#define the length of observations for each individual
D <- deltaxseqg(from=0, to=1, length=T)
#follow the model eq. calculate Y_{i7j}
for(i in 1:N) {
for(j in 1:T){
xM[1i, J]<-xM[1,1]1+D[]]
yM[i, jl<-betalO+betal*xM[1i, j]
+gammaM[i, 1]+gammaM[i, 2] »xM[i, 7]
+epsM[i, 7]
idM[1i, jI<-1
timeM[1i, j1<-3
gammaMO [1, ] <-gammaM[i, 1]

gammaMl [i, ] <-gammaM[i, 2]

id<-matrix (t (idM), nrow=N+T,ncol=1)
time<-matrix (t (timeM), nrow=N*T, ncol=1)
x<-matrix (t (xM), nrow=N*T, ncol=1)
y<-matrix (t (yM),nrow=N*T,ncol=1)
gammaO<-matrix (t (gammaM0) , nrow=N*T,ncol=1)
gammal<-matrix (t (gammaMl) , nrow=N*T,ncol=1)
eps<-matrix (t (epsM),nrow=N+T,ncol=1)
idtext<-factor (id)

#combine values as a data frame
data.df<-data.frame (id=id, idtext=idtext, time=time,

x=x,y=y,gammal=gammal, gammal=gammal, eps=eps)

return (data.df)

sim.cor<-function(N,T, a,b,delta, rate, Seps,Weps,betal,betal) {
xM<-matrix (rep (NA,NxT), nrow=N,ncol=T)
yM<-matrix (rep (NA,NxT), nrow=N,ncol=T)
idM<-matrix (rep (NA,N*T),nrow=N,ncol=T)
timeM<-matrix (rep (NA,N*T),nrow=N,ncol=T)

epsM<-matrix (rnorm(N*T, 0, Seps),nrow=N,ncol=T)
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w<-rnorm (N, 0, Weps)
xM[,1]<-runif (N, a,b)
inc<-delta*c (0, sort (runif (T-1,0,1)))

xM<-outer (xM[, 1], inc, "+")

gammaMO<-matrix (rep (NA,N*T),nrow=N,ncol=T)
for(i in 1:N) {

gammaMO[i,1l]<-ratexmean (xM[i,])+w[i]

}

gammaMO<-outer (gammaMO[, 1], rep(1,T))
for(i in 1:N) {

for(j in 1:T) {

yM[i, jl<-betalO+betal*xM[i, J]

+gammaM0 [1, j]+epsM[i, j]

idM[i, j1<-1

timeM[i, J]1<—7

}
}
id<-matrix (t (idM), nrow=N+T,ncol=1)
time<-matrix (t (timeM), nrow=N=*T,ncol=1)
x<-matrix (t (xM), nrow=N*T,ncol=1)
y<-matrix (t (yM),nrow=N*T,ncol=1)
gammaO<-matrix (t (gammaM0) , nrow=N*T,ncol=1)
eps<-matrix (t (epsM),nrow=N=T,ncol=1)
idtext<-factor (id)
data.df<-data.frame (id=id, idtext=idtext,

time=time, x=x, y=y, gammalO=gammal, eps=eps)

return (data.df)

4.7.2 ARQ@)

arl<-function (T, rho, Seps) {
#generate the eps_0
eps<-rnorm(1l,0,Seps/sqgrt (1-rho"2))
fgenerate the T innovation terms
innov<-rnorm(T, 0, Seps)
for(j in 1:T){

#generate T+1 terms
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eps<-c (eps, rho*xeps[jl+innov[]j])
}
#eliminate the eps_0
eps<-eps[-1]

return (eps)

4.7.3 Compound Symmetry — cov.cs function

cov.cs<-function (N, sigmaCS, rho, T) {
#diagonal matrix is defined
corr <- diag(T)
#off diagonal is defined
corr|[lower.tri(corr)] <- sgrt (rho)
corr [upper.tri(corr)] <- sqrt (rho)
#covarianc matrix is defined
sigmarho <- sqgrt (sigmaCS) *corr
#mean of multivariate normal distribution
mean <- rep(0,T)
#generate NT values
rmvnorm (N, mean, sigmarho)

}

4.74 Compound Symmetry — comp function

comp<-function (N, T, rho, sigma) {

fgenerate alpha with zero mean and
#frhoxsigma”2 variance
alpha<-rnorm (N, 0, sgrt (rho) xsigma)
random<-matrix (rep (NA,NxT), nrow=N,ncol=T)
eps<-matrix (rep (NA,Nx*T), nrow=N,ncol=T)
for (i in 1:N) {
for(t in 1:T){
fgenerate error term with zero mean and
#(1-rho) *sigma”2 wvariance
eps[i,t]<-rnorm(1l,0,sqgrt (1-rho) *sigma)
#combine two terms together as random term

random[i,t]<-alphal[i]+eps[i,t]

}

}

return (random)
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sim.RI.ss<-function(N,T,a,b,delta,mu, sigma,

Seps, betal, betal) {
xM<-matrix (rep (0,NxT), nrow=N,ncol=T)
yM<-matrix (rep (NA,NxT),nrow=N,ncol=T)
idM<-matrix (rep (NA,N*T),nrow=N,ncol=T)
timeM<-matrix (rep (NA,N*T),nrow=N,ncol=T)
gammaMO<-matrix (rep (NA,N*T) ,nrow=N,ncol=T)
gamma<-rnorm (N, mu, sigma)
epsM<-matrix (rnorm (NxT, 0, Seps),nrow=N,ncol=T)
xM[,1l]<-rep(runif(l,a,b),N)
inc<-deltax*c (0, sort (runif (T-1,0,1)))
xM<-outer (xM[, 1], inc, "+")
for(i in 1:N) {

for(j in 1:T){
yM[i, jl<-betalO+betal*xM[1i, j]
+gamma [i]+epsM[i, 7]
idM[i, Jjl1<-1
timeM[1i, j1<-3

gammaMO [1, ] <—gamma [1]

id<-matrix (t (idM), nrow=N+T,ncol=1)
time<-matrix (t (timeM), nrow=N=*T,ncol=1)
x<-matrix (t (xM), nrow=N*T,ncol=1)
y<-matrix (t (yM),nrow=N*T,ncol=1)
gammaO<-matrix (t (gammaM0), nrow=N«*T,ncol=1)
eps<-matrix (t (epsM),nrow=N=T,ncol=1)
idtext<-factor (id)
data.df<-data.frame (id=id, idtext=idtext,
time=time, x=x, y=y, gammaO=gammal, eps=eps)

return (data.df)
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Chapter 5

Estimation Bias

As in all statistical modelling there is a risk of model misspecification which may lead to
(a) biased estimates of coefficients, and (b) biased estimates of variance components. In this
chapter, we firstly show the omitted variables bias which maybe exists when we ignore the
variable that is correlated with explanatory variables or maybe it is a determinant variable
of the outcome variable and discuss what determines the size of this bias. Then we show
theoretically and empirically the heterogeneity bias exists in particular where the correlation
exists between the explanatory variables and individual effects. The bias exists under two
models, the random effects model and the pooled model. But biases in the coefficient esti-
mates can be tolerable if they are small compared to the standard errors in those coefficients.
We also fit a model which use the Mundlak formulation. We empirically prove this model
can provide unbiased estimates under the correlation case. Then we investigate estimation
bias exists by using simulated data which are generated by using the R functions defined in
chapter 4. In this chapter, we also use the Hausman test to compare the fixed effect estimator
and random effect estimator, then we found the Hausman test is good to use to decide the

best estimation which provide unbiased and efficient estimation.

5.1 Omitted variables bias

Omitted variables bias is due to the correlation between the outcome variables and those
variables that should be include in the equation but are not, either because we ignore the
variable that is correlated with explanatory variables included in the equation or because of
unavailability of data.

To illustrate the omitted variables bias, suppose we have two models, full model Eq.(5.1)
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which is the true model and reduced model Eq.(5.2) with X; only, which is the omitted

variable model (incorrect model with bias):
Yi= 0o+ 51 Xi + 7S + & (5.1)

Yi =060+ 51Xi +¢ (5.2)

where v and ) and 3, are regression parameters; S and X are random variables and the

sample size is n. Now we define Eq.(5.1) and Eq.(5.2) in the matrix form as

Full model: Y = X8, + ¢ (5.3)
Omitted variable model: Y = X, 3, + ¢ (5.4)
Xf:|:1XS]§ XTZ[I x]

Bo p
Br=|p|; B,= ’

v

The least squares estimates for both models refer to chapter 2 are given by
By = (X;Xp) ' XY (5.5)

B, = (X'X,) X!y (5.6)

And we know that in truth
Y ~ N(X;8;,0°)

Then using this true model, we can derive the mean and variance of estimator 3; and 3, by

using Eq. (5.5) and Eq. (5.6) are
E [B;] = (X7 Xp) ' XFEY] = (X7 X;) "' X)X, B; = By (5.7)

Var(B,) = 62 (XFX;) ™! (5.8)

ie. B ¢ is unbiased.
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For the omitted variable model we have

ox - [0

wx - e
X

171 1"x 1Ts]

xI'1 xI'x xTs

B | n  >X >S8
> X S X2 Y XS

therefore,

1 X2 -y X
nLXP- (X Sy x g
Lo ZXES-3 XY XS

ny X?—(°X)

nYy. XS-> X> S8
ny X?— (2 X)?

n  YX >S

(xfxr)_lexf =
X YX2 Y XS

01

And

95
I

>'s

dox

SXS:ZXS—%ZXZS
Six = 30X (3O XY
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SyxS — SysX = %ZSZXQ—%ZXZXS

So the expectation and variance of estimator 3, are

B8] = xIX)XIE[Y

— XX XX,
o XTS5 -F XY XS

R X - Xy | [P
- B
,, "LXS-YX¥S
: nY S - (X2

_ Bo +~vA (5.9)

_51 +vB

Var(B8,) = Var((X'X,)'X.,Y)
= (XI'X,)7'X, Var(Y)(XX,) ' X,
— F(XTX,)"! (5.10)

And let

L, _ SSEX oS XYXS
Y X (DX
TLSX)(S—TLSXSX
nSxx
Sxx

5 _ NLXS-YXTS
ny X?—(3°X)?

TLSXS

nSxx
Sxs

Sxx

~

Then we can derive the bias of estimator FOT

1r

} by using Eq. (5.9) minus the first two
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elements of Eq. (5.7), then we have:

Bias F ”T] = FE[B,] - EBh2

ﬁlr
_ Bo + A B Bo
b1 +B I3

vA
vB
SxxS — SxsX
Sx x
= 75 (5.11)
Sxs
Sxx

So there is a bias in the coefficient estimate above and the bias can be positive or negative.
If Sxs = 0, that means the covariance of X and S is zero, there is no bias for the slope Bl

estimate; the bias of 3, is 5. Now we define a simulated dataset to show the bias empirically.

5.1.1 Simulated Example

In this section and following section, we use simulated data and real data to demonstrate
when the omitted variable bias exists and how it effects our estimates. We assume S to
be a Bernoulli random variable with probability of success p, and X to follow a Beta(a, b)

distribution conditional on S with a(S) = A(S + 1) and b(S) = A\(—S + 2)
S ~ Bern(p)
X|S ~ Beta(a,b)

Now we can derive the mean and variance for each distribution.

E[S]zZsP(st)zp

S

E[S?] =) s P(S=s)=p

Var[S] = E[S?] — (E[S])?> = p — p* = p(1 — p)
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ElXIS) = MJﬁgﬁ

A(s+3)
AMs+3)+A(—s+32)

Var[X|S] = a(s)b(s)

- Zp (5.12)
E[X] :;E[xm P(S = s) :%Hg (5.13)
Cov[X, 8] = E[XS] — E[X]E[S] = 2(1 —p) (5.14)
By using the property of Variance
Var[X] = E[Var[X|S]] + Var[E[X|S]|
IR e
e
_ 8;; ;7 +Hiap(l=p) (5.15)
Then we have the E[X?] is
E[X?) = Var[X] + E[X]? (5.16)
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In Figure 5.1 and Figure 5.2, we demonstrate the situation when there is and isn’t bias. In
Figure 5.1, we generate n samples for two groups of data (S = 0 or 1) with one explanatory
variable X with Cov(X,S) = p = £(1 — p) from above derivation. The two groups of data

are generated in R by using function cov XS (R code is in section 5.5). We generate S as
S ~ Bern(p)

and X as a Beta (q, b) distribution conditional on S with a = A(S+ ) and b = A(—S + 2) The

true values in this function are
p=05 n=300,a=0,b=1 \=5,

0.=05, 6=0, =1 ~v=3

In Figure 5.1 and Figure 5.2, the black lines are true model lines. The red lines are the full
model fitted lines by using Eq.(5.1) and the green line is the omitted variable model fitted
line by using Eq.(5.2). In Figure 5.1, we can see two full model fitted lines are parallel with
small positive slope. The omitted variable model only has one fitted line also can indicate

that has positive slope, but it is different from the true slope.

76



Figure 5.1: Figures of Omitted variable fitting with Cov(X,S) > 0

In Figure 5.2, we generate the n samples by using function indep X S (refer to 5.5) without

any correlation between S and X, ie. Cov(X,S) > 0. Here we generate S and X separately.

X ~ N(a,b)

There is no bias. The green line is the omitted variable model fitted line by using Eq.(5.2)
and the red lines are the full model fitted lines by using Eq.(5.1). The black lines are the true
lines, the data is generated based on Eq.(5.1). From Figure 5.2, we can see there is not much
difference among the true slope, the omitted variable model slope and full model slope. So

there is no bias. The parameters are used to generate this data are:

p=05n=300a=0b=0.1

0620'57 50:07 51:177:3

Compare with the correlation exists case, the R generation function just modify the way of

generate X, in the no correlation case, ie. X ~ N(a,b).
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Figure 5.2: Figures of Parallel data fitting with Cov(X,S) =0

Now we define modelfit function to follow the above derivations with parametersn, p, A, a, b, 0.,
which also return the estimates 3, and [3; for both full model and omitted variables model
(R program of this function can be found in section 5.5). Then we repeat each sample simu-
lation 1000 times and also store the estimates for each replication.
Finally, we calculate the mean and variance of estimator 3; for full model and omit-
ted variable model by calling the R function cal which is defined following the derivations

above. The true parameters for each sample are

n =100, p= 0.5, A =5,

a=0,b=1, 0. =0.5,
ﬁozoa 61:177:3

We compare results of the full model with omitted variables model based on the simulated
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estimates and theoretical estimates. Figure 5.3 and Figure 5.4 show the value of the bias for
Bo and 3, respectively. The bias is horizontal distance between the two vertical lines on the

graph. There are two vertical lines for each model. One is simulated estimates and the other

is theoretical mean estimates.

Beta_0 comparison

—— Full Model (FM)
- — Omitted variables Model (OM)

3.0

2.0

true mean of FM stimated mean of FM

Density
1.5

1

1.0

0.5

-2.0 -1.5 -1.0 -0.5 0.0 0.5

N =1000 Bandwidth =0.02735

Figure 5.3: Figures of (4 estimates for both models
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Figure 5.4: Figures of 3; estimates for both models

The vertical lines on both Figure 5.3 and Figure 5.4 show the estimated mean and the-
oretical mean for estimates (of intercept and slope) where the true mean for intercept and
slope are 3y = 0 and 3; = 1 respectively. On Figure 5.3, we can see the intercept estimate for
full model is merely equal to the true intercept value (8, = 0). But there is bias between the

omitted variables model intercept estimate and true intercept value. The bias of intercept is
Bias(3) = —0.85

which is calculated following Eq.(5.11).
From Figure 5.4, we compare the slope estimate between the full model with the true
slope where 3; = 1, there is no bias between them. The simulated and theoretical estimate of

full model is approximately equal to the true slope. Then we compare between the omitted
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variables model and the true slope. There is significant bias, the bias is
Bias((3;) = 4.72

which is calculated following Eq.(5.11).
Note the theoretical mean is calculated by using cal function is based on equations from

Eq. (5.12) to Eq. (5.16) and substitute them into Eq. (5.9).

5.1.2 Real Data Example

Girth, Height and Volume for Black Cherry Trees We now demonstrate the effect of omit-
ted variable on a real dataset. The data is sourced from R [Atkinson, 1985]. This data set
provides measurements of the girth, height and volume of timber in 31 felled black cherry
trees. Giirth is measured in inches, Height in ft and Volume in cubic ft. The data is given as

> data(trees)
> trees

Girth Height Volume

1 8.3 70 10.3
2 8.6 65 10.3
3 8.8 63 10.2
4 10.5 72 16.4
5 10.7 81 18.8
6 10.8 83 19.7
7 11.0 66 15.6
8 11.0 75 18.2

Then we use function pairs(trees) to plot the data shows in Figure 5.5.
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Figure 5.5: Figures of black cherry data

Figure 5.5 shows the correlations between three variables. There is strong correlation
between Girth and Volume. The correlation between Girth and Height is weaker.

Now we fit five simple model to black cherry trees data. The models in R are defined as

Model 1 (M1): full model with Girth and Height and their interaction

M1l <- Im(Volume ~ Girth*Height, data=trees)

Model 2 (M2): additive model with Girth and Height

M2 <- Im(Volume ~ Girth+Height, data=trees)

Model 3 (M3): girth only model

M3 <- Im(Volume ~ Girth, data=trees)

Model 4 (M4): height only model
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M4 <- Im(Volume ~ Height, data=trees)

e Model 5 (M5): intercept only

M5 <- Im(Volume ~ 1, data=trees)

The coefficients of the estimates for each model are shown, also with the confidence intervals

for each parameter:

Table 5.1: The coefficients of the estimates for Model 1

Estimate | Std. Error | t value | Pr(>|t|)
(Intercept) 69.40 23.84 291 0.01
Girth -5.86 1.92 -3.05 0.01
Height -1.30 0.31 -4.19 0.00
Girth:Height 0.13 0.02 5.52 0.00

25% | 97.5 %

(Intercept) | 20.49 | 118.30
Girth -9.80 | -1.91
Height -1.93 | -0.66
Girth:Height | 0.08 0.18

Table 5.2: The coefficients confidence interval of the estimates for Model 1

Table 5.3: The coefficients of the estimates for Model 2

Estimate | Std. Error | t value | Pr(>|t|)
(Intercept) | -57.99 8.64 -6.71 0.00
Girth 471 0.26 17.82 0.00
Height 0.34 0.13 2.61 0.01

25% | 97.5 %

(Intercept) | -75.68 | -40.29
Girth 4.17 5.25
Height 0.07 0.61

83

Table 5.4: The coefficients confidence interval of the estimates for Model 2




Table 5.5: The coefficients of the estimates for Model 3

Estimate | Std. Error | t value | Pr(>|t|)
(Intercept) | -36.94 3.37 -10.98 0.00
Girth 5.07 0.25 20.48 0.00

25% | 97.5 %
(Intercept) | -43.83 | -30.06
Girth 4.56 5.57

Table 5.6: The coefficients confidence interval of the estimates for Model 3

Table 5.7: The coefficients of the estimates for Model 4

Estimate | Std. Error | t value | Pr(>|t|)
(Intercept) | -87.12 29.27 -2.98 0.01
Height 1.54 0.38 4.02 0.00

25% | 97.5%
(Intercept) | -146.99 | -27.25
Height 0.76 2.33

Table 5.8: The coefficients confidence interval of the estimates for Model 4

Table 5.9: The coefficients of the estimates for Model 5

Estimate

Std. Error

t value

Pr(>[t])

(Intercept)

30.17

2.95

10.22

0.00

Table 5.10: The coefficients confidence interval of the estimates for Model 5

2.5 %
24.14

97.5 %
36.20

(Intercept)

In this example, the outcome variable is V olume and the predictors are Girth and Height.

In order to investigate the omitted variable bias, we assume that the model including these
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two predictors (with their interaction) Model 1 is the true model, and define reduced models
omitting the interaction Model 2 and simple model omitting Height Model 3.

The estimates of Model 1 are B;,scrcept = 69.4 and Bgiry, = —5.86), the estimates of Model 2
are Bintercept = —07.99 and Bgin = 4.71) and the estimates of Model 3 are Bptercepr = —36.94
and Bgirn, = 5.07). The confidence intervals of three models are shown in Figure 5.6 and

Figure 5.7 for both intercept and Giirth estimates.

100
|

50

Bintercept

-100

-150

M1 M2 M3 M4 M5

Model

Figure 5.6: Figures of intercept estimate for Model 1, 2, 3, 4 and Model 5

Figure 5.6 shows if Model 1 is the true model, then the reduced models which omit
variable Height leads to a significant bias. The middle point on Figure 5.6 is the estimate of

intercept for the five fitted models.
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Figure 5.7: Figures of Girth estimate for Model 1, 2 and Model 3

Figure 5.7 shows slightly difference between Model 2 and Model 3. That’s because the
correlation between the Girth and Height is weaker. But compare with Model 1, there is sig-
nificant bias. That’s because the interaction term has significant effects. So we can conclude
the bias can be decided by the degree of correlation between two explanatory variables.

Empirical results are often criticized on the grounds that the researcher has not explicitly
recognized the effects of omitted variables that are correlated with the included explanatory
variables (the omitted variable Height in the black cherry and S from the simulated data
which are correlated with the include variable). So the researcher should be more careful to

deal with the effect of the omitted variables.

5.2 Heterogeneity Bias

In order to investigate the random effect estimation bias (heterogeneity bias), we first list the

models and their estimators we have introduced in Chapter 3.
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e Pooled model

y=XB+e

Pooled OLS Estimation Recall Eq. (3.6,3.7, 3.8 and 3.9) in Chapter 3:

B=(x"X)"X"y

And
E(B) =8
Var(8) = 52(X7X)"!
- e’e
7 TNT-K
where
e:y—XB

e Fixed effect model

y=XB+Za+u
Fixed Effect Estimation Recall Eq. (3.17) in Chapter 3
BFE = (XTQX)"'X"Qy

where

1
Q:]NT_TZZT

and Z is a set of N dummy variables (one for each individual).

1p.a 0 0
Z=|1 0 . 0
0 0 1

NTxN

And Eq. (3.18 and 3.20 and 3.22) in Chapter 3 gives

E(BFE) =0

Var(BFE) = 82(XTQX)71
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T~

52 _ uu
 NT—-N-K
where
i=Qy—-QXB

e Random effect model

y=XB+Za+u

with
e=Za+u

Random Effect Estimation Recall Eq. (3.34) in Chapter 3:
Bre = (XTQ7'X)IXTO Yy
And Eq. (3.35) in Chapter 3 has

Var(Bpp) = (XTQ7 )™

where _
Vo
- 0V
Q=Iy®@V =EFElee' | =
0 O

V = Elesel | = oIy + 02117,

Therefore, the estimator Vis

V =052Ir + 02117

Recall Eq.( 3.37, 3.38 and 3.42), we have

2 2 2
0%y = 0°B — =0%,
T
AT~
~2 uBuB
BT N_-K
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where
uy = Qy - QXBRE

Also, Eq.(3.40 and 3.41) give
By = (XTPX)'XTPy
tip =y — X,

5.2.1 Theoretical Derivation

From Chapter 3, we know the variance-covariance matrix for random effect model is

V = Elei€]] = oIy + 02117

%

Its inverse is
1 o2

[Ir — ——%—117] (5.17)

Vvl = —
o2 +To?

7
(see [Hsiao, 2003] for detail). We can easily verify V'V = I (details can be found in Ap-

pendix B). We could rewrite the inverse of V! as

1 1

1
V= Sl (- e

1 1

= Iy — =(1—¢)117"
1 1 1

= [y - =117 + —y11"
ag[T 711 + Il
1

= ;[QJN#P]

where

el
024 To?

Now we express the Generalized Least Squares Estimator (GLSE) as a combination of two

components, known as the within group estimator and the between group estimator,

Bors = [XT(Q+vP)X] ' [XT(Q + ¢P)y]
= [Wxx+ ?/JBXXTI[WXy + 1 Bxy|
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where

Txx =X"X, Tx,=X"y
Bxx = X"PX, Bx,=X"Py
Wxx =Txx — Bxx = XTQX7 Wxy =Txy — Bxy = XTQY

We then define A and 1 — A as
A = [Wxx +¢Bxx] "WBxx

1—A=[Wxx +¢¥Bxx] " Wxx

Now the GLS estimator is
BGLS = ABB +(1— A)BW

where

@\W = W);}(WXZ/
B\B = B;(%(BXy

If both within group estimator and between group estimator are unbiased, then the GLSE
is unbiased estimator as well. But if there is correlation between the unobserved effect a
and explanatory variable X, the between group estimator will be biased. That means if the
correlation exists between the individual effect and explanatory variable, the random effect
estimator will be biased. Mundlak [1978] showed the random effect estimator will be biased

if there is such correlation exist. To prove this (refer to Hsiao [2003]), Mundlak assumes that
a; = XTa + w;

where w; ~ N(0,02) and a is K x 1 matrix and X; is K x 1 matrix where K is number of
explanatory variables have random effect (we assume all the explanatory variables within
random effects model have random effect). Now we recall Eq. (3.29) the individual form of
random intercept model

y, = XiB+ Zia; +u;
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Then we substitute «; into the equation to have the new formulation for random intercept

model, without assuming «; and X are uncorrelated.
y, = XiB+ Zi(X; a+w) +u,
where u; ~ N(0, 02 I7). We express the equation as
y, = XiB+ZX; a+ Zuw; + u; (5.18)

We also can write this in stack form

- ,8+ a+ |: wy + -+ wy +

Yn 7 N 1?% 0 1 uy
It follows that
The new variance-covariance matrix would be

Vij = E[(Zw; +w)(Zjw; +u;)"]

= E[uiU? + uiZiij + Zwlu;f + ZZUJZ’UJ]ZzT]

Ifi=j, V=0 +02277 = o2y +a2117; 1f i # j, V = 0. Using the same method as

above we derive the inverse of this matrix is

~ 1 o?
Vle Iy — 2w 197
5[T o2 +To? }

Now we can write the vector equation as the full data form

y=XB+Za+u

where

Zo=PXa+ PW
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wq

We assume PX is NT x K, PWisNTx1W = | : | ), P=Z(ZT2)"'ZT, PP = P =

WN
PT = PTPand Q = I — P as defined in Chapter 3, and ais K x 1.

And the GLS estimator of random effects model is
BGLS = ABB + (1 - A)Bw-

We now separately compute the expected value of B and BW. The expectation value for

between estimation and within estimation are

E[B5] = E[(X"PX)"'X"Py

(XTPX)'XTP(XB+ PXa+ PW +u)]

[( )

(XTPX)'XTPPW] + E[(XTPX)' X" Pu]

E

E
= E[(X"PX)'X"PXB]+E(X"PX)'X"PPXa] +

E

= B+ E[(XTPX)'XTPXa]
where a is a constant numerical vector and by assumptions W is

E[Xu] =0; E[XW]=0

E[By] = E[(XTQX)"'X'Qy
= (XTQX)'XTQ(XB+ PXa+ PW +u)]
= E[(XTQX)"'XTQXB] +E[(XTQX)'XTQPXa]
+E[(XTQX) ' XTQPW] + E[(XTQX) ' XTQu]
- 3 (5.19)

So the bias in B is a by using random effect estimation if there is correlation between o and

X. Therefore, we can derive the expectation of BG Ls as

E[Bars] = A(B+a) + (1-A)B=B+Aa (5.20)
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Similarly, if we use the pooled estimation or OLS estimation, the pooled estimation still has

bias, to see this, rewrite the pooled estimator as

B = (X'X)'X"y
= (XT"X)"'XT(XB+ PXa+ PW +u)
= (XTX)'XTXB+ (XTX)'X"PXa
HXTX)TXTPW + (XTX) ' X"

= B+ (XTX)'XTPXa+ (XTX)'XTPW 4+ (XTX) ' XTu
then find the expectation of this, we have
E(B) = B +E[(X"X)'X"PXa] (5.21)
since

E(Xu)=0 E(XW)=0

So the bias is E[(X7X)~'XT PXa] by using the pooled estimation if a # 0. Although the
random effect estimation and pooled estimation give the bias estimation, the fixed effect
estimator does provide the unbiased estimator when there is correlation between o and X.

To prove this, we can use GLS method and within estimator. We write the model in full data

form as
B
y = [X PX} +PW +u

a
XT B

Let K = [X PX},thenKT: 20 = and ¢ = PW + u. Then
XTpT a

y=Kb+e (5.22)

By apply the GLS method, we have

5= (K"K)'KTy
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Hsiao [2003] shows using the expression of the inverse of a partitioned matrix (refer to Ap-

pendix A), we obtain the GLS estimator of 8 and a as
Bars = Bw

agLs = Bs — Bw

(Details of this proof can be found in Appendix C). Alternatively, we could use the within
estimation method to premultiply Eq. (5.18) by ). We have

Qy = QXB+QPXa+ QPW+ Qu

Since

QP=(I-P)P=P-P=0

implies QPXa = 0 and QPW = 0. Now we have

Qy =y =0QXB+ Qu.
We obtain the estimator
BRE = BW

So the within group method and GLS method applied on Mundlak formulation provide

unbiased estimates for the fixed effect model.

5.2.2 Simulated Data Deviation

Now we use simulated data to demonstrate heterogeneity bias and the size of the bias for
both random effect estimation and pooled estimation, and also demonstrated that the fixed

effect estimator is unbiased. We assume our model is
Yie = Bo + Bz + i + €t (5.23)

wherei =1,--- ,Nandt = 1,---T,; f, and 3 are fixed effect intercept and slope respec-
tively. We assume z;; ~ N(0, 0% ). We then let the observations z;; (fort = 2,--- ,T) be the
order statistics of T-1 draws from the uniform distribution U (z;;, x;; + ) for some 6.

ayp; is the only random effect for it" individual, according to the Mundlak formulation
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(1978), we have
Qo = Y;Tp -+ w;

where p is a fixed numerical value and w; ~ N(0,02). In R, we generate the «; without w;
T

(we generate in next step) by given a constant p = Cov(X}, ;) and calculate X = g
Finally, we return z;; and ay; with individual and time specification. We call this fu;:cltion
newsim.cor.

Next, we define two functions called model fit.mle, this function is a fitting function
which have three models being fitted: random intercept model, fixed effects model and
pooled model. We use MLE to fit three different models by call the function ime from nime
package and glm function in R. Note: a —1 is used in the model formula to prevent the de-
fault inclusion of an intercept term in the model. Finally, save the slopes for each model.
The function is given in section 5.5.

Also, we define a function by using the least square method to calculate the slope of three
different models. The estimators are listed at the beginning of this chapter. Then functions
slope.re, slope.fe and slope.sr are defined based on these equations in R (details of these
functions can be found in section 5.5).

We next generate simulated data sets for a fixed set of X; values. For each dataset we
generate u; and w; follow u; ~ N(0,02) and w; ~ N(0,02), then recall the random intercept
model equation Eq. (3.3) to obtain Y;;. Combine the newsim.cor function values with Y;;,
u;; and w; values as the full data frame. Then we call the functions model fit.mle, slope.re,
slope. fe and slope.sr to calculate the slope for each model by using two method (LS method
and MLE method). Then we define a new function which combine these functions together,
this way we could easily call the function at once. We call this combination function fit-
ting.cor. Here we assume R replications. That means we replicate function fitting.cor R times
to get the estimates distribution for each model.

Now using the Eq. (5.20) and Eq. (5.21), we can calculate the bias theoretically as

Bias Pooled = E[(X"X) 'XTPXp]

= px (XTX)'XTPX

and

Bias RE = Ap
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where

A= [XTQX +ypX"PX] 'Y XTPX

Since

and

0'2 = Var(ozgi) = Var(le + ’LUZ)

= p*Var(X;) + Var(w;)
20%

T

= p —i—afv

Note: X; and w; are independent.

We substitute o2 into 1), it becomes

0_2

v = o2 +Tao?

2

Oy

0%+ T(p*% + o)

2

Oy

o2 1 2o} + T

In R, the calculation function is defined following these equations. Now if we assume the

true parameters N, T, p, 0, 0x, 0w, Bo, /1 and R to be

N=20,T=5 p=1,6=1,0,=1, ox =1,

O'wzl, 50:0, 61:18ndR:1000

The estimates distribution of three models (random effect model (RI), fixed effect model (FE)

and pooled model (PL)) are shown in Figure 5.8.
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Beta_1 distribution of RI, FE & PL
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Figure 5.8: Figures of estimates comparison between RI, FE and PL by using LS estimation
and MLE with correlation

Figure 5.8 shows the estimates comparison between RI, FE and PL by two different esti-
mation method: least squares estimation (LSE) and maximum likelihood estimation (MLE).
From Figure 5.8, we can see both methods give the exactly same distribution for fixed effect
model and for pooled model as well, since the lines overlap. There is slightly different be-
tween MLE and LSE for random intercept (RI) model. For the estimates of RI model, the dot
line (LSE) is slightly flatter than the solid line (MLE) and on the peak of the distribution the
LSE is above the MLE. The reason is that by using MLE we iterate to obtain the estimation
which is not a linear estimation.

From Figure 5.8, The vertical lines are the estimate mean, theoretical mean and the true
mean. The actual value of true mean is §; = 1, and the estimates for each model (MLE and
LSE are identical) are E[Blm] = 1.703, E[@FE] = 1.008 and E[@PL] = 1.963. The theoretical
mean are approximately equal to the mean estimates and true mean. Since the lines overlap

and are the average of fitted values. There is not much difference between the theoretical
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mean (from LSE and MLE) and estimated mean (from LSE and MLE) for Bl random effect
model and also for pooled model as well.

The random effect model and Pooled model have bias on mean estimates. It is calculated
by using Eq. (5.20) and Eq. ( 5.21) for random effect model and pooled model respectively.
We can see the biases, the numerical results from simulation match the theoretical formula
exactly. The FE model gives the exactly same estimate mean (from LSE and MLE) as the true
value. Its estimate mean is calculate by using Eq. (5.19).

Figure 5.9 and 5.10 are shown the estimate variance comparison between RI, FE and PL

by using MLE and LSE for Cov (X, «) # 0 case.

Distribution of Var(BA1)—(MLE) for Rl, FE & PL
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Figure 5.9: Figures of Var() comparison between RI, FE and PL by using MLE and
Cov(X,a) #0
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Distribution of Var([5A1)—(LS) for RI, FE & PL
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Figure 5.10: Figures of Var(Bl) comparison between RI, FE and PL by using LSE and
Cov(X,a) #0

Since Figure 5.9 and 5.10 are approximately identical, we only comment on Figure 5.9 be-
low. In Figure 5.9, we see the fixed effect estimation has the highest variance, then random
effect estimation, then pooled estimation. Because there is a correlation between «; and X;,
the only appropriate model to fit is the FE model, which has a high variance Var(Bl pp) =
0.071, also the RI model which severely underestimate Var(al ») = 0.021 and even worse
the pooled model Var(3 ».) = 0.005. However, if the variance components are poorly esti-
mated it may lead to inefficient estimation (standard errors overestimated, leading to Type
IT errors), or unrealistically precise estimation (standard errors underestimated, leading to
Type I errors). In the simulation, we have shown the estimated variance for random effect
estimate and pooled estimate are unrealistically precise estimation and the Type I error rate
is increased.

Therefore, fixed effect estimation should be used as an unbiased and efficient method

when there is correlation between the explanatory variable and the individual effect.
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When there is no correlation, what would happen to the three models? And which es-
timation should be used when there is no correlation? Now we can find this answer via

simulating the data by setting rate = 0, which gives no correlation.

A
Distribution of p, (no correlation case) for RI, FE & PL
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Figure 5.11: Figures of estimates comparison between RI, FE and PL by using LSE and MLE
without correlation

Figure 5.11 shows the mean estimates for three model are approximately equal to the

true mean, E[Elm] ~ E[B\IFE] ~ E[BIPL] ~ 1 = E[f,..]- Then the three estimators are all

unbiased.

Now we compare the variances for each method. Figure 5.12 and 5.13 show the estimates

variance comparison between RI, FE and PL by using MLE and LS when Cov (X, a) = 0.
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A
Distribution of Var@,)-(MLE) for RI, FE & PL
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Figure 5.12: Figures of estimates variance comparison between RI, FE and PL by using MLE
and Cov(X,a) =0
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Distribution of Var([3A1)—(LS) for RI, FE & PL
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Figure 5.13: Figures of estimates variance comparison between RI, FE and PL by using MLE
and Cov(X,a) =0

In both Figure 5.12 and 5.13, they show approximately the same distribution, so we only
comment on Figure 5.12 below. In Figure 5.12, we see the fixed effect estimation has the high-
est variance, then random effect estimation, then pooled estimation. Because there is no cor-
relation between «; and X, the only appropriate model to fit is the R model, which has vari-
ance Var(f3, »r) = 0.013, also the PL model which severely underestimate Var (3, ».) = 0.004
and FE model which overestimate the variance Var(f, +) = 0.025. However, if the variance
components are poorly estimated it may lead to inefficient estimation (standard errors over-
estimated, leading to Type II errors), or unrealistically precise estimation (standard errors
underestimated, leading to Type I errors). In this simulation, we have shown the estimated
variance for fixed effect estimate is inefficient which gives a loss of statistical power and may
lead to Type II errors. Pooled estimate is unrealistically precise estimation and may lead to
Type I error.

Hence, the random effect estimation as an unbiased and efficient method should be used
when there is no correlation between the explanatory variable and the individual effect.

Although, the fixed effect estimator and pooled estimator are all unbiased, the random effect

102



estimation is the best one should be used in this case.

We summarise the empirical results as: if there are no individual effects, the pooled
model gives the best fit; if there are individual effects which are correlated with explanatory
variables, the fixed effects model gives the best fit; if there are individual effects, but they

are not correlated with explanatory variables, the random intercept model gives the best fit.

5.3 Hausman Test on Model selection

In practice, the true model is unknown, so the question is now to select the best model. In
order to decide which is the appropriate model, especially between random effect model
and fixed effect model for longitudinal data, we could turn the question to identify whether
there is correlation exist between explanatory variables and individual effect. The Hausman
test is the common test to use in this case (discussed in section 3.4 and more discussion about
Hausman test [?] can be found in Cameron and Trivedi [2005]), as it can used to select the
unbiased and efficient estimation method. So it can identify the correlation. No correlation
means the random effect estimation is unbiased and efficient, while correlation means the
tixed effect method is unbiased. In this section, we not only empirically and theoretically
prove the correlation exist, but we also demonstrate how the correlation affects the choice
of random effect and fixed effect estimation. For the two models, one with and one without
correlation, we generate 1000 replicate datasets. We then fit the FE and RI models for each
replicate, and compute the Hausman test statistic (by using Eq. (3.45)). Our expectation is
the Hausman test is sensitive enough to detect the correlation between explanatory variables
and individual effects.

Figure 5.14 and Figure 5.15 show the distribution of Hausman statistic for with correla-
tion and without correlation cases where the degree of the correlation can be expression as

p = COV(O(Z', Xz)
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Distribution of Hausman statistic
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Figure 5.14: Figures of distribution of Hausman statistic - no correlation p = 0
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Distribution of Hausman statistic
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Figure 5.15: Figures of distribution of Hausman statistic - with correlation (ie. p = 1)

Since we only have one variable in the model, the degrees of freedom of the Hausman
statistic is 1, and the corresponding critical value for 5% significance is 3.841. We draw this
critical value on Figure 5.14 and Figure 5.15 as a vertical line. Figure 5.14 is the distribution
of the Hausman statistic for the case where there is no correlation, the p = 0 (p is a scalar to
measure the degree of the correlation). In Figure 5.14, 95.6 % of the distribution is on the left
hand side of the vertical line for a 5 % of significance level. The area under the distribution
of left hand side is the probability (or proportion) of the acceptance (accept H, rate), if this
probability is high, that means we accept Hj a lot for no correlation case. That indicates
the random effect estimation should be used. Figure 5.15 shows the opposite situation. The
proportion of acceptance is low, since most of the distribution area is on the right hand side
of the vertical line. So when there is correlation, we are more likely to reject the H, than
accept. In this case, we should use fixed effect estimation.

Note:
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e Figure 5.14 shows there is the Type I error on right hand side of the vertical line, which

4.4 % of chance we fail to accept Hy.

e Figure 5.15 shows there is Type Il error on the left hand side of the vertical line, which

caused by 0.4 % we fail to reject H,.

To investigate how the correlation rate (or the degree of the correlation) effects the propor-
tion of acceptance, we repeat the simulation for each case 100 times with 100 different rate
value from 0 to 1 in order. For each rate, we do the same calculation as before, we calcu-
late the test statistic H for single data set and find the proportion of acceptance (calculate
by using the number of H < 3.841 out of 1000 simulation). So far, for each rate, we have a
proportion of acceptance as its probability (the highest probability is 95 % and lowest is 0%).

We show the p vs. proportion of acceptance on Figure 5.16.
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Figure 5.16: Figures of rate vs. proportion of acceptance

Figure 5.16 shows when the p is increasing, the proportion of acceptance is decreasing.

Although the proportions fluctuate, it shows a consistent downward trend. It also suggest
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that for p < 0.1 that random effect estimator is still ok and for even small correlation the
Hausman test is sensitive enough to detect this correlation. Now we use simulated data
and real data to demonstrate how Hausman test works. In the following examples, we only
use likelihood approach to estimate, because we have proved least squares based approach
produces the similar estimates as likelihood based approach for RE model and produces
exactly same estimates as likelihood based approach for FE and PL model. We also fit a new
model called Mundlak formulation model (MF Model), because we proved it is unbiased
and is a special case of the RE model. Hence, the MF estimates should be unbiased for both

correlation and none correlation case.

5.3.1 Simulated Data Example

The simulation data sets we use in this section is generated by using the R functions defined
in Chapter 4. There are two types of datasets, one has no the correlation between individual
effect o and explanatory variable X;; called RINOCOR which is randomly generated by

using sim.RE function and setting the true parameters for RINOCOR dataset as

N=20,T=4, a=-10, b= 10,

5:3,u:[0 o},Gz 0[')6 2 :

0'5:]., 60:Oand61:1.

The other is with such correlation called RICOR which is randomly generated by using

sim.cor function and setting the true parameters for RICOR dataset as
N=20,T=5,a=-5 b=05,

ow=1 606=1
o. =1, Gp=0and 3; = 1.
The candidate models are

1. Random intercept model (RE Model):
Yit = Bo + Biwit + i + €a
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Eit ™ N(O, O'g)

Qp; ~~ N(O, O'i)

Wherei=1---Nandt=1---T,for N =20 and T' = 4; /3, is intercept. In R, we fit RE
Model as

RE <-Ilme(fixed = y ~ x, random = ~ 1 | idtext, data=data.df)

The estimates for RE Model are obtained by using R for two datasets and are listed as

Table 5.11: Estimates ﬁk of RE model for RINOCOR dataset, k =0, 1

Value | Std.Error | DF | t-value | p-value
(Intercept) | 0.072 0.180 | 59.000 | 0.400 0.691
X 1.011 0.033 | 59.000 | 30.394 | 0.000

Table 5.12: Estimates Var( Bk) of RE model for RINOCOR dataset, £ = 0, 1

(Intercept) X
(Intercept) 0.074 -0.018
X -0.018 0.039

The estimates of RINOCOR: 0. is 1.022 and o, is 0.620.

Table 5.13: Estimates Bk of RE model for RICOR dataset, k = 0, 1

Value | Std.Error | DF | t-value | p-value
(Intercept) | 0.246 0.272 | 79.000 | 0.905 0.368
X 1.594 0.198 | 79.000 | 8.061 0.000

Table 5.14: Estimates Var(Bk) of RE model for RICOR dataset, k£ = 0, 1

(Intercept) X
(Intercept) 0.074 -0.018
X -0.018 0.039

The estimates of RICOR: o is 1.063 and o, is 0.964.
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2. Fixed effect model (FE Model)
Yie = Brra + i + €t

Eit ™~ N(O, 0'52)
a; are fixed constant

Wherei=1---Nandt=1.--T, for N = 20 and T' = 5. Here we define the simplest
FE model only. No correlation with X; is assumed, but we may detect this. The corre-
lations case will be introduced by using Mundlak formulation. In R, we fit FE Model

as

FE <- glm(y - x + idtext, data=data.df)

The estimates for FE Model are obtained by using R for two datasets and are listed as

Table 5.15: Estimates 31 of FE model for RINOCOR dataset

Estimate | Std. Error | t-value | p-value
x | 1.016 0.103 9.865 0.000

The estimates of RINOCOR: o, is 1.061 and Var({,,, )= 0.011.

Table 5.16: Estimates 31 of FE model for RICOR dataset

Estimate | Std. Error | t-value | p-value
x| 1.018 0.312 3.260 | 0.002

The estimates of RICOR: 0. is 0.898 and Var(Bl )= 0.098.

3. Pooled model (PL Model)
Yit = Bo + Biwis + €

Eit ™ N(O, 0'82)

Wherei=1---Nandt=1---T,for N =20 and T = 4; 3, is intercept. In R, we fit PL
Model as

PL <-glm(y ~ x, data=data.df)
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The estimates for PL Model are obtained by using R for two datasets and are listed as

Table 5.17: Estimates B\k of PL model for RINOCOR dataset, k£ = 0, 1

Estimate | Std. Error | t value | Pr(>|t|)
(Intercept) 0.072 0.133 0.543 0.589
X 1.011 0.025 39.914 | 0.000

Table 5.18: Estimates Var(53;,) of PL model for RINOCOR dataset, k = 0, 1

(Intercept) X
(Intercept) | 1.76e-02 | -2.31e-04
X -2.31e-04 | 6.41e-04

The estimates of RINOCOR: o. is 1.401.

Table 5.19: Estimates Bk of PL model for RICOR dataset, k =0, 1

Estimate | Std. Error | t value | Pr(>|t|)
(Intercept) 0.116 0.150 0.772 0.442
X 1.881 0.130 14.480 | 0.000

Table 5.20: Estimates Var(f3;) of PL model for RICOR dataset, k = 0, 1

(Intercept) X
(Intercept) 0.022 -0.008
X -0.008 0.017

The estimates of RICOR: o, is 1.896.

4. Mundlak Formulation (MF Model)

Yie = 8o+ Bizie + o + e

ag = pXi +w;i

Eit ™~ N(O, O'g)
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w; ~ N(O, 05])

Wherei=1---Nandt=1---T,for N = 20 and T = 4; (3, is intercept; p is scalar. In
R, we fit MF Model as

MF <-1lme (fixed y 7 xt+barX, random = 7 1 | idtext, data=data.df)

The estimates for MF Model are obtained by using R for two datasets and are listed as

Table 5.21: Estimates Bk and p of MF model for RINOCOR dataset, £ = 0, 1

Value | Std.Error | DF | t-value | p-value
(Intercept) | 0.072 0.181 | 59.000 | 0.400 0.691
X 1.016 0.103 | 59.000 | 9.865 0.000
barX -0.005 | 0.109 | 18.000 | -0.049 | 0.961

Table 5.22: Estimates Var(Bk) of MF model for RINOCOR dataset, £ = 0, 1

(Intercept) X
(Intercept) | 3.26e-02 | -2.71e-18
X -2.71e-18 | 1.06e-02

The estimates of RINOCOR: o. is 1.030 and o, is 0.620.

Table 5.23: Estimates Bk and a of MF model for RICOR dataset, £ = 0, 1

Value | Std.Error | DF | t-value | p-value
(Intercept) | 0.081 0.268 | 79.000 | 0.302 0.764
X 1.018 0.312 | 79.000 | 3.260 0.002
barX 0.939 0.394 | 18.000 | 2.383 0.028

Table 5.24: Estimates Var( Bk) of MF model for RICOR dataset, £ = 0, 1

(Intercept) X
(Intercept) | 7.16e-02 | -2.43e-17
X -2.43e-17 | 9.76e-02

The estimates of RICOR: o. is 1.007 and o, is 0.948.
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Now we have to decide which estimator give the unbiased estimation and efficient estima-
tion between random effect estimator and fixed effect estimator. We use Hausman test Eq.(

3.4) to compare the random effect estimator and fixed effect estimator.
e Hj: There is no correlation between the individual effect and the explanatory variable;
e H,: There is correlation between the individual effect and the explanatory variable.

The test statistic is
H = (BRE — BFE)T(ZFE — ERE)_l(BRE — BFE) %

where Y is the covariance of EF g and Y g is the covariance of BPLE- We use S%; to rep-
resent the estimated covariance for the random effect estimator and S% to represent the
estimated covariance for the fixed effect estimator.

In the RINOCOR case, the true value of the 3, is 1. Bz = 1.011 and SE(BRE) = 0.033;
Bpp = 1.015 and SE(Bpg) = 0.103; Bp;, = 1.011 and SE(3p;) = 0.025 and Byr = 1.016 and
SE(BMF) = 0.103, all of estimates of 3; give the close estimates to the true value. That means
they are all unbiased. There is not very much difference between fixed effect estimate and
random effect estimate. This indicates there is no correlation between the individual effects
and the explanatory variable. Now we use Hausman test to apply on this dataset.

In RINOCOR case, the test statistic is 0.003 with 1 degree of freedom (we only have one
variable here), thus P(H > 0.003) = 0.959, so we accept H), there is no correlation between
X and « at 5% significance level. Hausman test identify the random effect estimator is
appropriate estimation to use for RINOCOR data.

Note: Our RINOCOR data is generated by random effect model, therefore, the Hausman
test gives the correct conclusion.

In the RICOR case, the true value of the 3, is 1. BRE = 1.594 and SE(@RE) = 0.198;
Bre = 1.018 and SE(Brg) = 0.312; Bp; = 1.881 and SE(Gp;) = 0.130 and Gy = 1.018 and
SE(Byr) = 0.312. The fixed effect estimate is close to the true value. The MF estimate is the
same as the fixed effect estimate. So the FE estimator and MF estimator give unbiased esti-
mates. RE and PL estimates are different from true value, so they produce biased estimates
as proved before. The fixed effect estimate is unbiased and there is a difference between the
tixed effect estimate and the random effect estimate. This also indicates there is correlation
between the individual effects and the explanatory variable. Now we use Hausman test to

confirm this finding.
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In RICOR case, The test statistic is 4.762 with 1 degree of freedom, thus P(H > 4.762) =
0.029, so we reject Hy at 5% significance level, there is correlation between X and «. Haus-
man test confirm that the fixed effect estimator is appropriate estimation to use for RICOR
data.

Note: Our RICOR data is generated by MF model, MF model give the same estimate
as the fixed effect model. Therefore, the Hausman test gives the correct conclusion. And
we should conclude both MF and FE estimators are appropriate estimation use for RICOR

data.

5.3.2 Real Data Example

In this section, we apply the random effect estimation and fixed effect estimation on WAGE
dataset (this dataset can be obtain from Wooldridge [2009]) and compare the estimates. Then
we could choose an appropriate estimator and also we use the Hausman test to confirm
the result. Therefore, the Hausman test no only can compare the estimator, but also can
indicate whether there is correlation between the explanatory variables and the individual
effects. The data are sourced from the National Longitudinal Survey held in USA. There are
545 full-time working males who have completed their education by 1980 and follow over
the period until 1987. The males in the sample with an age in 1980 ranging from 17 to 23
and entered the labour market recently, with an average of 3 years of experience. The data
and specifications we define is the same as in Wooldridge [2009]. Log wages are explained
by years of education, years of experience and its square, dummy variables for being a
union member, working in the public sector and being married and two racial dummies
(the variables in the model are selected same as on Verbeek [2004]). The models we fit are

given as

e Random intercept Model (RE)

lwage,, = [+ Bieduc; + Srexper,, + Bsexpersq,, + Byunion;,
+Bsmarried;; + (gblack;, + [-hisp,,

+pBspub,, + a; + &y (5.24)

Eit ™~ N<07 062)

Qy ~ N<Oa O—i)
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wherek=0,1---K,i=1---Nandt=1---Tfor K =8, N =545and T = 8. In R, we
fit RE Model as

RE <- Ime(fixed =lwage educ+black+hisp
+exper+expersgtunion+married+pub,

random = ~ 1 | nr,na.action=na.omit

data=males)

The estimates for RE Model are obtained by using R and are listed as

Table 5.25: Estimates Bk of RE model for WAGE dataset, k =0,1---8

Value | Std.Error DF t-value | p-value
(Intercept) | -0.105 0.112 3810.000 | -0.931 0.352
educ 0.101 0.009 541.000 | 11.152 | 0.000
black -0.144 | 0.048 541.000 | -2.975 | 0.003
hisp 0.020 0.043 541.000 | 0.456 0.648
exper 0.112 0.008 | 3810.000 | 13.556 | 0.000
expersq | -0.004 | 0.001 | 3810.000 | -6.877 | 0.000
union 0.106 0.018 | 3810.000 | 5.910 0.000
married | 0.062 0.017 | 3810.000 | 3.695 0.000
pub 0.030 0.036 | 3810.000 | 0.832 0.405

Table 5.26: Estimates Var(Bk) of RE model for WAGE dataset, k = 0,1---8

(Intercept) | educ black hisp exper | expersq | union | married | pub
(Intercept) | 1.26e-02 | -9.79e-04 | -6.21e-04 | -1.28e-03 | -1.42e-04 | 5.16e-06 | -7.47e-05 | 1.14e-04 | 1.40e-04
educ 9.79e-04 | 8.21e-05 | 2.76e-05 | 7.96e-05 | -4.45e-06 | 5.96e-07 | 7.22e-07 | -8.04e-06 | -8.90e-06
black -6.21e-04 | 2.76e-05 | 2.34e-03 | 3.51e-04 | -9.13e-06 | 2.73e-07 | -5.16e-05 | 6.48e-05 | 5.64e-06
hisp -1.28e-03 | 7.96e-05 | 3.51e-04 | 1.88¢-03 | 4.20e-06 | -3.55e-07 | -1.83e-05 | 4.40e-06 | -1.88e-05
exper -1.42e-04 | -4.45e-06 | 9.13e-06 | 4.20e-06 | 6.82e-05 | -4.65e-06 | -9.97e-07 | -3.13e-05 | -1.50e-05
expersq | 5.16e-06 | 5.96e-07 | 2.73e-07 | -3.55e-07 | -4.65e-06 | 3.49%e-07 | 1.88e-07 | 1.10e-06 | 5.14e-07
union | -7.47e-05 | 7.22e-07 | -5.16e-05 | -1.83e-05 | -9.97e-07 | 1.88e-07 | 3.19-04 | -9.65e-06 | -4.11e-05
married | 1.14e-04 |-8.04e-06 | 6.48e-05 | 4.40e-06 | -3.13e-05 | 1.10e-06 | -9.65e-06 | 2.82e-04 | -1.00e-05
pub 1.40e-04 | -8.90e-06 | 5.64e-06 | -1.88e-05 | -1.50e-05 | 5.14e-07 | -4.11e-05 | -1.00e-05 | 1.33e-03

The estimates o, is 0.351 and o, is 0.332.

e Fixed effects Model (FE Model)

lwage,, = [iexper,, + [frexpersq,, + Fsunion;
+B4married;; + Bshisp,,

+Bspub,, + a; + &y (5.25)
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Eit ™ N(O, 0'62)

wherek=1---K,i=1---Nandt=1---Tfor K =8 N =545and T = 8. InR, we
fit FE Model as

FE<-glm(lwage —-l+nr+eductexper+expersq
+union+married+black+hisp+pub,

data=males)

The estimates for FE Model are obtained by using R and are listed as

Table 5.27: Estimates Bk of FE model for WAGE dataset, k = 2,3,4,5,8

Estimate | Std. Error | t value | Pr(>|t|)
exper 0.116 0.008 13.813 | 0.000
expersq | -0.004 0.001 -7.083 | 0.000
union 0.081 0.019 4.204 0.000
married | 0.045 0.018 2463 | 0.014
pub 0.035 0.039 0.905 | 0.366

Table 5.28: Estimates Var(gk) of FE model for WAGE dataset, k = 2,3,4,5,8

exper | expersq | union | married pub
exper | 7.11e-05 | -4.86e-06 | 1.12e-08 | -3.75e-05 | -1.66e-05
expersq | -4.86e-06 | 3.67e-07 | 1.32e-07 | 1.34e-06 | 5.26e-07
union | 1.12e-08 | 1.32e-07 | 3.73e-04 | -9.01e-06 | -3.77e-05
married | -3.75e-05 | 1.34e-06 | -9.01e-06 | 3.35e-04 | -8.42e-06
pub | -1.66e-05 | 5.26e-07 | -3.77e-05 | -8.42e-06 | 1.49e-03
Table 5.29: F-test of FE model for WAGE dataset
Df | Deviance | Resid. Df | Resid. Dev | P(>|Chi|)
NULL 4359 1236.53
nr 544 | 66448 3815 572.05 0.0000
educ 0 0.00 3815 572.05
exper 1 91.80 3814 480.25 0.0000
expersq | 1 6.99 3813 473.26 0.0000
union 1 2.30 3812 470.96 0.0000
married | 1 0.76 3811 470.20 0.0134
black 0 0.00 3811 470.20
hisp 0 0.00 3811 470.20
pub 1 0.10 3810 470.10 0.3657
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Note: Table 5.29 shows no estimated effect of educ, black and hisp. The fixed effect
estimator eliminates the time invariant variables from the model (ie. educ, black and

hisp), so FE Model can’t detect time invariant variables. The estimates o. is 0.123

e Pooled Model (PL Model)

lwage, = [+ Bieduc; + frexper,, + Bsexpersq,, + Syunion;
+Bsmarried;; + Gsblack;, + G7hisp,,
+0Bspub,, + €4 (5.26)

Eit ™ N(O, 0'3)

where k=0,1---K,i=1---Nandt=1---Tfor K =8, N =545 and T = 8; 3, is the
intercept. In R, we fit PL Model as

PL<-glm(lwage educ+exper+expersq
+union+married+black+hisp+pub,

data=males)

The estimates for PL Model are obtained by using R and are listed as

Table 5.30: Estimates ék of PL model for WAGE dataset, k = 0,1---8

Estimate | Std. Error | t value | Pr(>|t|)
(Intercept) | -0.034 0.065 -0.531 | 0.595
educ 0.099 0.005 21.219 | 0.000
exper 0.089 0.010 8.807 | 0.000
expersq -0.003 0.001 -4.023 | 0.000
union 0.180 0.017 10.451 | 0.000
married 0.108 0.016 6.853 | 0.000
black -0.144 0.024 -6.104 | 0.000
hisp 0.016 0.021 0.752 0.452
pub 0.004 0.037 0.095 | 0.925
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Table 5.31: Estimates Var(gk) of PL model for WAGE dataset, k =0,1---8

(Intercept) | educ exper | expersq | union | married | black hisp pub
(Intercept) | 4.18e-03 | -2.59e-04 | -2.41e-04 | 1.01e-05 | -5.21e-05 | 1.01e-04 | -9.38¢-05 | -2.96e-04 | 1.32e-04
educ -2.5%-04 | 2.19e-05 | -5.63e-06 | 7.50e-07 | 1.15e-06 | -7.23e-06 | 4.17e-06 | 1.75e-05 | -7.91e-06
exper | -241e-04 | -5.63e-06 | 1.02e-04 | -6.86e-06 | -7.18e-06 | -2.64e-05 | -9.06e-06 | 6.60e-06 | -1.62e-05
expersq | 1.01e-05 | 7.50e-07 | -6.86e-06 | 5.01e-07 | 5.93e-07 | 8.79e-07 | 2.53e-07 | -5.26e-07 | 7.26e-07
union | -521e-05 | 1.15e-06 | -7.18¢-06 | 5.93e-07 | 2.96e-04 | -1.37e-05 | -4.86e-05 | -1.69e-05 | -6.66e-05
married | 1.0le-04 | -7.23e-06 | -2.64e-05 | 8.79e-07 | -1.37e-05 | 2.47e-04 | 5.76e-05 | 4.39e-06 | -1.76e-05
black | -9.38e-05 | 4.17e-06 | -9.06e-06 | 2.53¢-07 | -4.86e-05 | 5.76e-05 | 5.55e-04 | 8.34e-05 | 7.54e-06
hisp -2.96e-04 | 1.75e-05 | 6.60e-06 | -5.26e-07 | -1.69e-05 | 4.39%-06 | 8.34e-05 | 4.33e-04 | -1.8%-05
pub 1.32e-04 | -7.91e-06 | -1.62e-05 | 7.26e-07 | -6.66e-05 | -1.76e-05 | 7.54e-06 | -1.89e-05 | 1.40e-03

The estimates o, is 0.231.
e Mundlak formulation Model (MF Model)
lwage,, = [+ Bieduc; + Brexper,, + (Gzexpersq,, + Ssunion;
+Bsmarried;; + Gsblack; + SG7hisp,
+0spub,, + a; + e (5.27)
Eit ™ N(O, 0'82)

Wi ~ N(Oa 0120)

a; = p1EXPET, + p2€Xpersq, + pzunion;

+pymarried; + pg,ﬁi + w; (5.28)

Note: here we wipe out the time invariant variables in Eq. (5.28), because they are time
invariant variables, the mean of its variable is just itself .

wherek =0,1---K,i=1---N,p=1---Pandt=1---TforP=5, K =8, N =545
and T = §; 3 is the intercept. In R, we fit MF Model as

MF<-1lme (fixed = lwage eductexpertexpersgtuniont+married
+black+hispt+pub+barexper+barexpersgt+barunion

+barmarried+barpub, random = ~ 1 | nr, data=males)

Note: barexper, barexpersq, barunion, barmarried and barpub are the mean for each

variable over time.

The estimates for ML Model are obtained by using R and are listed as

117



Table 5.32: Estimates Bk and p, of ML model for WAGE dataset, k =0,1---8andp=1,---,5

Value | Std.Error DF t-value | p-value
(Intercept) | 0.490 0.221 | 3810.000 | 2.217 0.027
educ 0.095 0.011 536.000 | 8.682 0.000
exper 0.116 0.008 | 3810.000 | 13.813 | 0.000
expersq | -0.004 | 0.001 | 3810.000 | -7.083 | 0.000
union 0.081 0.019 | 3810.000 | 4.204 0.000
married | 0.045 0.018 | 3810.000 | 2.463 0.014
black -0.139 |  0.049 536.000 | -2.845 | 0.005
hisp 0.005 0.043 536.000 | 0.128 0.898
pub 0.035 0.039 | 3810.000 | 0.905 0.366
barexper |-0.167 | 0.051 536.000 | -3.263 | 0.001
barexpersq | 0.009 0.003 536.000 | 2.873 0.004
barunion | 0.193 0.051 536.000 | 3.792 0.000
barmarried | 0.099 0.045 536.000 | 2.204 0.028
barpub | -0.091 | 0.116 536.000 | -0.789 | 0.431

Table 5.33: Estimates Var(Bk) of ML model for WAGE dataset, k = 0,1---8

(Intercept) | educ exper | expersq | union | married | black hisp pub
(Intercept) | 4.89%-02 | -1.52e-03 | 1.20e-17 | -6.62e-19 | -2.42e-18 | -1.27e-18 | 1.69%-04 | -1.56e-03 | 1.00e-18
educ -1.52e-03 | 1.19e-04 | -4.08e-19 | 1.82e-20 | -1.46e-20 | -6.67e-20 | 1.77e-06 | 6.71e-05 | 4.07e-20
exper 1.20e-17 | -4.08e-19 | 7.11e-05 | -4.86e-06 | 1.12e-08 | -3.75e-05 | 4.51e-21 | -4.29-19 | -1.66e-05
expersq | -6.62e-19 | 1.82e-20 | -4.86e-06 | 3.67e-07 | 1.32e-07 | 1.34e-06 | 2.16e-21 | 2.54e-20 | 5.26e-07
union | -242e-18 | -1.46e-20 | 1.12e-08 | 1.32e-07 | 3.73e-04 | -9.01e-06 | 2.61e-20 | 2.92e-20 | -3.77e-05
married | -1.27e-18 | -6.67e-20 | -3.75e-05 | 1.34e-06 | -9.01e-06 | 3.35e-04 | -9.89e-20 | -1.62e-20 | -8.42e-06
black 1.69e-04 | 1.77e-06 | 4.51e-21 | 2.16e-21 | 2.61e-20 |-9.89%e-20 | 2.39e-03 | 3.57e-04 | 3.3%-21
hisp -1.56e-03 | 6.71e-05 | -4.29e-19 | 2.54e-20 | 2.92e-20 | -1.62e-20 | 3.57e-04 | 1.83e-03 | 2.71e-20
pub 1.00e-18 | 4.07e-20 | -1.66e-05 | 5.26e-07 | -3.77e-05 | -8.42e-06 | 3.39e-21 | 2.71e-20 | 1.49e-03

The estimates o. is 0.351 and o, is 0.325.

Now we have to decide which estimator give the unbiased estimation and efficient esti-
mation between random effect estimator and fixed effect estimator. In our case, the variables
educ, black and hisp are cancelled out by using fixed effect model. Thus, we only need to
compare the remaining five variables that are time varying in both models. Theoretically,
if the zero correlation assumption is satisfied, then random effect estimator and fixed effect
estimator should present the same results which are unbiased. The random effect estimator
is more efficient (with smaller variance). If there is correlation, the fixed effect estimator
produces unbiased estimator, and the random effect estimator is biased. We can see the es-

timates in Table 5.27, 5.28, 5.25 and 5.26 that they are significant different, eg. the estimates
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of married for fixed effect estimator and random effect estimator are
Brp = 0.062, SE(Brp) = 0.017

Bre = 0.045, SE(Brr) = 0.018

we can see that
Bre # BrE
and

SE(BRE) < SE(B\FE)

So this indicates the fixed effect estimator should be used in this case.
Also, we use Hausman test introduced in section 3.4 to do the test in order to confirm the

conclusion we made based on the Tables.
e Hy: There is no correlation between the individual effect and the explanatory variable;
e H,: There is correlation between the individual effect and the explanatory variable.

The test statistic is
H = (BRE — BFE)T(EFE — ZRE)_I(BRE — BFE) ~ X2

where Y 5 is the covariance of BF g and Y g is the covariance of B\RE. We use S% to repre-
sent the estimate covariance for random effect estimator and S%; to represent the estimate
covariance for fixed effect estimator.

In order to calculate the test statistic, we firstly find the difference in coefficients for time
varying covariates between B rE and B\ rr. Then we calculate the estimated variance covari-
ance difference between 5%, and S%;. Now use the test statistic formula to calculate the
Hausman test statistic is 27.10. That means the difference in the coefficients on experience,
experience squared and the union, married and public sector dummies are significant or at
least one is significant. Under the null hypothesis, the test statistic follows a Chi-squared
distribution with 5 degrees of freedom and the critical value for x2 is 11.07, so that we have
to reject the null hypothesis at 5% significance level since the test statistic is 27.10 (p-value
<0.001 ) and > 11.07. So there is correlation between the individual effect and explanatory
variables exper , union and married, etc. Vella and Verbeek [1998] concentrate on the im-

pact of endogenous union status on the wages and consider some complicated estimators
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to solve the problem. Johnson and DiNardo [2007] also describe endogenous X: the marital
status and year of experiences, married and exper are correlated with the individual effect.
These variables may capture other unobserved difference between married and unmarried
and year of experiences of workers. In this case, the fixed effect estimator is good to use to
eliminate the individual effect in order to avoid the heterogeneity biased estimation.

Note: The Hausman test statistic is calculate based on X g is the covariance of B re and X rEp
is the covariance of BRE. We use 5% to represent the estimate covariance for random ef-
fect estimator and 5%, to represent the estimate covariance for fixed effect estimator. There
are more details of covariance calculation described in Wooldridge [2002]. Here we use R
to extract the covariance S%, and S%, which are shown in Table 5.28 and 5.26 respectively
from their summary statistics by using cov.scaled (not cov.unscaled which give without dis-
persion) and var Flix.

Verbeek [2004] gives a slightly different value of the test statistic, 31.75, obtained by using
Stata (Data Analysis and Statistical Software). Because Stata adjusts the covariance of the
estimator in order to avoid a negative test statistic value and make sure the difference of
covariance between two estimators is the positive definite. Details of how Stata does this
are given at http://www.stata.com/.

Caution: There are other sorts of misspecification (ie. simultaneity bias, measurement
errors, selection bias, etc.) which may also cause Hausman test rejection, but in this thesis
we only concentrate on the correlation between the explanatory variable and the individual

effect.

5.4 Instrumental Variable (IV) Estimator

The fixed effect estimator provides unbiased estimates when there is correlation between
the individual effects and the explanatory variables which also eliminates the time invariant
variables from the model. That is a high price to pay for allowing such correlation. There
is an alternative method called Instrumental Variable (IV) estimator which gives unbiased
estimates when the explanatory variables are correlated with the individual effects. The
instrumental variable (IV) estimator can be seen as in between the random effect estimator

and fixed effect estimator. To prove this, we first recall Eq.(3.13).
N N

Bw = Z > (Xt = X)Xt — 7¢)T] [Z > (X = Xi) (g = 73)

i=1 t=1 i=1 t=1
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We could rewrite this equation as

BW = [Z Z(Xit - yi)ng [Z Z(Xit - yi)yit] (5.29)

i=1 t=1

We could write Eq.(5.29) in full data form
BW — (ZTX)—lzTy

This can be interpreted as each explanatory variable is instrumented by its value in deviation
from the individual specific mean. That is, X, is instrumented by Z;; = X;; — X, [Verbeek,
2004]. Then Z is the instrument variable. The choice of an instrumental variable Z is one
that is correlated with the explanatory variable but not with the error term or the individual
effects. The IV estimator may also be seen as two stage least squares (2S5LS) [Johnson and

DiNardo, 2007]:

Stage 1: Regress each of the variables in the X matrix on Z to obtain a matrix of fitted

values X:

X =2(2Z%2)"2"X = P;X
Stage 2: Regress y on X to obtain the estimated 3 vector
Bosps = (X"X)'XTy

= (XTP,X) Y XTPyy)

= Brv

Thus the IV estimator can be obtained by a two-stage least-squares procedure. The variance-
covariance matrix is

Var(Bry) = o*(XT P, X)™!

and the error variance may be estimated consistently from

52 _ (y — XBrv)"(y — X Brv)
N N-K

Note: see more details of these from Johnson and DiNardo [2007]. In this thesis, we do not

concentrate on the IV estimator, we only describe the method here to let the reader know
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there is another option to deal with the correlation between the individual effects and the

explanatory variables.

5.5 R codes

5.5.1 Omitted variables bias

covXS <- function (prob,n,a,b,lambda, sigmaE,betal,betal, gamma) {
s <- rbinom(n, 1, prob)
alpha <- (s+1/2)*lambda
beta <- (-s+3/2)xlambda
u <- rbeta(n,alpha,beta)
x <- a+(b-a)*u
eps <- rnorm(n,0,sigmak)
y <- betalOtbetalxxtgammaxsteps
d.f <- data.frame (x=x,y=y, s=s)
return (d. f)
}
indepXS <- function (prob,n,a,b,sigmak,betal,betal, gamma) {
x <- rnorm(n,a,b)
s <- rbinom(n, 1, prob)
eps <- rnorm(n,0,sigmak)
y <- betalO+betalxxtgamma*steps
d.f <- data.df<-data.frame (x=x,y=y, s=s,eps=eps)
return (d. f)
}
modelfit <- function (prob,n,a,b,lambda, sigmaE,betal,betal, gamma) {
s <- rbinom(n,1l,prob)
alpha <- (s+1/2)*lambda
beta <- (-s+3/2)xlambda
u <- rbeta(n,alpha,beta)
x <— a+t(b-a)*u
eps <- rnorm(n, 0, sigmak)
y <- betalOt+betal+xtgammaxs+eps
data.df <- data.frame (x=x,y=y, s=s)
fit <- glm(y " x+s,data=data.df)
b0 <— summary (fit) Scoef[1]
bl <- summary (fit) Scoef[2]
bs <- summary (fit) Scoef[3]

b0s <- summary (fit) $Scov.scaled[1]
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bls <- summary (fit) Scov.scaled[5]
bss <- summary (fit) $cov.scaled[9]
disp <- summary (fit) $dispersion
fitted <- glm(y~"x,data=data.df)
b0r <- summary (fitted) Scoef[1]
blr <- summary (fitted) Scoef[2]
b0rs <- summary (fitted) Scov.scaled[1]
blrs <- summary (fitted) Scov.scaled[4]
dispr <- summary (fitted) $dispersion
bbeta <- ¢ (b0,b0s,bl,bls,bs,bss,b0r,blrs,
blr,blrs,disp,dispr)
return (bbeta)
}
cal <- function (betal,betal,prob, lambda, gamma, a,b) {
Varx <— (3/ (4% (8xlambda+4)))* (b—a) "2+ (prob* (1-prob) /4) = (b-a) "2
Exs <- (a+(b-a)=*3/4)*prob
Ex <- (1/4+*(b-a)+a)* (l-prob)+(3/4*(b—a)+a) xprob
Covxs <- Exs—-Ex*prob
Ex2 <- Varx+Ex"2
A <- (Ex2+prob-Ex*Exs) /Varx
B <- Covxs/Varx
MbOr <- betalO+gammaxA
Mblr <- betal+gammaxB
M<-c (MbOr,Mblr)

return (M)

5.5.2 Heterogeneity Bias

newsim.cor <- function(N,T,delta,rate,Xsigma) {
XM <- matrix (rep (NA,N*T),nrow=N,ncol=T)
idM <- matrix (rep (NA,NxT),nrow=N,ncol=T)
timeM <- matrix(rep (NA,NxT),nrow=N,ncol=T)
xM[,1] <= rnorm(N,0,Xsigma)
inc <- delta=*c(0,sort (runif (T-1,0,1)))
XM <- outer (xM[,1],inc,"+")
gammaM0 <- matrix(rep (NA,N*T),nrow=N,ncol=T)
for(i in 1:N) {

gammaMO[i,1] <- ratexmean(xM[i,])

}

gammaM0 <- outer (gammaMO[,1],rep(1,T))
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for(i in 1:N) {
for(j in 1:T){
idM[i, J] <= 1
timeM[i, j] <= J
}
}
id <- matrix (t (idM), nrow=N+T,ncol=1)
time <- matrix(t (timeM), nrow=N=*T,ncol=1)
X <— matrix (t (xM),nrow=N=*T,ncol=1)
gammal <- matrix (t (gammaMO),nrow=N+T,ncol=1)
idtext <- factor (id)
data.df <- data.frame(id=id, idtext=idtext,
time=time, x=x, gammaO=gammaO)
return (data.df)
}
modelfit.mle <- function(data.df) {
randomint.inc <- Ilme(fixed =y 7~ x,
random = ~ 1 | 1id, data=data.df)
slope <- summary (randomint.inc) $Scoef$fixed[2]
fix.iid <- glm(y ~ -1+x+idtext,data=data.df)
slopel <- summary (fix.iid) $coef[1,1]
sr.iid <- glm(y ~ x,data=data.df)
slope2 <- summary (sr.iid)Scoef[2,1]
return (c(slope, slopel, slope?2))
}
slope.sr <- function(data.df) {
x <- data.df$x
y <— data.dfsSy
b.sr <- sum((x-mean (x))* (y-mean(y)))/sum((x-mean (x))"2)
return (b.sr)
}
slope.fe <- function(data.df,N,T) {
x <- data.dfs$x
y <- data.dfSy
id <- data.dfs$id
X <- matrix (rep(NA,N),N,1)
Y <- matrix(rep(NA,NxT),N,1)
for(i in 1:N) {
X[i] <= mean(x[id==i])

Y[i] <= mean(y[id==1])
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}
denom <— sum(x”"2)-Txsum(X"2)
b.fe <- (sum(x*y)-T*sum(X*Y))/ (denom)
return (b. fe)
}

slope.re <- function(data.df,N, T, rate) {
XX <— matrix (rep(NA,N),N,1)
ww <- matrix(rep(NA,N),N,1)
for(i in 1:N) {
xx[1] <- mean (data.df$x[data.df$id==1])

wwl[i] < —mean (data.df$w[data.df$id==1])

Esigma <- sqgrt (var (data.dfS$eps))
Xsigma <- sqgrt (var (xx))
Wsigma <- sqgrt (var (ww))
Asigma <- sqgrt (Wsigma“2+rate”2+Xsigma~2/T)
phi <- Esigma”2/ (Esigma”2+T+Asigma”2)
x <- data.dfs$x
y <- data.dfSy
id <- data.df$id
X <- matrix (rep(NA,N),N,1)
Y <- matrix(rep(NA,N),N,1)
XM <- matrix(rep(NA,NxT),N,T)
YM <- matrix(rep(NA,N=xT),N,T)
for(i in 1:N) {

X[1i] <- mean(x[id==i])

Y[i] <- mean(y[id==i])

for(j in 1:T){

XM[1i, ] <—- X[i]

YM[1i, 3] <- Y[i]

}
}
denoml <- sum(x"2)-T*sum (X" 2)
denom?2 <- phi*T*xsum( (X-mean(x)) " ~2)
denom3 <- sum(x*Yy)
denom4 <— T*sum(Xx*Y)
denom5 <- phi*T*sum( (X-mean(x))* (Y-mean(y)))
b.re <- (denom3-denom4+denomb)/ (denoml+denom?2)

return (b.re)
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fitting.cor <- function (N, T,data.df,R,betal,Wsigma,Esigma, rate) {
result <- matrix(rep(NA, 3*«R),nrow=R,ncol=3)
slope.re <- matrix(rep(NA,R),nrow=R,ncol=1)
slope.fe <- matrix(rep(NA,R),nrow=R,ncol=1)
slope.sr <- matrix(rep(NA,R),nrow=R,ncol=1)
epsM <- matrix (rep (NA,NxT*R),R,N*T)
WM <- matrix(rep (NA,N«TxR),R,N*T)
yM <- matrix (rep (NA,N*T*R),nrow=R,ncol=N«*T)
scor <— NULL
x <- data.dfS$x
gamma0 <- data.df$gammal
for(i in 1:R) {
epsM[i,] <= rnorm(N*T,0,Esigma)
WM[i,] <- rep(rnorm(N,0,Wsigma),each=T)
}
for(s in 1:R) {
yM[s,] <- betalxxt+gammaO+epsM[s, ]+WM[s, ]
scor[[s]] <- data.frame(data.df,y=yMl[s, ],
eps=epsM[s, ],w=WM[s, ])
slope.sr([s] <- slope.sr(scor[[s]])
slope.fe[s] <- slope.fe(scor[[s]],N,T)
result[s,] <- modelfit.mle(scor[[s]])
slope.re[s] <- slope.re(scor[[s]],N,T,rate)
}
beta <- data.frame (result,slope.re,slope.fe,slope.sr)
return (beta)

}
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Chapter 6

Bayesian Estimation

As an alternative to the Hausman test, we can model the entire possible set of dependencies,
introducing parameters for possible correlation between individual effects and covariates.
We then test for this correlation using hypothesis tests on the parameters. The Bayesian
approach provides a natural hierarchical framework for such modelling. In a Bayesian ap-
proach, we can fit longitudinal data with random effects model, fixed effects model, pooled
model and Mundlak formulation model. In this chapter, we are only interested in how the
Bayesian approach works for longitudinal data fitting and show the performance of this
approach by using the WinBUGS software. We develop a full Bayesian formulation as an
alternative to the Hausman test to do model comparison between random effect model and
tixed effect model. To see this, we empirically illustrate the idea using our simulated data

and real data WAGE.

6.1 Bayesian Analysis

In the Bayesian analysis, prior probability distributions are used to describe the uncertainty
of all unknown parameters prior to seeing the data. After observing the data, the posterior
distribution provides a summary of the remaining uncertainty of the data which is relevant
for parameter estimation. Bayesian analysis can be implemented in WinBUGS [Thomas
et al., 2000]. The computational program takes samples from the posterior distribution of
the parameter 0 given y by using the Markov Chain Monte Carlo (MCMC) method where
“Monte Carlo” implies the random sampling. “Markov chain” refers to the method of gen-
erating the random samples. There is a sequence of random variables, each variable is

conditional on the previous variable in the sequence 6,_;, such a distribution is known as
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a Markov chain. MCMC algorithms are constructed in such a way that sufficiently large
samples from the Markov chain are equivalent to samples from the required posterior dis-

tribution.

6.1.1 Markov Chain Monte Carlo (MCMC)

MCMC methods provide a convenient and generally applicable means of summarising pos-
terior distribution in Bayesian Analysis, and are a useful method for sampling from a com-
plicated distribution. The Metropolis algorithm is one of the widely used and simplest
MCMC algorithms. The following describes how the Metropolis algorithm obtains sam-
ples from the distribution of a single parameter, but we can easily extend to the multiple

parameter simulation.

6.1.2 Metropolis Algorithm

The Metropolis algorithm is defined by McCarthy [2007] as below

Start with an initial arbitrary value for the parameter ¢,, which is the first value
of the Markov chain. We are interested in obtaining subsequent values of ¢; such
that they are samples of a random variable with certain probability density func-

tion.

A new possible value (f*) is generated by drawing it from an arbitrary symmetric
probability distribution. This proposal distribution is defined by its probability
density function; given the current values 6,, the probability of drawing the value

of #* as the possible next value of the Markov chain is equal to ¢(6*|6;).

Next, the acceptance probability is equal to

R(0*|0;) = min][1, ]. (6.1)

In a Bayesian application, the ratio depends on the posterior probability density
function at two different points p(#*) and p(6;). Based on Bayes’ rule, these two

values are equal to:

o m(0F)L(0")
p(0") = [ (0)L(0)do
and
_ m(6)L(6:)
p(6) = [ (0)L(6)do
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where 7 is the prior probability density function and L is the likelihood function.
Because both expressions have the same denominator, the ratio of the two values
is simply equal to the ratio of the prior probabilities and likelihoods; the integral
is not calculated. Therefore, if the ratio of the posterior probability is greater than
or equal to 1 (i.e. p(6*) > p(6,)), then #* is chosen as the next value of the Markov
chain (6,1 = 0%). If otherwise, p(6*) < p(0;), then 6* is chosen as the next value of

the Markov chain with probability p(6*)/p(6;), and 6; is chosen otherwise.

Hastings [1970] modified the Metropolis algorithm to permit non-symmetric distributions
to be used for generating the new possible values. The new algorithm is called Metropolis-

Hastings algorithm. It defines the acceptance probability as equal to

p(6”) x q(6:16")
p(6:) x q(6%]0)

R(0%10;) = min(1,r) = min][1, ] (6.2)

There is another algorithm called Gibbs sampling that is a special case of Metropolis-Hastings
algorithm in which ¢() is chosen to be the full conditional probability and the R (ratio of the

posterior probability) is always equal to 1. We illustrate it by using a bivariate distribution.
e The target density for a bivariate distribution is p(6;, 62) = p(6:1]62) x p(6-)
e We need to propose (07, 6;) from ¢(67, 05|61, 62)
e We break ¢ into 2 pieces:

— propose 6 first from ¢ (67|61, 62)
— then propose 05 from g, (65|61, 02)
or propose &5 from ¢»(65|607, 62)
where at each step of the chain we only update one parameter, then each new point is

selected using a proposal density that along the line is p(6,]6;) or p(6:|6-), this is called

tull conditonal density.

e The proposal density is (61 |02) = p(61]62) or q(62|61) = p(62]61).

p(gia ‘9;) X Q(eh 02|0Ta 9;)
p(elv 92) X q(eiﬁ’ 0;|91’ 02)

T =
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When we update 6, 6} is drawn from f(6,|6;) and 65 = 6,. So we have r to become

. PUO1,02) x p(61]6>)
p(b1,02) x p(67]02)
o p(07]02) x p(fa2) x p(6:1]02)
— p(6h]62) x p(fa) x p(67]62)
=1

ie. the ratio R(#*|f;) = min(1,r)=1 = acceptance probability, that means we always accepted

for Gibbs sampling proposals.

Gibbs Sampling

In Gibbs sampling samples are drawn from a multivariate distribution by taking successive
samples from the full conditional distribution of each element of the parameter space. This
is more straight forward in many cases than sampling from the joint distribution.

When updating an arbitrary parameter ¢;, we fix the other parameters and select 6; from
7(0;|other parameters) which is called full conditional distribution. So the proposal density

comes directly from the target density.

Gibbs Sampler

Suppose that a sample has distribution depending on a parameter vector § € ©
of length d. For a joint distribution 7 (6, ..., 6,) with full conditionals 7, ..., 7,
where 7; is the distribution of #; conditional on (6,,...,0;_1, 6,4+1,...,04), the
Gibbs sampler simulates successively from all conditionals, modifying one com-

ponent of ¢ at a time.

Initialization: Start with an arbitrary value 6© = (6\”, ... §{)
Iteration t: Given (9?71), . ,9((;71)), generate
1. 6% according to m(6,]657 ,QS_I)),

2. 0% according to (66", 6:(;’1), o ’9((;71)),

d. 6 according to my(0,4/0%,...,0% )

Marin and Robert [2007].

Use of the above algorithms has three main consequences. The first consequence is that

0,11 typically depends on 6,. The dependence means that each new sample provides a frac-
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tion of the information about the posterior distribution compared to an uncorrelated sample.
An extremely large number of samples will be needed to obtain a good estimate of the pos-
terior distribution if there is strong correlation between samples.

The second main consequence is that the initial value does influence the Markov chain,
so the first part of the chain needs to be discarded as a “burn-in” until the influence of the
initial value is no longer apparent.

The third main consequence is that the proposal density may have parameters which
need tuning. If step size is too large (taking * a long way from 6,) proposals may be rejected
often, and the chain will stick and will not mix (explore the density) efficiently. If step size
is too small proposals may be accepted with high probability. The chain will mix too slowly,
ie. it will take a long term to explore the density.

From the theory of Markov chains, we expect the chains to eventually converge to the
target distribution. In order to see whether the chain appears to be converged, we can use
Gelman-Rubin diagnostics. Gelman and Rubin diagnostics is introduced by Gelman and
Rubin [1992] and Brooks and Gelman [1997] provide graphical methods which can be used
as a visual inspection to test convergence. This diagnostic is based on analyzing multiple
simulated MCMC chains by comparing the variances within each chain and the variance be-
tween chains. If within and between chain variation values are both close to 1, that indicate
convergence. If there is large deviation between these two variances, that indicates noncon-
vergence, then we need to run out a longer chain. Alternatively, we could use the trace plot
which is a plot of the iteration number against the value of the draw of the parameter at each
iteration. By using this plot, we can visually inspect whether the chain gets stuck in certain
areas of the parameter space, if so it indicates nonconvergence.

Note: a Markov chain has Optimal performance when the possible values 0* are not too

far from 6, and with appropriate length of “burn-in”.

6.2 WinBUGS Implementation

We implement the models in WinBUGS which use the Gibbs sampling to sample from the
tull conditional distribution and run two chains for the model from different starting places,
to see whether they end up in the same place. We store samples after a 5000 burn-in. We

check for convergence by using the Gelman-Rubin diagnostics (bgr diagnostics).
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Definition 6.1. The posterior density of the vector of unobservables 64 in the model A

is

p(04|A)p(y|64, A)
p(ylA)

The expression in the denominator of Eq.(6.3) is the marginal likelihood. In many cir-

p(0aly, A) = (6.3)

cumstances it suffices to know just the shape of the posterior density p(04|y, A) and it is
costly to evaluate p(y|A). In this case it is useful to exploit the fact that

P(Oaly, A) o< (04]A)p(y|04, A) (6.4)
The expression on the right side of Eq.(6.4) is a kernel of the posterior density, we call it

kernel posterior density. [Geweke, 2005]

Also we produce the kernel posterior density for the estimators to check their distribution.
Here we assume all parameters prior distributions are normal and their variance are inverse

gamma distributions.

6.2.1 Simulation Example

The simulation data sets RINOCOR and RICOR that we use are generated in Chapter 5.

The candidate models are

1. Random intercept model (RE Model):
Yit = Bo + Briwir + aoi + €

Eit ™~ N(O, 0'62)
Qg ~ N(07 O-i)

Prior distributions are

/60 ~ N<07 O-EO)
Bl ~ N<Oa O'gl)

— ~ Gamma(v, 7)

0¢

1
2 ~ Gamma(v, 1)

where 07 and o3 are large numbers, because they are uninformative and then we
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assume v and 7 are small number. Since the variance of a variable is positive and
Gamma is a built in function in WinBUGS that can sample values between 0 and +oc.
In order to properly draw from gamma distribution in practice, we assume v and 7 are

small number, ie. v = 7 = 0.0001. Heret=1---Nand¢t=1---T.

. Fixed effect model (FE Model)
Yie = Brri + Qi + €t

Eit ™ N(O, 0'62)

Prior distributions are

51 ~ N(07 0-[231)

Here we define the simplest FE model only. No correlation with X; is assumed, but we

may detect this. The correlations case will be introduced in section 6.10 below.

Qp; ~~ N(O, O'i)

1
— ~ Gamma(v, 7)
oz

where 03 and o, are large number and v and 7 are small numbers. Here i = 1--- N
and ¢ = 1---T. In FE model, we could include the time independent covariates, but it
may cause the nonconvergence problem. The best idea is to exclude the time invariant
variables. We compare FE model with the RE model, we can see there is a definite
difference on the prior distribution of ay;. For RE model, the inverse variance of ay;,
i? draws from gamma distribution with smaller numbers of v and 7. But for FE model,

o
we draw «; directly from a normal distribution with zero mean and large variance o2.

. Pooled model (PL Model)
Yie = Bo + Biwis + €t

Eit ™~ N(O, 0'52)

Prior distributions are

BO ~ N<Oa O—go)

61 ~ N(O, 0'%1)
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— ~ Gamma(v, 7)

0¢

2

where ¢} and o3 are large numbers and v and 7 are small number. Here i = 1---

andt=1---T.

4. The full Bayesian model of Mundlak formulation (MF) is defined as
Yie = Bo + Biwis + o + €

ag = pX; + w;
Eit ™~ N(O, 0'62)
w; ~ I\I(O7 0'120)

Prior distributions are

/60 ~ N<O7 O’;g)
ﬁl ~ N<Oa O—gl)

> ~ Gamma(v, 7)

= Gamma(v, 7)

w

p ~N(0,07)

where 03, 03 and o are large numbers and v and 7 are small numbers. Here i

l---Nandt=1---T.

RINOCOR dataset
The following code is used to implement the random intercept model in WinBUGS.

model {
for(i in 1:N) {
for(t in 1:T){
Y[i,t] 7 dnorm(muli,t],tau.e)
muli,t] <- betalOtbetalxX[i,t]+alphali]
}
alphali] 7 dnorm(0,tau.a)
}

#prior distribution
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betal0 = dnorm(0.0,0.0001)
betal ~ dnorm(0.0,0.0001)
tau.e 7 dgamma (0.0001,0.0001)
tau.a ~ dgamma (0.0001,0.0001)

The Gelman-Rubin diagnostics are shown on Figure 6.1.

stare[1] chains 1:2 store[2] chains 1:2
1.0F w 1.0F
0sr 0sr
00p 0.0p
T T T T T T
5001 20000 40000 5001 20000 40000
teration fteration
store[3] chains 1:2 storeld4] chains 1:2
151 1.5F
1.0F 1.0F
0sp 0sp
00t 0.0g
T T T T T T
5001 20000 40000 5001 20000 40000
teration teration

Figure 6.1: Gelman-Rubin diagnostics of 3, 31, 0. and o, for RINOCOR

The chain of convergence chains are shown on Figure 6.2.
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store[1] chains 1:2

T T T T
7300 10000 12300 13000

teration
store[2] chains 1:2
T T T T T
S001 7500 10000 12500 15000
teration

store[3] chains 1:2

T T T
10000 12300 13000

iteration

T T
a001 7300

store[4] chains 1:2

T T
40000 G0000

fteration

T T
a0 20000

Figure 6.2: Convergence chains of (3, 31, 0. and o, for RINOCOR

Figures 6.1 and 6.2 are used to check the convergence. From Figure 6.1, the Gelman-

Rubin diagnostics compare within and between chain variation the lines are all close to

1 which indicate

Model are converging to the same place or converging to its mean within certain standard

variance indicate we have appropriate initial value, the length of burn-in and sample size is

the convergence. Figure 6.2 shows two chains for each estimator in RE

satisfied. Thus, the result are acceptable.

The posterior

Table 6.1.

distribution of estimators and their estimates are shown on Figure 6.3 and
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store[1] chains 1.2 sample: 20000 store[2] chains 1:2 sample: 20000
301 150
20r 100
1.0F 2.0F
nog oop
T T T T T T T T T T
1.0 as 0.0 05 0s 09 1.0 11
store[3] chains 1.2 sample:; 20000 store[4] chains 1.2 sample: 20000
EOr 201
400
1.0F
i ’/L k
0.0¢ oop
T T T T T T T T T T T
05 o0ys 10 125 15 0.0 05 1.0 1.5

Figure 6.3: Distribution of estimates of (3, 31, 0. and o, forRINOCOR

Figure 6.3 shows the kernel density of the posterior distribution for the parameter esti-
mators (3, 81, 0. and o,. The true values, the posterior estimates and their credible intervals

are listed as

Table 6.1: Table of estimates of RINOCOR for RE Model

True value Bayesian Estimate
mean | std.err | 2.5% Credible Interval | 97.5% Credible Interval
Bo 0 0.071 | 0.178 -0.284 0.424
B 1 1.011 | 0.033 0.945 1.076
Oe 1 1.060 | 0.105 0.880 1.291
Oa 0.6 0.552 | 0.226 0.084 0.994

Table 6.1 shows the Bayesian estimates are approximately equal to the true value. Then
credible intervals for each estimator show the inclusion of the true value. Therefore, the
Bayesian approach perform just as good as frequentist approach.

Implementation for other models see Appendix D and the Gelman-Rubin diagnostics
and convergence chains for each model list in Appendix E. The result for other models can
be found in Section 6.4. The result of PL Model is acceptable. Because the Gelman-Rubin
diagnostics and convergence chains of PL Model are converge. The result of FE Model is
acceptable as well. Note, the FE Model we fit is without the intercept term in order to get
the convergence of the Gelman-Rubin diagnostics and convergence chains. The intercept
term is confounded with «;, since it is time invariant. So we eliminate intercept term. At this
point, we can see WinBUGS can’t automatically wipe out the time invariant variable, but R
can wipe out the time invariant variable automatically. Thus, when we fit the fixed effect

model in WinBUGS, we have to get rid of the time invariant variables.
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Note: To detect whether there are correlation between «; and X;, we could use BMF

model to investigate which is introduced in section 6.3.

RICOR dataset

Now we fit another simulated data set RICOR. The programs for four candidate models
(time invariant variable in fixed effect model has been removed) of WinBUGS are the same
as codes introduced in the RINOCOR data example. In WinBUGS, we only need to change
the dataset. Implementation codes for four models see Appendix D. The Gelman-Rubin di-
agnostics and convergence diagnostics for each model list in Appendix E. And the results of
four models can be found in Section 6.4. The convergence of the four models are acceptable

by the Gelman-Rubin convergence and chains convergence.

6.2.2 Real Data Example

In this section we use WinBUGS to apply to the real data by fitting the random effect model,

tixed effect model and pooled model. Three models we fit are given as

1. Random effect Model (RE)

lwage, = [+ Bieduc; + Brexper,, + (Gzexpersq,, + Siunion;
+Bsmarried;; + Gsblack; + SB7hisp,

+0Bspub,, + a; + &t (6.5)

Eit ™~ N<07 O-gQ)
oy~ N(O, O'i)

Prior distributions are
BO ~ N<Oa O—go)

ﬁk ~ N(O, 0’%)

1
— ~ Gamma(v, 7)
oz

1

— ~ Gamma(v, 7)
O-Oé

where 03 and o} are large number and v and 7 are small number. Here k = 1--- K,

t=1---Nandt=1---Tfor K =8, N =545and T = 8.
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2. Fixed effect Model with time varying covariates only (FE)

lwage,, = [iexper,, + [frexpersq,, + Fsunion;

+Bymarried;, + Bspub,, + a; + €4 (6.6)

Eit ™ N(O, 0'52)

Prior distributions are

p~N(0,07)
Bp ~ N(O, O-Ei)

a; ~ N(O, O'i)

1
— ~ Gamma(v, 7)

0¢

where ag and o, are large number and v and 7 are small number. Herep = 1--- P,

i=1---Nandt=1---Tfor P=5, N =545and T = 8.

3. Pooled Model (PL)

lwage,, = [+ Bieduc; + Srexper,, + Bsexpersq,, + B4union;,
+Bsmarried;; + (gblack;, + G-hisp,,

+Bspub,, + €4 (6.7)

Eit ™~ N<07 O-s2>

Prior distributions are

BO ~ N<07 O-zo)

Bk ~ N(Ov U%)
1

— ~ Gamma(v, 7)

0¢

where 07 and o} are large number and v and 7 are small number. Here k = 1--- K,

i=1---Nandt=1---Tfor K =8, N =545and T = 8.

4. The full Bayesian model of Mundlak formulation (MF Model) for WAGE data is de-
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fined as

lwage,, = [+ Bieduc; + Frexper;, + [Bzexpersq,, + [Ssunion;
+Bsmarried;, + Gsblack; + SB7hisp,
+Bspub,, + a; + € (6.8)
Eit ™~ N(O, g 3 )

Ww; ~ N(O, 0'120)

a; = pieXper, + poexpersq, + psunion;

+psmarried; + p5ﬁi + w; (6.9)

Note: here we wipe out the time invariant variables in Eq. (5.28), because they may

cause the convergence problem.

Prior distributions are
ﬁo ~ N(Oa 0—[230)
B ~N(0,03)
Pp A’Pq(0702)
1
po ~ Gamma(v, 7)
1

oz ~ Gamma(v, 1)

where 03 , 03 and o, are large number and v and 7 are small number. Here k = 1--- K,

i=1---N,p=1---Pandt=1---TforP=5 K =8, N =545and T = 8.
Here is WinBUGS code for random effect model:

model {
for(i in 1:N) {
for(t in 1:T){
L{i,t] 7 dnorm(muli,t],tau.e)
mul[i,t] <- betalO+betal[l]*S[i,t]+betal2]+*E[1i,t]
+beta[3]+E2([1i,t]+beta[4]*U[i,t]+beta[5]*M[1i,t]

tbetal[6]*B[i,t]+beta[7]«H[i,t]+beta[8]+P[i,t]l+alphali]
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alpha[i] 7 dnorm(0,tau.a)
}
#prior distribution
betal0 ~ dnorm(0.0,0.0001)
for(k in 1:8) {
betalk] 7 dnorm(0.0,0.0001)

}
tau.e 7 dgamma (0.0001,0.0001)
tau.a - dgamma (0.0001,0.0001)

For the other three candidate models, the codes of WinBUGS are able to find in Appendix
D. The Gelman-Rubin convergence diagnostics for each model are listed in Appendix E,
and the results of four models are acceptable and can be found in Section 6.4. Since the

Gelman-Rubin diagnostics and convergence chains show convergence.

6.3 Full Bayesian Formulation

In Chapter 5, we introduced the Mundlak formulation to show that there is bias when we
use a random effects model when the explanatory variable are correlated with individual
unobserved effect. Empirically, we use the Hausman test to test whether the fixed effect
and random effect estimators are significant different. If there is a significantly difference,
the fixed effect estimator is unbiased. Now in a Bayesian approach, we follow the Mundlak
formulation idea to define a new model called full Bayesian model which is the MF Model
under Bayesian approach. Then we fit this model in WinBUGS to obtain the posterior dis-
tribution of p. If the mean of this distribution is close to zero, then we may conclude there
is no correlation between the explanatory variables and the individual unobserved effects.
Otherwise, there is a correlation. This model works just as the Hausman test. In this sec-
tion, we use simulated data and real data to demonstrate how this full Bayesian formulation
works as the equivalent to a Hausman test, then we compare this method with AIC, DIC
and Hausman test in Chapter 7 to see whether it works just as well as other model selection

methods.

6.3.1 Simulated Data

Now we use the simulated data RINOCOR and RICOR to demonstrate how the full Bayesian

model works as Hausman test to select between fixed effect estimator and random effect es-
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timator. Recall the full Bayesian model (MF Model) in section 6.2.1
Yie = Bo + Biwar + i + €t

ag = pX; +w;
Eit ™ N(O, 0'62)
Wi ~ N(O7 0121;)

Prior distributions are

/60 ~ N<07 O-éo)
ﬁl ~ N<07 O-gl)

— ~ Gamma(v, )
UE

o7 ~ Gamma(v, 7)

p ~N(0,07)

where 0%0, ‘7%1 and ag are large numbers and v and 7 are small numbers. Herei = 1--- N

andt=1---T.

RINOCOR data

Now we apply the full model to RINOCOR data by using WINBUGS to fit this full Bayesian

model .
The WinBUGS code of this model is

model {
for(i in 1:N) {
for(t in 1:T){
Y[i,t] dnorm(muli,t],tau.e)
mul[i,t]<-betal+betaxX[i,t]+alphalil]
}
alphali]<-rho*mean(X[i,])+w[1i]
}
#prior distribution
for(i in 1:N) {

w[i] "dnorm (0, tau.w)
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betal "dnorm(0.0,0.0001)
beta“dnorm (0.0,0.0001)
rho”"dnorm (0, 0.0001)
tau.e"dgamma (0.0001,0.0001)
tau.w dgamma (0.0001,0.0001)

In section 6.2.1, we have checked the Gelman-Rubin diagnostics and convergence diagnos-
tics for all estimators show convergence. Then the result we have are all valid. The posterior

distribution of p is given in Figure 6.4.

a chains 1:2 sample: 50000

30F
20F
1.0F
0.0

| | |

| I
-1.0 -5 0.0 0.5

Figure 6.4: Posterior distribution of p for RINOCOR data

Figure 6.4 shows the estimate mean of p is -0.005. The 95 % of posterior credible interval
for p is (-0.228, 0.217). The true value of p is zero which is within the credible interval and
the estimate mean of p is approximately equal to zero. This indicates there is no correlation
between explanatory variable X and individual effect o within RINOCOR data. Thus, the
random effect estimator should be used for RINOCOR data.

RICOR data

The RICOR dataset is generated by using the Mundlak formulation, ie. Eq.(4.8). We apply
the full model to RICOR dataset by using the WINBUGs. The program code is the same
as we quote in RINOCOR example. The only difference is we use RICOR data instead of
RINOCOR data.

In section 6.2.1, the Gelman-Rubin diagnostics and convergence diagnostics for all esti-

mators show convergence. Then the result we have are all valid. The posterior distribution
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of p is given in Figure 6.5.

a chains 1:2 sample: 30000
10F

075
0st %

025
0o} . T

| | | |

|
-1.0 0.0 1.0 2.0

Figure 6.5: Posterior distribution of p for RICOR data

Figure 6.5 shows the estimate mean of p is 0.94. The 95 % posterior credible interval for p
is (0.135, 1.742). The true value of p is 1. Here p is the degree of the correlation between the
individual effects o; and the explanatory variable X;. The estimate of p # 0 indicates there
is correlation exists. Therefore, the fixed effects model would produce unbiased estimates

for RICOR dataset.

6.3.2 Real Data: WAGE

Now we use real data WAGE to demonstrate how does this full Bayesian model works as
Hausman test. We use the full Bayesian formulation (MF Model) for WAGE data which is
defined in section 6.2.2. The WinBUGS code of this model is

model {
for(i in 1:N) {
for(t in 1:T) {
L[{i,t] 7 dnorm(mul[i,t],tau.e)
mul[i,t] <- betalO+betal[l]*S[i,t]+betal2]+E[1i,t]
tbeta[3]1*E2[i,t]+beta[4]*U[i,t]+betal[5]*M[1i,t]
+beta[6]+*B[i,t]+beta[7]+H[i,t]+beta[8]*xP[1,t]
+alphali]
}
alpha[i] <- rho[l]l*mean(E[i,])+rho[2]*mean(E2[1,])
+rho[3]*mean(U[i,])+rho[4] *mean (M[1i,])

+rho[5] *mean(P[i,])+w[i]
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}
for(i in 1:N) {

w(i] 7 dnorm(0.0,tau.w)

}

#prior distribution

for(k in 1:8) {
betalk]

}

for(p in 1:8){

" dnorm(0.0,0.0001)

rho[p] ~ dnorm(0.0,0.0001)
}
betal0 = dnorm(0.0,0.0001)
tau.e 7 dgamma (0.0001,0.0001)
tau.w 7 dgamma (0.0001,0.0001)

We have checked the Gelman-Rubin diagnostics and convergence diagnostics for all estima-

tors show convergence. Then the result we have are all valid. The posterior distribution of

p is given in Figure 6.6.
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Figure 6.6: Posterior distribution of p, for exper, expersq, union, married and pub respec-
tively in WAGE data wherep =1,2,3,4,5
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Figure 6.6 shows the estimate mean of p, for exper, expersq, union, married and pub
are -0.165, 0.009, 0.190, 0.097 and -0.096 respectively. The 95 % credible intervals for exper,
expersq, union, married,and pub are (-0.265, -0.063), (0.003, 0.016), (0.089, 0.293), (0.010, 0.186)
and (-0.320, 0.127) respectively. These indicate the p, # 0 for p = 1,2, 3,4, we say they are
different from zero, but p; ( for pub ) has zero within the 95 % credible interval. That means
there is correlation between individual effect a; and explanatory variables (exper, union,
married and expersq). The random effect estimation is biased. The fixed effect estimator
should be used.

Now we define a new equation

a; = Aeduc; + \exper, + A\zexpersq, + Aqunion;

+Asmarried; + Agblack; + Azhisp, + Agﬁi + w; (6.10)

where the mean of educ;;, black;; and hisp,, are educ;, black; and hisp,,since they are time
independent variables. Then we substitute Eq. (6.10) into Eq. (5.27), then we rearrange it.
We have

lwage,, = [+ (51 + A1)edug; + paexper,, + (3zexpersq,, + +G,uniony

+Bsmarried;; + (85 + A¢)blacky + (37 + A7)hisp,, + fspub,,

+Ag€Xper, + Azexpersq, + Ajunion; + Asmarried;

+Aspub, +w; + i (6.11)

We can implement both models Eq. (5.27) and Eq. (6.11) in WinBUGS. Then estimates of
coefficient for time independent variables in Eq. (5.27) and Eq. (6.11) have the following
relationship

B, + N\, =3, forp=1,67
Ap=p, forp=21347538

Now we verify this by using real data WAGE.
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Table 6.2: Table of result comparison from BMF model and BMF model with time indepen-
dent variables in Mundlak formulation

educ | black | hisp

BMF 0.095 | -0.138 | 0.008
BMF (\) | 0.553 | -0.732 | 0.398
) -0.458 | 0.593 | -0.393

BME-BMEF()\) | -0.458 | 0.594 | -0.390

Table 6.2 shows the estimates of time independent variables from BMF model and BMF
model with time independent variables in Mundlak formulation are the same. But in Win-
BUGS, we still use the Eq. (5.27), the Eq. (6.11) cause non-convergence. The standard error

are overestimated, that lead to inefficient estimation and the Type II error rate is increased.

6.4 Results Comparison

In this section, we compare the results we produce by using computer program R and Win-
BUGS. Firstly, we compare the simulation datasets RINOCOR and RICOR results, then we
compare the real dataset WAGE result to see whether there is difference between R and Win-
BUGS results for four models. On the Figures, we define RE, FE, PL and MF to represent
the MLE estimates results, then we define BRE, BFE, BPL and BMF as Bayesian approach

random effects model, fixed effects model, pooled model and full Bayesian model.

6.4.1 Simulation Example
RINOCOR

The result of RINOCOR from R and WinBUGS are obtained by two different approaches is
showed on Table 6.3.
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Table 6.3: Table of estimates comparison of RINOCOR

R WinBUGS

Model | Estimate | MLE | Bayesian
o3 1.011 1.011
RE s.e 0.033 0.033
FE o3 1.015 1.017
s.e 0.103 0.103
51 1.011 1.011
PL s.e 0.025 0.026
5y 1.016 1.015
MEF s.e 0.103 0.108

Figure 6.7 shows the Table 6.3 results graphically.
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Figure 6.7: Table of estimates comparison of RINOCOR

In Table 6.3 and Figure 6.7, we can see there is not much difference among two ap-
proaches results for the 3; estimate and its standard error of RE model, FE model, PL model
and MF model. The true value of 5; = 1. All of the estimates of 3; for each model give
close estimate. That means all of the model give unbiased estimates. This indicates there is
no correlation. In Chapter 5, the Hausman test suggest there is no correlation between the
individual effects and the explanatory variable as well. The random effect estimator should

be used in this example. The full Bayesian formulation method also confirm this.
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RICOR

The result of RICOR from R and WinBUGS obtain by different approaches is showed on
Table 6.4.

Table 6.4: Table of estimates comparison of RICOR

R WinBUGS
Model | Estimate | MLE | Bayesian
RE o3 1.594 1.589

s.e 0.225 0.282
B 1.018 1.019

FE s.e 0.312 0.321
Ioh 1.881 1.880
PL s.e 0.130 0.131
oh 1.018 1.018
MF s.e 0.312 0.318
R‘E F‘E I;L IV;F BF‘ZE BILE BIL’L BI\‘/IF

Model

Figure 6.8: Table of estimates comparison of RICOR

In Table 6.4 and Figure 6.8, we can see there is not much difference among two ap-
proaches result of the 3, estimate and its standard error. The true value of 3, = 1. MF
model and FE model have similar estimates close to the true value. The other estimates of
B1 give biased estimates. This indicates there is correlation, since FE estimate and RE esti-

mate are different. In Chapter 5, the Hausman test suggest there is correlation between the
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individual effects and the explanatory variable. The fixed effect estimator should be used in
this example. The full Bayesian formulation method also confirm this. Since the MF model

gives the unbiased estimates similar as FE model’s estimate, we could also use MF model.

6.4.2 Real Data Example
WAGE

The result of WAGE from R and WinBUGS obtain by two approaches is shown in Table 6.5.

Table 6.5: Table of estimates comparison of WAGE

Variables R WinBUGS
RE FE PL MF BRE BFE BPL BMF
constant -0.104 - -0.034 | 0.490 | -0.111 - -0.035 | 0.488
0.111 - 0.065 0.221 0.112 - 0.064 0.218
education 0.101 - 0.099 0.095 0.102 - 0.099 0.095
0.009 - 0.005 0.010 0.009 - 0.005 0.011
experience 0.112 0.116 0.089 0.116 0.112 0.117 0.089 0.117
0.008 0.008 0.010 0.008 0.008 0.008 0.010 0.008

. 5 | -0.0041 | -0.0043 | -0.0028 | -0.0043 | -0.0041 | -0.0043 | -0.0028 | -0.0043
experience

0.0006 | 0.0006 | 0.0007 | 0.0006 | 0.0006 | 0.0006 | 0.0007 | 0.0006
0.106 | 0.081 0.180 0.081 0.106 | 0.082 | 0.180 0.082
0.018 | 0.019 0.017 | 0.019 0.018 0.019 0.017 | 0.019
0.063 | 0.045 0.108 0.045 0.063 0.045 | 0.108 0.045

union member

married 0017 | 0018 | 0.016 | 0018 | 0017 | 0018 | 0016 | 0.018
black 0.144 - 0144 | 0.139 | -0.140 - 0144 | 0.138
0.048 - 0.024 | 0.049 | 0.048 - 0024 | 0.049

hispanic 0.020 - 0.016 | 0.005 | 0.021 - 0.016 | 0.008
0.043 0.021 | 0.043 | 0.044 0021 | 0.044

0.030 0.035 0.004 0.035 0.029 0.035 0.004 0.035

publicsector | 530 | 0039 | 0037 | 0039 | 0.036 | 0039 | 0.038 | 0.039

Note: the second row in each block is the standard error of the estimator.

We also can graphically present the estimates which is shown on Figure 6.9 — 6.13.
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Table 6.5 and Figure 6.9 — 6.13 show there is not much difference between the R estimation
and WinBUGS estimates for each model. The FE model and MF model have the similar
estimates. In Chapter 5, Hausman test gives the result that the random effects estimator is
biased and we should use FE Model for WAGE data. The full Bayesian formulation method
also suggests the fixed effect estimator is appropriate. The estimates means of p, for exper,
union, married, hisp and pub have been calculated in section 6.3 which are -0.165, 0.009,
0.190, 0.097 and -0.096 respectively. The 95 % credible intervals for exper, union, married,
hisp and pub are (-0.265, -0.063), (0.003, 0.016), (0.089, 0.293), (0.010, 0.186) and (-0.320, 0.127)
respectively. These indicate there is certain correlation between the covariates and individ-
ual effect, so the fixed effect estimator must be used in this case. MF model gives similar

estimates as fixed effect estimates, it should be another option.
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Discussion From the simulation data and real data comparison, we can see there is not
much difference between the R and WinBUGs estimates for each model. Both of the com-
puter softwares give the similar results. That means the frequentist and Bayesian statistical
analysis give the same estimation results. And Bayesian estimation also suffer the bias when
we use the random effect model to fit the data with correlation between explanatory variable
and individual effect. The full Bayesian formulation we use in this chapter is just working
as good as Hausman test and also it is easy to use compared with the Hausman test. For
Hausman test, sometimes it is hard to find the inverse of the differenced covariance of ran-
dom effect estimator and fixed effect estimator or in some case, the Hausman test statistic
may be negative. The full Bayesian formulation do not need to worry about these problem.
So the full Bayesian formulation is more easy to use to identify the correlation between the

explanatory variables and the individual effects.
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Chapter 7

Model Comparison

In Chapter 3, we describe three simple models which are commonly used to fit the longitu-
dinal data. And in Chapter 5 we define a new model follow the Mundlak formulation, then
we introduce the Hausman test to compare the random effect estimation and fixed effect
estimation. In Chapter 6 we develop a ways to decide whether the random effect model is
good or the fixed effect model is good to use for fitting based on Bayesian approach. In this
chapter, we describe two commonly used model selection criteria, AIC and DIC from two
approaches, and then we compare them with Hausman test and the one we developed in
Chapter 6. In order to see how these methods work, we use real data and simulated data to

demonstrate these methods.

7.1 Model Comparison

For generalised linear models we have the deviance as a measure of goodness of fit. For lon-
gitudinal data model fitting, if the models are nested we can use the deviance to compare the
model where nested models means one model is a strict subset of the other. But in this thesis,
the models (pooled model, fixed effect model and random effect model) we are comparing
are not nested models, so we can’t use deviance to do the non-nested model comparison. For
non-nested models, we could compare the models by using AIC (was developed by Akaike
[1974]) based on likelihood approach and DIC (was introduced by Spiegelhalter et al. [2002])
based on Bayesian approach. Note, for non-nested models for example comparison of mod-
els with different correlation structures, (eg. AR(1) or compound symmetry), we can’t use

the deviance to do the model comparison as well.
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7.2 Akaike Information Criterion (AIC)

Akaike’s information criterion, developed by Hirotsugu Akaike under the name of “an in-
formation criterion” (AIC) in 1971 and proposed in Akaike [1974], is a measure of the good-
ness of fit of an estimated statistical model and measures the amount of information lost
when using a model to approximate reality. This approach measures how well different
models approximate reality even though the reality may be unknown. Models that lose
the least amount of information will tend to make the best predictions of datasets. Akaike
demonstrated a relationship between the expected information content of a model and the

log-likelihood at its maximum point.

Definition 7.1. Based on this criterion, the model should be chosen such that
AIC =2k — 20,0 (7.1)

where k is the number of parameters in the statistical model, and (,,,, is the maximized

value of the likelihood function for the estimated model.

[Demidenko, 2004].

By definition, AIC not only rewards goodness of fit, but also includes a penalty that is an in-
creasing function of the number of estimated parameters. Hence the model with the smaller
AIC value is preferred. The AIC methodology attempts to find the model that best explains
the data with a minimum of parameters.

In order to use AIC as a tool for model selection, we have to define the rule to assess the
difference in AIC values between two compared models. Burnham and Anderson [2002]
developed rules of thumb for assessing differences in AIC values between a given model
i and the model with the smallest AIC (the best model among those tested). These differ-
ences are given by AAIC; (Table 7.1). All models with AIC differences of less than 2 have a
substantial level of empirical support, while those within 2-4 might be regarded as the more
likely candidates, those within 4-7 substantially less support, and greater than 10 essentially

no support.
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Table 7.1: Interpretation of the level of AIC values from Burnham and Anderson [2002]
| A AIC; | Level of Empirical Support of Model i |

0-2 Substantial

24 Equal likely

4-7 Considerable less

>10 Essentially none

Note, AIC is not an overall goodness of fit test, only a comparison of relative goodness

of fit.

7.2.1 Real Data Example: MILK data

Now we use MILK data to illustrate how AIC works to identify the best model for longitu-
dinal data. The data were from Ms Alison Frensham (from Diggle et al. [2002]). Milk was
collected weekly from 79 Australian cows to analyse for its protein content and time is mea-
sured in weeks, and the experiment was continued for 19 weeks. The cows were maintained
on one of three diets: barley, a mixture of barley and lupins, or lupins alone. The dataset is

shown in Figure 7.1.

155



v
<
o “‘\ ".
< - ~ ~ ,
~ \\ ;:\ A»'-/ l,l/. & /"‘
S , LK AR w/ ﬁw/,,\‘:.t ‘iv'a' \
s "‘!/,4",4)» ‘?A\\ \‘g' 5 "O@A‘%i‘i&},'-’; Q \\
< s\ S0 7SN «\ Ve v,';ﬁm‘ Y
B \ 3 XX .
I 5 A0 “\\“,,«\ N
o N “‘W “/‘\" A,;;‘/\
W‘ Vf-«f
YR ;$v1>Q"o~ SR
R AR AN SRR \\\'-..A\.\é\a AN
i ,m,“‘» Y AN
) N ~ ,’, & A“\\" \\V\ 'I,.IQ'I_ w
® \\\ \Y,, ‘A\ N «/
\.
\// V‘/
10
(aV}

5 10 15

Week
Figure 7.1: Figure of MILK data

Note, Figure 7.1 shows the data without the first few observations: a washout period

from the previous diet.
Figure 7.1 displays the three subsets of the data corresponding to each of the three diets.

The repeated measurements on each cow are joined to accentuate the longitudinal nature of

the data set. From the figure, the barley gives higher values than the mixture, which in turn

gives higher values than lupins alone.

To do the model comparison, firstly, we have to specify the models: we select the possible
models we could fit for MILK data with appropriate covariance structure (ie. iid and AR(1)).

The six models are defined in R as below

e Model 1: pooled model without any covariate (PLNO)
Iml <- glm(protein = 1, data=milk))

e Model 2: pooled model (PL)
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1m2 <- glm(protein ~ diet, data=milk)
Model 3: fixed effect model with iid errors (FE —iid)
1m3 <- glm(protein ~ id + diet, data=milk)
Model 4: fixed effect model with AR(1) (FE — AR (1))

1Im4 <- gls(protein ~ diet, na.action=na.omit,
correlation=corCARl (form="time|id),

data=milk)

Note, in Model 3 and 4, there are some levels eliminated here, because diet is time

invariant variable.

Model 5: random intercept model with iid errors (RI —iid)

Im5 <- Ime(fixed = protein ~ diet, random = ~ 1 | id,

data=milk, na.action=na.omit)
Model 6: random intercept model with AR(1) (RI - AR (1))

Im6 <- Ime(fixed = protein ~ diet, random = ~ 1 | id,
corr=corCARl (form="time|id),data=milk,

na.action=na.omit)

Secondly we select covariates need to be included, here the diet is the only covariate avail-

able. Actually time is also available which can be involved. But we don’t take time into

account here, because we prefer models only involving diet as a significant covariate (see

Table 7.2). The AICs of six models is shown in Table 7.2.

Table 7.2: Table of AIC comparison for MILK data
Model AIC | AAIC
PLNO | 846.82 | 689.00

PL 750.73 | 592.91
FE-iid | 423.00 | 265.18

FE-AR(1) | 158.87 | 1.05
RI-id | 507.58 | 249.76

RI-AR(1) | 157.82 | 0.00
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AIC Model comparison for MILK data
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Figure 7.2: Figure of AIC comparison of MILK data

From Table 7.2, we first compare the PLNO Model has no covariate with PL Model has
diet as covariate, we can see the PL Model has smaller AIC than PLNO Model, so the diet is
the significant covariate. And then we compare FE —iid Model with FE — AR (1) Model, the
FE — AR (1) Model has the smaller AIC, therefore, there is time series correlation. Then we
compare RE —iid Model with RI - AR (1) Model, the RI - AR (1) Model has the smaller AIC,
therefore, we confirm again there is time series correlation exits. Finally, we compare the RI
— AR (1) with FE — AR (1), the RI — AR (1) Model has the smallest AIC. This indicate there
is no correlation between diet and individual effects. The random effect estimator should be
used in this case.

Note, we can’t do a Hausman test here: dief is a time invariant variable, so we can’t fit FE
Model including it. Although this case is not good enough, but it shows when the Hausman
test does not work, we could use AIC as alternative method.

Then we can use it to calculate A AIC, the A AIC of FE — AR (1) Model is 1.05 which
is less than 2. According to Table 7.1, FE — AR (1) Model and RI — AR (1) Model have
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comparable AIC, they are the best models among these. We have tested, and are as good as
each other. Since the RI — AR(1) Model have the smallest AIC, we choose Model RI — AR (1)
as our best fit model. Either we do the pairwise comparison or do the overall comparison,
the conclusion is the same.

Finally, we refit the data by using the model with the smallest AIC based on maximum
likelihood method (if the best model is random effect model we use REML method to refit
it). So we refit data by using RI - AR (1) Model, the estimates obtained by R are listed below:

Table 7.3: Estimates of RI — AR (1) Model for MILK data

Value | Std.Error | DF | t-value | p-value

(Intercept) | 3.55 0.04 1260 | 97.10 | 0.0000
dietL -0.21 0.05 76 | -4.08 | 0.0001
dietM -0.10 0.05 76 | -1.94 | 0.0562

The correlation p = 0.627, the error standard deviation is 0. = 0.319 and the random

effect standard deviation is o, = 0.108.

7.3 Deviance Information Criterion (DIC)

[Spiegelhalter et al., 2002] proposed an alternative to AIC, known as the deviance informa-
tion criterion (DIC) designed for use with Bayesian models where the posterior distributions
of the models have been obtained by Markov chain Monte Carlo (MCMC) simulation. And
it can be calculated easily in WinBUGS. It has a very similar form to AIC and is given by:

DIC = D+ 2pp = D + pp (7.2)

e D is the deviance when using the mean of the posterior distributions for the parame-

ters and is given by

D = —2log(p(yl6)) + C (7.3)

where y are the data, § are estimated as the posterior mean of the parameter and p(y|0)

is the likelihood function. C is a constant, which does not need to be known.

e D is the mean deviance over the chain or the posterior mean of the deviance and pp, is
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the effective number of estimated parameters and is given by

A

pp=D—D (7.4)

e pp is the posterior mean of the deviance minus the deviance of the posterior means. In
hierarchical model for normal data, pp = tr(H) where H is the “hat” matrix that maps

the observed data to their fitted values.

The minimum DIC model is the best model, in the same spirit as Akaike’s criterion. Very
roughly, those DIC values within 5 of the smallest DIC values might be regarded as equiv-
alent models, while those within 5-10 might be regarded as likely candidates and those
greater than 10 might be regarded as poor fit models, compared to the best fit model.

The idea is that models with smaller DIC should be preferred to models with larger DIC.
Models are penalized both by the value of D, which favours a good fit, but also (in common
with AIC) by the effective number of parameters pp. Since D will decrease as the number
of parameters in a model increases, the pp term compensates for this effect by favouring
models with a smaller number of parameters.

The advantage of DIC over other criteria, for Bayesian model selection, is that the DIC
is easily calculated from the samples generated by a Markov chain Monte Carlo simulation.
AIC requires calculating the likelihood at its maximum over #, which is not readily available

from the MCMC simulation in some computer software like WinBUGS.

7.4 Simulated Data Example

In this section, we use two kinds of dataset RINOCOR and RICOR to illustrate the two
model comparison methods: AIC is based on likelihood approach and DIC is based on
Bayesian approach. The four models we are interested are defined in section 5. Note: When
we present result graphically, we define RE, FE, PL and MF to represent the four models
based on frequentist approach, then we define BRE, BFE, BPL and BMF as Bayesian ap-

proach.

7.4.1 RINOCOR data

The AICs and DICs from two approaches for RINOCOR data are list in Table 7.4.
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Table 7.4: Table of AIC and DIC comparison for RINOCOR data
Model | AIC | AAIC | DIC | ADIC
RE | 25452 | 3.15 |248.66 | 0.00
FE |251.37 | 0.00 | 255.14 | 6.48
PL | 258.00 | 6.63 | 258.07 | 9.41
MF | 256.52 | 515 | 251.85| 3.19

We also separately compare the AIC and DIC on Figure 7.3 and Figure 7.4

AIC Model comparison for RINOCOR data DIC Model comparison for RINOCOR data
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Figure 7.3: AICs comparison for Figure 7.4: DICs comparison for
RINOCOR data RINOCOR data

Figure 7.3 shows the AIC method indicates FE model is the best fit model, since the
FE model provides the smallest AIC. So we choose FE model as best fit model based on
likelihood approach.

FE model and RE model have similar AICs. Since our true dataset is generated by using
RE model, the FE model and RE model give similar AIC indicate there is no correlation
between the individual effects and the explanatory variables. So the RE model should be the
best model. But AIC method choose the FE model as the best model, maybe the reason is RE
model have more parameters then FE model and both models provide unbiased estimates,
AIC penalize the model with more parameters.

MF model AIC is slightly bigger than RE model. MF model is a special case of RE model,
it suppose to improve the estimates, but with more parameters. Therefore, for no correlation
case, both RE and MF model provide unbiased estimates, the RE model would be the best
model compare with MF model.

From Figure 7.4, the DIC method indicates that RE model is the best fit model, since
it gives smallest DIC. And MF model gives similar DIC. The true dataset does not have
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correlation. So the DIC gives the correct result.

In Chapter 5, the Hausman test gives the result that the RE estimator is the unbiased and

efficient, so the RE model is chosen in this case.

In chapter 6, we use the full Bayesian formulation method to compare the RE model and

FE model, the full Bayesian formulation indicates there is no correlation, so the RE estimator

should be used.

Thus, except AIC method, the conclusions from Hausman test, full Bayesian formulation

and DIC method are consistent, the RE model is the best fit model. The true dataset has no

correlation. So the DIC, Hausman test and full Bayesian formulation give the correct result.

7.4.2 RICOR data

The AICs and DICs from two approaches for RICOR data are listed in Table 7.5.

Table 7.5: Table of AIC and DIC comparison for FE data

Model | AIC | AAIC | DIC | ADIC
RE | 321.53 | 28.08 | 297.28 | 2.83
FE 29345 | 0.00 | 29642 | 1.97
PL 351.73 | 58.28 | 351.77 | 57.32
MF | 317.78 | 24.33 | 29445 | 0.00

We also separately compare the AIC and DIC on Figure 7.5 and Figure 7.6
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Figure 7.5: AICs comparison for RICOR
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DIC Model comparison for RICOR data

DIC
320 330 340 350

310

300

data

Model

Figure 7.6: DICs comparison for RICOR

The result from Table 7.5 is achieved by using R and WinBUGs. From Figure 7.5, the AIC

method indicates FE model is the best model based on likelihood approach, since FE model
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has the smallest A AIC.

From Figure 7.6, the DIC method indicates RE model, FE model and MF model are all
acceptable, however, the MF model provides the smallest DIC, so we choose MF model as
our best fit model for RICOR data based on Bayesian approach.

In Chapter 5, Hausman test shows the FE estimator is unbiased, so the FE model should
be used to fit this data.

In Chapter 6, the full Bayesian formulation method indicates there is correlation, so the
FE model is the best fit model.

The MF model we fit is our true model where the RICOR data is generated from. The
MF model should be used in this case. The AIC, full Bayesian formulation method and
Hausman test give the consistent result, there is correlation, the FE model is the best fit
model. DIC method seems to give a incorrect result, although it choose MF as best fit model.
But similar DICs for RE, FE and MF model indicate there is no correlation. So DIC fails to

differentiate the important feature when there is correlation (see Figure 7.6).

7.5 Real Data Example: WAGE data

Although DIC method and AIC method have something in common, we still need to inves-
tigate whether they give the same suggestion on model selection for same longitudinal data.
Here we use the same real data - WAGE data (introduce in Chapter 5) again to demonstrate
how AIC and DIC work in model selection. We fit four models that are defined in section
6.2.2.

The AICs and DICs of four models obtained by likelihood method and Bayesian ap-
proach respectively are listed in Table 7.6.

Table 7.6: Table of AIC and DIC comparison for WAGE data

Model | AIC AAIC DIC ADIC
RE | 4407.88 | 643.67 | 3737.53 | 3.99
FE 3764.21 0.00 |3801.61 | 68.07
PL 5998.42 | 2234.21 | 5998.38 | 2264.88
MF | 4390.39 | 626.18 | 3733.54 | 0.00
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We also present the AICs and DICs on Figure 7.7 and Figure 7.8.




AIC Model comparison for WAGE data DIC Model comparison for WAGE data
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Figure 7.7: AICs comparison for WAGE Figure 7.8: DICs comparison for WAGE
data data

Figure 7.7 shows the FE model has the smallest AIC among four models and MF model
gives smaller AIC than RE model, this means MF model slightly improve the fitting. FE
model gives enormous different AIC to compare with RE model AIC. This indicates there is
correlation between the individual effects and the explanatory variables.

Figure 7.8 shows MF model has the smallest DIC, so it is the best model among four
models. RE model gives similar DIC as MF model. This indicates there is no correlation.

In Chapter 5, we use Hausman test to compare the RE estimator and FE estimator which
gives that we reject the null hypothesis at 5% of significant level (refer to Chapter 5).

In Chapter 6, we use the full Bayesian formulation method to compare the random effect
model and fixed effect model. This method suggests that there is correlation, so the best fit
model is the FE Model.

Therefore, the results are obtained from AIC based on likelihood method is consistent
with the result obtain from Hausman test and the full Bayesian formulation method. The

result from DIC may be incorrect.

Summary We summarise the results from the AIC, DIC, Hausman test (H-T) and full
Bayesian formulation method (B-MF) for simulated datasets and the WAGE data in Table
7.8 and Table 7.7.
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Table 7.7: Table of result comparison of four methods for simulated data

True Model | Model Fit | AIC | DIC | H-T | B-MF

RE vai v v v

RE FE V4
PL - -
BM e - -
RE Ve

FE FE v V7 v v
PL - -
BM v - -

Table 7.8: Table of result comparison of four methods WAGE

Model Fit | AIC | DIC | H-T | B-MF
RE va
FE v v v
PL - -
BM v - -

Note:

v means this is the selected model using the relevant criterion.

v means this model give a similar values.

— means this combination of model selection criterion was not done.

As we show on the Table 7.7, these four methods not always return the same result. Gen-
erally, AIC is not working very well when there is no correlation between the covariates and
the individual effects. It seems AIC is more prefer the FE model than RE model. DIC gives
incorrect result when there is correlation. e.g, for the WAGE data, Hausman test suggests
the FE estimator is the best one (explained in detail in chapter 5). And the DIC is given that
the RE model as the best fit. Hence we can’t rely on DIC as model selection method, instead
of this, we could use the full Bayesian formulation method. The full Bayesian formulation
method is working very well in both real data case and simulated data cases. This method
can indicate whether there is correlation between the covariates and the individual effects
or not, by doing this, we can use it as model selection method. Therefore, in order to specify
the best model for longitudinal data, do not just rely on a single method when do the model

comparison.
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Chapter 8

Conclusions

In this thesis, we have explored the estimation bias in the situation where a correlation ex-
ists between the explanatory variables and individual effects in longitudinal data. The main
objectives of our research is to demonstrate the occurrence of bias in two cases, omitted vari-
able bias by using frequentist statistic and heterogeneity bias, by using frequentist statistics
and Bayesian statistics. We state the structure of the longitudinal data used in this thesis and
describe two popular analysis estimation methods, least square estimation and maximum
likelihood estimation. Then we describe the properties of three simple models random effect
model, fixed effect model and pooled model by using these two approaches. The difference
of these two approaches for each model have been compared and discussed in Chapter 3.
We also proved the bias exists empirically (via simulation), we use the R software to gen-
erate the dataset with and without correlation case in Chapter 4. In Chapter 5 and Chapter
6, we used frequentist and Bayesian statistics to show theoretically and empirically the bias
exists in particular cases.

In Chapter 5, we considered the omitted variables bias and heterogeneity bias.

e Omitted variables: we showed the bias does exist when we fit a omitted variable
model. We proved the bias is affected by the size of the covariance of the explana-
tory variable and the omitted variable. If this covariance is zero, there is no bias for the
coefficient of the explanatory variable. However, the bias for the intercept still existed
and the size of this is the mean of the omitted variable. We assume a particular case,
then used the R software to simulate the dataset 1000 times, the estimations we got
confirmed our finding. Then a real data example is used to confirm the covariance of

explanatory variable and the omitted variable does have an effect on estimation.

e Heterogeneity bias: we proved the random effect estimator is unbiased and consistent
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compare with fixed effect estimator and pooled estimator when there is no correlation
between explanatory variable and individual effect. When we assumed there is such
correlation, we had used the formula introduced by Mundlak on 1978 to prove the
bias exists and derived the formulation of this bias for random effect estimation. Also,
we derived the bias formulation for the pooled estimation. However, when there is
correlation, the fixed effect estimation is unbiased. So it is the appropriate estimation
which should be used under this situation. Then we used the simulation data and real
data to demonstrate this theory is correct by fitting four simple models, random ef-
fects model, fixed effects model, pooled model and Mundlak formulation model. The
simulated two datasets RINOCOR and RICOR are generated by using the function
defined in Chapter 4. The real data is from the popular National Longitudinal Sur-
vey held in USA [Wooldridge, 2009]. And we proved the Mundlak formulation model
gives unbiased estimates when there is correlation, although it is a special case of ran-
dom effects model. The Hausman test which we used also confirmed the fixed effect
estimator is more appropriate in this case. Then we use the Hausman test to study
how the degree of correlation affects the choice of using fixed effect estimator. Then
we found when the correlation is small, the random effect estimator still can be used
as unbiased estimator. This conclusion is made based on our empirical result. Finally,
we use the simulated data and real data to demonstrate how the Hausman test works

as a model comparison method.

In Chapter 6, we firstly discuss the principle idea of the WinBUGS software and we show
how the Bayesian estimation works. Then we investigated whether the Bayesian estimation
did suffer from the same bias as the random effect estimation in frequentist analysis. Sec-
ondly, we used the Mundlak formula to propose a computational approach to check whether
there is a correlation between the explanatory variables and the individual effects. Then we
used WinBUGS to apply this approach on the real data (WAGE) and simulated data gener-
ated in Chapter 5. Finally, we compared the estimates from frequentist and Bayesian analy-
sis which showed there is not much different on estimates from both analysis approaches.
In Chapter 7, we used the AIC based on likelihood method and DIC based on Bayesian
method to do the model comparison. And then we compare these two method with Haus-
man test result and the full Bayesian formulation method result which we defined by fol-
lowing Mundlak’s formulation. AIC, Hausman test and full Bayesian formulation methods

all confirmed the fixed effect model is the best model when there is correlation between the
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explanatory variables and the individual effects. But DIC gives different conclusion which
has been proved is incorrect. So we couldn’t rely on the DIC method.

In this thesis, we demonstrated this conclusion theoretically and empirically. We also in-
vestigate the Bayesian approach suffer the same bias when use the random effect model un-
der correlation situation. By using the common model selection method DIC under Bayesian
approach, we found the DIC can’t produce the correct result. But we developed a full
Bayesian model as Hausman test, to compare the fixed effects model and random effects
model under no correlation and correlation cases. And we have proved it works as good as
Hausman test. Therefore, this thesis study the correlation affects on bias and compare the
frequentist approach with Bayesian approach on estimates and model comparison methods.
If there is correlation between the explanatory variables and individual effects, the fixed ef-
fect estimator is the appropriate estimator which is unbiased and efficient. Otherwise, the
random effect estimator is unbiased and efficient. Of course, this conclusion is based on a
certain assumption about the correlation between the explanatory variables and the individ-
ual effects only and more study are required under the other assumptions (i.e. the error term
is correlated with the explanatory variables). In future, we could investigate the Mundlak
formulation under other assumptions for both frequentist and Bayesian approaches to see

whether it still gives the unbiased estimation under certain assumption.
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Appendix A

Blockwise Matrix Inversion

Let a block matrix be . Then the inverse of this block matrix is

C D
-1
A B (A— BD™'C)™! —(A— BD™'C)"'BD!
C D —D'C(A— BD'C)"' D'+ D 'C(A— BD~'C)"'BD"!

Now we verify this result.

-1

A Blla Bl [a B (A— BDC)! ~(A-BD"'C)"'BD
C D||C D C D| |-D'C(A-BD'C)"" D'+ D'C(A-BD'C)'BDT!
_E F_ I 0
= = =17
_G H_ 0 I
where
E = A(A-BD'C)'-BD'C(A-BD'C)™!
= (A-BD'O)YA-BD'C)=1
F = —A(A-BD'C)'BD'+BD'+BD'C(A-BD'C)'BD™!

= BD '[-A(A-BD'C)"'+1+BD'C(A-BD'C)™ "]
= BD Y- (A-BD'C)Y(A—- BD'C)]
= BD'I-1]=0
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G = C(A-BD'C)'-DD'C(A—-BD'C)™*
= (A-BD'C)'[C - DD '(C]
= 0

H = —-C(A-BD'C)'BD'+DD*+DD'C(A-BD'C)'BD!
= DD'-C(A-BD'C)'BD '+ DD 'C(A-BD'C)*'BD™!
= I-C(A-BD'C)'BD'+C(A-BD'C)'BD™!

= I
B
Therefore, the inverse of the block matrix is
C D
-1
A B (A— BD~lC) —(A— BD'C)"'BD!
C D -D7'C(A-BD'C)"t D'+ D 'C(A-BD'C)"'BD™!
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Appendix B

Verification of Inverse Matrix V!

To verify the V'V = I, we have to use the Eq. (5.17) from Chapter 5.

1 o2
Vii= [ — —<2 117
05[ r o2 +Ta? ]
Then we could rewrite the inverse of V! as
1 1 1
Vvl = Iy — (= — =y)117
1 1
= —[Ir— =1 —-v¢)11"
1 1 1
= —[Iy— =117 + —y117*
1
= O—g[Q + P
where
2
O-’lL
Y= 2 2
o-+To2
We also write V as
1 1
= 2y — (= — =y H11?
Vo= oI — (5 — 7]

= Ol — (1~ o]
= oIy — %nT - %wlnT]
= 0,[Q+¢7'P]

SoV~Vis
VW =QQ+YvPQ+¢y 'PQ+PP=Q+P=1
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where QQ = Q, PP = P? = P and PQ = 0 from Chapter 3. Therefore, V'V = I.
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Appendix C

GLSE for Mundlak Formulation

Refer to section 3.2.2, we use the similar way to prove the GLSE for Mundlak formulation.

C.1 Proof:

XT
Since K = [X PX},thenKT: [ ]
XTpT

KT X'xX  X"PX
XTPT'X XTPTPX
0 0
(KTK)™ = +
0 (XTPTPX)™!

I
—(XTPTPX)1XTPTX

] (XTX - XTPX(XTPTPX)'XTPTX)™?

[1 —XTPX(XTPTPX)—l]
A B
C D
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where

XTX - XxTpx(XTPTPX) ' XxTpTx)™!

XTXx - xTpx(XTpPx)1xTpTx)"!

B = —XTpx(XTPTPX) L (XTX - XTPX(XTPTPX)'XxTpPTX)"!

—XTPX(XTPX)"1(XTX - XTPX(XTPX)'XTPTX)!

= —(x7Qx)"!

C = —(XTPTPX)"'XTPTx(XTX - XTPX(XTPTPX)'XTPTXx)™!
= —(XTPTX)"'XTPTX(XTX - XTPX(XTPX) ' xTPTXx)"!

= —(xXTQx)™!

XTPTPpxX)™l + (XTPTPX) ' XTPTXXTPX(XTPTPX)™!
XX - XxTpx(XTPTPX) ' xTPTXx)™!

(
(
= (XTPx) '+ (XTPTX) ' XTPTXxXTPX(XTPX)™!
(XTX - XTpx(XTPTX)" 1 xTpTXx)™!
(

XTPX)~ + (xTQx)™!

Now Eq.(5.22) can be written as

-~

A B XT
Ol (ki) iy =
a C D| | XTpT

)
I

Thus, the GLS estimate of 3 and a

B = [AXT +BXTPTly

(XTQX)™ X" — (XTQX) X" Py
= (XTQX)XN(I - Py
(XTQX)"'X"Qy
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[CXT + DXTPT]y

)
|

= [-(XTQX)'XT + (XTPX)T'XTPT + (XTQX)T'XTPT]y
= (X'PX)"'X"Py - [(XTQX)"'X"(I-P)]y
= (X'PX)"'X"Py — (XTQX)"'X"Qy
= BB - BW
Therefore, the GLS for Mundlak formulation gives

~

B:BW

EZB _BW

Sy}
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Appendix D

WINBUGS Codes

D.1 RINOCOR and RICOR

D.1.1 RE Model

model {
for(i in 1:N) {
for(t in 1:T) {
Y[i,t] = dnorm(muli,t],tau.e)
mul[i,t] <- betaO+betal*X[i,t]+alphalil]
}
alpha[i] =~ dnorm(0,tau.a)
}
#prior distribution
betal0 = dnorm(0.0,0.0001)
betal 7 dnorm(0.0,0.0001)
tau.e 7 dgamma (0.0001,0.0001)
tau.a ~ dgamma (0.0001,0.0001)

D.1.2 FE Model

model {
for(i in 1:N) {

for(t in 1:T) {
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Y[i,t] dnorm(mul[i,t],tau.e)
mul[i,t]<-betalxX[i,t]l+alphalil]

}
alpha[i] "dnorm(0,0.001)

}

#prior distribution

betal "dnorm (0, 0.0001)

tau.e dgamma (0.0001,0.0001)

s.e<-sgrt (l/tau.e)

D.1.3 PL Model

model {
for(i in 1:N) {
for(t in 1:T) {
Y[i,t] dnorm(muli,t],tau.e)

mul[i,t]<-betal+betal*X[i,t]

}

#fprior distribution

betal0 "dnorm (0.0, 0.0001)
betal "dnorm (0, 0.0001)

tau.e dgamma (0.0001,0.0001)

s.e<-sqgrt (1/tau.e)

D.1.4 MF Model

model {
for(i in 1:N) {
for(t in 1:T) {
Y[i,t] "dnorm(muli,t],tau.e)

mul[i,t]<-betalO+betalx*xX[i,t]l+alphali]
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alpha[i]l<-rhoxmean (X[1i,])+w[i]
}
#prior distribution
for(i in 1:N) {

wl[i] "dnorm (0, tau.w)
}
betal0 "dnorm (0.0, 0.0001)
betal "dnorm (0.0, 0.0001)
rho”dnorm(0,0.0001)
tau.e "dgamma (0.0001,0.0001)
tau.w dgamma (0.0001,0.0001)

D.2 WAGE

D.2.1 RE Model

model {
for(i in 1:N) {
for(t in 1:7T) {
L[i,t] dnorm(muli,t],tau.e)
mul[i,t]<-betal+beta[l]*S[1i,t]l+betal2]*E[1, t]
+beta[3]*E2[1,t]+beta[4]*xU[1i,t]+beta[5]*M[1i, t]
+beta[6]*B[i,t]+beta[7]*«H[i,t]+tbeta[8]*P[1i,t]
+alphali]
}
alpha[i] "dnorm (0, tau.a)
}
#prior distribution
for(v in 1:8) {
betal[v] "dnorm(0.0,0.0001)
}
betal0"dnorm (0.0, 0.0001)
tau.e "dgamma (0.0001,0.0001)
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tau.a dgamma (0.0001,0.0001)

D.2.2 FE Model

model {
for(i in 1:N) {
for(t in 1:T) {
L{i,t] dnorm(muli,t],tau.e)
muli,t]<-betal[l]l*E[i,t]+betal[2]*E2[i,t]
+beta[3]+U[i,t]+tbetald4]«M[i,t]+beta[5]*P[1i,t]
+alphali]
}
alpha[i] "dnorm(0,0.0001)
}
#prior distribution
for(v in 1:5) {
betal[v] "dnorm(0.0,0.0001)
}
tau.e "dgamma (0.0001,0.0001)

s.e<-1/sqgrt (tau.e)

D.2.3 PL Model

model {
for(i in 1:N) {
for(t in 1:T) {
L{i,t] dnorm(muli,t],tau.e)
mul[i,t]<-betal+betal[l]*S[i,t]l+betal2]+E[1,t]
tbetal[3]*E2[1i,t]+beta[4]*U[i,t]+beta[5]*M[i,t]

t+beta[6]+xB[i,t]+beta[7]*«H[i,t]+beta[8]+P[1i,t]

}

#prior distribution
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for(v in 1:8) {

betal[v] "dnorm(0.0,0.0001)
}
betal0 "dnorm (0.0, 0.0001)
tau.e dgamma (0.0001,0.0001)

MF Model

model {

for(i in 1:N) {
for(t in 1:T){
L[i,t] = dnorm(muli,t],tau.e)
mul[i,t] <- betalO+betal[l]l*S[i,t]+betal[2]1+xE[i,t]
+beta[3]*«E2[1,t]+betal[4]+U[1,t]+beta[5]*M[1, t]
+beta[6]*B[i,t]+beta[7]+H[1i,t]+beta[8]+P[1,t]
+alphali]
}
alpha[i] <- rho[l]l#*mean(E[i,])+rho[2]*mean(E2[1i,])
+rho[3]*mean(U[i, ])+rho[4]mean (M[i,])
+rho[5] *mean (P[1i,])+w[i]
}
for(i in 1:N) {
wli] 7 dnorm(0.0,tau.w)
} }
#prior distribution
for(k in 1:8){
betalk] 7 dnorm(0.0,0.0001)
}
for(p in 1:8) {
rho[p] =~ dnorm(0.0,0.0001)
}
betal0 = dnorm(0.0,0.0001)
tau.e 7 dgamma (0.0001,0.0001)
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tau.w -~ dgamma (0.0001,0.0001)
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Appendix E

WINBUGSs Output

E.1 RINOCOR

E.1.1 RE Model

The Gelman-Rubin diagnostics for each estimate are
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Figure E.1: Gelman-Rubin diagnostics of 3, 31, 0. and o,

The convergence chains for each estimate are
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Figure E.2: Convergence chains of /3, 1, 0. and o,

The posterior distribution for each estimate are
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Figure E.3: Posterior distribution of 3, £, 0. and o,

183



E.1.2 FE Model

The Gelman-Rubin diagnostics for each estimate are
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Figure E.4: Gelman-Rubin diagnostics of 3, and o.

The convergence chains for each estimate are
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Figure E.5: Convergence chains of 3, and o,

The posterior distribution for each estimate are
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Figure E.6: Posterior distribution of 3, and o.

E.1.3 PL Model

The Gelman-Rubin diagnostics for each estimate are
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Figure E.7: Gelman-Rubin diagnostics of 3;, 3 and o.

The convergence chains for each estimate are
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Figure E.8: Convergence chains of 3, 4 and o,

The posterior distribution for each estimate are
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Figure E.9: Posterior distribution of 3, 5, and o.

E.1.4 MF Model

The Gelman-Rubin diagnostics for each estimate are
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Figure E.10: Gelman-Rubin diagnostics of 3, 31, 0. and o,
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Figure E.11: Gelman-Rubin diagnostics of p

The convergence chains for each estimate are
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Figure E.12: Convergence chains of 3, 1, 0. and o,
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Figure E.13: Convergence chains of p

The posterior distribution for each estimate are

187



store[1] chaing 1:2 sample; S0000 store[2] chains 1:2 sample; $0000
- 4.0r
20t E-g:
10} S
0.0 0of
T T T T T T T T T
-1.0 -0.5 0.0 0.5 0.5 0.75 1.0 1.25
store[3] chains 1:2 sample: S0000 store[4] chains 1:2 sample: S0000
a0r 201
30r 1.51
20r 1.01
1.0+ 051
0.0g 0.0L
T T T T T T T T T
65 075 10 125 15 0.0 1.0 20

Figure E.14: Posterior distribution of 3y, 31, 0. and o,
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Figure E.15: Posterior distribution of p
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E.2.1 RE Model

The Gelman-Rubin diagnostics for each estimate are
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Figure E.16: Gelman-Rubin diagnostics of 3y, 31, 0. and o,

The convergence chains for each estimate are
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Figure E.17: Convergence chains of 3, 41, 0. and o,

The posterior distribution for each estimate are
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Figure E.18: Posterior distribution of (3, 81, . and o,
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E.2.2 FE Model

The Gelman-Rubin diagnostics for each estimate are
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The convergence chains for each estimate are
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Figure E.19: Gelman-Rubin diagnostics of 3, and o.
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Figure E.20: Convergence chains of 4, and o,

The posterior distribution for each estimate are
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Figure E.21: Posterior distribution of 3, and o.

E.2.3 PL Model

The Gelman-Rubin diagnostics for each estimate are
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Figure E.22: Gelman-Rubin diagnostics of /3, 5, and o,

The convergence chains for each estimate are
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Figure E.23: Convergence chains of /3, 5, and o.

The posterior distribution for each estimate are
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Figure E.24: Posterior distribution of 3, #; and o.
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The Gelman-Rubin diagnostics for each estimate are
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Figure E.25: Gelman-Rubin diagnostics of 3, 31, 0. and o,
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Figure E.26: Gelman-Rubin diagnostics of p

The convergence chains for each estimate are
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Figure E.27: Convergence chains of 3, 41, 0. and o,
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Figure E.28: Convergence chains of p

The posterior distribution for each estimate are
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Figure E.29: Posterior distribution of 3y, 1, 0. and o,
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Figure E.30: Posterior distribution of p

E.3.1 RE Model

The Gelman-Rubin diagnostics for each estimate are
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Figure E.31: Gelman-Rubin diagnostics of 3, 0. and o,
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Figure E.32: Gelman-Rubin diagnostics of 3, k =1,---,8

The convergence chains for each estimate are
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Figure E.33: Convergence chains of 3, 0. and o,
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Figure E.34: Convergence chains of 8, k =1,--- ,4
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Figure E.35: Convergence chains of gy, k = 5,--- , 8

The posterior distribution for each estimate are
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Figure E.36: Posterior distribution of 3, o. and o,
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Figure E.37: Posterior distribution of 3, k =1,---,8

E.3.2 FE Model

The Gelman-Rubin diagnostics for each estimate are
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Figure E.38: Gelman-Rubin diagnostics of 3, k = 2, 3,4, 5,8 and o,

The convergence chains for each estimate are
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Figure E.39: Convergence chains of i, k = 2, 3,4
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Figure E.40: Convergence chains of (i, k = 5,8 and 0.

The posterior distribution for each estimate are
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Figure E.41: Posterior distribution of 3, k = 2,3,4,5,8 and 0.
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E.3.3 PL Model

The Gelman-Rubin diagnostics for each estimate are
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Figure E.42: Gelman-Rubin diagnostics of 3, and o.
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Figure E.43: Gelman-Rubin diagnostics of 5, k = 1,--- , 8

The convergence chains for each estimate are
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Figure E.44: Convergence chains of 3, and o.
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Figure E.45: Convergence chains of 3, k =1,--- ,4
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Figure E.46: Convergence chains of i, k = 5,--- , 8

The posterior distribution for each estimate are
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Figure E.47: Posterior distribution of 3, and o,
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Figure E.48: Posterior distribution of 8, k =1,---,8

E.3.4 MF Model

The Gelman-Rubin diagnostics for each estimate are
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Figure E.49: Gelman-Rubin diagnostics of /3, 0. and o,
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Figure E.50: Gelman-Rubin diagnostics of 3, k =1,---,8
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Figure E.51: Gelman-Rubin diagnostics of p,, p =1,---,5

The convergence chains for each estimate are
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Figure E.52: Convergence chains of 3, 0. and o,,
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Figure E.53: Convergence chains of 3y, k =1,--- ,4
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Figure E.54: Convergence chains of 3, k = 5,--- , 8
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Figure E.55: Convergence chains of p,, p=1,---,3
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Figure E.56: Convergence chains of p,, p = 4,5

The posterior distribution for each estimate are
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Figure E.58: Posterior distribution of 3, k =1,---,8
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