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Abstract

We show that for any 3-connected matroid M on a ground set of at least four
elements such that M does not contain any 4-element fans, and any basis B
of M, there exists a set K C E(M) of four distinct elements such that for all
k € K, si(M/k) is 3-connected whenever k € B, and co(M\k) is 3-connected
whenever k € E(M) — B. Moreover, we show that if no other elements of
E(M) — K satisfy this property, then M necessarily has path-width 3.



Acknowledgements

I would like to express my gratitude to Geoff Whittle, for without his wise
guidance & supervision, this thesis would not exist.

Thanks also to my parents, for I would not be here without them.



Contents

1 Introduction

2 Matroids
2.1 Matroids; Independent Sets . . . . .. .. ... ... ...
2.2 Representable Matroids . . . . . ... ... ... ...
23 Rank . . . . ..
24 Closure. . . . . ..
25 Duality . . . .. .
2.6 Minors . . . ...
2.7 Rota’s Conjecture . . . . . . . . .. ...
3 Connectivity
3.1 Introduction . . . . . . . . ... ...
3.2 Various Lemmas on 3-connectivity . . . . . . . . ... ... ..
3.3 Vertical & Cyclic Separations . . . . . . ... .. ... ....
3.4 Further Results on Connectivity . . . . . . .. ... ... ...
3.5 Fixed Basis Connectivity . . . . . . .. .. ... ...
4 The Existence of Removable Elements
4.1 Preliminary Results . . . . . . ... ... ... ...
4.2 The Minimal Number of Removable
Elements . . . . . . . . . ...

10
13
16

20
20
22
25
29
37



CONTENTS

5 Matroids with Minimal Removability 49
5.1 Preliminary Constructions . . . . . . . .. ... .. ... ... 49
5.2 Arranging Removable Elements . . . . . . .. ... ... ... 60
5.3 Path Width . . . .. .. ... ... ... 69

6 Future Work 74

6.1 Some Conjectures . . . . . . . . . ... 74



Chapter 1

Introduction

It is well established that the class of 3-connected matroids is fundamental
in matroid theory. Indeed, any matroid that is not 3-connected can be con-
structed from a collection of its 3-connected minors by a sequence of direct
sums and 2-sums. Moreover, when working with representable matroids, 3-
connectivity is an essential ingredient in obtaining any sense of uniqueness
of representations.

Bixby’s Lemma [3] (see Lemma 3.4.2) is a useful tool for maintaining ma-
troid 3-connectivity. It states that for any element e of a 3-connected matroid
M, either M /e is 3-connected up to parallel classes, or M\e is 3-connected
up to series classes. However, situations arise where we have some particular
type of element of a 3-connected matroid, and we specifically want to con-
tract it (or specifically want to delete it) whilst maintaining 3-connectivity.
In such situations, Bixby’s Lemma may be of little use.

For example, if we have a representation [/, D] of a matroid M in stan-
dard form, then the columns of I, correspond to a basis B of M, while the
columns of D correspond to a cobasis E(M)— B of M. We can now suppress
mention of the identity submatrix .., and take D to be our representation
of M; where rows of D correspond to the basis B and columns of D to the
cobasis (M) — B. Suppose then that we want to study representations of
minors of M. If we restrict ourselves to those minors that can be obtained
via contracting elements of the basis B or deleting elements of the cobasis
E(M) — B, then a representation for such a minor can be found simply by
deleting rows or columns of the matrix D. Doing so leaves all remaining
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entries of D unchanged, so that important structural information that may
be present in D can be preserved.

Oxley, Semple, and Whittle [10] studied this precise situation. One result
of theirs was that for a 3-connected matroid M with no 4-element fans, and
any basis B, there always exists either some element b € B such that M/b is
3-connected, or some element b* € F(M)— B such that M\b* is 3-connected.
In this study, we were interested in extending this result in order to obtain a
set K of as many elements as possible such that whenever e € KN B, M/e is
3-connected up to parallel classes, and whenever e € K N (E(M) — B), M\e
is 3-connected up to series classes. In Theorem 4.0.1, we show that provided
|E(M)| > 4, M always contains at least four such elements. We then looked
at situations where this lower bound is met; and concluded with the result
that in such a case, the matroid M must have path-width 3 (Theorem 5.0.2).

While the focus of this work was predominantly on the original research
undertaken, I have attempted to make the thesis as self contained as possi-
ble. Definitions are given for all terminology and notation used, and proofs
are provided for all results that are utilised. We use the notation C to mean
subset and C for proper subset. Chapters 2 and 3 give a short introduction
to matroid theory and matroid connectivity. Chapter 4 is concerned with
finding a set consisting of elements which can be removed whilst maintaining
3-connectivity up to parallel and series classes; and culminates with Theo-
rem 4.0.1. In Chapter 5, we study those situations where exactly four such
elements are found. Within this chapter, Sections 5.1 and 5.2 present results
on how we may arrange certain key elements and substructures present in
our matroids with respect to 3-separations. Section 5.3 then ties these results
in with the notion of path-width; concluding with Theorem 5.0.2.

As we neared a completed proof of Theorem 5.0.2, the fog of war that
had surrounded the problem lifted greatly. It is now clear that there is a
slightly more efficient route that can be used to prove the result. In partic-
ular, some constructions present in Section 5.1 can be largely circumvented.
Nevertheless, we have opted to include and use them, as they do give some
insight into the possible structures that can arise. We defer the use of the
simplified argument to a research paper.

With regards to the originality of the material presented herein, Chapter
2 consists exclusively of background material on matroid theory, and as such,
is all well known. Likewise for Chapter 3; with the exception of 3.4.4 - 3.4.8;
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which are all original, and 3.5.1; where a new definition is made. Everything
in Chapter 4 is original work. Theorem 5.0.2 is new, as is the material
contained in Sections 5.1 and 5.2. Definition 5.3.1 is given in [5], and the
results of Lemmas 5.3.2 -5.3.4 are known. The remainder of Section 5.3 is
original work.



Chapter 2

Matroids

The purpose of this chapter is to define matroids and take a look at some
of their basic properties. The introduction is brief, and material presented
herein has been chosen according to what background knowledge is explicitly
required for an understanding of the thesis as a whole. For a thorough
introduction to matroid theory, see Matroid Theory by Oxley [9].

2.1 Matroids; Independent Sets

Matroids can be defined by means of a number of equivalent axiom schemes.
The definition we give here is, arguably, perhaps the most intuitive.

Definition 2.1.1. A matroid is a pair (E,Z) where E is a finite set, and
Z C P(F) satisfying the following axioms:

(I1) Ve
(I2) If I, € T and I, C I, then I, € T.

(I3) If I, I, € T and |I;| < |I5|, then there exists some e € I, — I; such that
Il U {6} € T.

If (E,Z) is a matroid, we say that (F,Z) is a matroid on E. E is the ground
set of the matroid. The members of Z are the independent sets of the matroid.
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Members of P(FE) — Z are called dependent sets. We usually simply denote
matroids by a capital letter such as M, and whenever we wish to explicitly
refer to either the ground set of M or the collection of independent sets of
M, we use the notation F(M) or Z(M) respectively.

Definition 2.1.2. A basis of a matroid M is a maximal independent set of
M.

Lemma 2.1.3. [9, Lemma 1.2.1] If By and By are bases of a matroid M,
then ‘Bly = ‘BQ’

Proof. Suppose By, By are bases of some matroid M where |B;| < |By|. Then
by (I3), there exists some e € By — By such that By U {e} is independent.
This contradicts the maximality of By;. Hence |By| > |Bs|, and similarly,
By > |Bil. .

Lemma 2.1.4. [9, Lemma 1.2.2] Let By and By be bases of a matroid M and
x € By — By. Then there exists some y € By — By such that (By —{z}) U{y}
s a basis of M.

Proof. Both By — {z} and B, are independent, and by Lemma 2.1.3, |B; —
{z}| < |Bs|. Therefore, by (I3), there exists some y € By — (B; — {x}) such
that (By — {z}) U {y} is independent. Now (B; — {z}) U {y} is contained
in some basis of M, and |(B; — {z}) U{y}| = |B1|, so that by Lemma 2.1.3,
(B1 — {z}) U {y} is itself a basis of M. O

Definition 2.1.5. A circuit of a matroid M is a minimal dependent set.
Circuits which consist of a single element are called loops, two element circuits
are referred to as a parallel pair, and a circuit of size three is a triangle.

Lemma 2.1.6. [9, Lemma 1.1.3] Let Cy and Cy be distinct circuits of a
matroid M and e € Cy N Cy. Then there exists a circuit Cs of M such that
03 g (01 U 02) — {6}

Proof. Suppose (C1UC3) —{e} is independent. Taking any z € Cy — C; # 0,
we have that Cy — {x} is independent. Now let I be a maximal independent
set of Cy U Cy such that I contains Co — {x}. Then x ¢ I and there exists
some y € C — I. Therefore

(] < [(CLUCy) —{z,y}] = |[CLUCy| =2 <[(CLUCy) —{e}].
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Now applying (I3), we conclude that there must exist an independent I’ such
that Cy —{z} C I' C C1UCy and |I'| > |I|. The contradicts the maximality
of I. O

Lemma 2.1.7. Let By and By be bases of a matroid M and x € By — B;.
Then there exists some y € By — By such that (By — {y}) U{x} is a basis of
M.

Proof. As By U {z} is dependent, it must contain a circuit Cy. Take any
y € C1 — By # () and consider (B; — {y}) U{z}. If (B; —{y}) U{x} contains
a circuit Cy, then by Lemma 2.1.6, there exists a circuit C'3 such that C5 C
(C1 UCy) — {x} C By, but this contradicts the fact that B; is independent.
Therefore (By —{y})U{x} must be independent. As |(B;—{y})U{z}| = |Bi],
it then follows from Lemma 2.1.3 that (B; — {y}) U{z} is a basis of M. [

2.2 Representable Matroids

Matroids were originally introduced by Whitney in 1935 [16]; largely in an
attempt to capture the notion of linear independence present in vector spaces
in an axiomatic manner.

Proposition 2.2.1. Let F be a field and n € Z*. Let E be a multiset of
vectors from F™. Define

Z ={I C E: I linearly independent}.
Then (E,T) is a matroid.

Proof. T clearly satisfies (I1) and (I2). Suppose I; and I, are linearly inde-
pendent subsets of E where |I1| < |I|. Let W = Span(/; Uly) C F". Letting
dim(W) denote the dimension of W, we have |I,| < dim(W). Assume that
for all e € Iy — I, I U {e} is linearly dependent. Then W C Span(/;) and

which is absurd. Hence there must exist some e € I, — I; such that [; U {e}
is linearly independent; this gives (13). O
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Suppose that A is some n x p matrix over a field F. Then the collection of
columns of A correspond to a multiset of vectors from F". In light of Propo-
sition 2.2.1 above, there is a matroid which has the collection of columns of
A as its ground set; in which the independent sets are precisely the sets of
columns of A which are linearly independent over F". We write M[A] to
represent the matroid obtained from a matrix A in this manner. Such a ma-
troid is said to be representable. In particular, if M = M[A] is some matroid
obtained from a matrix A over IF, then M is said to be representable over F.

We see that Whitney [16] did indeed capture the notion of linear inde-
pendence to some extent. But do matroids correspond identically to those
structures which arise from configurations of vectors as in the above proposi-
tion? The following example due to Vamos [15] answers this question in the
negative; the class of representable matroids is strictly contained within the
class of matroids.

Example 2.2.2. Let £ ={1,2,3,4,5,6,7,8} and

I={X:XCE,I|X|<4}—
{{1,2,3,4},{1,4,5,6},{1,4,7,8},{2,3,5,6},{2,3,7,8}}

Then (E,Z) is a matroid: the Vdmos matroid, which is not representable
over any field.

So can we somehow classify those matroids which are representable? Per-
haps it would be possible to tighten our definition of a matroid as to ex-
clude non-representable structures? As the following example illustrates, we
need to specify which particular field F we are considering when determining
whether or not a matroid M is representable.

Example 2.2.3. Let £ = {a,b,¢,d} and Z = {X : X C E,|X]| < 2}.
Then M = (E,ZI) is readily seen to be a matroid which is representable
over R. However, a simple combinatorial examination reveals that M is not
representable over GF'(2). This particular matroid is denoted Uy 4.

So fix some field F. Now given an arbitrary matroid M, how do we decide
whether or not M is [F representable?” This question is a natural one, and
one that has been studied extensively. Yet it remains largely unanswered. In
Section 2.7, we shall survey one approach that has been taken in an attempt
to solve this problem.
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2.3 Rank

Definition 2.3.1. Let M = (E,Z) be a matroid. Then for any X C FE, the
rank of X; denoted r(X), is the size of the largest independent set contained
in X. We write r(M) to represent r(E(M)): the rank of M. When we are
dealing with multiple matroids, we often write r5;(X) to denote the rank of
the set X in the matroid M.

It follows from Lemma 2.1.3 that the rank of a matroid is equal to the
size of any basis for that matroid.

Lemma 2.3.2. Let M = (E,Z) be a matroid. For any X,Y C E,
r(XUY)+r(XNY)<rX)+r®).

Proof. If r(XUY) =r(XNY), this is immediate. So assume that is not the
case. Let A be a maximally sized independent set contained in X NY'. Let A’
be a maximally sized independent set contained in X UY. Then |A| < |A4],
and so, by repeatedly applying (I3), we can extend A to a maximally sized
independent set of X UY. Letting B denote this extension of A, we have
r(XUY)=|B|and (X NY) =|A|. Now we have

r(X)+rY)>|BNnX|+|BNY]|
=|BN(XUY)|+|BNnXnNY|
= |B| + 4|
=r(XUY)+r(XNY).

]

If M is a matroid and X C E(M) is such that r(X) = 2, then we call
X a line of M. When L is a line of M with |L| = n, we often say that L is
a n-point line. Note that some authors take lines of matroids to be rank 2
flats. In this thesis, lines are simply rank 2 sets, and need not be flats. We
present two simple results about lines of matroids:

Lemma 2.3.3. Let M be a matroid containing a n-point line L, and let B
be a basis of M. Then |L N B| < 2.
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Proof. 1f |[L N B| > 3, then r(L N B) > 3 because B is independent. But
r(LNB)<r(L)=2,s0|LNB| <2 O

Lemma 2.3.4. Let M be a matroid with 4-point lines Ly, Ly C E(M). If
r(Ly N Lg) > 2, then either:

(7’) Ll = L27 or
(ii) Ly U Ly is a line with |L; U Ly| > 5.

Proof. Suppose (L1 N Ly) > 2 and Ly # Ly. Then certainly, |L; U Lo| > 5,
and, by Lemma 2.3.2, (L U Ly) < r(Lq) +r(Le) — r(L; N Ly) = 2. [

If M = M][A] is some representable matroid, it follows from elementary
linear algebra that the rank of M corresponds identically to the dimension
of the rowspace of the matrix A: the number of non-zero rows in a reduced
row echelon form of A.

2.4 Closure

Definition 2.4.1. Let M be a matroid. Then for all X C E(M), the closure
of X; denoted cl(X) is defined by

cd(X)={xe E(M) :r(XU{z})=r(X)}

A set X C E(M) is closed if cI(X) = X. If X C E(M) is a closed set
with r(X) = r(M) — 1, then we refer to X as a hyperplane of M. We say
that Y C E(M) is spanning if cl(Y) = E(M). When dealing with multiple
matroids, we often write cly;(X) to denote the closure of X in the matroid

M.

The following result is used freely throughout this thesis.

Lemma 2.4.2. Let M be a matroid and X C E(M). Then X is a circuit
if and only if X is a minimal set with the property that for all x € X,
x € cl(X —A{z}).

Proof. X is a circuit iff X is a minimal dependent set; iff X is dependent
and for all x € X, X — {z} is independent; iff X is a minimal set such that
forall z € X, r(X — {z}) = r(X); iff X is a minimal set with the property
that for all x € X, z € cl(X — {z}). O
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2.5 Duality

For any matroid M with ground set E, there is a unique dual matroid M*
on FE defined as follows.

Proposition 2.5.1. Let M = (E,Z) be a matroid, and let B denote the
collection of bases of M. Let

B*={FE— B: B € B}, and
I*={I C E:1C B* for some B* € B*}

Then M* = (E,Z*) is a matroid.

Proof. AsZ # 0, B # 0, so B* # () and Z* # (); hence (I1) is satisfied.
Suppose I; € Z*. Then I; C Bj for some Bf € B*. Therefore for any
I, C I, I, C By also, so that I, € Z*; which confirms that (I2) holds. To
show that M* = (E,Z*) satisfies (I3), we first note the following:

2.5.1.1. If Bf, B3 € B* and x € B} — B3, then there exists some y € By — B
such that (B — {z}) U{y} € B*.

Proof. Suppose B}, B; € B* and x € B} — B. Then there exist bases
By = Bf — FE and By = B; — E of M such that x € By — B;. Now by
Lemma 2.1.7, there exists some y € By — By such that (B; — {y})U{z} is a
basis of M. Therefore E — ((B; —{y}) U{z}) = (B — {«}) U{y} € B*. O

Assume that there exists I1, [ € Z*, where |[;| < |I] and for all e €
I, — I, I U{e} ¢ Z*. By definition, there exists B}, B; € B* such that
I, € Bf and I, € Bj. Let B} be any such element of B*, and choose
Bj € B* such that |B; — (I3 U B})| is minimal.

Suppose there exists some x € B — (I U Bf). Then by 2.5.1.1, there
exists some y € B} — Bj such that (B — {z}) U {y} € B*. But then
|((Bs—{z})U{y})— (12UBY)| < |Bs— (IoUBY)|; which contradicts our choice
of B;. Therefore By — (I, U Bf) = 0, and it follows that By — By = I, — By,
which implies that B5 — B} = I, — 1.

Now suppose there exists some z € By — (I; UBj). Then by 2.5.1.1, there
exists some y € B — Bj such that (B} — {z}) U {y} € B*. Now I; U {y} C
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(B —{z})U{y} € B*. Hence yU{y} € Z*. But B —Bf = [, —I,,s0y € I,
but this contradicts our assumption that for all e € I, — Iy, I U {e} & Z*.
Therefore By — (I; U B;) = (), which implies that Bf — B; = I; — B3, and so
Bi—B;CI — L.

By Lemma 2.1.3, |Bf| = |B;|, so |Bf — B;| = |Bs — B;|. But we’ve seen
that By — Bf = I, — I and By — By C I — I, therefore |Io — I1| < |I} — L1];
which contradicts the fact that |Iy] > |I;|. We are left to conclude that there
indeed must exist some e € Iy — I} such that I; U {e} € Z*; which proves
(I3). Therefore M* = (FE,Z*) is a matroid. O

Let M* be a matroid obtained from a matroid M as in the above propo-
sition. Then M* is said to be the dual of M. A basis of M* is called a
cobasis of M. Similarly, independent sets, circuits, hyperplanes, spanning
sets and lines of M* are referred to as coindependent sets, cocircuits, cohy-
perplanes, cospanning sets, and colines of M respectively. Whenever T is a
coline of a matroid with |I'| = n, we say that ' is a n-point coline. One, two,
and three element cocircuits of M are called coloops, series pairs and triads
respectively. Note also that (M*)* = M.

Lemma 2.5.2. Let M be a matroid on a ground set E, and X C E. Then

(i) X is coindependent if and only if E — X is spanning, and

(1) X is a cohyperplane if and only if E — X is a circuit.

Proof. X is coindependent iff X is contained in a cobasis; iff £ — X contains
a basis; iff r(F — X) = r(M); iff c(E — X) = E; iff F — X is spanning. It
then follows that X is a cohyperplane iff X is a maximal non-cospanning set;
iff £ — X is a minimal dependent set; iff £ — X is a circuit. n

Let M be a matroid. For any X C F(M), the corank of X; denoted
r*(X) is equal to 7y« (X). The coclosure of X; denoted cl*(X) is equal to
cly+(X). A set X is coclosed if cI"(X) = X.

The corank function of a matroid satisfies the following:
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Lemma 2.5.3. Let M be a matroid on a ground set E. For any X C F,
r*(X) =|X|—r(M)+r(FE - X).

Proof. Take any X C FE. Let I* be a maximally sized coindependent set
contained in X. By Lemma 2.5.2, E — [* is spanning. Hence E — [* must
contain a basis B. It then follows that X N B = X — I*.

If r(EF— X) > |B— X|, then by (I3), there exists an element e € £ —
(X UB) such that (B — X)U/{e} is independent. Therefore (B — X)U{e} is
contained in some basis B’. But then X — B’ is coindependent by Lemma 2.5.2
and | X — B’| > | X — B| = I'*; which contradicts our choice of I*. So we must
have r(E — X) = |B — X|, and so:

| X|=|XNI"+|XnNB|
=7"(X)+ | X NB]
r*(X)+|B| - |B - X|
r*(X)+r(M)—|B - X|
r*(X)+r(M)—r(E—X).

]

Lemma 2.5.4. Let e be an element of a matroid M, and let X and Y be
disjoint sets whose union is E(M) — {e}. Then e € cl(X) if and only if

edcl"(Y).

Proof. By Lemma 2.5.3, 7*(Y) = |Y| —r(M)+r(X U{e}) and r*(Y U{e}) =
Y|+1—=r(M)+r(X). Therefore r*(YU{e}) = r*(Y)+14+(r(X)—r(XU{e})),
so that e € cl(X) iff r*(V) # r*(Y U{e}); iff e € cl*(Y). O

Lemma 2.5.5. Let M be a matroid containing a circuit C' and a cocircuit

C*. Then |CNC* # 1.

Proof. Suppose that C' N C* = {x}. Letting H = E(M) — C*, it follows
from Lemma 2.5.2 that H is a hyperplane. Now C' — {2} C H, and so, by
Lemma 2.4.2, z € cl(C — {z}) C cl(H). But then = € cl(H) — H; which
contradicts the fact that hyperplanes are closed. Therefore |CNC*| # 1. O
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Duality is a powerful tool in matroid theory. Whenever we prove that
some result must hold for a matroid M, we may dualise the statement of
that result to immediately obtain another result that holds for the matroid
M*. The following two facts about colines; which will be useful in what
follows, are a good illustration of this.

Lemma 2.5.6. Let M be a matroid containing an n-point coline I', and let
B be a basis of M. Then |I'NB| >n —2.

Proof. By dualising Lemma 2.3.3, we have the following result: If M is a
matroid containing an n-point coline L, and B is a cobasis of M, then |L N
B| < 2. Equivalently: if M is a matroid containing an n-point coline I'; and
E(M) — B is a basis of M, then |[L N (E(M)— B)| > n— 2. The result then
follows via a relabelling of the basis E(M) — B. O

Lemma 2.5.7. Let M be a matroid with 4-point colines I'y,I'y C E(M). If
r*(LyNTy) > 2, then either:

(i) Ty =Ty, or

(i) Ty UTy is a coline with |T'y UTy| > 5.

Proof. This follows immediately by dualising Lemma 2.3.4, and relabelling
so that L, and Ly become I'y and I's respectively. O

We now note that if A is a representation of a matroid over some field
F, then the underlying matroid is invariant under applying standard row
operations to the matrix A, as well as being invariant upon interchanging
columns within A, and multiplying a column of A by an element of F. From
this it is readily deduced that for a matroid M representable over FF, the
dual matroid M* is also representable over I, and indeed, we can explicitly
construct a representation of M*. We say that the class of F-representable
matroids is closed under duality.

2.6 Minors

We now briefly examine the fundamental substructures of a matroid: its
minors. One natural substructure of a matroid M is found when we simply
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shrink the ground set E(M) and observe the restriction of M on this smaller
ground set. More formally:

Definition 2.6.1. Let M = (F,Z) be a matroid and e € E. Let
I(M\e)={I CE—{e}: €T}

Then (E,Z(M\e)) is readily seen to be a matroid; called M delete e, and
denoted M\e. We say that M\e is obtained from M by deleting e.

Armed with duality, we explore another natural matroid substructure.

Definition 2.6.2. Let M be a matroid and e € E(M). The matroid M
contract e; denoted M /e is defined to be M/e = (M*\e)*. M/e is said to be
obtained from M by contracting e.

Lemma 2.6.3. Suppose that M is a matroid on a ground set E, e € E and
X CE—{e}. Then ryye(X) =ru(X U{e}) —ru({e}).

Proof. rae(X) = ey (X), so, by Lemma 2.5.3,

rafe(X) = [X[ = r(M™\e) + rayme(E — (X U {e}))
= [X]=r"(E = {e}) +r(E = (X U{e}))
= [X| = |E —{e}| —ru({e}) + |E — (X U{e})[ +ru(X U{e})
= [X[+ 1= X U{et +ru(XU{e}) —ru({e})
=ru(X U{e}) —ru({e}).

Lemma 2.6.4. Let M be a matroid with distinct eq,eq € E(M). Then
(i) (M\er)\e2 = (M\e2)\e1, and
(ii) (M/ey)/es = (M]/es)/er, and

(ZZZ) (M\el)/eg = (M/e2)\61.
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Proof. A set I C E(M) is independent in (M\e)\es iff I C E(M) —{e1, e}
and [ is independent in M; iff I is independent in (M \eg)\e1; which proves
(i). Now by the definition of contraction together with (i), we have

(M/e1)/ea = (M"\e1)"[ea = (M™\e1)\e2)" = ((M"\ea)\e1)"
= ((M™"\e2)"/er = ((M")"/ea)/er = (M/e2)/er

so that (ii) holds. To prove (iii), take any X C E(M) — {e1,e2}. Then by
Lemma 2.6.3,

T(M/es)\er (X) = Tar/es (X)
=ru(X U{ea}) — ru({e2})
= e (X U{ea}) — rane, ({e2})
= T(M\er)/ez (X).

Therefore the rank in (M\e;)/es of any subset X € E (M) —{e1, ez} is equal
to the rank of the same subset in the matroid (M /es)\e1. As E(M)—{e1, e}
is the ground set of both of these matroids, it follows that the collection of
independent sets of (M\e;)/es is identical to the collection of independent

sets of (M/ey)\e1; we conclude that (M\ey)/es = (M/ez)\e. O

As a consequence of the above result we see that the operations of deletion
and contraction commute with both themselves and one another. Therefore
any sequence of deletions and contractions from a matroid M can be written
in the form M\ X/Y where X and Y are disjoint subsets of the ground set.
Matroids obtained from a given matroid M through any such sequence of
deletions and contractions are called minors of M. If M is a matroid with a
minor N where N # M, then we say that N is a proper minor of M. As we
shall see in Section 2.7, knowledge of the minors contained in some matroid
M can give us important information about some of the necessary properties
of M.

The following is an extension of Lemma 2.6.3, which will be useful later
on.

Lemma 2.6.5. Let M be a matroid and T C E(M). Then for all X C
EWM) =T, rygyr(X) =ru(XUT) —ryu(T).
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Proof. Suppose X C E(M) — T and let T" = {ey,...,e,}. By Lemma 2.6.3,
rmje, (X) =1 (X U{er}) —rau({er}), and it follows that

TM/{€1762}<X) = TM/el(X U {62}) - TM/el({‘e?})
=ru(X U{er,ex}) —ru({er}) —ra({er, e2}) + ru({er})
=ry(X U{e,e}) —ryu({er,ea}).

Now by an iteration of this argument for e; € {es, ..., e,}, we can conclude
that 7ar/(ey,...en}(X) = (X U{er, ..., en}) —rm({e1, ..., en}) as required. O

We conclude this section with a brief discussion on minors of representable
matroids. If M is a matroid which is representable over F, and e € E(M),
then we may obtain a representation for M \e simply by taking a representa-
tion of M and deleting the column labelled by e. Also, we noted at the end of
Section 2.5 that the class of F-representable matroids is closed under duality.
This implies that for e € E(M), M/e is also representable over F. Let A be
a representation of M over F. If e is a loop of M, then M/e = M\e, so a
representation of M /e is found as above. So assuming that e is not a loop of
M it turns out that to obtain a representation for M /e, we pivot on some
non-zero entry of the column of A labelled by e to transform this column
into a unit vector. Then, by deleting the row containing the unique non-zero
entry of e as well as deleting the column e, we obtain a suitable representa-
tion of our minor. It now follows that if /V is any minor of M, then N is also
F-representable; the class of F-representable matroids is minor-closed. More-
over, a representation for N can be found algebraically by starting with a
representation of M and performing a finite sequence of pivots, row deletions
and columns deletions. We shall revisit this in Section 3.5.

2.7 Rota’s Conjecture

The class of matroids is partially ordered under the property of being a
minor; as can easily be deduced from the definitions in Section 2.6. Also, as
discussed above, the class of F-representable matroids is minor-closed. Now
if M is a matroid with F(M) < 4, it is a simple exercise to show that M is
representable over every field. However, as we saw in Section 2.2, there exist
matroids which are representable over some fields but not others, as well as
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matroids which are not representable whatsoever. We look to explore the
threshold between representability and non-representability. In particular,
as the class of F-representable matroids is minor-closed, we can study those
matroids which are minor minimal non-representable matroids over . Such
minor minimal non-representable matroids are called excluded minors for F.
The following result; due to Tutte [14], gives a complete classification of those
matroids which are representable over GF'(2) in terms of excluded minors.
The matroid Us 4 was introduced in Example 2.2.3.

Theorem 2.7.1. A matroid is representable over GF(2) if and only if it has
no minor isomorphic to Uy 4.

The above is an example of an excluded minor theorem. Such a theorem
gives a complete classification of a minor-closed class of matroids with respect
to the collection of excluded minors for that class. The following result; due
to Lazarson [7], reveals that for infinite fields, excluded minor theorems need
not be as elegant as Theorem 2.7.1.

Theorem 2.7.2. IfF is a field of characteristic zero, then the set of excluded
minors for F-representability is infinite.

However, this is in stark contrast to what is generally believed to be true
for finite fields. The following conjecture of Rota [12] is perhaps the most
well known conjecture in matroid theory.

Conjecture 2.7.3. (Rota’s Conjecture) For any finite field F, the com-
plete set of excluded minors for F-representability is finite.

Proofs that Rota’s conjecture is valid in the three element field were first
published independently by Bixby [2] and Seymour [13]. The set of excluded
minors for GF(3) was found to be as follows:

Theorem 2.7.4. A matroid is representable over GF(3) if and only if it has
no minor isomorphic to any of the matroids Uy 5, Us 5, 7, or F7.

Validity of the conjecture over GF(4) was confirmed by Geelen, Gerards,
and Kapoor [4]:

Theorem 2.7.5. A matroid is representable over GF(4) if and only if it has
no minor isomorphic to any of the matroids Usg, Usg, Ps, Fr7 , (F7 )*, Ps, or
Py
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However, for all finite fields with size exceeding four, Rota’s conjecture
remains unresolved. Naturally, in seeking a resolution of the conjecture, one
would hope to narrow the spectrum of candidates for excluded minor status
over GF(q). One simple observation we can make from the above results is
that given an arbitrary matroid M, key structural information on M can be
obtained by considering the minors of M. Taking some finite field GF(q), this
methodology can now be applied directly to the excluded minors for GF(q).
We should be able to shrink our list of potential excluded minors for GF'(q) by
looking at the necessary structural conditions imposed by the minors of such
potential excluded minors. In particular, supposing that M is a potential
excluded minor for GF(q), any proper minor N of M is representable over
GF(q). Supposing that Ny, ..., Ny, Nyy1 = M is some ordered sequence of
minors of M; where N; is a proper minor of N;y; for i € {1,....k}, we
know that there exists some matrix representation over GF(q) for Ny, ..., Ny.
We can therefore examine the representations themselves and hope to use
techniques from linear algebra to place necessary conditions on M through
inductive methods. In order to do this, we require a sense of consistency
when talking about matroid representations. Loosely speaking, one would
ideally want the statement ‘the representable matroid N’ is a minor of the
representable matroid N’ to correspond with the statement ‘a representation
of the matroid N’ can be obtained from a representation of the matroid N
through standard algebraic operations” Unfortunately, this is not quite the
case.

We noted above that if a matroid M is representable over [F, with some
representation A, then M is invariant under applying standard row opera-
tions to A, as well as the scaling and interchanging of columns within A. The
fact that one may also add and/or remove rows of zeros to/from A, as well
as apply some automorphism of the field F; neither of which alters M[A],
leads us to the following definition.

Let M be some matroid which is representable over F, and let A; and
As be matrices; each giving a representation of M over F. If Ay can be
obtained from A; through a sequence of standard row operations, column
interchanges, column scalings, addition/removal of rows of zeros, and auto-
morphisms of IF, then the representations A; and A, are said to be equivalent.
If all representations of M are equivalent, then we say that M is uniquely
representable.

The verifications of Rota’s conjecture for GF(2), GF(3) and GF(4) all
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rely heavily on the fact that for these small fields, the key classes of matroids
that need to be considered are classes of uniquely representable matroids.
However, Oxley, Vertigan, and Whittle [11] showed that certain classes of
matroids representable over GF(5) may have as many as six inequivalent
representations, while for finite fields containing greater than five elements,
the number of possible inequivalent representations of a matroid can be un-
bounded. This presents a major obstacle on the road toward a resolution of
Rota’s conjecture.

This obstacle led Whittle [17] to develop the notion of a stabilizer for a
class of matroids. Without indulging deeply into the details of defining a
general stabilizer here, essentially, a stabilizer for the class of GF(q) repre-
sentable matroids is a GF'(q)-representable matroid N such that if M is a
3-connected G F'(q)-representable matroid which contains N as a minor, then
any representation of M is uniquely determined by a representation of N.
Therefore, if we are to use representations as an inductive tool for examining
properties of matroids, we need to find stabilizers for classes of matroids,
study matroids which contain these stabilizers, and, in particular, we need
to restrict out attention to matroids which are 3-connected. In what follows,
we examine this notion of 3-connectivity.



Chapter 3

Connectivity

3.1 Introduction

A minor N of a matroid M is, by definition, obtained through applying a
sequence of deletions and contractions to the matroid M. So if we know
that M is 3-connected, and we want to study minors of M that are also
3-connected, we naturally want to know when the fundamental minors M\e
and M /e are also 3-connected for particular e € E(M).

For example, it is a straightforward result that any excluded minor M for
GF(q) must be 3-connected. Now, as discussed above, if we want to deduce
information about M by examining representations of its minors, then it
would certainly help if these minors were uniquely representable; and for that,
we require them to be 3-connected. Now if N is a minor of M, then there
is a sequence of minors N = Ny, Ny, ..., N, Npo1 = M of M where for i €
{1, ..., k}, there exists some e; € E(M) such that either N; = N;1\e; or N; =
Nii1/e;. Therefore if we can deduce exactly when deleting or contracting an
element from a 3-connected matroid results in another 3-connected matroid,
we may be able to obtain a sequence of uniquely representable matroids
N = Ny, Ny, ..., Np, Npyw = M; which would be helpful in an attempt to
deduce structure of M. Firstly, some definitions:

Definition 3.1.1. Let M be a matroid on a ground set E. The connectivity
function A of M is defined on all subsets X of E by

MX)=r(X)+r(E—-X)—r(M).

20
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When dealing with multiple matroids, we shall write A\j; to mean the con-
nectivity function of the matroid M. It is clear that \(X) = A(E — X) for
any X C E. A subset X or a partition (X, E — X) of M is k-separating
if A(X) < k—1. A k-separating partition (X, E — X) is a k-separation if
both |X| > k and |E — X| > k. A k-separating set X, or a k-separating
partition (X, E — X), or a k-separation (X, F — X) is ezact if \(X) =k — 1.
A matroid is said to be n-connected provided it has no k-separations for all
k < n. When a matroid is 2-connected, we simply say that it is connected.

Lemma 3.1.2. Let M be a matroid. Then \yy = Ay« That is, for all
X CEM), \y(X) = Ay (X).

Proof. Suppose X C E(M). Then, by Lemma 2.5.3,

A (X) =r(X) +r(E = X) —r(M)
=r(X) +r(X) - [X]
=1 (E—-X)+ ( ) = |E = X[+ r7(X) = |X]
=1 (X) +r(E = X) = (|IE(M)| = r(M))
= (X) + (B = X) = (M) = A+ (X).

The above result, as well as the next two, will be used freely.

Corollary 3.1.3. Let M be a matroid. Then M is n-connected if and only
if M* is n-connected.

Proof. This follows immediately from Lemma 3.1.2. O

Lemma 3.1.4. Let M be an n-connected matroid with |E(M)| > 4 and
e € E(M). Then both M\e and M/e are (n — 1)-connected.

Proof. Suppose N € {M\e,M/e} and that X and Y are disjoint sub-
sets of E(M) whose union is E(M) — {e}. Then by Lemma 2.6.3,
rn(X) € {rp(X),rm(X) — 1} rn(Y) € {ru(Y),ru(Y) — 1}, and (V) €
{r(M),r(M) — 1}. So certainly, Ay(X) = ry(X) + rn(Y) — r(N) €
{An(X), A (X) — 1, Ay (X) — 2}, and the only permutation that gives
An(X) = Ay (X) — 2 is where r(N) = (M), rn(X) = ry(X) — 1, and
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rn(Y) = ry(Y) — 1. But in this case, the fact that ry(X) = ry(X) — 1
implies that N = M /e and e is not a loop of M; contradicting the necessary
requirement that r(N) = r(M). Therefore Ay (X) € { A (X), A (X) — 1}
As (X,Y) was an arbitrary partition of E(N), it follows that N has no
(n — k)-separations for all £ > 2. Therefore N is (n — 1)-connected. O

Lemma 3.1.5. Let M be a matroid on a ground set E and suppose X, Y C F.
Then A(XUY)+A(XNY) <ANX)+ A(Y).

Proof. With the help of Lemmas 2.3.2 and 2.5.3, we have

AMXUY)+AXNY)

]

We shall often say by submodularity of A to mean an application of
Lemma 3.1.5.

3.2 Various Lemmas on 3-connectivity

We now present a series of results relating specifically to 3-connectivity. The
first of these is used repeatedly throughout the thesis. When applying it, we
shall often simply use the phrase by uncrossing.

Lemma 3.2.1. Let M be a 3-connected matroid, and let X and Y be 3-
separating subsets of E(M). Then:

(1) if I XNY|>2, XUY is 3-separating, and
(ii) if |[E(M) — (X UY)| >2, XNY is 3-separating.



CHAPTER 3. CONNECTIVITY 23

Proof. Suppose | X NY| > 2. Then by submodularity of A\, we have A(X U
Y) S MX)+AY) —AXNY) <4-ANXNY) < 2 50 that XUY is
3-separating. Similarly, supposing that |[E(M) — (X UY)| > 2, it follows
that AX NY) < AX)+AMY) = MXUY)<4-\NE- (XUY)) <2 O

Lemma 3.2.2. Let M be a 3-connected matroid. If L is a line of M with
|L| > 4, then M\x is 3-connected for all x € L.

Proof. Suppose x € L and M\z is not 3-connected. Then there exists a
2-separation (P, Q) of M\x. Without loss of generality, |L N P| > 2. But
now x € cl(P), so that \yn.(P) = A (P U {z}); giving a contradictory
2-separation (P U {x}, Q) of the 3-connected matroid M. O

Lemma 3.2.3. Let M be a 3-connected matroid. If I" is a coline of M with
II'| > 4, then M/y is 3-connected for all y € T".

Proof. Let T" be a coline of M with |[I'| > 4. Then I" is a line of the 3-
connected matroid M*. So by Lemma 3.2.2, M*\y is 3-connected for all
y € I'. Therefore (M*\y)* = M/y is 3-connected for all y € I. O

Lemma 3.2.4. Let M be a 3-connected matroid. Let I' C E(M) be a coline
of M. Then provided |E(M) —T'| > 2, r(I') = |T'|.

Proof. Let I' be a coline of M. Using Lemma 2.5.3 and the fact that M is
3-connected, we have

ATD) =r(T)+r(E(M)—T)—r(M)>2
= r()+2+r(M)—|T|—r(M)>2
= (") > |T|

So that r(I") = |T|. O

Lemma 3.2.5. Let M be a 3-connected matroid, and let B be a basis of M.
If T'1,Ty are 4-point colines of M with |[I'y N B| = |I'y N B| = 2, then, if
Ny #0, TNy € B.

Proof. Let I', 'y be 4-point colines of M such that [I'y N B| = [Ty N B| = 2
and 'y NTy # (). As M is 3-connected, it follows from Lemma 2.3.2 that
r*(IUly) € {2,3}. If I’y =Ty, then the result is immediate, so assume that
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I'y and T’y are distinct. Suppose that I'y NIy € B. If [Ty N[y > 2, then
by Lemma 2.5.7, 'y U T’y is a coline containing at least five elements. But
then |(I'y UT2) N (E(M) — B)| > 3, so that r*(I'y UT'g) > 3; contradicting
the fact that T'; UT5 is a coline. Otherwise, |I'y N T'y| = 1; implying that
(T UTl'e)N(E (M) — B)| > 4; which contradicts the fact r*(I'y UT'y) € {2, 3}.
Therefore I'y N Ty € B. O

Lemma 3.2.6. Let (X,Y) be an exact 3-separation of a 3-connected matroid
M. If X is independent, then X is a coline of M.

Proof. Suppose X is independent. Then, by Lemma 2.5.3,

r*(X)=|X|=-r(M)+r(E(M) - X)
= [ X[ =r(M) +r(Y)
=|X|—=r(M)+r(M)+2—r(X)
=|X|+2-r(X)=2.
So that X is a coline of M. O

We shall write 2 € cl®(Y) to mean that z € cl(Y) or z € cl*(Y).

Lemma 3.2.7. Let X be an exactly 3-separating set in a 3-connected matroid
M, and suppose that r € E(M) — X. Then X U{r} is 3-separating if and
only if r € cl(*)(X).

Proof. We have A(X) = r(X)+r(E(M)—X)—r(M) = 2. Now Lemma 2.5.4
together with some simple arithmetic reveals that A(X U {r}) < 2 iff r(X U
{rH+r(E(M)—(XU{r}))—r(M) < 2;iff r(XU{r}) = r(X), orr(XU{r}) =
r(X)+1and r(E(M) — (X U{r})) =r(EM) - X)—1;iff r € cl(X) or
r g c(E(M)—X);iff r € cl(X) or r € cI*(X); iff r € ™ (X). O

Lemma 3.2.8. Let (X,Y) be an exactly 3-separating partition of a 3-
connected matroid M. Suppose |X| >3 and x € X. Then:

(i) z € (X —{z}); and

(1)) (X —{z},Y U{zx}) is exactly 3-separating if and only if x is in exactly
one of cl(X — {x})Ncl(Y) and cI*(X — {z}) Necl*(Y).
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Proof. Assume that ¢ cI*(X — {z}). Then z € cl(Y) by Lemma 2.5.4,
sor(Y) = r(Y U{z}). Now suppose that = & cl(X — {z}). Then r(X) =
r(X —{x}) + 1, and therefore

r(X)+rY)—r(M)=2
— (X —{z2)+1+r(YU{z}) —r(M)=2
= r(X —{z}) +rY U{z}) —r(M) =1

But | X —{z}| > 2 so that (X —{z},Y U{z}) is a contradictory 2-separation
of M. Therefore x ¢ cl*(X —{z}) = z € (X —{z}). Thus z € 1™ (X —
{z}); completing the proof of (i). Now, using Lemma 2.5.4, A(X — {z}) =
2 iff r(X — {z}) + rY U {z}) —r(M) = 2; iff r(X — {z}) = r(X) and
r(YU{z})=r),orr(X —{z}) =r(X)—1and r(YU{z}) =r(Y)+1;iff
x € c(X—{z}P)Nc(Y),orz & cl(X) and z & cl(Y); iff z € cl(X —{x})Necl(Y)
orz € (cI"(X)Necl*(Y)) —cl(X); iff z is in exactly one of cl(X — {z})Necl(Y)
and cl"(X) Nel*(Y). O

3.3 Vertical & Cyclic Separations

The following types of k-separations will play a critical role throughout the
remainder of this thesis.

Definition 3.3.1. A k-separation (P, E — P) of a matroid M = (E,Z) is
vertical if both r(P) > k and r(E—P) > k. A k-separation (P, E—P) is cyclic
if both P and F — P contain circuits of M. Let (X,{a},Y) be a partition
of E. If (XU{a},Y) and (X,Y U{a}) are both vertical 3-separations of M
and a € cl(X)Ncl(Y), then we say that (X, {a},Y) is a vertical 3-separation
of M. If (XU {a},Y) and (X,Y U {a}) are both cyclic 3-separations of M
and a € cl"(X)Ncl*(Y), then we say that (X, {a},Y) is a cyclic 3-separation
of M.

The next two results are used freely throughout.

Lemma 3.3.2. Let M be a k-connected matroid. A k-separation (X, E(M)—
X) of M is a vertical k-separation of M if and only if it is a cyclic k-
separation of M*.
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Proof. Suppose that (X, E(M) — X) is a vertical k-separation of M. Then
AMX) = k — 1 because M is k-connected. If X is coindependent, then
E(M) — X is spanning by Lemma 2.5.2. But then r(X) =k — 14 r(M) —
r(E(M) — X) = k — 1 which contradicts the fact that (X, E(M) — X) is
vertical. Therefore X must contain a cocircuit. Similarly, F(M) — X must
also contain a cocircuit. Thus, both X and E(M) — X contain circuits of
M* and (X, E(M)— X) is a cyclic k-separation of M*. The converse follows
in the same manner. O

Corollary 3.3.3. Let M be a k-connected matroid. A partition (X,{a},Y)
of M is a vertical k-separation of M if and only if it is a cyclic k-separation
of M*.

Proof. This follows immediately from Lemma 3.3.2. ]

Lemma 3.3.4. Let (P, Q) be a cyclic k-separation of a matroid M. If a €
cl"(P)NQ, then (PU{a},Q —{a}) is also a cyclic k-separation of M.

Proof. Suppose a € cI*(P)NQ. If Q—{a} is independent, then a € cl(Q—{a})
because () contains a circuit. But this contradicts Lemma 2.5.4. Therefore
@ — {a} must contain a circuit. O

Lemma 3.3.5. Let M be a 3-connected matroid with ¢ € E(M). If
(P, {c},Q) is a cyclic 3-separation of M, then (cI*(P)—{c},{c}, @ —cl*(P))

s also a cyclic 3-separation of M.

Proof. This follows by repeated application of Lemma 3.3.4. n

Lemma 3.3.6. Let M be a 3-connected matroid with b € E(M). If
(X, {b},Y) is a vertical 3-separation of M, then (cl(X)—{b},{b},Y —cl(X))
is also a vertical 3-separation of M.

Proof. Suppose e € cl(X)NY. Then e € cl(XU{b}), so that by Lemmas 2.5.4
and 3.2.8, ¢ € cl(Y — {e}). Now both of (X U {b,e},Y — {e}) and (X U
{e}, Y U {b}) are exactly 3-separating by Lemma 3.2.8, and it follows that
(X U {e},{b},Y — {e}) is a vertical 3-separation of M. By an iteration of
this argument, we deduce that (cl(X)— {b}, {b},Y — cl(X)) is also a vertical
3-separation of M. O
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Lemma 3.3.7. Suppose (X, {a},Y) is a vertical or cyclic 3-separation of a
3-connected matroid M. Then (c1(X)Ncl* (X)) — X = 0.

Proof. If there exists some e € cl(X) — X, then e ¢ clI*(Y — {a,e}) by
Lemma 2.5.4. Therefore e € cl(Y — {a,e}) by Lemma 3.2.8, and so, by
Lemma 2.5.4, e & cl*(X). Therefore (cl(X)Nel*(X)) — X = 0. O

Definition 3.3.8. A parallel class of a matroid M is a maximal subset of
E(M) such that any two members form a parallel pair. A series class of M
is a parallel class of M*.

It follows that any 3-connected matroid M does not contain any parallel
or series classes of size greater than one, for if it did, then; up to duality,
M would contain a parallel class P of size two or greater, giving a contra-
dictory 2-separation (P, E(M) — P) of M. This fact will be used implicitly
throughout.

Definition 3.3.9. Let M be a matroid. The simplification of M; denoted
si(M), is the minor of M which is obtained by deleting all loops of M and

all but one element from each parallel class of M. The cosimplification of M;
denoted co(M), is defined by co(M) = (si(M*))*.

When deleting and contracting elements from a 3-connected matroid M;
resulting in a minor N of M, it is often necessary to restrict our attention to
the matroids si(/N) and co(/N) in order to maintain 3-connectivity. For ex-
ample, if r(M) > 3 and L C E(M) is a line containing more than two points,
then contracting any element e € L gives a 2-separation (L —{e}, E(M)—L)
of the matroid M /e because L —{e} becomes a parallel class in M /e of size at
least two. But if we move to the matroid si(M/e), this parallel class becomes
a single element, which removes the trivial 2-separation that arose upon con-
traction. This allows us to better examine the global connectivity structure
of the matroid M /e, and it may be that we have now found a minor si(M/e)
of M which is indeed 3-connected. If si(/N) is 3-connected, then we say than
N is 3-connected up to parallel classes. Similarly, if co(N) is 3-connected, we
say that IV is 3-connected up to series classes.

Lemma 3.3.10. A 2-separation (X,Y) of a connected matroid M is cyclic
if and only if neither X nor'Y is a series class.
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Proof. A 2-separation (X,Y’) is not cyclic in M iff it is not vertical in M*;
iff either 7*(X) =1 or r*(Y) = 1; iff X or Y is a parallel class in M*; iff X
or Y is a series class in M. O

Lemma 3.3.11. Let M be a 3-connected matroid. If there exists some ¢ €
E(M) such that co(M\c) is not 3-connected, then there exists a cyclic 2-
separation of M\c.

Proof. Suppose that co(M\c) is not 3-connected for some ¢ € E(M). Then
there exists a 2-separation (X', Y”) of co(M\c¢). By Lemma 3.3.10, (X', Y”)
is cyclic. Therefore (X', Y’) is a vertical 2-separation of (co(M\c))* =
si(M*/c). Let S = E(M*/c)— E(si(M*/c)). Then by definition of simplifica-
tion, for all s € S, s is contained in exactly one of cly+/.(X") and clys/(Y”).
Let S, = S Neclyye(X') and Sy = S Nelpg+/(Y'). Taking X = X' U S, and
Y =Y'US,, it then follows directly from the definition of k-separation that
(XUS,,YUS,) is a vertical 2-separation of M*/c; hence a cyclic 2-separation
of (M*/c)* = M\c. O

The following two results are used freely and extensively throughout the
remainder of this thesis.

Lemma 3.3.12. Let M be a 3-connected matroid with b € E(M). Ifsi(M/b)
is not 3-connected, then there exists a vertical 3-separation (X,{b},Y) of M.

Proof. Suppose si(M/b) is not 3-connected. Then there exists a 2-separation
(X,Y) of M/bsuch that (X NE(si(M/b)),Y NE(si(M/b))) is a 2-separation
of si(M/b). We have 75(X) + rap(Y) — r(M/b) = 1, so by Lemma 2.6.5,
rau(X U{b}) +rau (Y U{b}) —r(M) = 2. Now if b & cl(X), then 7y (X) +
ray (Y U{b}) —r(M) = 1; which contradicts the fact that M is 3-connected.
So b € cl(X). Similarly, b € cl(Y). As ra(X) > 2, we have ry(X) =
ra (X U {b}) > 3. Similarly, rj(Y) > 3. We conclude that (X, {b},Y) is a
vertical 3-separation of M. O

Lemma 3.3.13. Let M be a 3-connected matroid with ¢ € E(M). If co(M\c)
is not 3-connected, then there ezists a cyclic 3-separation (P,{c}, Q) of M.

Proof. This follows immediately as the dual of Lemma 3.3.12. O
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3.4 Further Results on Connectivity

We conclude this chapter with several results of importance to following
chapters.

Lemma 3.4.1. Let A be a cocircuit of a 3-connected matroid M where
r(A) =3 and e € A. If, for some set {p,q,r} C A—{e},p,q and r are each
contained in distinct parallel classes of M /e, then si(M/e) is 3-connected.

Proof. Suppose {p,q,r} C A — {e} where p,q and r are each contained in
a distinct parallel class of M/e. Assume that si(M/e) is not 3-connected.
Then M has a vertical 3-separation (X, {e},Y). It follows that (X,Y) is a
vertical 2-separation of M/e. Without loss of generality, | X N {p,q,r}| > 2,
so we may assume that {p,q} € X. Now, as rp/.(A — {e}) = 2, we have
rmze(X N (A —{e})) = 2. By the dual of Lemma 3.3.4, it follows that
(clar/e(X),Y —clae(X)) is a vertical 2-separation of M /e where A — {e} C
clarje(X). Then Y — clpy/e(X) is contained in the hyperplane E(M) — A,
which implies that 73/ (Y — clare(X)) = rarse(Y — clar/e(X)). But then

A (Y = clye(X)) = (Y — clae(X)) + rar(clarye(X) U {e}) — r(M)
= Tu/e(Y = clyye(X)) +7”M/e(01M/e(X)) —r(Mfe)
= Auye(Y = claye(X)) <

So that (cla/e(X)U{e},Y —clp/e(X)) is a 2-separation of M; contradicting
the fact that M is 3-connected. Therefore si(M/e) must be 3-connected. [

The following result; known as Bixby’s Lemma [3], shows that up to
parallel and series classes, every element of a 3-connected matroid can either
be contracted or deleted to give a minor which remains 3-connected.

Lemma 3.4.2. Let e be an element of a 3-connected matroid M. Then either
si(M/e) or co(M\e) is 3-connected.

Proof. Suppose that neither si(M/e) nor co(M\e) are 3-connected. Let
(X, {e},Y) and (S, {e},T) be vertical and cyclic 3-separations of M respec-
tively.

3.4.2.1. Forall Ze {X NS, XNT,YNS,YNT}, Z#0.
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Proof. Suppose X NS = (. Then X C T. Therefore e € cl(T) Nel*(T); but
this contradicts Lemma 3.3.7. Similarly, each of X NT, Y NS, and Y NT are
non-empty. O

3.4.2.2. Forall Ze {XNS,XNT,YNS,YNT}, \N(Z) < 2.

Proof. A(X) = A(S)=2. By 3421, |[E—(XUS)|=|(YNnT)U{e}| > 2,
so that by uncrossing, A\(X N S) < 2. Similarly, each of X NT,Y N S, and
Y NT are 3-separating. O

3.4.23. [ XNS|>2and |[YNT|>2

Proof. Suppose that [ X NS| = 1. Then | X NT| > 2 and [Y NS| > 2
because r(X) > 3 and S contains a circuit. So by 3.4.2.2, A\(X NT) = 2
as M is 3-connected. Furthermore, A(X U {e}) = AT U {e}) = 2 and
|E—((XU{e})u(TU{e}))| = |YNS| > 2, so that, by uncrossing, A((XU{e})N
(TU{e})) =AM(XNT)U{e}) =2. Now by Lemma 3.2.7, e € (X N T).
But e € cl(Y) Necl*(5), so e € cl(YUS)Ncl*(Y US); which contradicts
Lemma 2.5.4. Therefore |[X N S| # 1, and by 3.4.2.2, | X NS| > 2. Similarly,
Yy nr|>2. O

By 3.4.2.2 and 3.4.2.3, A\(XNS) = 2. Also by 3.4.2.3, |E—((XU{e})U(SU
{e}))| = |Y N T| > 2. Therefore, by uncrossing, A((X N S)U{e}) =2. Now
by Lemma 3.2.7, e € cI(X NS) or e € cI"(X NS). But then by Lemma 3.3.3,
the first possibility contradicts the fact that e € cl*(T'); while the second
contradicts the fact that e € cl(Y'). We are left to deduce that at least one
of si(M/e) or co(M\e) is 3-connected. O

Lemma 3.4.3. Let (X,{b},Y) be a vertical 3-separation of a 3-connected
matroid M. If z € X Ncl*(Y) then either (X —{z}, {b},Y U{z}) is a vertical
3-separation of M or r((X —{z}) U{b}) = 2.

Proof. Suppose z € X is such that z € cI*(Y). By Lemma 3.2.8, z €
AW (XU{D}) —{2}). Asz € I*(Y), 2 & cl((XU{b}) —{z}) by Lemma 2.5.4.
So z € cI"((X U{b}) — {z}). Therefore (((X U {b}) —{z}),Y U{z}) is an
exactly 3-separating partition of M by Lemma 3.2.8 (ii). If | X — {z}| = 2
and r((X — {z}) U {b}) = 3, then r(X) = 3 = r(X U {b}), so that z €
cl((X — {z}) U {b}) which; by Lemma 2.5.4, contradicts our assumption
that z € cI*(Y). Therefore whenever | X — {z}| = 2, it must be that b €
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cl(X —{z}) as required. So assume that | X —{z}| > 2. Now b € cl(X —{z})
by Lemma 3.2.8 (i). Asb € cl(Y) C (Y U{z}), b & cI"(X — {z}) by
Lemma 2.5.4. Sob € cl(X —{z}). Hence, (X —{z},YU{b, z}) is an exactly 3-
separating partition of M by Lemma 3.2.8 (ii). Therefore, if (X —{z}) > 3,
then (X — {z},{b},Y U {z}) is a vertical 3-separation of M. Otherwise,

r(X —{z}) =r(X = {z}) U {b}) = 2 =

Theorem 3.4.4. Let M be a 3-connected matroid with v(M) > 4. Suppose
that C* is a rank 3 cocircuit of M. If there exists some ¢ € C* such that
r(C* —{c}) = 3, then co(M\c) is 3-connected.

Proof. Suppose that ¢ € C* and r(C* — {c}) = 3, but co(M\c) is not 3-
connected. Then by Lemma 3.3.11, there exists a cyclic 2-separation (P, Q)
of M\c.

As C* is a cocircuit, we have r(E(M) — C*) = r(M) — 1. Hence
An(C*) = 2. Noting that r(E(M)—C*) > 3 because r(M) > 4, we have that
(C*, E(M)—C") is a vertical 3-separation of M. For clarity, let X = C*—{c},
and Y = E(M) — C* so that (X U{c},Y) is a 3-separation of M.

3.4.4.1. FEach of the intersections X N P, X NQ,Y NP, and Y N Q are
non-empty.

Proof. If X N P = (), then X C @. But then ¢ € cl(X) C cl(Q) so that
(P,Q U {c}) is a contradictory 2-separation of M. Similarly, X N Q # (. If
Y NP =10, then Y C Q. Now Y is a hyperplane of M and X N Q # 0, so
that r(Q) = r(M) and c € cl(Q); again giving a contradictory 2-separation
(P,Q U{c}) of M. Similarly, Y N Q # 0. O

3.4.4.2. Forall Z € {XNP,XNQ,YNPY NQ}, n(2) = Mu(2).

Proof. By hypothesis, r(M\c) = r(M). If Z € {XNP, XNQ}, then by 3.4.4.1
and the fact that Y is a hyperplane, c € cl(E(M)—Z2). If Z € {YNP,YNQ},
then ¢ € cl(X) C cl(E(M) — Z), and in either case we have A\ .(Z) =
Ae(2). O

Now, by the submodularity of the connectivity function A, we see that
/\M\C(X N P) + /\M\C(X U P) < )\M\C(X) + )‘M\C(P) =2+1 =3 Do,
P)+ A (Y NQ) < 3. So at least one of { X NP, Y NQ} is 2-separating. As M
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is 3-connected, it then must be the case that at least one of {X NP, Y NQ}
has cardinality equal to 1. Now, applying submodularity of the function A
and 3.4.4.2 again to X NQ, we deduce that at least one of { X NQ,Y NP} has
cardinality equal to 1. We cannot have [ X N P|=1=|X NQ| as |X| > 3.
It also cannot be that [Y NPl =1=|Y NQ| as r(Y) > 3. We are left to
conclude that |P| =2 or |Q| = 2. But (P, Q) is a cyclic 2-separation of M\c,
so either P or @) must be a parallel pair of M\¢; which implies the existence
of a contradictory parallel pair in the 3-connected matroid M. Thus co(M\c)
must be 3-connected. ]

Corollary 3.4.5. Let M be a 3-connected matroid with a rank 3 cocircuit
C* such that |C*| > 4 and r(M) > 4. Let B be a basis of M. Then there
ezists some ¢ € C* N (E(M) — B) such that co(M\c) is 3-connected.

Proof. 1f r(C* —{z}) = 3 for all z € C*, the result follows immediately from
Theorem 3.4.4 and the fact that |C*| > r(C*). So assume that r(C*—{d}) =
2 for some d € C*. Now take any ¢ € (C* — {d}) N (E(M) — B) # (. Then
r(C*—{c,d}) = 2 because M is 3-connected and it follows that r(C*—{c}) =
3. Applying Theorem 3.4.4, we get that co(M\c) is 3-connected. O

Definition 3.4.6. Let M be a 3-connected matroid, and B a basis of M.
Suppose that for some by € B, si(M/b;) is not 3-connected. If (X, {b},Y)
is a vertical 3-separation of M; where Y = {1, x9, b, c} is a cocircuit with
YNB = {by}, si(M/by) is not 3-connected, and both {xy, z2, b2} and {by, ¢, by }
are triangles, then we shall call Y a near-fan of M.

Corollary 3.4.7. Let M be a 3-connected matroid and B a basis of M. If
Y = {x1,29,b5,¢} C E(M) is a near-fan of M, then both co(M\z1) and
co(M\xz2) are 3-connected.

Proof. This is an immediate consequence of Theorem 3.4.4. O

Theorem 3.4.8. Let M be a 3-connected matroid with a triad {a,b,c} and
a circuit {a,b,c,d}. Then at least one of the following holds.

(i) Either co(M\a) or co(M\c) is 3-connected.

(ii) There exists a',c € E(M) such that both {a,d’,b} and {c,,b} are
triangles.
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(iii) There exists r € E(M) such that {a,b,c,r} is a coline.

Proof. We shall assume that neither (i) nor (ii) holds and prove that in this
case, (iii) must hold. Now, as neither co(M\a) nor co(M \c) are 3-connected,
it follows from Lemma 3.3.11 that there are cyclic 2-separations (P, Q) and
(V,W) of M\a and M\c respectively.

Consider (P, Q). We can assume without loss of generality that d € Q.
If {b,c} C @, then (P,Q U {a}) is a 2-separation of M as a € cl({b,c,d}).
So assume b € P. Then ¢ € clj,(P) by Lemma 2.5.4, and it follows from
Lemma 3.3.4 that (P U {c},Q — {c}) is a cyclic 2-separation of M\a. Thus,
relabelling for clarity, we have a cyclic 2-separation (X U {b,c},Y) of M\a
where d € Y. Similarly, we obtain a cyclic 2-separation (S U {b,a},T) of
M\c where d € T

3.4.8.1. If {b,c} or {b,a} is contained in a triangle, then the theorem holds.

Proof. Let {b,c,c} be a triangle. By our original assumption, {b,a} is not
contained in a triangle. Consider the 2-separation (SU{b,a},T) of M\c. As
S U{a,b} contains a circuit and {b,a} is not in a triangle, we have |S| > 2.
If ¢ € S, then ¢ € cly (S U{b,a}), so that (SU{a,b,c},T) is a 2-separation
of M. Thus ¢ € T. Now with the use of Lemma 2.6.5 we have

Mne/s(T) = ranvesn(T) + raness(S U {a}) — r(M\c/b)
=rne(TU{b}) =1+ ran(SU{a,b}) =1 — (r(M\c) — 1)
=7rune(T) + rane(S U{a, b}) —r(M)
=r(M\c)+1—r(M)=1

Note that r({a,b,c,c,d}) = 3 because {a,b,c,d} is a rank 3 circuit and
{b,c, '} is a triangle. So rypn.({a,b,c,d}) = 3. Therefore,

TM\C/b<{a7 Cl’ d}) = TM\C<{a7 ba Cl? d}) —1=2.

We also have myn.n({c,d}) = ran.({b,¢,d}) —1 = 2. Hence a €
chanesn({¢,d}) C clanen(T). Therefore it must be that Aypes(T'U {a}) = 1.
So rapen(T U {a}) + ranes(S) = r(M\c/b) + 1 and
ranvess(T U{a}) +1anen(S) = r(M\c/b) + 1
= (T U{a,b}) + ranen(S) = r(M\c/b) + 2
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= ane(T U{a,b}) +ranen(S) =r(M) +1
= wne(T U{a,b}) +rane(S) =r(M)+1
So that Ay o(T'U{a,b}) = 1. But then ¢ € cl({a, b, d}) implies that Ay (7"U

{a,b,c}) = 1, contradicting the fact that M is 3-connected. Therefore {b, c}
can not be contained in a triangle. Similarly for {b,a}. O

Thus we may now assume that neither {b, a} nor {b, c} is contained in a
triangle. From this and the fact that both X U {b, ¢} and S U {b,a} contain
circuits, we deduce that |X| > 2 and |S| > 2. In what follows, let M’ =
M\{a,b,c}.

3.4.8.2. ce (X U{b}) and a € cl(S U {b}).
Proof. Suppose that ¢ ¢ cl(X U {b}). Then r(X) = r(X U {b,c}) — 2. But
r(M') =r(M)— 1. We have
r(Xu{bc}) +rY)<r(M)+1
= r(X)+2+rY)<r
= r(X)+r

So that (X,Y) is a separation of M’'. But r(Y U {b,c}) < r(Y) + 2, and
a € cly (Y U{b,c}), so that r(Y U{a,b,c}) <r(Y)+2. Now

This gives (X,Y U {a,b,c}) as a 2-separating partition of M; which is con-
tradictory as | X| > 2. Similarly a € cl(S U {b}). O

3.4.8.3. \yr(X) = A (Y) = A (S) = Mpr(T) = 1.
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Proof. Using 3.4.8.2,

)\M/<X) = Ty

:T‘M/

) —r(M')
)—r(M)+1

)+ 7
)+ rar(
rana(X) +rana(Y) —r(M) +1

rana(X U{b}) — 1+ 7rpna(Y) —r(M)+1
=rana(X U{b,c}) + oY) —r(M)

(X Y
(X Y

=r(M)+1—r(M)
=1= Ay (Y)
The result that Ay (S) = A\ (T) = 1 follows similarly. O

3.4.84. If ZC X or Z C S, then A\y(Z) < Ay (Z) + 1.

Proof. Suppose Z C X. Let Z' = E(M') — Z. Note that d € Z' so r(Z' U
{a,b,c}) <r(Z')+ 2. Then r(M) = r(M’) + 1 implies that

A(Z)=r(Z)+r(Z' U{a,b,c}) —r(M)
=ry(Z)+r(Z' U{a,b,c}) —r(M') —1
<ru(Z)+r(ZY+2—r(M') -1
<rM,(Z)+7’M/( N—=r(M)+1
<M (2) +

Similarly if Z C S. [
3.48.5. If ZCY —{d} or Z CT —{d}, then \yy(Z) = A\ (2).

Proof. Suppose Z CY —{d}. Let Z' = E(M') — Z. Note that d € Z' and
X C Z'. Now r(Z"U{b}) = r(Z") + 1, but by 3.4.8.2, ¢ € cl(X U{b}), so
c € cl(Z'U{b}). Hence, r(Z'U{b,c}) = r(Z')+1. But then a € cl(Z'U{b, c}),
so r(Z'U{a,b,c}) =r(Z") + 1. Therefore

\(Z2)=r(Z)+r(Z' U{a,b,c}) —r(M)
r(Z)+r(Z")+1—r(M)

(Z2) +7r(Z") = r(M') = A (Z)

as required. Similarly for any Z C T — {d}. O
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3.4.8.6. TNX #0D, and SNY # 0.

Proof. f TN X = (), then X C S, and by 3.4.8.2, {a,c} C cl(S U {b}).
We once again obtain a contradictory 2-separation (S U {a,b,c},T) of M.
Similarly for SNY. O

Applying submodularity of the connectivity function together with 3.4.8.3
we have

M (TUX) + M (TNX) < Ap(T) + A (X)
= Apr(SNY)+ A (TNX)<1+1=2

But by 3485, /\M/(SQY) = )\M(SQY) and )\M/(TQX) = )\M(TﬂX) This
result combined with 3.4.8.6 and the fact that M is 3-connected implies that
we must have |[SNY| = |T'"N X| =1. We also know that |Y| > 3 because
(X U{b,c},Y) is cyclic. Thus Y NT| > 2.

3.4.8.7. (Y N T) > 2.

Proof. By 3.4.8.2, {a,c} C cl(XUSU{b}), so as r(XUSU{b}) = r(XUS)+1,
we have r(XUSU{a, b, c}) = r(XUS)+1. Hence Ay (YNT, XUSU{a, b, c}) =
A (Y NT, X US). Thus, if \yy(Y NT) € {0,1}, we contradict the 3-
connectivity of M. O

by 3.4.8.7, Ay (SN X) = 0. By 3.4.8.4, we deduce that |[S N X| = 1. Let
SNX ={r}. Let {a,b,c} = A. As \yy/(SNX) =0, we have \pp/ (Y UT) =
0. Therefore ryy (Y UT) = rypg(YUT) = r(M') —1 = r(M) — 2. Thus
AYUT) =r(M)=24r(AU{r}) —r(M) = r(AU{r}) —2 < 2, so
that (Y UT, AU {r}) must be a 3-separation of M. Now by Lemma 3.2.7,
r e cd®(A). Ifr € cl(A), then (SU{a, b, ¢}, T) is a contradictory 2-separation
of M. We conclude that r € cI*(A) and that {a,b,c,7} is a coline, giving
(ii). O
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3.5 Fixed Basis Connectivity

Given a 3-connected matroid M with e € E(M), Bixby’s Lemma (see 3.4.2)
tells us that either si(M/e) or co(M\e) is 3-connected. However, situations
can arise where we specifically want to contract certain elements, or delete
certain elements, all while maintaining 3-connectivity. In such circumstances,
Bixby’s Lemma may be of limited use. This section introduces one important
example of such a situation.

Suppose we have an F-representable matroid M. As M is invariant under
performing standard row operations on a representation of M, it is natural
that we want to deal with representations of the form [I,., D] where I, is
an r X r identity matrix and D is an r x (|E(M)| — r) matrix. Such a
matrix representation is said to be in standard form. Now if A =[I,., D] is a
representation of M over F in standard form, then the set of column vectors
contained in I, form a basis for the space F". As the rank of a matroid
corresponds to the dimension of the rowspace in a representation of that
matroid, it then follows that r(M) = r, and therefore, the set of column
labels for columns in I, constitute a basis B of the matroid M. Hence from
our natural desire to work with representations that are in standard form,
we are in effect choosing a particular basis for M. Any information present
in the submatrix D is observed relative to the basis B. Clearly, a matroid
will have many possible standard form representations. For example, if d is
in some basis By of M, and d corresponds to some column of D, then (see
Lemma 2.1.7), for some i € {1, ...,7}, we may pivot on the i-th entry of d —
transforming it into the i-th unit vector — and interchange columns d and 1.
The resulting matrix is another standard form representation A’ = [I,., G] of
M;; corresponding to the basis B’ = (B—{i})U{d} of M. However in general,
the entries in the submatrix G will differ significantly from the entries of the
submatrix D. Thus, important information that may be present in D can be
lost when switching to the representation A’ relative to the new basis B'.

We observed at the end of Section 2.6 that an F-representation for any
minor N of an F-representable matroid M can be found by taking an [F-
representation A of M and performing a sequence of operations consisting of
pivots, row deletions and column deletions. We will examine what happens
when our starting representation A of M is in standard form. Suppose that
[I,, D] is a representation — in standard form — of M. Then the columns of
I,. correspond to a basis B of M, and therefore, the columns of D correspond
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to a cobasis E(M) — B of M.

Suppose that d € F(M) — B. Then d corresponds to some column of the
submatrix D. We will assume that d is not a loop of M to avoid the trivial
case. Consider the matroid M/d. Recall that the first step in obtaining a
representation of M/d is to pivot on some non-zero i-th entry of column d;
transforming it into the i-th unit vector. If we then switch columns d and
1 before completing our contraction of d, we find that — upon contracting
d — we obtain a representation of M/d which is in standard form. But,
as observed above, such a procedure corresponds to changing the basis with
which we are observing the representation with respect to, and carrying out
such a process means changing potentially important information present in
the submatrix D. Now consider the matroid M\d. To obtain a representation
for M\d, we simply delete column d of D. Doing so gives a representation
— in standard form — of M\d. Moreover, in this case, all remaining entries
in the submatrix D are completely unchanged.

Now suppose that b € B. Then b corresponds to some column of the
identity matrix I,. Consider the matroid M\b. We obtain a representation
of this matroid by deleting column b, but doing so leaves us with a rep-
resentation which is not in standard form. To then find a standard form
representation of M\b, we need to pivot on a non-zero entry of some column
of D to obtain another unit vector. But doing so will again often perturb in-
formation present in entries of D which we may be wanting to maintain. On
the other hand, consider the matroid M/b. As b already represents some i-th
unit vector, contracting b simply corresponds to removing row ¢ and column
b. This gives us a representation of M /b which is in standard form, where
all entries of D that remain are unaltered.

So suppose we have a representation [, D] — in standard form — of
a matroid M over F. As discussed, this corresponds to a particular basis
B and cobasis F(M) — B of M. Now suppose that one wished to study
a representation [I,, D'] of a minor N of M over F, and one required that
relevant information present in D remain observable in D’. As we’ve seen,
such a requirement can be met as long as we restrict ourselves to the situation
where N is some minor obtained from M by contracting elements from the
basis B and/or deleting elements of the cobasis F(M)— B. If N is a minor of
M found in such a manner, then a representation [I,, D'] — in standard form
— of N is easily found, and entries of D’ correspond identically to entries
present in the submatrix D of our original representation.
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For the remainder of this thesis, we are interested in what can be done in
such a situation. From a matroidal point of view, we have some matroid M,
and some particular basis B of M, and we want to study minors of M that are
found by contracting elements of B and deleting elements of E(M)— B. But
of course, even for minors found in this way, if the representations themselves
are to be of any use as an inductive tool, we need some sense of uniqueness
of representations; and for that, we require 3-connectivity.

Oxley et al [10] studied this problem and found that: given a matroid M
and basis B of M; provided M has no 4-element fans, there is always either
an element b € B such M /b is 3-connected, or an element ¢ € E(M)— B such
that M\c is 3-connected. In this work, we are predominantly concerned with
what can be done when wanting to maintain 3-connectivity up to parallel
and series classes. We make the following definition:

Definition 3.5.1. Let M be a 3-connected matroid, B a basis of M, and
e € E(M). We say that e is removable with respect to B if either:

(i) e € B and si(M/e) is 3-connected, or

(ii) e & B and co(M\e) is 3-connected.

The following two lemmas show that the property of being removable
with respect to a basis behaves nicely under duality.

Lemma 3.5.2. Let M be a 3-connected matroid, and let B be a basis of M.
Then e € E(M) is removable with respect to B if and only if e is removable
with respect to the basis E(M) — B in M*.

Proof. e € E(M) is removable with respect to B iff e € B and si(M/e) is
3-connected, or e ¢ B and co(M\e) is 3-connected; iff e ¢ F(M) — B and
(si(M/e))* is 3-connected, or e € E(M)—B and (co(M\e))* is 3-connected; iff
e ¢ E(M)— B and co(M*\e) is 3-connected, or e € E(M) — B and si(M*/e)
is 3-connected; iff e is removable with respect to the basis E(M) — B in
M. O

Lemma 3.5.3. Let M be a 3-connected matroid, and let B be a basis of M.
Let K denote the set of elements which are removable with respect to B. Let

K* denote the set of elements which are removable with respect to the basis
E(M)— B in M*. Then K = K*.
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Proof. This follows immediately from Lemma 3.5.2. O]

In proving results on 3-connectivity in matroid theory, it is often advanta-
geous to exclude certain substructures from the matroids we are considering.
Fans are an example of such a substructure.

Definition 3.5.4. Let M be a matroid. A set F' C E(M) is a fan if there is
an ordering (fi, ..., fn) of the elements of F' such that, for all i € {1,...,n—2},

(1) {fi, fix1, fixo} is either a triangle or a triad, and

(i) when {fi, fit1, fiso} is a triangle, {fiy1, fir2, firs} is a triad, and when
{fis fixa, fixe} is a triad, {fit1, fize, fixs} is a triangle.

The focus of the work following will be on matroids that do not contain
any 4-element fans, that is: fans of cardinality four. Excluding matroids
that do contain such structures is not greatly confining for our purposes. For
example, it can readily be shown that any excluded minor for GF(q) does
not contain any 4-element fans. The following lemma notes that fans are also
well behaved under duality.

Lemma 3.5.5. Let M be a matroid. Then F is a fan of M if and only if
it is a fan of M*. In particular, if M does not contain any 4-element fans,
then neither does M*.

Proof. This follows directly from the definition of a fan and the fact that
triangles and triads are dual to one another. O]

Although not explicitly stated therein, it can be deduced directly from
results in the paper by Oxley et al [10] that for a matroid M with no 4-
element fans, and a basis B of M, there always exists two distinct elements
which are removable with respect to B. In the next chapter, we look to
strengthen this result.



Chapter 4

The Existence of Removable
Elements

In this chapter we prove the following result:

Theorem 4.0.1. Let M be a 3-connected matroid with no 4-element fans.
Let B be a basis of M. Let K denote the set of elements which are removable
with respect to B. If |E(M)| > 4, then |K| > 4.

4.1 Preliminary Results

Theorem 4.1.1. Let M be a 3-connected matroid with no 4-element fans.
Let B be a basis of M such that for some b € B, si(M/b) is not 3-connected.
Let (X,{b},Y) be a vertical 3-separation of M with Y U {b} closed. Then

either:

(i) there exists by,by € X N B with by # by such that both si(M/by) and
si(M/by) are 3-connected, or

(ii) there exists by € X N B,dy € X N (E(M) — B) such that both si(M/b;)
and co(M\d,) are 3-connected, or

(i1i) there exists dy,dy € X N (E(M) — B) with dy # dy such that both
co(M\dy) and co(M\dy) are 3-connected, or

41
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(iv) X N B = {b.}, si(M/b.) is 3-connected, X = {a,b.,c}, X U{b} is a
circuit, and neither co(M\a) nor co(M\c) is 3-connected.

Proof. We shall assume that (i) does not hold and show that either (ii),
(iii) or (iv) does. The proof is separated into 2 cases according the possible
structure of X.

Case (i): X contains no element b, such that si(A/b,) is 3-connected.

Assume as stated that for all b, € BN X,si(M/b,) is not 3-connected. We
shall show that in this case, (iii) must hold.

As b € cl(X) and r(X) > 3, we have r(Y) < r(M), so that X N B #
(). Note that for each b, € B N X, there exists a vertical 3-separation
(Sp,, {bs}, Tp,) of M. 1If, for some b, € X N B, there is a vertical 3-
separation (S,{b.},T) of M such that S or T is contained in X U {b},
then by Lemma 3.3.6 and a possible relabelling, there exists such a ver-
tical 3-separation where S C X U {b} and T U {b,} is closed. Then
S C (X — {b,})U{b}. If equality holds here, then ' =Y. But b, € cl(T)
so b, € cl(Y); a contradiction. Hence S C (X — {b,}) U {b}. Now relabel so
that (S,{b,},T) becomes (X, {b},Y). By an iteration of this procedure, we
eventually obtain a vertical 3-separation (X, {b},Y") of M with Y U{b} closed
such that if (S, {b,},T) is a vertical 3-separation of M with b, € X N B, then
neither S nor T is contained in X U{b}. Moreover, we maintain the property
that there is no element b, € X N B such that si(M/b,) is 3-connected.

Let b, be an element of X N B, and let (P,{b.},Q) be a vertical 3-
separation of M. Without loss of generality, we may assume that b € Q.
Moreover, we may assume by Lemma 3.3.6 that Q U {b,} is closed.

4.1.1.1. Fach of the intersections X N P, X NQ, Y NP, and Y NQ is non-
empty.

Proof. If XN P or X N(Q is empty, then P or () is contained in Y U {b}, and
so b, € cl(Y U {b}); which contradicts the fact that Y U {b} is closed. Thus
X NP and X NQ are non-empty. If Y NP or Y NQ is empty, then P or @
is contained in X U {b}; a contradiction. O

4.1.1.2. A(XNP)<2.
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Proof. As E— (X UP)=(YNQ)U{b}, we have |E — (X U P)| > 2. Thus,
since A(X) = 2 = A(P), it follows by uncrossing that \(X N P) < 2. O

4.1.1.3. r((X N P)U{b,}) =2

Proof. 1f | X N P| = 1, this follows immediately as M is 3-connected. Since
X N P is non-empty, we may now assume that | X N P| > 2. We have
AMX) =2 = ANPU{b}), and |[E — (X U (P U{b,}))| > 2, so that, by
uncrossing, A(X N (P U {b,})) < 2. With 4.1.1.2, we deduce that A(X N
P) = M(X N P)U{b,}) = 2. By Lemma 3.2.7, b, € (X N P). If
b, € cI"(X N P), then by Lemma 2.5.4, b, ¢ cl(Y UQ); a contradiction. So
by € cl(XNP). If r(XNP)U{b,}) > 3, then (XNP,{b,},YUQ) is a vertical
3-separation of M. But this contradicts our construction of (X, {b},Y). So
r(XNP)u{b,}) =2 O

Suppose |Y N P| = 1. Then | X NP| > 2. If [ X NP| =2, then, as
QU {b,} is closed, P is a triad. As (X NP)U{b,} is a triangle, PU{b,} is a
4-element fan: a contradiction. Thus we may assume that | X N P| > 3. Then
(XNP)U{b,} is a rank-2 set having at least four elements. By Lemmas 3.2.2
and 2.3.3, we obtain distinct dy,dy € (F — B) N X such that both M\d; and
M\dy are 3-connected, so (iii) holds. So assume that |Y N P| > 2.

4.1.1.4. r((X N Q) U{b,b,}) = 2.

Proof. Since A(XU{b}) =2 = AM(QU{b,}) and |E—((XU{b})U(QU{b.}))| =
Y N P| > 2, it follows by uncrossing that A\((X N Q) U {b,b,}) < 2. But
(X NQ)U{bb.}| > 3 and so A((X N Q) U {b,b,}) = 2. Noting that
PCFE—-((XNQ)U{bb,}), we have b, € cl(E — (X N Q) U {b,b.})),
and it follows from Lemmas 3.2.7 and 3.2.8 that b, € cl((X U {b}) N Q).
If r(X N@Q)U{b,b.}) > 3, then it follows that ((X U {b}) N Q,{b.}, E —
(X NQ)U{b,b,})) is a vertical 3-separation that contradicts the choice of
b. Therefore, r((X N Q) U{b,b,}) <2 and 4.1.1.4 holds. O

Now let L; = {b} U(X NQ) and Ly = {b,} U (X N P). We have |L;| > 2
and |Ly| > 2, and both cl(L;) and cl(Ls) are lines. By 4.1.1.1, | cl(Lq)| > 3.
If |cl(Ly)] > 4, then by Lemmas 3.2.2 and 2.3.3 we again obtain distinct
di,dy € (E—B)NX such that (iii) holds. So we may assume that | cl(L1)| = 3.
Let cl(Ly) — {b,b,} = {a}. Suppose that (Ly — {b,}) N B = {b'}. Then, in
M/ b, each of b, b,, and @ are contained in some distinct parallel class by an
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application of Lemma 2.6.5. Thus, by Lemma 3.4.1, it follows that si(M/b')
is 3-connected: a contradiction. We conclude that (Ly — {b,}) N B = 0. If
| cl(L2)| > 4, then |Ly N (E — B)| > 2 by Lemma 2.3.3, so by Lemma 3.2.2,
(iii) holds. Thus we may assume that |cl(Ly)| € {2,3}. Since M has no
4-element fans, and Y U {b} is closed it must be that |Ly — {b,}| = 2. Let
Ly — {b,} = {z1,22}. Note that {a,b,,z1, 25} is a cocircuit of M and X
is a near-fan of M. Applying Corollary 3.4.7, we have that co(M\z;) and
co(M\z) are 3-connected so that (iii) holds.

Case (ii): X contains exactly one b. € B such that si(M/b,) is 3-connected.

Now assume as stated that there is exactly one b, € B N X such that
si(M/b.) is 3-connected. If, for some b, € (X N B) — {b.}, there is a vertical
3-separation (S, {b,},T) of M such that S or T is contained in (X U {b}) —
{b.}, then there is such a vertical 3-separation such that S C (X U {b}) —
{b.} and T'U {b,} is closed. We may now apply case (i) to the vertical 3-
separation (S,{b,},T") to conclude that (iii) holds in addition to si(M/b.)
being 3-connected.

So we may assume that if (P,{b,}, @) is a vertical 3-separation of M
with b, € (X N B) — {b.}, then neither P nor @ is contained in (X U {b}) —
{b.}. Furthermore, by Lemma 3.3.6, we may assume that Q U {b,} is closed.
Supposing that (XNB)—{b.} # 0, let b, € (XNB)—{b.}, and let (P, {b,}, Q)
be a vertical 3-separation with Q U {b,} closed. Without loss of generality,
we may assume that b € (). Observe that 4.1.1.1, 4.1.1.2, 4.1.1.3, and 4.1.1.4
all hold. We deduce that b, € X N P. Letting L; = {b} U (X N Q) and
Ly = {b,} U (X N P) as per the argument following 4.1.1.4, we again can
assume that | cl(Ly)| = | cl(L2)| = 3. Letting Ly — {b., b, } = {x:1} it follows
by an application of Theorem 3.4.4 that co(M\z) is 3-connected. Thus (ii)
is satisfied.

The final possibility to consider is when (X N B) — {b.} = (. Here
r(YU{b}) = r(M)—1so that X is a cocircuit with 7(X) = 3. If | X| > 4, then
Corollary 3.4.5 gives us (ii). So assume |X| = 3. Then X is a triad, and as M
contains no 4-element fans, X U{b} must be a circuit. Let X —{b.} = {a, c}.
If co(M\a) or co(M\c) is 3-connected, then (ii) holds. Otherwise, we have
(iv). We conclude that the theorem holds. O

The next result is an extension of Theorem 4.1.1 restated in a form which
will be useful in what follows.
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Theorem 4.1.2. Let M be a 3-connected matroid with no 4-element fans.
Let B be a basis of M such that for some b € B, si(M/b) is not 3-connected.
Let (X,{b},Y) be a vertical 3-separation of M with Y U {b} closed. Let K
denote the set of elements of M removable with respect to B. Then either:

(i) | XNK|>2, or

(i) | X NK|=1, X is a triad, there exists r € Y N K such that X U{r} is
a 4-point coline with (X U{r})NB| =2, and (Y U{b})—{r} is closed.

Proof. Assume that (i) does not hold. Applying Theorem 4.1.1, it must be
that 4.1.1 (iv) holds. So X is a triad, X U{b} is a circuit, and XNK = XNB.
Now apply Theorem 3.4.8. As | X N K| =1, 3.4.8 (i) doesn’t hold. If 3.4.8
(ii) holds, then X U{a’'} and X U{c'} are 4-element fans of M; which cannot
be. So 3.4.8 (iii) must hold. Let X U {r} be the given 4-point coline of M.
It follows by Lemmas 3.2.3 and 2.5.6 that [(X U {r}) N B| = 2. Finally,
as z € cI"((X U{r}) — {z}) for all z € X U{r}, Lemma 2.5.4 implies that
(Y U{b}) —{r} is closed. O

Corollary 4.1.3. Let M be a 3-connected matroid with no 4-element fans.
Let B be a basis of M such that for some ¢ € E(M) — B, co(M\c) is not 3-
connected. Let (S, {c},T) be a cyclic 3-separation of M with T'U{c} coclosed.
Let K denote the set of elements of M which are removable with respect to
B. Then either:

(i) |[SNK|>2, or

(i) |SNK| =1, S is a triangle, there exists r € TN K such that SU{r} is
a 4-point line with (T U{r})N(E(M)— B)| =2, and (T'U{c}) — {r}
is coclosed.

Proof. This follows by dualising Theorem 4.1.2 and using Lem-
mas 3.3.3, 3.5.3, and 3.5.5. O
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4.2 The Minimal Number of Removable
Elements

We now extend the results from the previous section to place a lower bound
on the number of removable elements in a suitable matroid as a whole. We
conclude this chapter with a proof of Theorem 4.0.1.

Theorem 4.2.1. Let M be a 3-connected matroid with no 4-element fans.
Let B be a basis of M such that for some b € B, si(M/b) is not 3-connected.
Let (X,{b},Y) be a vertical 3-separation of M with Y U {b} closed. Let
K denote the set of elements which are removable with respect to B. Then
either:

(i) | XNK|>2and |Y NK|>2, or

(ii)) X N K = {b.}, |Y N K| > 3, and there exists r € Y N K such that
X U{r} is a 4-point coline, or

(1)) | X NK| >3, YNK = {b,}, and there ezists r € X N K such that
(Y —cl(X))U{r} is a 4-point coline.

Proof. Note that the vertical 3-separation (X, {b},Y) satisfies the hypotheses
of Theorem 4.1.2. Applying the theorem, either | X N K| > 2or [ XNK| = 1.
Assume | X N K| = 1. Then X is a triad, there exists r € Y N K such that
X U{r} is a 4-point coline with [(X U{r}) N B| =2, and (Y U {b}) — {r} is
closed. If b & cl(Y — {r}), then by Lemma 2.5.4, b € cI*(X U {r}), so that
X U{b,r} is a 5-point coline; but then si(M/b) is 3-connected by the dual of
Lemma 3.2.2: a contradiction. So b € cl(Y — {r}).

Suppose r(Y —{r}) =2. If |Y —{r}| = 2, |Y| = 3, and as (cl(X) —
{b},{b},Y —cl(X)) is a vertical 3-separation by Lemma 3.3.6, it must be the
case that Y — cl(X) =Y, so that X U {b} is closed and Y is a triad. But
now (Y — {r}) U {b} is a triangle, and Y U {b} is a contradictory 4-element
fan. So if (Y — {r}) = 2, we must have |Y — {r}| > 3. As b € cl(Y — {r}),
(Y —{r})Nn(E(M) — B)| > 2. Thus [(Y — {r}) N K| > 2 by Lemma 3.2.2.
So |Y N K| > 3 and (ii) holds.

Now suppose that r(Y—{r}) > 3. By Lemma 3.2.8, (XU{r}, {b},Y —{r})
is a vertical 3-separation of M, therefore by Lemma 3.3.6, (cl(X U {r}) —
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{b},{b}, Y — cl(X U{r})) is also. Note that cl(cl(X U{r}) — {b}) U{b} =
cl(X U{r}) is closed. Now applying Theorem 4.1.2, if 4.1.2 (i) holds, then
(Y —c(X U {r})) N K| > 2, so that |[Y N K| > 3: (ii) is satisfied and
the theorem holds. So assume that 4.1.2 (ii) holds. We have |(Y — cl(X U
{r}))) N K| =1, Y —cl(X U {r}) is a triad, and there exists some 1’ €
(cl(X U{r}) —{b}) N K such that (Y —cl(XU{r}))U{r'} is a 4-point coline
containing exactly two basis elements. Assume that 7 € X U {r}. Then, as
r" € K, we have two 4-point colines X U {r} and (Y —cl(X U {r})) U {r'}
such that |(X U{r}) N B| = (Y —c(X U{r})) U {r}) N Bl = 2 and
(XUu{rh)n (Y —c(XU{r})u{r'}) ={r} € B. This is a contradiction
to Lemma 3.2.5. Thus ' ¢ X U{r} and ' € Y, so that |Y N K| > 3 and (ii)
holds.

Now assume that | X N K| > 2. If [Y N K| > 2, (i) holds. So assume that
Y NK|e{0,1}. (cI(X) — {b},{b},Y — cl(X)) is a vertical 3-separation by
Lemma 3.3.6 with (cl(X) —{b}) U{b} = cl(X) closed. Apply Theorem 4.1.2.
If 4.1.2 (i) holds, |(Y — cl(X)) N K| > 2. But we’re working under the
assumption that |YNK| < 1. So 4.1.2 (ii) holds. Then |(Y —cl(X))NK| =1,
and there exists some p € (cl(X) — {b}) N K such that (Y —cl(X)) U {p} is
a 4-point coline containing exactly two basis elements. Now |Y N K| =1, so
pe X. If [ XN K| >3, (iii) holds. So we may assume that | X N K| = 2. By
Lemma 3.2.8, both X — {p} and (X — {p}) U {b} are exactly 3-separating.
So b € (X — {p}) by Lemma 3.2.7. Now b € cl(Y) C cl(Y U {p}), so
b ¢ cl"(X —{p}) by Lemma 2.5.4. Thus b € cl(X — {p}).

Suppose (X — {p}) = 2. If | X — {p}| > 3, then (X — {p}) U {b} is a
4-point line. This implies that |((X — {p}) U {b}) N (E(M) — B)| > 2 by
Lemma 2.3.3, so |((X — {p}) U {b}) N K| > 2, hence |(X — {p}) N K| > 2
and | X N K| > 3 giving (iii). Otherwise, |X — {p}| = 2. In this case,
(X — {p}) U {b} is a triangle, whereas X is a triad; giving a 4-element fan
X U{b} in M; a contradiction.

Finally, suppose r(X —{p}) > 3. Then (X —{p}, {b}, YU{p}) is a vertical
3-separation. By Lemma 3.3.6, (X — cl(Y U {p}), {b},cl(Y U {p}) — {b}) is
a vertical 3-separation also. Here cl((cl(Y U {p}) — {b}) U {b})) = cl(Y U
{p}) is closed. Applying Theorem 4.1.2 and noting that |X N K| = 2 and
(X —{p}) N K| =1, it follows that 4.1.2 (ii) holds. That is: X —cl(Y U{p})
is a triad, and there exists some p’' € (cl(Y U {p}) — {b}) N K such that
(X — (Y U {p})) U{p'} is a 4-point coline containing exactly two basis
elements. Note that p/ € K, |[ XN K| =2, and [Y N K| = |[(Y —cl(X)) N
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K| = 1. Therefore either p' = p or p € Y — cl(X). But in either case
(Y —cl(X))U{p} and (X — cl(Y U{p})) U{p'} are two 4-point colines such
that [((Y — cl(X)) U{p}) N B = |(X —cl(Y U{p})) U{p'}) N B| = 2, and
(Y —c(X)U{p}) N (X —cl(YU{p})U{p}) € B. This contradicts
Lemma 3.2.5. We conclude that the theorem holds. O

We obtain the following as a corollary.

Corollary 4.2.2. Let M be a 3-connected matroid with no 4-element fans.
Let B be a basis of M such that for some ¢ € (E(M) — B), co(M\c) is
not 3-connected. Let (S,{c},T) be a cyclic 3-separation of M with T'U {c}
coclosed. Let K denote the set of elements which are removable with respect
to B. Then either:

(1) |SNK|>2and |TNK|>2, or

(ii)) SNK = {cs}, |[TNK| > 3, and there exists r € TNK such that SU{r}
1s a 4-point line, or

(i) |[SNK| >3, TNK = {¢}, and there exists r € SN K such that
(T —cI*(S)) U{r} is a 4-point line.

Proof. This follows by dualising Theorem 4.2.1 and using Lem-
mas 3.3.3, 3.5.3, and 3.5.5. O

Suppose M is a 3-connected matroid with no 4-element fans, B a basis
of M, and let K denote the set of elements of M which are removable with
respect to B. Theorem 4.2.1 states that if there exists some b € B — K,
then |K| > 4. Also, Corollary 4.2.2 states that if there exists some ¢ €
(E(M) — B) — K, then |K| > 4. Putting these results together we obtain
the following:

Proof of Theorem 4.0.1. Suppose |K| < 3. Then by Theorem 4.2.1 and
Corollary 4.2.2, B— K = (E(M)—B)— K = (. But then BU(E(M)—B) =
E(M) = K so that |E(M)| < 3. O



Chapter 5

Matroids with Minimal
Removability

In light of the results in preceding chapter, we have that for any matroid M
on a ground set of size at least four, and for any basis B of M, provided that
M does not contain any four element fans, we can always find at least four
elements which are removable with respect to B. We now turn our attention
to the cases for which there exist ezactly four elements which are removable
with respect to B. We begin with a definition.

Definition 5.0.1. A matroid M has path-width 3 if there is an ordering
(€1, ...,e,) of E(M) such that, for all i € {1,...,n}, A\({e1,...,e;}) < 2

The class of matroids with path-width 3 has been studied in detail, and
as a result, the structure of matroids which belong to this class is well un-
derstood. See Hall, Oxley, and Semple [6] for a detailed examination of this
class of matroids. The primary result of this chapter is the following:

Theorem 5.0.2. Let M be a 3-connected matroid with no 4-element fans,
and let B be a basis of M. Let K denote the set of elements which are
removable with respect to B. If | K| =4, then M has path-width 3.

5.1 Preliminary Constructions

Proposition 5.1.1. Let M be a 3-connected matroid with no 4-element fans.
Let B be a basis of M such that for some b € B,si(M/b) is not 3-connected.

49
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Let K denote the set of elements which are removable with respect to B.
Suppose |K| = 4. Then, provided M is not the union of a 4-point line and a
4-point coline, there exists a vertical 3-separation (X, {b},Y) of M such that
IXNK|=2,|]YNK|=2, and Y U{b} is closed.

Proof. Let (X', {b},Y”) be a vertical 3-separation of M with YU {b} closed.
If | X'NK|=|Y'NK| =2, the result is immediate. So assume that this isn’t
the case. Now either 4.2.1 (ii) or 4.2.1 (iii) holds.

Suppose (ii) holds. Then X' N K = {b,}, |Y' N K| > 3, and there exists
some r € Y'NK such that X"U{r} is a 4-point coline. By Lemma 3.4.3, either
(X'U{r},{b},Y'—{r}) is a vertical 3-separation of M, or r((Y'—{r})U{b}) =
2. Suppose the latter holds. If |Y’ — {r}| > 4, then |((Y' — {r}) U {b}) N
K| > 3 by Lemmas 2.3.3 and 3.2.2. But then |Y' N K| > 4; which is
absurd. If |Y' — {r}| = 3, then (Y’ — {r}) U {b} is a 4-point line. But

— (Y = {r})u{b}) = X U{r} is a 4-point coline, so that M is the union
of a 4-point line and a 4-point coline, which is not the case. So it must be
that |[Y' — {r}| = 2. Here |Y'| = 3. As (cl(X’) — {b},{b},Y' — cl(X")) is a
vertical 3-separation of M by Lemma 3.3.6, it must be that cl(X’ — {b}) U
{b} = cl(X’) = X' is closed. Therefore, Y’ is a triad that meets the triangle
(Y — {r}) U {b}; giving a 4-element fan Y’ U {b} in M; a contradiction. So
(X' UA{r}, {b},Y" — {r}) must be a vertical 3-separation of M. As X' U {r}
is a 4-point coline, z € cI*((X' U {r}) — {z}) for all x € X’ U {r}. Hence
(Y ={rHu{dh n(X'U{r}) =0 and (Y' —{r}) U {b} is closed. Letting
Y=Y"—{r}and X = X’ U{r}, the result follows.

Now suppose 4.2.1 (iii) holds. Then | X'N K| > 3, YN K = {b,}, and
there exists some r € X' N K such that (Y’ — cl(X’)) U {r} is a 4-point
coline. Now (cl(X') —{b},{b}, Y’ —cl(X")) is a vertical 3-separation of M by
Lemma 3.3.6. By Lemma 3.4.3, either (cl(X') — {b,r}, {b}, (Y — cl(X')) U
{r}) is a vertical 3-separation, or r((cl(X’) — {b,r}) U {b}) = 2. Suppose

r((el(X) = {b,r}) U{b}) = 2. If [cl(X") = {b, r}| = 2, then | cl(X") — {b}| = 3
and so cl(X') — {b} = X'. As Y' U {b} is closed, X’ is a triad, whereas
(X'—{r})U{b} is a triangle. This gives a contradictory 4-element fan X'U{b}
in M. If |cl(X') — {b,r}| = 3, then cl(X') — {r} is a 4-point line, whereas
(Y'—cl(X"))U{r} is a 4-point coline. But M is not the union of a 4-point line
and a 4-point coline. Finally, if | cl(X’) — {b,7r}| > 4, then cl(X’) — {r} is a
rank 2 set containing at least five elements. Therefore |(cl(X")—{r})NK| >3
by Lemmas 2.3.3 and 3.2.2. As b, € Y/ — cl(X'), b, & (cl(X') — {r}) N K.
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Thus (cI(X’) — {r}) N K C X', and | X' N K| > 4; a contradiction. It must
be that (cl(X’") —{b,r},{b}, (Y —cl(X')) U{r}) is a vertical 3-separation of
M. Moreover, as r € cI*(Y' — cl(X")), r & cl((cl(X') — {b,r}) U {b}). Also,
(Y —cl(X"))Nel((cl(X) —{b,r})U{b}) = 0. Therefore, (cl(X')—{b,r})U{b}
is closed. Letting X = (Y'—cl(X"))U{r} and Y = cl(X")—{b, r}, we conclude
that the theorem holds. O

Let M be a 3-connected matroid, let B be a basis of M, and let K denote
the set of elements of E(M) which are removable with respect to B. We

shall call a vertical (cyclic) 3-separation (X, {e},Y") of M balanced whenever
IXNK|=]YNK|=2.

The following is a simple restatement of Proposition 5.1.1 using this ter-
minology.

Corollary 5.1.2. Let M be a 3-connected matroid with no 4-element fans,
and let B be a basis of M. Let K denote the set of elements which are
removable with respect to B, and suppose |K| = 4. If M is not the union of
a 4-point line and a 4-point coline, then for each b; € B — K, there exists a
balanced vertical 3-separation (X;,{b;},Y:) such that Y; U {b;} is closed.

Corollary 5.1.3. Let M be a 3-connected matroid with no 4-element fans,
and let B be a basis of M. Let K denote the set of elements which are
removable with respect to B, and suppose |K| = 4. If M is not the union
of a 4-point line and a 4-point coline, then for each ¢; € (E(M)— B) — K,
there exists a balanced cyclic 3-separation (S;, {c;},T;) such that T; U {c;} is
coclosed.

Proof. This follows from the dual of Corollary 5.1.2 and the use of Lem-
mas 3.5.3, and 3.5.5. O

Corollary 5.1.2 and Corollary 5.1.3 above are used freely throughout the
remainder of this thesis.

Corollary 5.1.4. Let M be a 3-connected matroid with no 4-element fans,
and let B be a basis of M. Let K denote the set of elements which are
removable with respect to B, and suppose |K|=4. If |[KN(E(M)— B)| > 3,
then for every b € B — K, every vertical 3-separation (X,{b},Y) of M s
balanced.
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Proof. Suppose |K N (E(M)— B)| >3 and b € B— K. Let (X,{b},Y) be
a vertical 3-separation of M that is not balanced. Then we can assume that
| XNK|=1. Now (X—cl(Y), {b}, cl(Y)—{b}) is also a vertical 3-separation of
M by Lemma 3.3.6, and, by Theorem 4.1.2, |(X —cl(Y))N K| = 1, and there
exists some r € cl(Y) N K such that (X —cl(Y)) U {r} is a 4-point coline.
But then |((X —cl(Y))U{r})Nn BN K| > 2 by Lemmas 2.5.6 and 3.2.3.
This contradicts the fact that |[K' N B| € {0,1}. Therefore (X, {b},Y) is
balanced. ]

Lemma 5.1.5. Let M be a 3-connected matroid with no 4-element fans, and
let B be a basis of M. Let K denote the set of elements which are removable
with respect to B, and suppose |K| = 4. Then:

(i) if L is a line of M and there exists some b € B— K, then |L| < 4, and

(ii) if T is a coline of M and there exists some ¢ € (E(M) — B) — K, then
T < 4.

Proof. Suppose b € B— K and let L be a line of M with |L| > 5. Then |LN
(E(M)—B)NK| > 3 by Lemmas 3.2.2 and 2.3.3. Let (X, {b},Y") be a vertical
3-separation of M. We can assume without loss of generality that |[LNY| > 2.
By Lemma 3.3.6, (X —cl(Y), {b}, cl(Y) —{b}) is a vertical 3-separation of M,
and we have LN(E(M)—B)NK C cl(Y)—{b}. So (X—cl(Y), {b},cl(Y)—{b})
is not balanced. But this contradicts Lemma 5.1.4. Therefore |L| < 4 and
(i) holds. By dualising this result and using Lemma 3.5.3, we obtain (ii). [

Proposition 5.1.6. Let M be a 3-connected matroid with no 4-element fans,
and let B be a basis of M. Let K denote the set of elements which are
removable with respect to B, and suppose |K| = 4. Let T'1,T'y be distinct
4-point colines of M. If there exists some ¢ € (E(M) — B) — K, then |I'y N
[oN Bl #1.

Proof. Suppose that ¢ € (E(M) — B) — K and [I' NTy, N B| = 1. By
Lemma 2.5.6, Iy N B| > 2 and [Ty N B| > 2. If Ty N Ty > 2, then
r*(I'y NTy) > 2 as M is 3-connected, and so, by Lemma 2.5.7, I'y UT is a
coline containing at least five elements. But this contradicts Lemma 5.1.5.
So we may assume that 'y Ny =T NIy N B.

By Lemma 3.2.5, it cannot be the case that [[''NB| = [I'sNB| = 2. So we
can assume without loss of generality that [N B| > 3. Now |[(I'UT'y)NB| =
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(TiNB)UTenNB)|=I'hNB|+IynB|—|IhTNTyNB| > 4. As |K| =4,
and every element of (I'y UT'5) N B is removable with respect to B, it must
be that |(I'y UT'y) N B| =4 and K = (I'y UT'9) N B. In particular, note that
K CB.

Now consider the matroid M* with basis E(M)—B. As M is 3-connected,
M* is also 3-connected. Also, M* contains no 4-element fans by Lemma 3.5.5.
By Lemma 3.5.3, the set of elements removable with respect to E(M) — B is
equal to K. I'y and I'y are 4-point lines of M* which meet at exactly one point
a € K. Note that 7*(I'; UT'y) = 3. Consider the element ¢ € E(M) — B. As
c & K, si(M*/c)is not 3-connected. By Lemmas 3.3.12 and 3.3.6, there exists
a vertical 3-separation (P, {c}, Q) of M* with Q U {c} closed. Recall that
II'' N K| =3 and K C B. Note that B is now a cobasis of the matroid M* so
that Corollary 5.1.4 may be used freely when studying M*. If |[T'; N Q| > 2,
then I'y € QU {c} as Q U {c} is closed. But then [(QU {c}) N K| > 3
which contradicts Lemma 5.1.4. Therefore I N Q| < 1. So [I'h N P| > 2.
By Lemma 3.3.6, (cl(P) — {c},{c},Q — cl(P)) is a vertical 3-separation of
M*. But now I'y C cl(P) — {c} so that (cl(P) — {c}, {c}, Q@ — cl(P)) is not
balanced; contradicting Corollary 5.1.4. We conclude that the proposition
holds. O

Lemma 5.1.7. Let M be a 3-connected matroid with no 4-element fans and
let B be a basis of M. Let K denote the set of elements which are removable
with respect to B, and suppose |K| = 4. If b € B — K and (X,{b},Y)
is a balanced vertical 3-separation of M with Y U {b} closed, then for any
we X Nc*(Y), either:

(1) (X —A{w}, {b},Y U{w}) is a vertical 3-separation of M, or

(1) (X —{w})U{b} is a 4-point line.

Proof. Let w be an element of X Ncl*(Y). Suppose r((X —{w})U{b}) = 2. If
(X —{w})U{b}| > 5, then |(X —{w})N K| > 3 by Lemmas 2.3.3 and 3.2.2;
but this contradicts the fact that (X, {b},Y) is balanced. If |(X — {w}) U
{b}| = 3, then | X| = 3, so that X is a triad and X U {b} is a contradictory
4-element fan. Therefore r((X —{w})U{b}) =2 = |(X — {w})U{b}| =
4; giving (ii). Otherwise, r((X — {w}) U {b}) > 3 and by Lemma 3.4.3,
(X —{w}, {b},Y U{w}) is a vertical 3-separation of M. O
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Let M be a 3-connected matroid, B a basis of M, and let K denote the set
of elements which are removable with respect to B. We shall call a vertical
(cyclic) 3-separation (X, {b},Y) of M colinearly balanced if it is balanced,
and, for any 4-point coline I' C F(M), I' € X or I C Y. Similarly, we
shall call a vertical (cyclic) 3-separation (X, {b},Y) linearly balanced if it is
balanced, and, for any 4-point line L C E(M), L C X or L C Y.

Let M be a matroid, and B be a basis of M. We shall call M colinearly
entwined if there exists 4-point colines I'y, Iy C E(M) such that [I'y Ny =1
where I'y NI’y € E(M) — B.

Proposition 5.1.8. Let M be a 3-connected matroid with no 4-element fans,
and let B be a basis of M. Suppose that M is colinearly entwined with respect
to the 4-point colines I'1,T's C E(M). Let K denote the set of elements which
are removable with respect to B, and suppose |K| = 4. Then for allb € B—K,
there exists a balanced vertical 3-separation (X', {b},Y") of M with I'; C X’
and F2 — Fl Q Y/.

Proof. Let I't NI’y = {a}. Then a € E(M)— B. It follows from Lemma 3.2.3
and Lemma 2.5.6 that K C 'y UT'y, o € K, and M does not contain any
4-point colines apart from I'; and I's. Suppose b € B— K, and let (X, {b},Y)
be a balanced vertical 3-separation of M with Y U {b} closed. We construct
a balanced vertical 3-separation that satisfies the theorem through a case
analysis of the possible sizes of the set 'y NY'.

Case (i): [I'NnY|=4

Suppose I't N X = . Then [T’y N X N K| = 2. Hence I'y C cl"(X). Note
that |[(I'h' NY) — I'y] = 3 so that 7(Y —I'y) > 3 by Lemma 3.2.4. Applying
Lemma 3.4.3, it follows that (X U T'9,{b},Y — I'y) is a suitable balanced
vertical 3-separation of M.

Case (ii): [h'NY| =3

Suppose I't' N X = {z}. Then (X — {z},{b},Y U {z}) is a vertical 3-
separation of M by Lemma 5.1.7. If (X — {z},{b},Y U{z}) is not balanced,
then by Theorem 4.1.2, X — {z} contains a triad A and there exists some
r € (Y U{z}) N B such that AU {r} is a 4-point coline. But then it must
be that A U {r} = I'y and r = a which is absurd as o ¢ B. So (X —
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{z},{b},Y U {z}) must be balanced. Then |(X — {z})NTyN K| = 2. So
[y Ccel*(X —{z}). Now I'y — {a} C (Y U{z}) — T'g, hence r((Y U {z}) —
['y) > 3 by Lemma 3.2.4. Therefore, applying Lemma 3.4.3, it must be that
(X ={z}H)u(Ty—{a}),{b}, YU{z})— (I'y—{a})) is a vertical 3-separation
of M. Letting X' = (YU{z})—(I'y—{a}) and Y' = (X — {z}) U(T's —{a}),
the proposition follows.

Case (iii): Ih'NY| =2

Suppose I't N X = {z1,25}. By Lemma 5.1.7, (X — {z},{b},Y U{z1})
is a vertical 3-separation of M. Applying Lemma 3.3.6, (X — cl(Y U
{z1},{b},cl(Y U {z1}) — {b}) is also a vertical 3 separation of M. As
29 € cI*(Y U{z1}), Lemma 3.3.7 implies that zo & cl(Y U {z}).

If (X —cl(Y U {z1}),{b},cl(Y U{z}) — {b}) is not balanced, then by
Theorem 4.1.2; X — cl(Y U {z}) is a triad and there exists some r € cl(Y U
{z1}) — {b} such that (X — cl(Y U {z})) U{r} is a 4-point coline. Now
20 € (X —cl(YU{#x}))U{r} and 25 € I'1, so 2o = @ and r € I';. Therefore
r(cl(Y U{z}) —{b,r}) > 3 by Lemma 3.2.4, and so, by an application of
Lemma 3.4.3, it must be that (X —cl(Y U{z})) U{r}, {0}, (Y U{z}) —
{b,7}) is a vertical 3-separation of M. Letting X' = (X —cl(Y U{z}))U{r}
and Y’ = cl(Y U {z}) — {b,r}, we obtain a suitable balanced vertical 3-
separation of M.

So assume that (X — cl(Y U {z}),{b},cl(Y U {z}) — {b}) is balanced.
Noting that (cl(Y U{z1}) —{b})U{b} = cl(Y U{z}) is closed, and applying
Lemma 5.1.7, we have that (X — (cl(Y U {z1}) U {za}), {b}, (cI(Y U {z}) U
{z2})—{b}) is a vertical 3-separation of M. If this separation is not balanced,
then by Theorem 4.1.2, X — (cl(YU{z1})U{z22}) contains a triad A and there
exists some 7’ € (cl(Y U{z1}) U{z2}) — {b} where ' € B such that AU {r'}
is a 4-point coline. But then A U {r'} = I'y and " = «. This contradicts
the fact that o & B. So (X — (cl(Y U {z1}) U {z2}), {0}, (cl(Y U {z1}) U
{z2}) — {b}) must be balanced. Hence |T's N (X — (cl(Y U{z1}) U{2z}))| > 2.
Therefore I'y € cl*(X — (cl(Y U{z1}) U{22})). Noting that »((cl(Y U{z})U
{z2}) — ({b} UT3)) > 3 by Lemma 3.2.4, we have that, by Lemma 3.4.3,
(X = (Y U {z1}) U{2})) UTs, {0}, (Y U {21 }) U{z}) — ({b} UT)) is a
vertical 3-separation of M. Letting X' = (X — (cl(Y U {z1}) U{22})) U,
and Y = (Y U{z1}) U{22}) — ({} UTy), the result follows.
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Case (iv): [IhNY|=1

Suppose [''NY = {z}. Then z € cl*(X) and so z ¢ cl(X) by Lemma 3.3.7.
Applying Lemma 3.3.6, (cl(X)—{b}, {b}, Y —cl(X)) is a vertical 3-separation
of M with z € Y — cl(X). If it isn’t balanced, then by Theorem 4.1.2,
Y — cl(X) is a triad and there exists some r € cl(X) — {b} such that (Y —
cl(X)) U {r} is a 4-point coline. Then (Y — cl(X)) U {r} =Ty, 2z = a,
and it must be that r ¢ I'; because |I'y N Ty = 1. So r(cl(X) — {b,7}) >
3 by Lemma 3.2.4. Now r € cl"(Y — cl(X)), so that, by Lemma 3.4.3,
(cl(X)—{b,r},{b}, (Y —cl(X))U{r}) is a vertical 3-separation of M. Letting
X' = —c(X))U{r} and Y’ = cl(X) — {b,r}, we have (X', {b},Y’) as a

suitable balanced vertical 3-separation of M.

So assume that (cl(X) — {b},{b},Y — cl(X)) is balanced. Then by
Lemma 5.1.7, ((cI(X) U {z}) — {b},{b},Y — (cl(X) U {z})) is a vertical
3-separation of M. If this 3-separation is not balanced, then by Theo-
rem 4.1.2, Y — (cl(X) U {z}) contains a triad A and there exists some
e (cI(X) U {z}) — {b} where ' € B such that A U {r'} is a 4-point
coline. But then A U {r'} = I'ys and " = «. This contradicts the
fact that a ¢ B. Hence ((cl(X) U {z}) — {b},{b},Y — (cl(X) U {2}))
must be balanced. Therefore |(Y — (c(X) U {z})) nTe N K| = 2 and
Py C cl"(Y — (cl(X) U {z})). Now |y N ((cl(X) U {z}) = ({0} U{T2}))| = 3,
so that r((cl(X) U {z}) — ({b} U{I'2})) > 3. With Lemma 3.4.3, we then
deduce that ((cl(X) U {z}) — ({b} U {T'2}), {b}, (Y — (cl(X) U {z})) UTy)
is a vertical 3-separation of M. Let X' = (Y — (cI(X) U {z})) UTy and
Y' = (cl(X) U{z}) — {b} U{T'2}), and it follows that (X', {b},Y’) is a
suitable balanced vertical 3-separation of M.

Case (v): I'NY|=0

Suppose I'y € X. Then |[I'e NY N K| = 2, so that 'y C cI*(Y). We
have r(X — T's) > 3 so an application of Lemma 3.4.3 gives a balanced
vertical 3-separation (X — 'y, {b},Y UT'y) that satisfies the requirements of
the Proposition. O

Proposition 5.1.9. Let M be a 3-connected matroid with no 4-element fans,
and let B be a basis of M. Let K denote the set of elements which are
removable with respect to B. Suppose |K| = 4 and that there ezists some
c € (E(M)—B)— K. If M is not colinearly entwined and M is not the
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union of a 4-point line and a 4-point coline, then for each b; € B — K such
that b; is not on 4-point line, there exists a colinearly balanced vertical 3-
separation (X;,{b;},Y;) of M.

Proof. Suppose M is not colinearly entwined and M is not the union of a
4-point line and 4-point coline. Note that b € T' for any b € B — K and any
4-point coline I' of M by Lemma 3.2.3.

5.1.9.1. If ', Ty are two distinct 4-point colines of M then I'y N Ty = ().

Proof. By Lemma 5.1.6 and the fact that M is not colinearly entwined, [T’y N
[yl # 1. If [Ty N Ty| > 2, then »*(I'y NIy) > 2, and by Lemma 2.5.7, either
'y = T'y; which is not the case, or I'y UT'; is a coline of cardinality greater
than 4; which contradicts Lemma 5.1.5. So I'y N Ty = 0. O

Suppose b € B — K. Let (X, {b},Y) be a balanced vertical 3-separation
of M with Y U {b} closed. If M does not contain any 4-point colines, then
any balanced vertical 3-separation of M is immediately colinearly balanced,
and the theorem follows. So assume that I'; is a 4-point coline of M. We
shall construct a suitable colinearly balanced vertical 3-separation. The con-
struction is a case analysis dependant on the size of 'y NY.

Case (i): |I'NY| =4

Suppose I'y C Y. If I'y is the only 4-point coline of M, then (X, {b},Y) is
colinearly balanced. So let I'y be second 4-point coline of M. As (X, {b},Y)
is balanced, it must be the case that 'y, N X| > 2 and o NY N K =
(. By Lemma 3.2.4 and 5.1.9.1, r(Y — T';) > 4. Note that 'y C cl"(X).
Applying Lemma 3.4.3, and noting that M contains at most two distinct
4-point colines, it follows that (X Uy, {b},Y —TI'9) is a colinearly balanced
vertical 3-separation of M.

Case (ii): [T NY|=3

Suppose that [I'y N Y| = 3 with I'y N X = {z}. Then, as b does not
lie on a 4-point line, (X — {z1},{b},Y U {2z1}) is a vertical 3-separation
of M by Lemma 5.1.7. If this vertical 3-separation is not balanced, then
by Lemma 4.1.2, X — {z} contains a triad A and there exists some r €
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Y U{z} such that A U {r} is a 4-point coline. By 5.1.9.1, r ¢ I';. As
r € cI*(X —{z}), an application of Lemma 3.4.3 yields a colinearly balanced
vertical 3-separation ((X U{r}) —{z1},{b}, Y U{z}) —{r}) of M.

So assume that (X — {z1},{b},Y U {z1}) is balanced. If I'; is the only
4-point line of M, then (X — {z1},{b},Y U {z}) is colinearly balanced. So
assume that M contains another 4-point coline I's. Then |(X —{z;})NIy| > 2
because K —I';y C XNy Soy— (X —{#}) C " (X —{z}). By 5.1.9.1 and
Lemma 3.2.4, r((YU{z1})—I2) > 4, hence, by an application of Lemma 3.4.3,
we conclude that (X —{z1})Uly, {b}, (YU{z1})—TI) is a colinearly balanced
vertical 3-separation of M.

Case (iii): Ih'NY| =2

Supose I't N X = {z1,22}. Then (X — {z1},{0},Y U {z}) is a ver-
tical 3-separation of M by Lemma 5.1.7. Now zo € cl*(Y U {b,21}),
so zg & cl(Y U {b,21}) by Lemma 3.3.7. Therefore, by Lemma 3.3.6,
(X — (Y U {z1}),{b},cl(Y U{z}) — {b}) is a vertical 3 separation of M
with 2o € X — cl(Y U {z}). If this vertical 3-separation is not balanced,
then by Theorem 4.1.2, X — cl(Y U {z1}) is a triad contained in a 4-point
coline. This contradicts 5.1.9.1. So (X —cl(YU{z1}), {b},cl(YU{z1})—{b})
must be balanced. Applying Lemma 5.1.7 once more, (X — (cl(Y U{z})U
{z2}), {b},cl(Y U {z1}) U{z2}) is a vertical 3-separation of M.

If this vertical 3-separation isn’t balanced, then by Theorem 4.1.2, X —
(cl(YU{21})U{22}) contains a triad A and there exists some r € cl(YU{z; })U
{z2} such that A U {r} is a 4-point coline. By 5.1.9.1, r ¢ I';. Therefore,
(X = (cl(YU{z1 H)U{z2}))U{r}, {b}, (cl(YU{z1})U{22})—{r}) is a colinearly
balanced vertical 3-separation of M by Lemmas 3.4.3 and 3.2.4. So assume
that (X — (cl(Y U{z1}) U{z2}),{b},cl(Y U{z1})U{22}) is balanced. If I'; is
the only 4-point coline of M, we then have our colinearly balanced vertical
3-separation. So assume that I's is some other 4-point coline of M. It must
be that [T N K N (X — (cl(Y U{z1})U{z2}))| = 2. Now by 5.1.9.1 together
with Lemmas 3.4.3 and 3.2.4, (X — (cl(Y U{z1}) U{22})) UT, {b}, (cl(Y U
{z1}) U {22}) — T'9) is a colinearly balanced vertical 3-separation of M.

Case (iv): [Ih'NY| =1
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Suppose I'1 NY = {z}. Then 2z € clI"(X), so that z; & cl(X) by
Lemma 3.3.7. Hence (cl(X) — {b},{b},Y — cl(X)) is a vertical 3-separation
with z; € (Y —cl(X)) by Lemma 3.3.6. If |(Y —cl(X))NK| = 1, then Y —cl(X)
is a triad which is contained in some 4-point coline by Theorem 4.1.2. But this
contradicts 5.1.9.1. So it must be that |(Y —cl(X)) N K| = 2 and the vertical
3-separation (cl(X)—{b},{b},Y —cl(X)) is balanced. Now by Lemma 5.1.7,
((cl(X) = {b}) U{z},{b},Y — (cl(X) U{z})) is a vertical 3-separation of
M. 1f it isn’t balanced, then, by Lemma 4.1.2, Y — (cl(X)U{z}) contains a
triad A and there exists some r € cl(X) — {b} such that AU {r} is a 4-point
coline. Applying Theorem 3.4.3 with 5.1.9.1 and Lemma 3.2.4, we see that
((cl(X)—={b,r})U{z1}, {0}, (Y —(cl(X)U{z1}))U{r}) is a colinearly balanced
vertical 3-separation of M.

So assume that ((cl(X)—{b})U{z1},{b}, Y —(cl(X)U{z})) is balanced. If
it is still not colinearly balanced, then there must exist another 4-point coline
Iy in M. Then [ToN KN (Y — (cl(X)U{z1}))| =2, 50 'y € cI"(Y — (cl(X) U
{z1})). By 5.1.9.1, and Lemmas 3.2.4 and 3.4.3, we again find a colinearly
balanced vertical 3-separation (((cl(X)—{b})U{z1}) -T2, {b}, (Y — (cl(X)U
{z1})) UTy) of M.

Case (v): I'NY|=0

Suppose I'T' NY = (. Then I'y € X. If (X,{b},Y) isn’t colinearly
balanced, then M contains some other 4-point coline I'y. Then [I'osNY NK| =
2. Applying 5.1.9.1, Lemma 3.2.4 and Lemma 3.4.3 once more, we conclude
that (X — I'g, {b},Y UTy) is a colinearly balanced vertical 3-separation of
M. O

Corollary 5.1.10. Let M be a 3-connected matroid with no 4-element fans,
and let B be a basis of M. Let K denote the set of elements which are re-
mowvable with respect to B, and suppose |K| = 4. If (X,{b},Y) is a colinearly
balanced vertical 3-separation of M, then (cl(X)—{b},{b},Y —cl(X)) is also
a colinearly balanced vertical 3-separation of M.

Proof. Let (X,{b},Y) be a colinearly balanced vertical 3-separation of M.
By Lemma 3.3.6, (cl(X) — {b},{b},Y — cl(X)) is a vertical 3-separation of
M with (cl(X) — {b}) U{b} = cl(X) closed. If (cl(X) — {b},{b}, Y — cl(X))
is not balanced, then by Theorem 4.1.2, Y — cl(X) is a triad and there exists
some r € cl(X) — {b} such that (Y — cl(X)) U {r} is a 4-point coline. But
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then r € clI*(Y — cl(X)), so that r & cl(cl(X) — {r}). This now implies that
r(cl(X)) > r(cl(X) — {r}), which contradicts the fact that r € cl(X). So
(cl(X)—{b}, {b}, Y —cl(X)) must be balanced. Suppose Y contains a 4-point
coline I'. Then |(Y —cl(X))NTNK|=2. Asy; € cI"(I' — ;) for all v; € T,
it follows that ~; & cl(X U {b}) = cl(X) for all v; € I by Lemma 2.5.4. Thus
' CY —cl(X) and (cl(X) — {b},{b},Y — cl(X)) is colinearly balanced. [J

Corollary 5.1.11. Let M be a 3-connected matroid with no 4-element fans,
and let B be a basis of M. Let K denote the set of elements which are
removable with respect to B. Suppose |K| = 4 and there exists some b €
B— K. If M* is not colinearly entwined and M is not the union of a 4-point
line and a 4-point coline, then for each ¢; € (E(M) — B) — K such that ¢;
1s not on 4-point coline, there exists a linearly balanced cyclic 3-separation

(Si,{c:}, T;) of M.

Proof. Note that a cyclic 3-separation (S, {c},T) of M is linearly balanced
if and only if (S, {c},T') is a colinearly balanced vertical 3-separation of M*.
The corollary then follows by noting Lemmas 3.5.5 and 3.5.3 and dualising
Proposition 5.1.9. O

Corollary 5.1.12. Let M be a 3-connected matroid with no 4-element fans,
and let B be a basis of M. Let K denote the set of elements which are
removable with respect to B, and suppose |K| = 4. If (S,{c},T) is a linearly
balanced cyclic 3-separation of M, then (c1*(S) — {c}, {c}, T — cl*(9)) is also
a linearly balanced cyclic 3-separation of M.

Proof. This follows by dualising Corollary 5.1.10. O]

5.2 Arranging Removable Elements

Theorem 5.2.1. Let M be a 3-connected matroid with no 4-element fans,
where M 1s not the union of a 4-point line and a 4-point coline. Let B
be a basis of M, and let K denote the set of elements which are removable
with respect to B. Suppose |K| = 4. Then there exists a set {aq, a2} C K
such that for every b; € B — K, there exists a balanced vertical 3-separation
(Xi, {b:},Y:) with {a1, 0} C X;. Moreover, if M contains a 4-point line,
then {on, a0} C (E(M) — B) N L where L is a 4-point line of M.
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Proof. If M is colinearly entwined, then the theorem follows immediately
from Theorem 5.1.8. So assume that M is not colinearly entwined. Our
argument is divided into three separate cases.

Case (i): (E(M) - B) — K = .

Suppose that (E(M) — B) — K =0, and b; € (B — K). Let (X, {b:},Y)
be a balanced vertical 3-separation of M and let {a1, a2} = XN K. We show
that for all other b; € B — K, there exists a balanced vertical 3-separation

(Xiv {bz},}/;) with {Oél,OéQ} C XZ

Take some b, € B — K, and assume that there does not exist any bal-
anced vertical 3-separation (S, {by},T) with {ay,a2} C S. Then b; # bs.
Let (P, {b2},@Q) be a balanced vertical 3-separation of M. Without loss of
generality, we may assume that b € () and by € Y.

5.2.1.1. Forally € (YNK)U{b}, y & cl(X).

Proof. If by € cl(X), then, by Lemma 3.2.8, (X U {b1},{b2},Y — {b2}) is
a vertical 3-separation that contradicts our assumption. So by & cl(X).
Suppose z € Y N K Necl(X). Then by Lemma 3.3.6, (cI(X) — {b1}, {01}, Y —
cl(X)) is a vertical 3-separation of M with |(Y — cl(X)) N K| < 1. Now by
Theorem 4.1.2, [(Y —cl(X))NK|=1and Y —cl(X) is a triad which contains
two elements of (E(M) — B) — K. But (E(M)— B) — K = (). Therefore
YNKNc(X)=0. O

By Lemma 3.3.6, we may assume; relabelling as necessary, that
(X,{b:1},Y) is a vertical 3-separation such that X U {b;} is closed. More-
over, by 5.2.1.1, we maintain the property that (X, {b;},Y) is balanced with
by € Y. By assumption, {a1, a2} ¢ P and {ag, a0} ¢ Q. Without loss of
generality, oy € XNP and ay € XNQ. Also, |[YNPNK|=|YNQNK|=1
because (X,{b:},Y) and (P, {b2}, Q) are balanced. So each of the intersec-
tions XNP, XNQ,YNP and Y NE are non-empty and each contains exactly
one element of K.

5.2.1.2. Either Y N P|=1 or (Y NP)U{by} is a triangle.

Proof. Assume that [YNP|>2. AsA(Y)=A(P)=2and |[E—- (YUP)| =
(X NQ)U{b}| > 2, it follows by uncrossing that A(Y N P) = 2. Similarly,
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A(Y N P)uU{b}) = 2. By Lemmas 3.2.7 and 2.54, by € cl(Y N P). If
r(YNP) >3, then (Y NP, {b}, X UQ) is a vertical 3-separation of M. But
then by Theorem 4.1.2, Y N P contains a triad A which contains elements
of E(M) — B which are not removable with respect to B; contrary to our
assumption. So (Y NP)=2. If |[Y N P| > 3, then (Y N P)U{by} contains a
4-point line L. But then |[LNY NPN(E(M)— B)| > 2 by Lemma 2.3.3, and
so YN PN K| >2by Lemma 3.2.2, which is a contradiction. Therefore, if
Y N P| > 2, then (Y N P)U{by} is a triangle. Otherwise, |[Y N P|=1. O

5.2.1.3. [X N P|>2.

Proof. Suppose |X N P| = 1. Then (Y N P) U {by} is a triangle by 5.2.1.2
and the fact that r(P) > 3. But then P is a triad, so that P U {by} is a
contradictory 4-element fan. O

5.2.1.4. (Y NQ)U{by,ba} is a triangle.

Proof. Noting that A\(Y) = AM(Q) =2 and |[E— (Y UQ)| =|XNP| > 2
by 5.2.1.3, it follows by uncrossing that A\(Y N Q) < 2. Similarly we obtain
A(YNQ)U{b2}) = AM(YNQ)U{b1,b2}) = 2. Now by Lemmas 3.2.7 and 2.5.4,
by € cl((YNQ)U{by}). As M is 3-connected, all that remains is to show that
Y N Q| = 1. Suppose |Y N Q| > 2. Then A(Y N Q) = 2 and it follows that
by €cl(YNQ). I r(YNQ) > 3, then (Y NQ,{b2}, XUPU{bi}) is a vertical
3-separation of M. But then Theorem 4.1.2 implies that Y N @) contains a
triad A that contains two elements of (E(M) — B) — K, which is absurd. So
r(Y NQ) = 2. But then r((Y N Q) U {b,b2}) = 2 and (Y N Q) U {by, b}
contains a 4-point line L. By Lemma 2.3.3, Y N Q C E(M) — B, and, as
YNQNLl > 2 weget|YNQNK| > 2 by Lemma 3.2.2. This is a
contradiction. We conclude that |Y N Q| = 1 and that (Y N Q) U {by, b} is
a triangle. O

Now suppose that (Y N P) U {b2} is a triangle. Note that Y is a rank 3
cocircuit of M. Let Y N P = {z1,22}. Then (Y — {z1}) = r(Y — {22}) = 3.
Therefore, both co(M\ z1) and co(M\ zy) are 3-connected by Theorem 3.4.4.
As [YNPNK| =1, it follows from Lemma 2.3.3 that [Y N PN (B—K)| = 1.
Without loss of generalization, z; € B — K. Let Y N Q = {w}. Now, by
Lemma 2.6.5, each of by, b, and w are contained in a distinct parallel class of
M /z. But this, together with the fact that z; ¢ K contradicts Lemma 3.4.1.
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So (YNP)U{by} is not a triangle, and by 5.2.1.2, it must be that |[YNP| = 1.
But then Y is a triad and so Y U {b;} is a contradictory 4-element fan in M.
We conclude that either {a;, a2} C P or {oq, a2} C @ as required.

We now assume for the remaining two cases that (E(M) — B) — K # 0.
Case (ii): M contains a 4-point line.

Let L be a 4-point line of M. Then |[LN K N (E(M) — B)| > 2 by
Lemmas 3.2.2 and 2.3.3. Choose distinct oy, a0 € LN K N(E(M) — B). We
show that for each b; € B — K, there exists a balanced vertical 3-separation
(Xi, {b;},Y:) such that {a1,as} C X;.

Suppose b € B — K. Let (X,{b},Y) be a vertical 3-separation of M.
Without loss of generality, we may assume that | XNL| > 2. By Lemma 3.3.6,
(cl(X) —{b},{b}, Y —cl(X)) is a vertical 3-separation of M with {ay,as} C
L C cl(X)—{b}. If (cI(X) — {b}, {b},Y —cl(X)) is balanced, we’re done. So
suppose (cl(X) — {b}, {b},Y — cl(X)) is not balanced. Then |(Y — cl(X)) N
K| =1, and by Theorem 4.1.2, Y —cl(X) is a triad and there exists r € BNK
such that (Y — cl(X)) U {r} is a 4-point coline. So r € cI*(Y — cl(X)) and,
by Lemma 2.54, r ¢ L. If r(cl(X) — {b,r}) = 2, then it must be that
cl(X) — {r} = L. But then M is the union of a 4-point line and a 4-point
coline, which is contrary to our assumption. So r(cl(X) — {b,r}) > 3, and
applying Lemma 3.4.3, we conclude that (cl(X)—{b,r}, {b}, (Y —cl(X))U{r})
is a balanced vertical 3-separation with {ay, as} C cl(X)—{b,r} as required.

The argument above applies to any b; € B — K, so that if M contains a
4-point line, the theorem holds.

Case (iii): M does not contain a 4-point line.

Now assume that M does not contain any 4-point lines. As M is not
colinearly entwined, we deduce from Theorem 5.1.9 that for each b; € B— K,
there exists a colinearly balanced vertical 3-separation (X;,{b;},Y;) of M.
Choose some by € B—K and let (X, {b1},Y") be a colinearly balanced vertical
3-separation. Let XNK = {ay,as}. We show that for any b; € B — K, there
exists a balanced vertical 3-separation (X;, {b;},Y;) with {1, as} C X;.

Suppose by € B — K. Assume that there does not exist any balanced
vertical 3-separation (S,{b2},T) with {ay,a2} C S. Then by # by. Let



CHAPTER 5. MATROIDS WITH MINIMAL REMOVABILITY 64

(P, {b2},Q) be a colinearly balanced vertical 3-separation of M. Without
loss of generality, we may assume that b; € @ and by € Y. If by € cl(X),
then by Lemma 3.2.8, (X U {b1},{b2},Y — {b2}) is a balanced vertical 3-
separation of M that contradicts our assumption. So by & cl(X). Now by
Corollary 5.1.10, we may assume; relabelling as appropriate, that X U {b;}
is closed with by € Y. We may also assume by Corollary 5.1.10 that QU {b2}
is closed.

By assumption {ag,a0} ¢ P and {a1, s} ¢ Q. Without loss of gen-
erality, oy € X NP and ap € X NQ. As (X,{01},Y) and (P, {b2}, Q) are
balanced, it must also be that [Y N PN K| =Y NQ N K| = 1. So each of
the intersections X NP, X NQ,Y NP, and Y N are non-empty and each
contains exactly one element of K.

5.2.1.5. Either |Y NPl =1 or (Y NP)U{by} is a triangle.

Proof. Assume that [YNP|>2. AsAY)=A(P)=2and |[E—- (YUP)| =
(X NQ)U{b}| > 2, it follows by uncrossing that A\(Y N P) = 2. Similarly,
A(Y N P)uU{b}) = 2. By Lemmas 3.2.7 and 2.54, by € cl(Y N P). If
r(Y N P) > 3, then (Y N P, {b}, X UQ) is a vertical 3-separation of M.
But then by Theorem 4.1.2, Y N P contains a triad A and there exists some
r € X UQ such that A U {r} is a 4-point coline. But (X,{b},Y) and
(P,{b2},Q) are colinearly balanced so it must be that » € Y N P, which is
absurd. Hence (Y N P) < 2. If [Y N P| > 3, then (Y N P)U {by} contains
a 4-point line. But M does not contain any such lines by assumption. So
YNP|>2 = (YNP)U{b} is a triangle. Otherwise, [Y N P|=1. O

5.2.1.6. A(Y N Q) <2, and \(Y N Q) U {bs}) = A(Y N Q) U {br, bs}) = 2.

Proof. Consider | X N P|. If |X N P| =1, then (Y N P)U {by} is a triangle
by 5.2.1.5 and the fact that r(P) > 3. Recall that QU{by} is closed. But now
P is a triad, and Y U {by} is a contradictory 4-element fan in M. Therefore
| XNP| > 2. Thus |[E—(YUQ)| > 2, and by uncrossing we get that A\(YNQ) <
2. Similarly, |[E—(YU(QU{b2}))| > 2 and |E—((YU{b })U(QU{b2}))| > 2,
so that by uncrossing, A(YNQ)U{b2}) < 2and A((YNQ)U{b1,ba}) < 2. As
M is 3-connected, we obtain A(YNQ)U{b2}) = AM(YNQ)U{b1,b2}) =2. O

5.2.1.7. (Y NQ)U{by,bs} is a triangle.
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Proof. Suppose |[YNQ| > 2 so that A(YNQ) = 2. It then follows from 5.2.1.6
and Lemmas 3.2.7 and 2.5.4 that {b1,b2} C cl(Y NQ). If (Y NQ) > 3, then
(YNQ, {b2}, XUPU{b }) is a vertical 3-separation of M. But |[YNQNK| =1,
so that by Theorem 4.1.2, Y N (@ contains a triad A which is contained in a 4-
point line I' ¢ Y'N@Q. But this is absurd as both (X, {b:},Y) and (P, {b2}, Q)
are colinearly balanced. So r(Y N Q) = 2. But then (Y N Q) U {by, by}
contains a 4-point line which cannot exist. Thus |[Y N Q| = 1. By 5.2.1.6,
MY NQ)U{b}) = A(Y NQ)U{by,be}) =2, and Lemmas 3.2.7 and 2.5.4
imply that by € cl((Y N Q) U {b2}). As M is 3-connected, (Y N Q) U {by, be}

must be a triangle. O

Recall from 5.2.1.5 that either Y NP| =1 or (Y NP)U{be} is a triangle.
Suppose (Y NP)U{by} is a triangle. Let Y NP = {z1, 22} and Y NQ = {w}.
Note that Y is a rank 3 cocircuit of M. Now r(Y —{z1}) = r(Y — {22}) = 3.
Therefore by Theorem 3.4.4, both co(M\z;) and co(M\z2) are 3-connected.
But YN PN K| =1 and {z,29,b} is a triangle, so Y N P must contain
exactly one basis element. Without loss of generalization, z; € B. But then,
by Lemma 2.6.5, by, b, and w are each contained in a distinct parallel class
of M/z . Therefore by Lemma 3.4.1, si(M/z;) is 3-connected in addition to
co(M\ z2) being 3-connected. This contradicts the fact that Y N P contains
exactly one element which is removable with respect to B.

The final remaining possibility is that |[Y'N P| = 1. But then Y is a triad,
whereas (Y NQ)U{by, by} is a triangle by 5.2.1.7. This gives a contradictory
4-element fan Y'U{b; } in M. We conclude that {oy, as} C Por{ai,ae} C Q
as required. O

Corollary 5.2.2. M be a 3-connected matroid with no 4-element fans, where
M is not the union of a 4-point line and a 4-point coline. Let B be a basis
of M, and let K denote the set of elements which are removable with respect
to B. Suppose |K| = 4. Then there exists a set {f1, 52} C K such that
for every ¢; € (E(M) — B) — K, there exists a balanced cyclic 3-separation
(Si,{ei}, Th) with {51, B2} C S;. Moreover, if M contains a 4-point coline,
then {p1, B2} € BNT where T is a 4-point coline of M.

Proof. Noting that (X, {b},Y) is a balanced vertical 3-separation of a ma-
troid M iff it is a balanced cyclic 3-separation of M*, this result follows by
dualising Theorem 5.2.1. O



CHAPTER 5. MATROIDS WITH MINIMAL REMOVABILITY 66

Theorem 5.2.3. Let M be a 3-connected matroid with no 4-element fans,
where M is not the union of a 4-point line and a 4-point coline. Let B be a
basis of M, and let K denote the set of elements which are removable with
respect to B. Suppose |K| = 4. Then there exists a set {ki,ke} C K such
that:

(i) for every b; € B — K, there exists a balanced vertical 3-separation
(Xi, {bz},Y;) with {k’l, k’Q} C Xi; and

(i1) for every ¢; € (E(M) — B) — K, there ezists a balanced cyclic 3-
separation (S;,{c;}, T;) with {ki,ka} C S;.

Proof. 1f either B — K = () or (E(M) — B) — K = (), then this follows
immediately from the previous two results. So we can assume that both are
non-empty. Our argument is divided into three cases.

Case (i):M contains a 4-point line.

Suppose M contains a 4-point line. Then by Theorem 5.2.1, there exists a
4-point line L with a set {ay,as} C (E(M)— B)N LN K such that for every
b; € B — K there exists a balanced vertical 3-separation (X, {b;},Y;) with
{a1, a0} C X;. Let {ky, ko} = {a1,a2}. Then (i) is immediate. We now prove
(ii). If M* is colinearly entwined, then (ii) follows directly from the dual of
Proposition 5.1.8. So assume that M* is not colinearly entwined. For each
¢; € (E(M)— B) — K where ¢; does not lie on a 4-point coline, there exists a
linearly balanced cyclic 3-separation (5;, {¢;},T;) of M by Corollary 5.1.11.
It follows that (ii) holds if M does not contain a 4-point coline. So let I' be
a 4-point coline of M.

Choose any ¢ € (E(M) — B) — K and let (S, {c},T) be a balanced cyclic
3-separation of M. Without loss of generality, [T NT'| > 2. By Lemma 3.3.5,
(S —cl*(T),{c},cI*(T) — {c}) is a cyclic 3-separation of M with I C cl*(T).
Suppose (S — cI*(T),{c}, cl*(T) — {¢}) is not balanced. Then by Corol-
lary 4.1.3, |(S—cl*(T))NK| = 1 and S—cl*(T) is a triangle which is contained
in a 4-point line. This 4-point line must be L. Without loss of generality,
(cI"(T) = {c}) N L = {k1}. Note that k; ¢ I'. Now k; € cl(S — cI*(T)), and
by Lemma 3.2.8, cI*(T") — { k1 } is an exactly 3-separating set. If cI*(7") — {k1}
does not contain a circuit, then by Lemma 3.2.6, cI*(T)) — {k;} is a col-
ine. As I' C cI"(T") — {k1} and M contains no colines of size greater than
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4 by Lemma 5.1.5, it follows that cI*(T") — {k;} = I". But then M is the
union of a 4-point line and a 4-point coline, which is not the case. Therefore
(S = cI*(T), {c},cl"(T) — {c}) must be balanced, and {ki, ks} C S — cI*(T)
as required. This applies to any ¢; € (E(M) — B) — K so that we obtain (ii)
and conclude that the theorem holds.

Case (ii): M contains a 4-point coline.

Suppose M contains a 4-point coline. Then by Theorem 5.2.2, there exists
a 4-point coline I' with a set {1, 52} € BN I N K such that for every ¢; €
(E(M)— B) — K there exists a balanced cylic 3-separation (S;, {¢;},T;) with
{B1, P2} C S;. Let {ki,ko} = {1, P2}. Then (ii) is immediate. We show (i).
If M is colinearly entwined, then (ii) follows directly from Proposition 5.1.8.
So assume that M is not colinearly entwined. If M contains a 4-point line,
then the theorem holds as in case (i) above. So we can assume that M
does not contain any 4-point lines. Then, by Corollary 5.1.9, for every b; €
B — K, there exists a colinearly balanced vertical 3-separation (X;, {b;},Y)
of M. Any such 3-separation has I' C X; or I' C Y; by construction, so
that {k1,ko} C X; or {ki, ko} C Y, as required. Therefore (i) holds, and the
Theorem follows.

Case (iii): M contains no 4-point lines and no 4-point colines.

Suppose that M does not contain any 4-point lines or 4-point colines. By
Theorem 5.2.1, there exists a set {ay, as} C K such that for each b; € B— K
there exists a balanced vertical 3-separation (X, {b;},Y;) with {a1,as} C
X;. Let {ki,ko} = {a1,a2}. Then (i) holds. We prove (ii). Take some
be B— K and let (X, {b},Y) be a balanced vertical 3-separation of M with
{k1,k2} C X. We show that for any ¢; € (F(M) — B) — K, there exists a
balanced cyclic 3-separation (S;, {c;},T;) with {ki, ka} C S;.

Suppose ¢ € (E(M) — B) — K. Assume that there does not exist any
balanced cyclic 3-separation (P, {c}, Q) with {ki,k2} C P. Let (S,{c},T)
be a balanced cyclic 3-separation of M. Without loss of generality, we may
assume that ce Y and b € T

5.2.3.1. Forally e (YNK)U{c}, y & cl(X).
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Proof. If ¢ € cl(X), then, by Lemma 3.2.8, (X U {b},{c},Y — {c})
is a vertical 3-separation of M. Therefore (X U {b},Y — {c}) is a 2-
separation of M/c. But ry (X U {b}) > 2 and ryy(Y — {c}) > 2, so
that ((E(si(M/c))) N (X U{b}),(E(si(M/c))) N (Y —{c})) is a 2-separation
of si(M/c). Therefore si(M/c) is not 3-connected. But ¢ € (E(M)—B) — K,
so that co(M\c¢) is not 3-connected. This contradicts Lemma 3.4.2. Thus ¢ ¢
cl(X). Ify € YNKNcl(X), then by Lemma 3.3.6, (cl(X)—{b}, {b}, Y —cl(X))
is a vertical 3-separation of M. But then Theorem 4.1.2 implies that
(Y —cl(X))NK| =1and Y —cl(X) is contained in a 4-point coline; contrary
to our assumption that M contains no such colines. So YNKNcl(X) =0. O

By Lemma 3.3.6, we may assume; relabelling as necessary, that
(X, {b},Y) is a vertical 3-separation such that X U {b} is closed. More-
over, by 5.2.3.1, we maintain the property that (X, {b},Y) is balanced with
c € Y. By assumption, {ki,ko} ¢ S and {ki,ko} ¢ T. Without loss of
generality, ky € X NS and ky € X NT. Also, [YNSNK|=|YNTNK|=1
because (X, {b},Y) and (5, {c},T) are balanced. So each of the intersections
XNS, XNT,YNS and Y NT are non-empty and each contains exactly one
element of K.

5.2.3.2. [YNS|=1orYNS is a triad.

Proof. A(Y) = A(S) = 2. Now |[E— (Y US)| = |(XNnT)U{b} > 2
So by uncrossing, A(Y NS) < 2. Similarly, A((Y N S) U {c}) = 2. Suppose
YNS| > 2. Then A(YNS) = A((YNS)U{c}) = 2 because M is 3-connected.
By Lemmas 3.2.7 and 2.5.4, ¢ € cI*(Y N S). If Y NS contains a circuit, then,
as Y NSNK| =1, applying Corollary 4.1.3, we deduce that Y NS contains
a triangle which is contained in a 4-point line. But M has no such 4-point
lines. So YN S is independent. As c € cI"*(Y NS) —cl(Y NS), (Y NS)U{c}
is also independent. Recall that (Y NS)U{c} is exactly 3-separating. As M
does not contain any 4-point colines, Lemma 3.2.6 implies that |Y N S| < 2.
Therefore |YNS| =2 and (YNS)U{c} is a triad. Otherwise, |YNS|=1. O

5.2.3.3. |X NS >2

Proof. If | X N'S| = 1, then, as [S| > 3, (Y N S) U {c} must be a triad
by 5.2.3.2. Now (S, {c},T) is a cyclic 3-separation of a 3-connected matroid
with |S| = 3, so S must be a triangle. But then S U {c} is a contradictory
4-element fan of M. Therefore | X N S| > 2. O
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52.34. MY NT)<2and (Y NT)U{c}) =AY NT)U{b,c}) = 2.
Proof. A\(Y)=XT)=2. By5.2.3.3, |[E—(YUT)| =|XNS| > 2. Therefore,
by uncrossing, A(Y N7T") < 2. Similarly, |E— (YU (T'U{c}))|=|E— (YU
{bHu (T U{c}))| = |X NS| > 2, so by uncrossing, and the fact that M is
3-connected, A(Y NT)U{c}) =AY NT)U{b,c}) = 2. O

A
A

Suppose |Y NT| > 2. Then by 5234, A(Y NT) =AY NT)U{c}) =
MY NT)u{b,c}) = 2. Applying Lemmas 3.2.7 and 2.5.4, we deduce that
bec(YNT)and c € (Y NT). Hence, if Y NT| =2, (YNT)U{b} is a
triangle. But then (Y NT) U {b},{c}, X US) is a cyclic 3-separation of M.
As M does not contain any 4-point lines and [((Y NT)U{b}) N K| =1, this
contradicts Corollary 4.1.3. So |YNT| # 2. If |[YNT| > 3 and Y NT contains
a circuit, then we again have a cyclic 3-separation (Y N7, {c}, X U S U{b})
of M that contradicts of Corollary 4.1.3. So |Y NT| >3 = Y NTis
independent. But then (Y NT) U {c} is both independent and exactly 3-
separating, and Lemma 3.2.6 implies that (Y NT) U {c} contains a 4-point
coline; a contradiction.

The only remaining possibility is that |Y' N7T| = 1. By 5.2.34, A\((Y N
T)U{c}) = AX(Y NT)U{b,c}) = 2. Therefore, by Lemmas 3.2.7 and 2.5.4,
becd((YNT)U{c}). Hence (Y NT)U{b,c} is a triangle. Now if Y NS| =1,
then Y is a triad, but then Y U {b} is a contradictory 4-element fan of M.
So (Y NS)U{c} must be a triad by 5.2.3.2. But then we find ourselves with
a circuit (Y NT)U{b,c} and a cocircuit (Y N.S) U {c} whose intersection is
{c}. This contradicts Lemma 2.5.5. We conclude that either {k;,ko} C S or
{k1,k2} C T. As ¢ was an arbitrary member of (E(M) — B) — K, case (iii)
is complete and the theorem holds. O

5.3 Path Width

We now tie in the results of Sections 5.1 and 5.2 with the notion of path-width
(see Definition 5.0.1), and conclude with a proof of Theorem 5.0.2.

Definition 5.3.1. A path of 3-separations in a matroid M is an ordered
partition P = (P, P, ..., P.) of E(M) with the property that for all i €
{0,...,7 =1}, A(FoU...U P;) = 2. The members of P are called steps of P.
Empty steps are permitted.
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Note that it follows from the above definition that if P = (Fp, ..., P,) is a
path of 3-separations in a matroid M, then Py # () # P,.

Note also that both vertical and cyclic 3-separations are examples of paths
of 3-separations.

Lemma 5.3.2. Let P = (Fy, ..., P,) be a path of 3-separations in a matroid
M. If, for some i € {1,....,r — 1}, |P;| = 1 with P, = {e;}, then either

(i) e; € cl(PpU...UP_1)Ncl(PyU...UP,), or

(i1) e; € I (PoU...UP_1)Ncl*(Py1 U...UP,).

Proof. Suppose P; = {e;} for some i € {1,...,r—1}. Then A\(PU...UP;_;) =
ANPyU...UP,_1U{e;}) = 2. Also, A(P41U...UP,) = M BPyU...UP,_1U{e; }) = 2,
and AM(Pqy U...UP, U{e;}) = NMPyU...UP,_y) = 2. It then follows from
Lemma 3.2.7 that e; € Cl(*)(PO U..UP,_y) and ¢; € Cl(*)(R+1 U..Upk,). If
e; € cl(PyU...U P,_4), then by Lemma 2.54, ¢; € cl(Piy1 U ... U P,); which
gives (i). Otherwise, e¢; € cI*(Py U ... U P;_1), in which case, Lemma 2.5.4
implies that e; € cI*(Pyq U ... U P,); giving (ii). O

Lemma 5.3.3. A 3-connected matroid M has path-width 3 if and only if
there is a path P = (P, ..., B,) of 3-separations such that |Py| = |P,| = 2,
and, for alli € {1,...,r — 1},|P;| = 1.

Proof. Let M be a 3-connected matroid with path-width 3. Let (eq, ..., e,) be
an ordering of E(M) such that for all i € {1,...,n}, A({e1, ...,e;}) < 2. As M
is 3-connected, it follows that for i € {2,....,n — 2}, A({eq, ...,e;}) = 2. Now
letting Py = {e1,e2}, Po3 = {en_1,€,} and P, = {e; o} fori € {1,....n—4},
we obtain a suitable path of 3-separations (P, Py, ..., Ph_4, Py_3).

Conversely, let P = (R, ..., P,) be a path of 3-separations in a 3-connected
matroid M such that |Fy| = |P,| = 2, and, for all i € {1,...,r — 1}, |P| = 1.
Letting {e1,e2} = Py, {€r12,€r413} = P, and {e;12} = P, for i € {1,...,r— 1},
we obtain an ordering (eq, ..., €,43) of E(M) which implies that M has path-
width 3. O

Lemma 5.3.4. Let M be a 3-connected matroid such that E(M) = LUT
where L is a 4-point line and I is a 4-point coline. Then M has path-width
3.
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Proof. Letting L = {li,ls,l3,l4} and ' = {7v1,72,73,74}, the ordering
(1,19, 13,14, 71, V2, V3, v4) of E(M) reveals that M has path-width 3. ]

Proposition 5.3.5. Let P = (Fy, ..., P.) be a path of 3-separations in a
matroid M. Suppose i € {1,...,7 — 1}, e € P;, and that there exists a path of
3-separations (X,{e},Y) of M with Py C X, P. CY ande € cl(X)Ncl(Y).
Then there exists a path of 3-separations (X', {e},Y") with PyU...UP,_; C X',
PiyU...UP.CY’ and e € cl(X')Ncl(Y).

Proof. Let S=FPU..UP_jand T =F,;U..UP,.

5.3.5.1. There ezists a path of 3-separations (Xo,{e},Yo) of M such that
S C Xy, P, CYp, and e € cl(Xp) Nel(Yp).

Proof. We have A\(Y U {e}) = \(P,UT) = 2. Note that P, C X NS, and B
contains at least two elements. Now

[B(M) = (Y U{e}) U(RUT))| = |X N8| > || >2

and it follows by uncrossing that A((Y U{e})N(P,UT)) < 2. So (XUS, (YU
{e}) N (P, UT)) is a 3-separating partition of M. We know that |Py| > 2
and |P.| > 2. Also, P, C X US and P, C (Y U{e})N(P,UT). Therefore
(XUS, (YU{e})N(P,UT)) is a 3-separation of M. But e € cl(X) C cl(XUS),
and it follows from Lemmas 2.5.4 and 3.2.8 that e € cl(((Y U {e}) N (P U
T)) — {e}) and that (X U S,{e},Y N (P, UT)) is a path of 3-separations.
Letting Xo = X U S and Yy =Y N (P, UT), the result follows. O

Now A(XoU{e}) = A(P,US) =2, and |[E(M) — ((XoU{e})U(P,US))| =
YoNT| > |P,| > 2, so that, by uncrossing, A((XoU{e})N (P US)) <2. As
Py C (XoU{e}) N (P UYS), it must be that A((Xo U {e}) N (P, US)) = 2.
Therefore ((Xo U {e}) N (P US),YoUT) is an exact 3-separation of M.
As e € cl(Yo UT), it then follows from Lemmas 2.5.4 and 3.2.8 that e €
c((XoUA{e}) N (P, US)) — {e}) and that (XN (P, US),{e},YoUT) is a
path of 3-separations. Observing that S C XoN(P;US) and T C YoUT, we
conclude that the theorem holds. ]

Corollary 5.3.6. Let P = (P, ..., P.) be a path of 3-separations in a matroid
M. Suppose i € {1,...7 — 1}, e € P;, and that there exists a path of 3-
separations (X,{e},Y) in M with Py C X, P. CY and e € cI*(X) Necl*(Y).
Then there exists a path of 3-separations (X', {e},Y") with PyU...UP,_; C X',
PiU..UP CY' ande € cl"(X')Nel"(Y).
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Proof. This follows by duality from Proposition 5.3.5. m

Corollary 5.3.7. Let P = (P, ..., P.) be a path of 3-separations in a matroid
M. Suppose i € {1,..,7r — 1}, e € P,, and that there exists a path of 3-
separations (X, {e},Y) in M with Py C X and P, C Y. Then there exists a
path of 3-separations (X', {e},Y") with PyU...UP;,_; C X’ and P;41U...UP, C
Y’

Proof. This is a consequence of Lemma 5.3.2, together with the results of
Proposition 5.3.5 and Corollary 5.3.6. O

Corollary 5.3.8. Let P = (P, ..., P.) be a path of 3-separations in a matroid
M. Suppose i € {1,....,r — 1}, e € P;, and that there exists a path of 3-
separations (X, {e},Y) of M with Py C X and P, CY. Then P refines to
a path (Po, ..., Pi_1, P/, {e}, P, P11, ..., P,) of 3-separations where P/ U{e} U
Pi// — PZ

Proof. By Corollary 5.3.7, we have a path of 3-separations (X', {e},Y”)
of M with (B U...UP_;) € X" and (P41 U...UP,) C Y’ Letting
P =X —(RU..UP_y)and P =Y’ — (P41 U...UP,), it follows that
(P, ..., Pi_1, P, {e}, P, Pi11, ..., P,) is a path of 3-separations. Moreover,
P U{e}UP’'=P,. O

Corollary 5.3.9. Let M be a 3-connected matroid with disjoint sets
{ar1,a0} € E(M) and {z,2} C E(M). Suppose that for every e €
E(M) — {ay1, a2, 21,22}, there exists a path of 3-separations (X,{e},Y) of
M such that {ay,a2} € X and {z1,20} CY. Then M has path-width 3.

Proof. As M is 3-connected, ({a1,a2}, E(M) — {a1,az, 21,22}, {21, 22}) is a
path of 3-separations. If E(M) = {ay,as, 21, 22}, the result is immediate. So
suppose that e € E(M)—{ay, as, 21, 22}. Applying Corollary 5.3.8, we obtain
a refinement of our original path of 3-separations. Now successively applying
Corollary 5.3.8 to each of the other elements of E(M) — {ay, as, 21, 22}; each
time with respect to our new refined path of 3-separations, we eventually
obtain a path of 3-separations P = ({a1, a2}, P, ..., Py, {#1, 22}) where, for
all i € {1,...,q}, the step P; is either a singleton, or empty. If we then
remove all empty steps from P, we obtain a path of 3-separations P’ =
({a1,as}, Py, ..., P!, {z1, 22}) in which P; is a singleton for all i € {1,...,n}.
By Lemma 5.3.3, M has path-width 3. O
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Proof of Theorem 5.0.2. If M is the union of a 4-point line and a 4-point
coline, then the result follows immediately from Lemma 5.3.4. So as-
sume that this is not the case. Let K = {ki, ko, k3, ks}. Recall that
vertical 3-separations and cyclic 3-separations are both examples of paths
of 3-separations. Therefore it follows from Theorem 5.2.3 that for each
e; € E(M) — K, there exists a path of 3-separations (X;, {e;},Y;) of M
such that {k1,k2} C X; and {k3, k4} C Y;. Thus, by Corollary 5.3.9, M has
path-width 3. O



Chapter 6

Future Work

6.1 Some Conjectures

Our motivation for wanting to maintain 3-connectivity upon removing el-
ements from matroids arose primarily from our desire to obtain matroids
that are uniquely representable. But as discussed in Section 2.7, in general,
for a matroid to have any sense of unique representability over GF(q), not
only must that matroid be 3-connected, but we also require that it contain
a stabilizer for GF'(q) as a minor. While we have shown that for a suitable
matroid M with arbitrary basis B, there always exists at least four elements
which are removable with respect to B; thereby maintaining 3-connectivity,
in principle, it is possible that removing any one of these elements means los-
ing the existence of a stabilizer as a minor; hence losing our sense of unique
representability. However, we believe that something can be said provided
there exists some element of F(M) that can be deleted or contracted as ap-
propriate while maintaining the stabilizer as a minor. We make the following
conjecture, which we believe should follow from results established in this
thesis.

Conjecture 6.1.1. Let M be a 3-connected matroid with no 4-element fans,
and let B be a basis of M. Let N be a 3-connected minor of M. If there
exists some b € B such that M /b has an N-minor, or there exists some
¢ € E(M) — B such that M\c has an N-minor, then there exists distinct
ki, ke € E(M) such that for i € {1,2},

74
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(i) si(M/k;) is 3-connected with an N-minor if k; € B, and
(11) co(M\k;) is 3-connected with an N-minor if k; € E(M) — B.

We showed in Chapter 5 that for a suitable matroid M and basis B,
if there are ezactly four elements which are removable with respect to B,
then M necessarily has path-width 3. Now the class of matroids with path-
width 3 is well understood (see [1],[6]). Therefore, one should be able to
give a stronger, more explicit, description of the class of matroids which have
minimal removability with respect to some basis. For the moment, we leave
this as an open problem.

Also, assuming that Conjecture 6.1.1 holds, it would be of interest to
study the structure that is imposed upon M if there are exactly two elements
which we can remove with respect to B while maintaining an N-minor. Fur-
thermore, it is plausible that from a confirmation of Conjecture 6.1.1, we
may be able to strengthen the result by removing the restriction that we
need to simplify and cosimplify to remain 3-connected. Indeed, Oxley et al
[10] showed the following:

Theorem 6.1.2. Let M be a 3-connected matroid with no 4-element fans,
and let N be a 3-connected minor of M. Let B be a basis of M, and assume
that either there is an element by of B such that M/b; has an N-minor, or
there is an element b; of E(M) — B such that M\b; has an N-minor. Then
either:

(i) B contains an element b such that M /b is 3-connected with an N -minor,
or

(i) E(M) — B contains an element b* such that M\b* is 3-connected with
an N-minor.

We next propose such a strengthening of Conjecture 6.1.1; analogous
to Theorem 6.1.2. However it seems quite possible that in this case, extra
constraints on the matroid M may be required.

Conjecture 6.1.3. Let M be a 3-connected matroid with no 4-element fans,
and let B be a basis of M. Let N be a 3-connected minor of M. If there
erists some b € B such that M/b has an N-minor, or there exists some
¢ € E(M) — B such that M\c has an N-minor, then there exists distinct
ki, ke € E(M) such that for i € {1,2},
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(i) M/k; is 3-connected with an N-minor if k; € B, and
(ii) M\k; is 3-connected with an N-minor if k; € E(M) — B.

In the event that Conjecture 6.1.3 was shown to hold, we could then take
N to be the empty matroid in 6.1.3 and obtain the following as a corollary.

Conjecture 6.1.4. Let M be a 3-connected matroid with no 4-element fans,
and let B be a basis of M. Then there exists distinct ky, ko € E(M) such
that for i € {1,2},

(i) M/k; is 3-connected if k; € B, and
(ii) M\k; is 3-connected if k; € E(M) — B.

Finally, we note an observation on Theorem 5.0.2. We showed that if
a 3-connected matroid M with no 4-element fans, and some given basis B
contains exactly four elements which are removable with respect to B, then
the matroid M itself has path-width 3. But the notion of removability is
relative to the choice of basis one makes. It is certainly possible that upon
switching to another basis B’, we find that M contains more than four remov-
able elements. Potentially, one could examine the entire collection of bases
of suitable matroids. Perhaps one could deduce that, for any 3-connected
matroid M with no 4-element fans, there ezists some basis B> such that M
contains more than four elements which are removable with respect to B7.

Question 6.1.5. Does there exist a 3-connected matroid M with no 4-
element fans such that for every basis B of M, there exists exactly four
elements of F(M) which are removable with respect to B? If so, what addi-
tional structure must such an M have?
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