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ABSTRACT:

The ternperature profiles of certain lakeg in Taylor Valley,
victoria Land, Antarctica, are ehown to be conaistent with the

.. hypothesie that these lakeg were formerly cold brine poola; that
their levele were raieed by the addition of freeh water; and that
they have since been heated principally by the absorption of aunllght.

The ternperature profile of a lake ln trY'right Valley, Victoria
Land, ls gho\pn to be consigtent with the hypotheeis that thig lake

wag forrnerly warrn and gtable, as are those Taylor Valley lakea which
were analyeed; that the addltion of a further Large quantlty of fresh
water cauged ingtability and lirnited convection; and that the heat
Bource is again abaorbed eunlight. The etudy of thia lake requires
an understanding of convection ln the preaence of a gradient of golute

concentratlon. A gurvey of exiatlng knowledge of thlg type of

convectlon ghowa that tt la lnadequate for the task. Experlmenta
whlch provlde the ndcersary lnformatlon are d.escribed. ,'
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Chapter I

Introduction

The first record.ed obaervation that Antarctica contains lakes of
conaiderable size aeerng to have been that of Scott (lgos). To reach
the Polar Plateau he had aecended the Ferrar Glacier, and on returning
from the Plateau he rnade a detour to inveetigate its northern arrn, which
ig now larown ag the Taylor Glacier. After following thie large glacier
for a day, he wa8 surprieed to find that it ended aot at the sea but in an

inla^nd bagin geveral rniles long, the bottorn of which was occupied by
ffa shallow ftozen lakerr, Beyond the lake the valley floor rose for aome
dletance before an exit wae found through a series of d.efileg. Further
dotrn, anothel lakc eouldbe ecenr but no CIutlet ts thc sca was vigibler
and the party retraced ite stepa to Roes rgland. by way of the Ferrar
Glacier.

The lake which occupied the rrvery curious valleyrt through which
scott and his cornpanions tramped was narned by thern Lake Bonney.
Scott was mietaken in his belief that'it was ghallow and frozen aince, as
will be seen, hig own,measurernenta irnply that it was about 20rn deep
at the tirne, and the ice was probably only Zrn thick. fle appeare to
have regarded both the rrfrozenfr lakee which he saw as fogeil rernaantg
of a forrner extension of the Taylor Glacier.

Sorne amaller lakes were found by Shackletonre (1909) expedition at
cape Royde, on Roee reland. one of thege, Glear Lake, contained
fresh water, while the others were saline. Blue Lake was grn deep
a^nd frozen to within l.5m of bedrock in the winter of l90g; tt had.

apparently not thawed. cornpleteiy tor at leaa'sihree seasons. coagt
Lake and Green r-a,ke, both about l.5rn deep, were cornpletely thawed
ln the surnrner, but while the forrnet froze eolid in the winter, a few
inchee of highly sallne water rernained in tJee latter. Hutchingon (1952)
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regarded these Lakes as being practically the only examplea to be found,
of lakeB permanently insulated by ice frorn changes at the earthtg aurface,
and referred to thern ag rtarnicticrr, In fact tlrey are probably too emall
to be truly arnictlc; r,ake Bonney and. otherg in the Taylor valley are
better exarnples.

A thorough inveatigation of the Taylor valrey wae rnad.e by a party
during scottre second expedition, l9l0-13 (Taylor, I gzz,). once again
the approach was made by way of the Ferrar Glacier, but thig tixne the
valley wae followed to the coast. This party visited all the lakes now
Isrown as Bonney, Hendef son' popprewel, chad, Hoare and Fryxell
(see fig' l), but the only observation relevant to the preaent lnvegtigation
was that the level of r-ake Bonney had rlsen rnarkedly since 1903. The
difference was sufficient to cauee scott to ponder tte origin tn hie
journal (Scott, f9t3).

It waa not until the eurnrner of 1960/61 that aa expedition wae mounted.
apecifically to investigate the lakee of Victoria Land. The reeult wag
the unexpected diacovery that they contained congiderable depthe of
water, and that moreover the ternperature of thie water wae well above
freezing point (Angino et ar. , 1962; Arrnitage and llouae, 1962;
Goldrnan, 1962; Angino and Arrnitage , 1963). Thie exped,ition investigated
Lakee vanda, vida, Bonney and Fryxell on the mainland., in addition to
the srnaller lakes at cape Royds and cape Evans, oa RoaB Island.. The
expedition waa regarded as a reconnaigsance and wae concerned prirnarlly
with biological and chemical aspects. rn coneequence, the curioug fact
that the lakeg (except for vida) contained liquid water in a region whoee
average temperature ie about -z0oC received littte attention. Except
ln the caae of Lake Fryxell, where eolar radiation waa thought to acco'nt
for part of the heating, it waa suggeeted that geotherrnal effecte were
reeponaible.
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During the l96l/62 summer Lake Bonney wag investigated again by
Angino et al. (1964), and the origin of ite high ternperatureg was considered
ln rnore detail. The conclusion waa reached that hot epringe probably
existed rrnder the lake, eolar radiation being an inadequate source of heat.
During the same seaaon Lake Vanda wae etudied by Wileoa and Wellman
(L962). The rnaximum temperature in this lake ig about zso}, compared
with only 7.5oc for Lake Bonney. However it waa ehown that even such
a high temperature could be rnaintained by the abeorption of aunlight,
since convection was inhibited by a stable gradient of ealt concentration,
and heat loea by conduction was very slow.

The following Bummer, Ragotzkie and Likeng (1964) vieited Lakee
Borurey and Vanda, and an expedition frorn Victoria Univereity of Ursltingt@
ctudlcd Lake Bonnoy (Slirteliffc and Bencemanr 1964). Further VUW
expeditions inveetigated a nurnber of lakee d.uring t;ne 1963/64 and 1964/65
aurnrnel sea8ons; reeulte have so far been publiehed. concerning Bonney
(Hoare et al. , Lg64), Fryxell (Hoare et al., l!65; Hend.erson et al.,
f 966), Vanda (Hoare, f 966) and Miers (BeU, 1967) only.

From all theee investigations it appears that there are certain
featuree which characterise the lakee of victoria l,and. They are all
ice-covered, the thicloeea of ice being euch ag to allow a batance between
the annual depth incrernent due to rneltwater, the annual accretion at the
bottom of the ice cover, and the annual loee of ice through ablation at the
eurface; thie thiclqreee is about 3-6rn genera[y. The lakea are fed by
freeh meltwater from the surrounding glaciera during the sumrner. They
have no outflow, except for Lake Miere, which overflowa interrnittently.
They contain large quantitiea of various aalts in eolution, the strength of
the eolution being greater at depth; the resulting deneity gradientg inhibit
convection in the lakee to varying degreea. Finally, some eunlight
penetratee the ice cover, and providee a weakheat source which may
have a aignificant long-terrn effect in the abaence of convection.
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It ig clear that the relationahip between theee lakee and their
environrnent ia quite di{ferent to t}re caae of lakes in other, rnore
temperater areag. I'' particular, because convection ie inhibited,
there existe a poeaibility that palaeoclimatic inforrnation rnay be stored
in the profilee of ternperature and solute concentration. Such inforrrration
would be of obvioue value in the study of an area such ae Antarctica, in
view of itg likely influence on the clirnate eleewhere and the lack of
direct observatione in the trrast. This work ie an attempt to account for
the obeerved profiles, in the hope that this inforrnation can be recoveled.

Scope of the work. The work which is deecribed in thie thesia bega'
withthe expedition to Lake Bonney ledby the author in January 1p63.
The aim of that investigation wae to test the hypothegie that absorbed
sunlight ie the rnajor source of heat in the lake. A d.etailed analyais of
the reaults has already been publiahed. (srrirtcuffe, I 964), and ehowe
clearly that the hypothesie ie correct. Thie analyaie ie repeated, here
in chaptet 2, and' extended both to give rnore inforrnation about Lake
Bonney, and aleo to deecribe other similar lakeg,

consideration of the heat balance in take Bonney is eimplified by
the apparent absence'of convection. Since all heat flow is conductive,
it is poasible to diecuss the problern in terrne of exact solutiong of the
equation governing heat conduction. Sorne of the Victoria Land. Iakes
are aubject to lirnited convection, however, which raigee ad.ditional
problerne of analyaie. The rnost interesting auch lake on which
inforrnation is available is Lake Vanda. Here the convection occurs
in a series of layers, the dietinction between the layera being rnaintained
by the downward atepwiee increase of ealinity. The queetioa of
convection is taken up in chapter 3, and it ie clear frorn thie discusei@,
that existing loowledge of the character of convection in the preaence
of a solute concentration gradient ie not eufficient to allow an analyeis
of the heat bal.ance fur Lake Vanda to be made,
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Chapter 4 describes laboratory experirnents which were conducted
in order to clarify the nature of therrnosolutal convection. The
experirnents cover bottr the queetion of the atability criterion which
governs the onset of such convection, and also the nature of itg fully
developed forrn.

Finally in chapter 5 the diecuesion returne to Lake Vanda. It ig
ahown first that the observed d.eveloprnent of therrnosolutal convection
in layere can be predicted quite welr by a eirnple nuno.erical rnodel.
The nature of this model is such that, although it ie teeted only againat
experirnente perforrned in the laboratory, it may equally be applied. to
a systern of greater magnitude such aa a lake, with only minor changea.
This ie done, with respect to Lake Vanda, and it ie showathat the
present unugual character of that lake ig consietent vrith,ite developrnent
as a thermoaolutal convectlng syrtern, the heat gource being entirery
aba orbed eolar radiation.

I

I
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2.1.1 Intrgduction

Lake Bonney lies in a drainage bagin at the foot of the Taylor
Gracier, in the upper part of the Tayror vailey. The lake rs nearly
6 krn long over-a[, but is eeparated into two robes by Bonney Riegel,
a ateep spur which runs nearry acroas the valrey frorn tJre southern
side. of the two robes the weetern, nearer the glacier, ig rnuch the
arnaller, though it hae the larger catchment area, an4 it is connected
with the larger robe by a narrorf,r and reratively sharlow channer.
Mountain riurges border the lake to the north a,,d eouth, shading it to
some extent even in rnideurnxner. To the eaet, the valley floor rises
gradually to Nueebaurn Rieger, preventing any outflow of water. The
annuaL inflow of rneltwater is therefore corrpeneated only by evaporation
of the perrnanent ice cover.

At the time of the authorts viait to tJre lake, two rnechanigrng
had been advanced to,explain the high ternperatures found. in the victoria
Land lakeg. The first of theee wae du-e to Armitage apd Houee (1962l
and ascribed the heating to geotherrnal effecte, either epringa of warrn
water or a high geothermal heat flux. The eecond theory was that
advanced by 'wileon and wellman (tgozl, who ehowed that tl"e temperature
gradient near the bottorn of Lake vanda varied ln a rnanner congietent
with the production of heat by exponentially abeorbed solar radiation.
The geothermal theory apparently arose frorn the first investigatorsl
atternpts to describe theee lakee in the traditional terrns which have
arisen frorn studles of ternperate rakes. Although solar radiation
acco'nte for a rnajor part of the heat bud.get of rnany lakes, heat gained
in this way is normally lost when winter cooling of the eurface inducea
convection, and the average a.rrual gain ie zero.

6.

Chapter 2

-

Non-convectinq lakes

I

I

l
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I

I

I
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I
I
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rn the caae of Lake Bonneyr the rnaximurn ternperature occurg
about 20 rn above the lake bed. Since the ternperature falls at depthe
greater than thig, heat is clearly flowing downwarde, and a high upward
geotherrnal heat flux could not account for the observed d.istribution of
temperatures. Anglao et aI. (1964) euggested that warm water of
interrnediate densrty rnay flow into the lake frorn epringe, float up to
a level deterrnined by its d.engity, and there act ae a heat aource. Thie
theory exploita the fact that the rnaxirnurn temperature occure \rhere the
density gradient is greateet, eince that ig the level rnogt likely to provide
the appropriate density. rt would. be expected that the temperature
would vary horizontalry as we[ ae verticarly, being eornewhat higher
near a epring, and indeed the isotherms near the level of rnaxirnurn
ternperature do ehow aorne lenticular deviation frorn the horizontal.
Any water originating in the apringe would have to be compensated by
an increased rate of surface evaporation, but the quantity need not be
large. For exampre, an intrusion of water at 30oc need, only amo'nt
to 50 gm per 

"rrrz 
of the rakere eurface area annually to euppry ail the

heat required, a quantlty of tJle sarne ord.er ae the ablation rate obaerved
on nearby Lake Fryxell (Hendereon et al. lp66).

There are two rnain argumente against the hot epring theory.
The first ig that no springc are obaerved outside the lake, This rnay be
fortuitoua, but if paths could be rnelted through the perrnafrost to allow
springe to appear under the lake, it ie equally poesibre for this to
happen elgewhere. A epring may be encouraged to appear 

'nderwaterif another heat source ig available to rnelt the perrnafroet, but in this
case it becornes unnecesgary to invoke the spring.

Secondly, the temperature distribution ehould tend towarde a
linear reduction with dietance above and below the heat aource. Thle is
not the case, and it would be d.ifficult to accor.mt for the detail of tJee
obgerved temperature profile on the hot spring theory. I

l1
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2r 1.2 Meaeurements

The authorrs expedition to Lake Bonney was intended to give
data which would allow the gorar heating theory to be tested, and
accordingly it wae planned to meaaure temperature, density, chemical
content and solar radiation as a function of depth at numeroue etations
on both lobes of the lake. In fact d.ifficultiea over traneport prevented
cornpletion of the planned prograrn, but sufficient rneagurernents were
made in each category to allow a teet of the theory ae it appliee to the
eastern lobe of the lake. ID. all, measurementa \rere rnade at ten
etatione, the locations of which are ahown on the rnap of f,ig,z. In each
case a period of at Ieaet l2 hours elapeed after d,rilling a hole before
rnea6urernents were taken there, to allow any diaturbance in the water
to dccay.

Ternpergture. 'water ternperaturea wer€ rneasured with
copper-constantan therrnocouples. The surface water of the lake wae
fresh' and the cold junction, which was held. in a vacuurn flagk contaiaing
this water and ice, wae assurned to be at OoC.

A Carnbridge portable potentiorneter was uaed to meagure the
thermocouple emf . ,The sride wire of thie inetrument was marked, in
l0 pv ateps, but calibration by the Physics and Engineerlng Laboratoryr
DSIR, showed that interporation to ! z pv wa. juatified. Thie irnpriee
an ideal lirnit of error of * 0.05 c d.eg for the ternperaturee, arthough
other factore undoubtedry tended. to wid.en these rimite and may have
produced readinge in error by t o. r c deg on occasion. The rnost
serioue threat to accuracy uras the strong wind., and it was found
necessary to rest the potentiometer on a triangle of wooden pegs
fixed in the ice to prevent the galvanorneter rocking.

Temperatures were meagured^ at depth intervals of l. 52 rn
(5 ft) at the ten gtationg between January 6 and January g, 1963. The
mean profile ie given in table I, and the horizontal rrarlation ie ehowa.
by the igotherms plotted in fig.3,



Fig.Z. Lake Bom,eyl ehowlng locafloas of, meaeurrng s:tatlonr.
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Table I
Mea^n temperature profile in Lake Bonney
Depth (ml

4.57

6. l0

, 7.62

g. l5
I 0.69

rz.z0
13.72

15.25

15.79

lg. t0
19.82

21.34

zz.g7

24.40

z5.gz

27.44

zg.96

30.49

3l .70

TemoeratFre (oGl

o'94
3. 00

4'97

6.zz

7. 0l

7.49
' 7,52

7. l3

6 "sz
5.69

4.67

3.74

2.66'
l.7Z
0.70

-0.09

-0.96
_1.74

-2.60

Radiation. Radiatioa rneasuremente were rnade on onry one
occasioa. Thig wag at etation r0 at rnidday on January 9. Light
clouds drifted acrosa the gun at timeg, but, when possible, read.inga
were taken with the sun clear. The ingtrurnent uaed was a gelenium
photocell potted in perspex and araldlte and coupled directly to the
potentiometer. The photocell had, maximum response at a waverengtJr
of 550 rrl p I which ie near tbat at which water has itg maximurn
traaemiseion.
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The resulte are shown in tabre II a'd figure 4. Because of the
peaked reaPonse of the photocell, read.ings takeu near the surface
cannot be cornpared directly with those taken at other d.epths. After
the light had penetrated aorne distance, however, the filtering effect
of the water restricted the bandwid.th present within tJre acceptance
bandwidth of the detector. Thus the rogarithrnic variation of the
readinge between LZrn and 30rn ig taken to indicate directly an
abaorption length of 8.2 !o.6rn (that ia, an extinction coefficient ofI
0.12 + 0.01 nr-^) between those deptJrs.

Light inteneities

Deeth (m)

0

1.53

3.05

6.lo
9.15

12.20

15.25

19.30

21.34

24.40

27.44

30.49

Table II
in Lake Bonney (rnidday, g/t/611.

Photocell output (mVl
Lowering

63. 0

15. 55

9.75
7.t5
6.6 o

5.55

4.0

2.55

1.73

I .40

0.gz

0.56

REisins

61.25

g. l0
6.60

6.15

5.50

4.0

2.55

I .69

l.zo
0.97

0.59

rnV (raieing).

r1

l

ri

li

Imrnediately under ice cover: Z.O



'#//. '17,

-,1

t'1'
I't
t

I

i tdasurtnafigr on doif.|r lnqtrrre

+ trit$lrirnafila ol gp'tr.r*ciir'

a?

Fig.d. Measured,vartatton of aolar.-rafltatlon with denth ia I€fGc

Bonney. The golld llne Eon*erponde to an ahcor',ptrea,

IengtJr of 8.2n .

:

'l
',1

- ---:- -t .



ll.

It eeerns likely that the rough ice acted as a diffueing surface,
so that tJ'.e major part of the radiation irl-the water was travetling alrnogt

vertically downward, nearly along the axis of the detector. A reading
taken at the gurface is, however, aubject to correction not only on

account of the bandwidth coneiderations rnentioned above but aleo becauge

the radiation frorn the eun wae incid.ent from a direction some 560 off
axis. while the radiation readinge are chiefly of lnterest in the

evaluation of the extinction coefficient, it ie aleo useful to lmow what

fraction of radiation incident on the ice actually penetrateg to the watet.
An atternpt wae therefore rnade to correct the readinga taken above and

irnrnediately below the ice, to evaluate the true ratio of rad.iatioa
intengitieg. The corrections are described in Appendix l, where it ia
show:r that between lTo arrd 2lo of incident radiation penetrated the ice.

Densitv' water sarnples were taken frorn station 4 at depth
intervals of l. 52 rn. A hose lowered to the appropriate depth wae

coupled to a hand pump and a sufficient quantity of water drawn frorn
each depth to ensure that the whole eyatern was thoroughly purged and

the sarnple representative. Later, the density of each earnple was

rrreasuted in the laboratory using calibrated hydrorneters. In each

case the rnea8urernent was rnade at a ternperature eufficiently close
to that of the eample in situ, usually within 0.2 c deg, for the deasity r

to be equal to that in aitu, within the rneasurernent accuracy of i
0.0005 grn/rnL. The resultg are shown in table III.

Salinitv. The electrical conductivity and ch.loride content of
the water samplea \rere measured in the laboratoryr asd are algo ghown

in tabl.e Il[.
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Table IfI
Reeults of Laboratory Measuremente on Sarnplee Takea frorn

Varioue Depthe in l-a.ke Bonney

Depth
Ill

Denaity
S/r L

Ternper-
ature,

oc

Electrical
Conduc-
tivity at

l9oc, (ohrn^
cm)-l X t Or

Chloride
Gorrtent,

PPTN

0-3. 5

4.6

6.1

7.6

9.2
10.7

lz.2
L3.7

15.z

l6. g

l g.3

19. 8

zl.4
?z.g

z*.4
25.g

?.7.4

zg.0

30.5

Ice

1.0014

l.00zz
1.0062

t.0096

r.0lg5
1.0509

l. 0885

t.1266

I, l5l0
t.1660

l. l75l
I. lg0l
l. lg46

l.lg6g
l. lggg

l. lgg5

L.l93z
l.1985

3.40

4,84
lI.?5
16.6

29.8

52.g

66.4

64.6

64.6

66.4

69.4

69.4

69.4

69.4

69.4

69.4

69.4

69.4

800

I 300

4320

7360

r6680

44750

78000

t 19000

138000

I 5l 000

164000

175000

180000

180000

I 80000

180000

I 80000

I 80000

l'z
3.0

4.9

6.2

7.0
'1.4

7.4

7.1

6.4

5.0

4.6

3.6

2.6

l'5
0.6

0.0

-l'o
-2.O

indlcated in colurnn 3The ternperature

meaeurement wag rnade.

ie that at which the density
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2.2 Lake Bonnev: Analvsis

2. 2.,1 Basie

The in gitu densities show that the water in the lake ig stably
etratified, while the electrical conductivity and chloride measurernentg

show that the increase of density with depth is caused by the increaeing
salt content. (A laterrapparently rnore accurate, investigation by
Floare et al. (1964) ehowed a chloride concentration increasing downwarde

even near the lake bottorn, so the appareut constancy of tJre present
results at deptb. is not inconsietent with this conclusion. ) TUue the solar
heating hypothesis can be tested on the assurnption that heat, produced by
the absorption of radiation, is traneferred by coaduction only, there
being no vertical circulation of the water. The ieotherrno plotted !n
fig.3, and clmllar meaBur€ments taken by other lnveatlgatorr, all ehow

that there is very little horizontal variation of ternperature except near
the lake edge. Thue over m.ost of the lake it rnay be aseurned that the
heat flow is vertical, and the relatively snxall departure of the lake bed

frorn a horizontal planar forrn rnay be neglected.
The developrnent of tJle ternperature profile can therefore be

represented by the equation governi:rg the conduction of heat in one

dimension,

eo aze r(A

where I = ternperature

f, = tirne

z = depth

K = thermal diffusivity
k = therrnal couductivity
A = rate of heat production per unlt volume.
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If the radiation is abgorbed logarithmically, as ie approximately the
case in Lake Bonneyr and is incident at a rate Q cal .tr-2 "u"-l at the
upper eurface of the water (i.e. atz = 0), we may write

A = ? Qe - 'tz (zl
where z ie positive downwardg, aud 1 is the extinction coefficient.

2.2.2 Seasonal effects

In equation (2), Q is not conetant; in add.ition to the diurnal
effect due to variation of the gunrs altitude, there is a large annual

fluctuation. Most of the radiation occurs in the 4-rnonth period frorn
Novernber to Febru;lrfr and there is none from mid-April to mid-Auguat.

The qrrantity of heat abeorbed in the lake each year ie so grnall that
the annual oscillation of ternperature is of little interest in cornparison
with the long-terrn trend towarde an equilibriurn etate. Furtherrnore,
the extrerne values of the oscillation occur at the beginning and end of
the surnrner heating period. The seasonal effect should thua be rninirnal
in the measurernenta, which were made only two weeke after midaumrner.

An irrdication of the amplitude of the seasonal oscillation ie available
in the data of Angino et al. (lg6+I, which ehow increases of up to I G deg

between the beginning and end. of the t96l-62 surnme!. Alternatively,
the fall which ehould occur during winter can be egtirnated by the

schrnidt graphical rnethod, which can be used to golve (r) when A = 0.
Thie rnethod predicts a rnaxirnum fall of about 0.5 C deg if the ternperature
profile at ttre beginning of winter was the same as tJxat measured at rnid-
surnniler. Since the heat flow woul.d be rather greater at the beginning
of winter than at midgumrner, owing to tbe extra heating, both figures
agree quite well. Thue the eeasonal oscillation of ternperature is no
more than ! 0.5 C deg superimpoeed on the long-terrn heating, and tJria

variation is srnall cornpared to the Lakete existing temperature excess of
about ZO C deg over the annual average ternperature of tJre environrnent.

Thie fact and the tirning of the rneaBurernentg justify the neglect of
seasonal effects ln the analysis.
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?.2 .3 Steadv state e olution

It is inatructive to solve (l) firet for the equilibriurn state,
so that the extent to which the lake at preeent deviatee frorn thie etate

rnay be Been. With

and borrndary conditione

0 = 0 at z= 0

de
E= 0 at z ='rn

the. steady-gtate ternperature distribution is given by

o - 3 t + - ze-lzrn- +"'r"lk (' )
in the caee of a lake of infinite depth.

Flg.5 ehows a comparlson of the obaerved mean tetnpcrature
profile with that predicted by (3), where . r, and 1 are observed valuee of
the depth of the ternperatrrre rrraxirrrrlrn and the extinction coefficient
respectively, and f n"" been chosen to give satisfactoly agreernentk
between theory and. experiment. Note that the theoretical profile ie
referred to the depth at which the ternperature i6 zero. The rneaeureal'
profile suggests that the baee of the ice cover has been displaced upward
frorn its rnean annual level, preaurnably by a cornbination of freeh rnelt-
water flowing into the lake and rnelting of the ice, so the theoretical
curve has been related to a lower level.

The valuu of f ueed in the profile of fig.5 was O.O3Z d"g 
"rrr-1.

Taking 0.00I ? caL """ 
-i-d.g -l 

"rrr-t fo" the conductivity k, and assuming
that 1.5% of. radiation incident on the ice penetratee to the water, the

incident radiation arnounts to 80r000 ca1 
"tn-? yr-1, which cornpareE

well with the scott Baae value of 9l,000 (Thornpson andMacdonald, Lg6z).

There ie reasonable agreernent of form between the rneasured and

calculated profilee, and this, together with the satisfactory eetimate of
radiation intensity, constitutes good evidence in favour of the solar
heating theory. However the eteady state theory cannot explain the

)e
Et

=Q

(3)
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srnalldecreaae in downward heat flow which occurg below a depth of
25tn. In order to account for the detail of the ternperature profile it
is neceesary to renrove the eteady etate reetriction.

2.2. 4 Non-steadv state solution

Here again the baeic equation to be eolved ie (f ), without
restriction on t' ' )ehe value "f ;1 . Once again attention will be focueged
on the long-terrn effects by aesuming Q to be constant. It u'ill aleo be
assurned again that the extinction coefficient 7 is the Barne at all depths,
though the value in the upperrnoet 5rn of water ig uncertain.

2; Z. 5 Initial conditions

solution of (l) dernands a lorowledge of the ternperature
distribution at time t = 0. Fortunately the solution for valuee 9f t is
thc range of lnterest ls not unduly sensitlve to the initial d,istribution,
and a satisfactory eetirnate can be rnade by reference to the present salt
distribution (fig.6). Thie is of a forrn sinailar to that which is to be

expecied aE a result of diffusion frorn a uniforrnly concentrated layer of
solution into a layer of fresh water. It is therefore inferred that at one

time the lake was somewhat ehallower than now and of uniforrnly high
salinity, and that freeh water ran in over the brine to bring the surface
up to its present level. The fact that the lake is coldest at the bottorn
irnplies that this brirce wae cold.

At the boundary between the freeh water and the ealt aolution
a density gradient would have been eetablished. which would. have prevented
t4y convection in that region, heat transfer being entirely conductive.
By the absorption of aunlight, and because of the low rate of tranefer of
heat through it, this conductive region would have tended to become
heated relative to the water above and below. The heating frorn above

would have further stabilized the lower part of the lake. In the upper
part stability would have been induced firstly becauge fresh water heated
frorn below is stable until its temperature exceed.e that of its rnaximufir
deneityr and secondly because while the ternperature was below that
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limit a stabilizing aalt concentration gradient would have been produced

by diffueion frorn the concentrated lower layer.

It is to be auppoeed that the lake wae formerly in equilibrium

with its environrnent, and that the postulated inflow of fresh water

produced a relatively rapid traneition to a new equilibriurn. The nature

of such an equilibriurn ie considered in appendix2, both generally and

ae it applies in Lake Bonney. It is shown that a cold brine lake can be

in equilibriurn with ite environment provided the annual inflow is so

grnall that convection is induced in the brine every winter when ite

upper surface ie cooled. Once the ice is eeparated from the brine by

a layer of fresh water which ig too thick to be frozen during a winter,

annual etirring is not provided., a etable density gradient ig get upr and

long-terrn solar heating starts.
The inferred position of the boundary between the prirnary

brine and the freeh layer rnust be coneistent with the preaent distribution
of salt. Fig.6 includes a partial graph of the gradient of chloride

concentration, and the boundary rnuet be assurned to have exlsted where

this curve goes through a rnaximurn. Thus the prirnary brine lake wae

l8m deep. !

The base of the present ice cover was found to'lie at an

average depth below the free water surface of 3.35m. However the

upward heat flow was much leee at that leve1 than it was at elightly
greater depths, which euggeste that water irnrnediately under the ice

was being heated relatively rapidly. As in the steady state analysie,

it ie aesurned that this water resulted frorn the eurnmer thaw and can

be neglected in the analysis, and that throughout the period concerned

in the analyeis the effective OoC level lay a little below that rneasured.

The rnagnitude of this o{fset will be considered later,
While the temperature Ti of the prirnary brine is an irnportant

parameter, initial conditions in the fresh Layer are lese so. Two eirnple

possibilitiee present thernselvee: firstly, that the freeh layer was
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initially uniforrn at OoC; and secondly, that there was a Linear variation
of temperature between the surface at OoC and the brine bor.rndary at Ti.
The second alternative defiee the observation that fresh water fteezee

.|
at 0-C, but takee Borrre account of the presurnption that the layer was

not in fact forrned instantaneously, but aro6e over perhaps four or five

congecutive gurnrners, during wtrich period salt would. have diffused

upward and lowered the freezing point sornewhat. On balance, the

second alternative appears rnore realistic, and ie the one adopted.

It is neces6ary to allow for sorne minor geothermal ef{ects.

This is done rnost eimply by assuming that before the lake increaeed in
depth heat entered frorn below by rneane of a ternperature gradient in
the underlying rock, this gradient extending unchanged to a great depth

below the lake. As the lake ternperature ro6e, heat would etill have

flowed upward under the influence of such a gradient, even though at

the bottom of the lake thete was a downward net flow of heat. The rnain

result would therefore have been to heat the rock under the lake and

reduce the heat lose through the lake bed. Whether the magnitude

deduced for this ternperature gradient can be interpreted literally is

open to doubt. The'value is not inconeistent witJr a geotherrnal origin
but on the other hand it is conceivable that the heat conceined rnay have

been stored. in the rock during sonae previoue epocb. when the lake wae

heated. Whatever ite true origin, the effect will be referred to ae

geotherrnal for the eake of convenience.

2. 2.. 6 Boundarv conditions

As well. as the condition that the ternperature'ie rnaintained

at OoC at the level taken aB z = 0, three other boundary conditions rnust

be satigfied:

(l) fhe ternperature rnugt be continuoue at z =I! and z =lZ.-
where It ie the depth to the junction of the primary brine and the freeh

water layer, and Lgia the depth to the lake bed (see fig.l0).
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(2) Atty radiation reaching the bottorn of the lake is abeorbed

there, caueing a discontinuity in ternperature gradient. Thus, at, z =lZ,
kr )tt -ko )og =g"'llzL bz 'E

where k2, 8g and k3, 03 are valuee inthe regione L!< z < 12 and r>LZ
reapectively.

(f) es z + 0O the temperature gradient tends to a conetant

poeitive value 7 .

2.2. 7 _Solution
The problern divides naturally into three parts, which correapond

respectively to the radiation effect, the geothermal effect, and the effect of

heat flowe which result frorn the nonuniforrn initial ternperature distribution

in the water.

The ternperature dietributione R, S, and T due to theee effects

are found separately by solving the basic equation fbr three different gete

of initial and boundary conditions. Superpositiou of theee eets leade to

the initial and bouudary conditione stated for the problem as a whole, aad

superposition of the three ternperature distributions gives the required
total distribution.

The three problerns and their eolutions are given below, the

solutions having been obtained by Laplace tra^nsforrnation. For sirnplicity,
it hae been assumed throughout that there is therrnal rnatching betweea

the lake water and the underlying rock, that is,
tlz rlt

\/*2"" = kr/Kr'to.

The effect of tJ:is aesurnption is to rernove frorn the solutioug a nurnber

of terrns which appear to be negligible if the mismatch is not large.
Taking the range of valueg given in the Srnithsonian Physical Tablee for
granite as an indication of probable rnagnitudes, we get, in cgsurrits,

kz = o'ool2
kg = o. oo45-o' oo5o



Kz

Kg

= 0.00tr2

= 0.01,2?

,Ifeuco,

and

qlhere

Rt
Rt

bR, )Rz- -"t v -aa
!-- = 

q:--

\/\'/" = 0'035

kglLrl /z = ,0. o*H. o4s.

Tho mlsmateh indicatgd aeems rrnlilely-to af{ect the acguracy of the

calculatloaa s eriously.
Solutions will be given here only f,or the reg-tqn 0 e e s hn

eince thi'e lg the regloa in rlr,htch'trreaaurerneate are available. aitd

becausg tbe efpresgioae fo- z > [2 are vcry leog.thy,

Radiatioqr oart. ,

! JRr bZnl ^ r.-g --tl. AEl5T =;;T'+ E' osz3L1

t ,ff =#- H "n' '1sz<r^ ,

t )Rl i)?Ra
ErTi = tT

Kt=Kz
kr=b
= 0.ao z = 0, alx't
= Rel

rz l"

'g > Lz

,,2_ 0.

\-

lz,- dz

z = lln all .t
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The firgt of theg,e two expregaions td the eolutlon for an lnfiaitely deep

lake (12 -{.' m) and the seeond. ts the €orrecLion for flatte $epth. Thc
quaffitfr ntlz/Q is ghown plotted for rrariorrs valuea of tJr,e ttae t ln
Figune ?,

' Geothermal parti

---t l-AL.=. l1l oszouz
K1 at lza

) s3 = )zsr
h #-T' z>\

where

Sr = 0 at z = 0, allt
l'

2L.

Rz = Rl 
)

)Rz )Rr - l^tn =r*ztrt
r.z* - r.rT? =a"-'rl)
Rt=RZ=R3=0 at t=0r al1 tzs

Thgn the teruperature in tbs water (O S z S lZ) ic given by

I
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sr = s3 .)

bsr )s" I
hd'= *sE )"' z = Lz' all''t
St=,0attFOr$

,SZ =-?(z-lr)at f = 0, orLz
:lfhen thc ternnpe,raturo ia tbe lratat fu glven'by

s = r.(Krlx ,yr'lz [ (*r r1*1r/21"{0z' zlz/+x;t'

- .-(rz + z)2/+t<rt,

+ | (r, + a) srrc [(re + z)/z\r{z ,r\.

/
The qpardfry"sl 'r t7) td lrlotted in Figure B.

Csndrretion frorrr initial tep+.oe,rahue distritnrtioo"

\ f ?tt )zrr
Rr Ti = b;z- rsrsl'

L Is.,- laqf = # ln6"Lz

r )rs _tlg" K3#= # ='\
rxrhere

- | (1, - a) erf,b [Iz - z)lanrtlz trlall

Tl=0 a"t a=9, allt ,

' Tr=Tz )
l'Ti brz I o z ! 1r' all t
E=E-I
Tz = Tg I
JTz ETz t\# =nrff J at,.=Lz, aut
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Tl=itt at t=o' o3zs11

TZ=T3=Ti at t=0, z2L,
Then the temperature in the water ie given by

rr = - Fi/Llf {xrt/,1r/z

.1.-(1t - "72 /+xr. - u-(rt + u'12 /+xyt,

+ | (r, + z) erfc [ (tr * z) /zr.rt/zrt/2,

and

t/z 
J- t, I

- *(rr - u) errc [ (rr - z)/zxrt/2tt/z 
J - ,l

rz = - 1r./rr) f{xrt1*1r/2

.("-(rr - o)z /+xtt - 
"-(11 

+ z)z /+t<rt,

+ i k + rr) e"rc [(z + 1, )/zKtt/z rt/21

+ * (" - tr) ."r. [(o -trVzr<rt/zt

The quantity T /T . is ptotted. in figure !.

The ternperature in the water is
o(") = R(r) + s(r) + T("),

0 depende on ten pararneters (t, e, r , kl, Kl, K3, llr. lZ, 7 , and Tr),
and it is not possible to specify the values of these pararnetere cornpletely.
Thus the problem becomes one of choosing values for the pararnetera
which give a theoretical ternperature profile g (") which best rnatchee the
measured ternperatures. It vrirl be seen that the appropriate valuee
accord well with such other evidence as exists, and that they are ur-rig*e
(or at leaet that each lies within oae fairry wefl-defined, ra,oge). Thi; 

-

provides good evidence that the rnodel advanced to account for tJre
ternperature profile is qualita,tively correct.
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Two rnethode urere used for evaruating the pararnetere, one

based on marual computation and the other on the use of an electronic
digital cornputer. The manual method. was developed. before electronic
cornputing facilities becarne available, and is very tedious in application.
llowever it is of interest, since it ehows explicitly the d,evelopment of
the cornponente R, S and' T of the eolution, and rnakee it clear that only
one set of values for the pararnetere is adrnissible. The cornputer
solution ie rnore powerful, in that it allows up to aix of tJre pararnetere
to be optirnised simultaneously, cornpared to three in the rna^nuar method;
but the latter is a deeirable counter to the euspicion that almoet any
experirnental profile could be rnatched. by adjusting enough parametere.
Both rnethods will therefore be described.

This rnethod allows tJre variation of the three rnost irnportant
pararnetere, time t, radiation fluxe and geothermal gradient y . of
the rernaining seven, kl, K, and K, can be found. frorn publiehed tables,
and the extinction coefficient ? has been rneasured; this leavee lr, l,
and'i'- which warrant further discussion.I

It and lrare the depths tespectively to the antediluvia^n brine
surface and the lake bed, tneaaured from the level at which g ia zero.
It hae already been rnentioned that this level is gornewhat below the
rrreasrlred ooc ieotherrn. Extrapolation of the measured teraperature
profile according to the ehape of the eteady-state solar u"atit g profile
near z = 0 showed that the level z = O (at which g = 0) ehould be eet about
lrn below the rneasured OoC ieotherrn. This fi
in fig.r0. 

err'nureo' u rv lsotherrn'. This fixed 1, and Lr, aa shown

The choice of a value for T. is eornewhat arbitrary. A rower
lirnit is irnpoeed by the freezing point of the prirnary brine, but thie
iteeU ie not well defined. The freezing points of sarnpree taken frorn
the lake in 1953 showed that the solution ie eutectic at a depth of about

I

i
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23rn, with a minimum freezing point of -23.5 t 0.soc. rn the case of
a sarnple taken at 3Orn, salt was d.eposited at ternperatures berow
'zo'5 + o'soc, but it ie conceivable that the solution at thie depth had
becorne stronger a6 a result of the d,issolution of salt which had been
lying on the lake bed when the ternperature began to rise. In arry case
the temperature was probabry not even as low as -20.5oc, gince it must
have been at least ae high as the annual average ternperature in the region,
in order to allow heat prod'uced. by the absorption of solar radiation to be
conducted out through the ice cover. Tire average ternperatgre ig aow
about -l7oc (p5wd 1960) or -reoc (see Hoare et ar. , rg6s. The value
was deduced from measurernents in the Canad.a Glacier near Lake Fryxell. )
Hence, if air ternperature6 have rernained fairly constant over the period
of intereet, T, was not far frorn -l?oCo

1

The procedure adopted for optirnising t, e and y was as
follows. First, a geries of graphs like that of fig.rr wae d.rawn. rn
these graphs the value of (R + T) at a particular depth zwas protted.ae
a function of t for one value of e, six such graphe aufficing to cover the
reagonable range of Q. on each graph nine curveg were protted,
correaponding to depths taken at intervals of 3.05rn (lo ft). Thus each
curve in fig'll indicates the development of ternperature ai tb.e specified
depth which would be expected if the radiation input had the particular
value etated and the geotherrnal flux was zero,

second, on each of the graphs rike fig.rl the ternperature
observed at each depth was marked. on the curve for that depth. The
result was the distribution of ehort bars, the rength of each bar being
indicative of the experimental uncertainty. If the geotherrnal flux had
actually been zeto ' the required value of Q would. have been that which
resulted in all the bare appearing at the aarne value of t, since it wae
aseurned that all depths had been heating for the Bame period,. clearly,
such a distribution would. also have evaluated. t.
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If the geotherrnal effect ie neglected, there is no value of Q

which places all the barg at one value of t. Thus it rnust be included,

but the problem is reduced to finding that distributionS(2, t) which, when

subtracted at each depth frorn the rneasured temperatures, results in the

bars being shifted to lie all at that value of t for which S (o, t) wae

calculated.

2.2. l0 Values .

The best choice of S (2, t) is that given by 7 = 0.08 C d.eg rn-l
and t = 1.8 x lO9 sec, applied to the graph for Q = 4.3 * l0-5 

""1 "rrr-2-1sec . This choice places the bars in the positions shovra by the boxes

in fig.ll, which is the graph for this value of Q.
The reason for the uniqueneas of thie set of valuee for t, Q

and 7 can be seen in figs. 7, 8 and 9, which showthe growtJr of R, S

and T with time independently. Variation of t affects all three cornponenta

more at depth than near the surface, while variation of Q and z alter
R and S respectively by fractions which do not change with depth. Thug

variation of t cannot be compensated (beyond the lirnite eet by experimental
uncertainty) by variation of Q or f . Again, since R ie a rnaximurn at
interrnediate deptlrs'while S is a rnaxirnum at the lake bottorn, variation
of Q carurot be compensated by variation of 7 .

Thus, rnaking reasonable allowance for experirnental
ua.certainty, it rnay be clairned that the solar heating rnodel advanced

ia consistent with the observed features of the lake, provided

(a) ttre heating procese began (1.810.2) x 109 sec (5? l5 yt)
before 1963, i.e. between the years lgOO and 1912;

(b) eolar radiation amounting to (4,3 t 0.4) * l0-5 cal "t.-2-r . -z -!sec-- (1350 + 150 cal cm - yr ') penetrates the ice cover; and

(c) ttre geothermal gradient in the area is 0.08 + 0.04 C d.eg
-l r:_-^- r^ - r a-ta . / , - . -Z 11 ,,rn , corresponding to aheat flux of 4 !2 pcal cr:l sec - (130!60
- -2 -1.car crn yr ).
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Discussion of these results will be postponed until after a
description of the cornputer rnethod of optirnisation.

2.2. ll Cornputer optirnisation.

The rnanual rnethod. relies on a subjective as6e6srreut of the

beet graphical fit between theory and measurernent. In the cornputer

rnethod, the objective least-squares criterion is ueed; that ie, tJre gum

of the squared deviations between calculated and meaoured ternperatures

at the various depths is rninirnised with reepect to variation of individual
pararnetere. Symbolically, writing E for the surn of the equared

deviations,

E = fl | e(",,) - d (n)J'.
tGt

Here 0 (o ) is the temperature calculated, while A $_) ie ttrat measured,'n"'n'
at the n th depth of rneasurernent. This depth ie h below the free watern
surface, and z- below the theoretical OoC ieotherrn. Then if 0, aad. thuan
E, depend on eeveral pararneters X., the criterion for the best fit is
that

)E )E = !s = " (4))x, )x^ - axl4P

A primary requirement is, therefore, that any parameter,to be varied
ehould show a clearly defined rninirnurn of E.

The firet step in developing the cornputer rnethod wae to write
a Prograrn whlch calculated. E for a Large nurnber of cornbinatione of

values for the pararneters. This gave Eorne idea of the groee behaviour

of E, and showed in particular that it was very insensitive to variation
of lr, the depth to the primarybrine surface. This value was therefore
fixed by reference to the salinity profile and not included in the optimisation
routine. Likewise the phyeical constants kI, Kl and K, .urere fixed.

The depth scales h and z used for rneaeurernent and calculation
are offeet with respect to each other. Writing

d = le-2,
d. is the rrdepth shiftrr and repreeentg the distance that the theoretical OoC
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ieotherm lies below the free water surface. E is rather senaitive to
d, which ie therefore included irr the optirnigation. However l, can be

written

Lz='r,.^* = hrrr"* - d

where hrrr.* is the measured depth of the lake. Thue Lri.s not varied
explicitly, and the number of parameters to be optimiged remaing at
eix-t,Q,7,d,T.and'1 .

The probl'ern of varying P pararneters to obtain the beet
theoreticar fit to N experirnental observations, where N > p, occure

elsewhere. For exarnple, in seismology there may be N instrumente
which obeerve a particular earthquake; the problern is to vary guch

pararneters as seisrnic wave velocity, time of occurrence and coordinatee
of focus of the earthquake until there ie best agreement between the
calculated and observed arrival tirnes at the N stations according to a
least-sguaree criterion(see, for example, Bolt, lg6o). or again, in
geometrical optics the problem appears aB a best choice of poeitions
and radii of curvature of refracting surfaces to give the desired overall
behaviour for an instrurnent (wyrure, 1959; Nunn and wynne, 1959).

The usuar rnethod, of solution is derived, frorn the cond.ition. (4). This
criterion eupplies P simultaneous equations in p uaknown6, which can
be solved by etandard rnethods of rnatrix rnanipulation to yield the best
valueg of the parametere X.. The rnethod is necessarily iterative ,.1
atarting from assumed values for the X., ilince the differentials of the
calculated quantity (e.g. 0) with respect to the X. appear as coefficiente
in the equatione. If these differentials were constant under variation of
the X., solution of the P equations would yield the best X. directly. In
general, however, t.Le new values x. are accornpanied by alightly
diffgrsnf, valuee of _Lgg_ .

JXi
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In the present case a different method was used which involved

rnuch Iese algebraic manipulation at the price of rather less efficient
convergence towards the final solution. Since good starting valuea were

available for the X. this wae not a serious drawback. T'r ad.dition, the
32n

rnethod readily gave approxirnate values for 
W, 

and thug ahowed the

sensitivity of the solution to variation of individual pararneterg.

The baeig of the rnethod wag to approxirnate E near ite

minirnurn by the sirnplest function which possesaes a rninlrnum witb
respect to each of the eix pararneters:

a??E = Eo *.t(t -.0)- +a, (Q -Oo)- +a, ( r - ro)-

?
+an(d - uo)' +a, (T - to)t +"5 ( t -, ol'

Starting values (rt, QI --- l1) were adopted, and ernall positive and

negative incrernenta were chosen so that each pararneter could take

three values in all (".g. tI, tI+, ,l_). Then in a six-dirnensional space

witJ: the parameters as coordinates, thirteen pointg were d.efined, grouped

around (rt, Ql, --- 'rr), by varying each parameter in tura. E wag

evaluated at each of these pointe, yielding 13 simultaneoua equations of

which the first three were

Er = Eo * "t (tr - ro)'+.a, (Q,

Ez= Eo * 1 (tr*. to)z + "z (Qr

E3 = Eo * "t(,t- - ,o)'+ a, (Q,

- ao)' + --- + 
"5 

( ,, - ,'s)z

-oo)t + --- +a, (,r, - ro)'

- oo)' + --- + a, ( z1 - oo)'

(5h)

(5/zl

(5/3)

Since there are only 13 unloeowns Eg, rl -.6 andtO - rO, these canbe

ascertained from the equations. Furthermore, since equatione (5/Z) to
(5/L3') differ frorn (5/L) only by the variation of one of the pararneters,
the solution is particularly aimple; equatione (5/2') and, (5/3) give a, a:rd

tA, F/4) an.d(5/5) give arand.QO and so on, and finalty (5/I) givee EO.

Then tO - 'rO are eetimatee of the coordinates of the minimurn ol E.
Owing to the approximate nature of the representation of E theee estirnatee



30.
will be in error, but generarly rese so than the etarting ones. The point
(to, 'lo) is then taken as a new starting point, and the procees repeated
untir Eo ie reduced su{ficiently. rn practice onry about five iterationg
were required to achieve a satisfactory solution. The Algol prograrr
for the scherne, and an exafirpre of the output, are given in append,ix 3,

rn order to reduce the depend.ence of the aolution or rn€aar.r€-
ments made near the surface, which rnay have been diettrrbed. by the inflow,
the irppermost measurement was given a weight of 0.5.

2.2.12 Results.

The best representation of E near its rninirnum was
E = 0.218 + 4.3 xto-1, (t - r.z8 x ro9)2 + 9.8 1a _ +.6212

+ B.z x l0-4 (o - l5lr)z + 3zoo ( z- o .0966)2
+ 4.g (Ti * t6.07)z + 5.6 x lo4( ? - 0.lrgg)z

This expression can be rewritten as
E = 0.0118 + 7s.s 1 a,t/tr)z + tt. I ( aa/ao)z

+ ro4 gl/Ao)z * t.g4(o, / ,iz
+ zo (ax/r 

o)z * 43.g(a,t / ,o)2,

where at = t - to etc., and. E i" thu mean square deviation E/N (N = rg).
The varue of E can be compared d.irectly with the value obtained for the
same quantity in later analyses of otJrer lakes, for which N is different.
The coefficients in the second, expreseion are those called br ----- b6
in tabre rv, and show that the solution ie rnost gensltive to rrariatioir of
Q and least to variation of v. This irnpliee that e ig the pararneter
which is rnost closery deterrnined by the optirnisation, and y is that
least well d.eterrnj:eed. The first expression Ehowg that the optirnurn
valueg are (rrrnanuailr values in parentheses):

t = l.?8 x 109 sec = 57 yr
Q = I50g cal cm " ,, 

-'
7 = 0.10 C deg rn-l

(5? t 6)

(r350 t 150)

(0.08 t 0.04)

ri
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d = 4.67tn
T. = -16oct -r? = 0.I2rn

The closeneaa of fit is indicated by tJ:e

(4.35, fixed)

(-17, fixed)

(0.lzz, fixed).
r oot-mean- sguare deviation

between the N calculated and rneasured. temperatures, i.e. by JE.
Thie is 0.13 G deg for the rnanual rnethod, o.ll c deg for the cornputer
version. Both of these are acceptable when cornpared to the meaaurement
uncertainty of' 1 0.05 C deg, bearing in rnind, the id.ealised. nature of the
rnodel. The calculated ternperature profile ie showtr in fig.lZ with the
observed tnean profile.

2.2. ll DiscusFion.

rt is gratifying that variation of six pararneters yield.s
essentially tJre same result as variation of three, giving confidence that
the process yields values which have phyeical significance. It is,
however, fortuitous to the extent that tl-e original choice of -l?oC for
T- was not based on firrn evidence.I

The value given for the geotherrnal flux is about four tirnes
rfnormal't. rrlhile this eatlrnate ie very rough, and it is not certain that
the effect correepond.s to geotherrnal heating as uaually underetood., the
value would not be unreasonable for an area showing sorne eigns of
volcanic activity. Indeed, a flux 40 tirnes norrnal hae been fo'nd. at
scott base (Robertson and Macdonatd,, 1962), though the proxirnity of
the sea may have affected the ternperatures there.

Tb'e value given for the radiation flux at the base of the ice
cover leads to an estirnate of the flux incid.ent on the ice surface if the
approxirnate rneasurernent of 0. Of 5 1 O. OO5 for the ratio of the two ie
accepted. The incident ratiiation would am,ount to between 601 000 and
l5oro0o 

""1 "*-2 yt-I, which is consietent with the value of !1,000--z-lcar cm yr measured at scott Base ( tuompson a"nd Macd.onald, l962),
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The rnost significant value is that given for the duration of

tJ' e heating Process, and this can be corroborated in two ways. Firet,
the wldth of the peak ire the curve of salt concentration grad.ient versug
depth 

-that is, the distance between the points where the concentration
gradient has haU its rnaxirnum value 

- 
is sirnply related to the tirne for

whicb' the salt hae been diffueing. rd.eatry, the concentration dietribution
C (o, t) is given by (Grank, 195?)

c (u, t) = 9o ""f" [jL - "_lz LzDr/z tr/z )
where co is the initial concentration below the boundary and. D is the
diffusion coefficient for salt in water. Therefore

ac/d7 = 1c oz /+" Dt)l /zu' Q7 - uta /+ot

This is clearly a rnaxirnurn at t = ll, and haIJ the maximurn rralue at the
depths where

"-(1r-z)z/+ot=*i.e. at
tlcz = rt t (4Dt ta z)'t "

The width of the peak is therefore
r/zAz = 

:(::,:.'J,
= 3. 33(Dt)- /

Taking (1.25 t 0.25) x 1.0-5 
"rnz "u.-l fo" the range of coefficients of

diffusion of chloride ione in aqueous alkali chloride eolutione of the
strength for:nd in ttre lake (Tyrell, l95l), and 5.s !0.5 rn ae the width
of the peak, we find. that the age of the d.iffusion ig 60 Lzo yr. AltJeough
the observed chloride concentrations d.o not correspond, exactly to the
ideal rnodel assurned, the two are sufficienily alike for the agreernent
between this age and the thermal age to be significant.

Corroboration of the age is also available frorn the accor:nte
of the first two parties to visit the take. The two lobeg of the lake are
connected by a narrow cha.nner, the width of which sras 5. z an (L7 ft) in
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1903 (Scott, lg05) and about 3l rn (to0 ft) in lgll (Taytor , tgzz).
soundings were made in a line acroas the narrowest part of thie channel
in February 1964, and these indicate that in ord.er for the channel to be
as narrow as 5.2 rn the ice surface would. have to be 9.2 rn lower than
its preeent level (see fig.l3). I{,in 1903, the ice covering the rnain
lobe was about half itg present thickness (see append.ix z), this would,
have allowed only about z0 rn of water beneath the ice, a rrarue very
close to that postulated for the previous state of the lake. By contrast,
the depth in lgll must have been close to the present depth, the channel
width being 42-3 rn' rn rg6g. Thus there ia good. evidence tb,at the
increase in depth, which was postulated. ag the event which initiated tJre
current phase of the lakers history, took prace cloee to 60 years ago, aa
calculated.

Z. 3 JPther applications .

Three other lakes in the Taylor Varley have ternperature and
salinity profiles sirnilar to those of the eagtern lobe of Lake Bonneyr
namely Lake 3'ryxe11 (Angino et ar. , 1962; Hoare et ar,, r!65), the
western lobe of Lake Bonney (Angino et al. , 1964; Iloare et al. , Lg64),
a^nd Lake Joyce (R.A. Hoarer pers. cornrn.). rt is of interegt to apply
the foregoing analysis to these lakes, and also to the measurernents by
rroare et al. (1964) of the ternperatures in the eastern lobe of Lake Bon-ey
in Decernber 1963; these differ somewhat frorr those of Shirtcliffe and,
Benseman (Janrrary, 1163).

2..3. I Lake Frvxe1l..

This lake is 15 rnires east of Lake Bonney, in an enclosed
drainage basin near the seaward end of the vafley. rt is 5 twr by r.5 lcr
in size and is Perrnanently covered by ice about 4.5 rn thick. Ag in Lake
Bonney' the increaeing 

"alinitf with d.epth prevents convection at all levele.
Some light penetrates the ice cover, but the amount hae not been reliably
rneasured' Measurernente by Hoare et al. with a selenium cell showed
that the extinction coefficient in the water was r.r5 m-l, but in matching
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a theoretical steady-state solar heating profile to the observed ternperaturea
those authors ad.opted, a value of 0.69 rn-I, suggesting a 1ack of confid.ence
in the nneasurernent- An atternpt to nreasure the fraction of incid,eat light
penetrating the ice gave an anorrralously low value of 0.I/0, which wae not
considered typical for the lake.

The regurt of the analysis is shown in Tabre IV and. f.ig.r4-. The
rnain points of interest are:

(f ) The calculated' extinction coefficient is rnuch nearer to tJrat
fo'nd in the other lakes than to that rneasured in Lake Fryxe[. Thie
suggests that the high value actually nxeasured. could be a ternporary
phenornenon' Both this and. the anornalously low light peaetration of the
ice cover could result frorn a sudden inflow o{ rnelt water containing a
rather high concentration of euspend.ed. raaterial of a brownish colouri the
extinction coefficient changing because of the changed, spectral cornposition
of right penetrating to the stagnant water, and the change of penetration
being accentuated by a tendency for the coloured inflow water to gather in
the hole through which the d.etector was lowered. w'hether this could.
occur without detection is questionable, however.

(2) The calculated' fraction of incid.ent radiation penetrating to
the level z = 0 is about one third. of the correspoading value in r.ake Bono.ey.
This is consistent \Pith the higher extinction coefficieat in Lake pryxell as
indicating either less clarity in both the water and the ice, or a greater
difference between the passband. wavelengths of the ice and the water.

(:) trre ternperature of the prirnary brine exceed.s that ia Lake
Bonney' This reflects the rnuch lower salinity of Lake Fry:cell (s + gr,./
litre of chloride) and the concomitant higher freezing point. In accord,ance
with the argurnents advanced. in appendix Z it rnust be supposed. that gre ice
covering the lake before its increase in depth was thinner than that now
present. However this appears inconsistent, since the reratively high
primary brine ternperature would have Led. to an excessive losa of heat
through such thin ice. Arl answer to this d.ifficulty can be found, by
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considering the stability problem for the case of low initiat salinity.
The stabirising effect of fresh water flowing over the Fryxel1 brine would
have been rnuch less than that in Lake Bonney, owing to the srnaller
contrast of salinity. In Lake Bonney there was a sharp boundary between
the brine a'd the thin rayer of inflow water, rnaintained. by period.ic
convection induced partly by downward ice growth in winter; in Lake
Fryxell tJre brine rnay well have been separated. frorn the ice by a
Perrnanent layer of water in which there was a suf:ficient grad.ient of
concentration to prevent convection, while convection in the brine itseu
was maintained' entirely by the solar heating. The brine would have been
insulated frorn the atrnosphere by both the ice a^nd. the noD-co'Vecting
layer, allowing the annual heat loss to balance production. The lake
would have been stabilised finally when the inflow of ad.d,itional water
reduced the inteasity of radiation reaching the brine below that required.
to rnaintain convection. The present sarinity profire rends support to
this hypothesis by showing a rather ress marked maxirnum in sarinity
gradient tb'an is the case in Lake Bonney. This could be d.ue to the fact
that there $ras a Pre-existing chernocline which increasee the apparent
age of the present profile,

(4) Table rv incrud.es the coefficienis b, --- b6 which ehow
the relative sharpness of the rninirnurn in E rvitrr respect to t1.e various
pararneters. These coefficients are generally rnuch lower for La.ke
Fryxell than for Lake Bonney, so that the pararnetric values are lees
weLl deterrnined. Neverthelegs the finar agreenrent between theory and
experirnent, as representedbythe RN6,5 deviation of 0.ll c deg, is quite
satisfactory.

2.3.2 Lake,Jgvce.

Lake Joyce lies beside a lateral extensioa of the Taylor Glacier,
about l0 miles frorn Lake Bonney and at a sornewhat greater altitud.e. rt
was i!,vestigated by vuw Antarctic Expendition No. g aad. appears
qualitatively sirnilar to Lake Bonney in its ternperature and s2rinity
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profiles, its permanent ice cover and ite rack of outflow. The
bathyrnetry is rnore variable than that of Lake Bonney. There appearg
to .be a srnall region which is rnuch deeper than the bulk of the lake,
and contains rnore saline water with a higher extinction coefficient.
This region was ornitted from the analyeis, the lake being assurned, to
have a horizontal bed at a depth of 26 rn.

Results are ehown in table rv and fig,15. Tolerably good
agreernent is shown between calculated a.nd rrreasured values of radiatioa
input and extinction coefficient. The calculated pararnetera are
generally less well deterrnined than their values in Lake Bonney, the
values of the coefficients b, --- b6 being comparable with those fo'nd,
for Lake Fryxell.

These *ea'urernents agree well with those taken rr monthg
earl'ier by shirtcliffe and' Bensernan, except in the region near and above
the ternperature maxirnum. Since this is the region rnost susceptible
to seasonal fluctuation, it is probable that the d.ifference is d.ue to no
rnore than this. Nevertheless, since the anatysis neglects eeasonal
effects, it is rernarkable that the pararnetric values inferred. are so
similar for the two cases (ace table rv and ftg.16), even to an increage
of I year in the age. The rnain differerice is a reductiou of,5To in the
inferred radiation input, which is scarcely significant. The sirnilarity
between the two sets of resurts shows that the optirnising procesg
operates preferentially on the deeper measurernents.

2.3.4 L?ke Bon+ev, western lgbe.
Thig lobe is separated frorn the rnain, eastern, one by a

channel containing only about 5 m d.epth of water. Thus at depths greater
than this the two lobes are chernically and therrnally distinct. Superficially
the two temperature and sarinity profiles are similar, arthough. the
temperature rnaximum in the western robe is sharper, cooler and,
ehallower than that in the eastern lobe.
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It is clear that the results in this case (see table IV and

fig.l?) are significantly worse than those obtained. for the other lakee.

This failure of the rnod.el could possibly be ascribed to two causes.

The first of these is associated with the influence of the Taylor Glacier
on the temperatures in the lake. The ternperature profile exarnined

(in all lakes) was that obtained by averaging at each depth the readinge

taken at the various stations at that depth. The horizontaL variation
of ternperature is srnall in the other Lakes considered, but in the western
Iobe of Lake Bonney ternperatures rneasured 150 rn frorn the Enout of
the glacier average I.5 C deg, and those xrreasured 300 rn frorn tJre

snout 0.4 C deg, below corresponding values of the nf,,ean profile. Thus

there is a noticeable horizontal cornponent in the heat flow at least near
the glacier. In principle, this will have two effects:

(") trr an otherwise hornogeneous fluid, any horizontal
terrrperatrrre wariation produces a rnovernent of the liquid, since the

condition for hydrostatic equilibriurn is that the surfaces of constant

density should be horizontal. When the fluid contains a second

courponent, such as a solute, which can also affect its density,
hydrostatic equilibriurn can exist in spite of horizontal ternperature
variations provided that the concentratiou of the second component

varies in a cornpensating way. Such is probably the caae here, an

upward displacement of the isotherrns being accornpanieti by a downward

displacement of the ieohals (surfaces of constant salinity). Although

this irnplies a horizontal cornponent of salt diffusion, and a consequent

continuous flow to rnaintain the desired horizontal concentration

variation, this flow should be negligibly srnall, Thug it is probably

satisfactory to assurne that heat flow is entirely conductive.

(b) fhe solar heating rnod.el assumes one -dirnensional heat

conduction, with horizontal isotherrns. Again, the effect ie probably

not serious, provided the b,orizontal cornponent of the heat
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flow is rnuch srnaller than the vertical one. The ternperature

variation indicated suggests a lateral transport of about 3 cal "*-2-lyr near the glacier, which is srnall cornpared to the vertical fh:x
at all depths except rtear the ternperature rnaxirnurn, where the vertical
flux is zeto. The region where the horizontal flux is dorninant is so

reetricted that the effect is probably negligible.
The second, and more importa^rrt, reason for the failure of

the theory in the case of the western lobe of Lake Bonney is associated

with the shallow char:nel connecting it with the eastern lobe. It is
noticeable that at depths down to about l5 rn tJ:e salinity of the western
Iobe is greater than that of the eastern lobe, and that there is a sharp
salinity gradient in the western lobe at the level of the channel bottom.
This irnplies either that the western lobe has only very recently filted
above this level, or that there is a loss of salt frorn its upper region.
The first alternative is certainly untrue, since as has been strown the

whole of Lake Bonney has had roughly its preeent depth at least since

the year 191 I .

Hence salt is being lost frorn the upper waters of ttre western
lobe. This irnplies a flow of water through the channel into the eastern
lobe, which can arise in two ways. Firstly, neglecting flow through
the channel, the annual depth of inflow to the western lobe is probably
greater than that to the eastern lobe, both by virtue of the great
collection area of the Taylor Glacier and by virtue of the srnall eurface
area of the western lobe when cornpared with that of the eastern lobe.
This difference in inflow rnust be cornpensated by a nett flow through
the channel from west to eaet, However the flow would not be steady.
rnflow occurs to both lobes in a variabie rna:ener, and there are no
doubt periods when flow into the eastern lobe exceeds that into the
western. During such periods flow in the channel would be frgm east
to west. A second possible cause of flow (in either direction) in tfre
channel is internal waves generated by reversals of direction of the
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$rind, which apparently blows either up or down the valley rnost of

the tirne. Thus irrespective of the existence of a mean flow from west

to east there rnust be an exchange of water, and hence of both salt and

heat, betweeu the two lobes. By virtue of its smaller volurne (about

l0%) tne weeterrx lobe rnust be rnore affected by this than the eastern

lobe. Since the salinity is higher and the ternperature lower in the

western lobe, that lobe rnust experience a nett gain of heat and a net

logs of salt in the process, the corresponding fall in ternperature a:r,d

rise in salinity in the eastern lobe being rnuch less rnarked. Hence

the no-flow solar heating rnod.el fails when applied to the weetern lobe,

but accounts adequately for conditions in the eastern lobe.

2.3.5 Summarv and cornrnent.

A rnodel based on the absorption of sunlight in non-convecting

water hae been coneidered in detail, and ehown to account for the

ternperature profile in three lakes in the Taylor Valley. The rnodel

assumes a particular origin for the developrnent of the temperatures,

and to that extent is speculative. Flowever observatione confirrn that
a rise in level of the required rnagnitude did occur in at leaet one of

the lakes at the appropriate tirne. Moreover, i:osofar as the rnodel

requiree a particular pre-existing configuration, such an alrangernent

has been shown to be plausibler particularly in regard to its stability.
The applicatic . of the rnodel proceeds by the evaluation of

up to six parameterg according to the criterion that the calculated

ternperatures should rnatch those rneasured as well as posaible. The

inferred values of the pararneters are r-rnique and reasonable, and

agree with such reliable observations as exist. Hence it is concluded

that the rnodel itselJ is correct, both in regard to the assumption that

no sources of heat exist other than tJ:e absorption of sunlight and a

geotherrnal heat flow, a"nd also in regard to the asgumed forrner cha.ractere

of the lakes . '
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The correct estirnation o{ those pararnetric values which

can be checked against observation irnplies that the val.uea are physically
significant even when no. observations are available to check thern.

This being so, the process becornee in effect a rnethod of ded.ucing

clirnatic history for the lakesr environrnents. AIl three lakeg, Joyce,

Bonney and Fryxell, appear to have responded to an increase of humidity

in their respective regione within the laet 50-80 years. Since they are

all situated in the Taylor Dry Va1ley, the clirnate throughout that valley
generally hag been becorning less arid over the period.

It is intriguing to speculate on the relative timing of the onset

of non-convective heating in the three cases. Lake Joyce, high up the

valley, was affected about the year 1885; Lake Bonney, at the foot of

the Taylor Glacler, about 1905; arid. Lakc trr1xe11, ncatest ihc eeai

about 1915. Although the tirne difference between the Bonney a:rd.

Fryxell events is barely significant in relation to the rrncertainties

involved, it seems possible that the climatic effect propagated dowa

the valley frorn the Polar Plateau.
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Chapter 3

Convectins Lakes

3. I Introdrlction

The non-convecting lakes already described, together with
a few other rninor examples frorn the sarne area, probably represeat

the only examples in the world of totaLly arnictic lakes. Even inthose
lakes elsewhere in which deeper water is stabilised rnore or less by a

solute concentration gradient, tl:e so-called merornictic lakes (Hutchinson,

1957\, the upper part is subjected both to turbulent rni xing due to wind

and aleo to interrnittent gross circulation caused by changee of gurface

ternperature. Other lakes are to be found in Victoria Land which are

interrnediate in character between the arnictic and the rnerornictic lakes.
Although protected frorn surface disturbance due to either temperature
change or wind by a perrnanent cover of ice, these lakes are eubject to
sorne circulation where the gradient of golute concentration is insufficient
to rnaintain stability against the heat flow. In contrast to the rnerornictic
Iakes, however, the interrnediate class of Victoria Land lakes may be

called stratornicticr'since continuous convection occurg in a seriee of

layers which rnay be very thin and which are bounded above and below

by regions of high, solute-induced stability.
Details have been published of only two s.tratomictic lakes,

namely Vanda (Wilson and Welknan., L962i Goldrnan, 196?; Ragotzkie

and Likens, 1954; Hoare, 1966) andMiers (neU, L967). Of these, the

latter contains relatively little salt (maxirnurn concentration of soluteo

is less than 300 p,p.rn.), 
"lr4 

the water ternperature exceede that of

maximum density by only a srnall arnount (rnaxirnurn temperature is
r)

5.25-C), so that the layered convection is not well developed. Lake

Vanda, on the other hand, contains a very well-rnarked series of layers,
with thicknesses varying from lees than I m to about Z0 rn (Hoare, 1966).
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The preeent study was therefore confined to Lake Vanda, and, airned at
clarifying the origin and developrnent of the layered. convection in that
lake.

3.2 , Lake Vapda.

Fig.l8 is reproduced frorn the work of Hoare ( rgoo) 
",'asurnrnarises the pertinent data on Lake Vanda. The lake rnay be divided.

into two regione ; that below a depth of about 50 rn, in which transport of
heat and solute is due entirely to diffusion, and. that above thie level where
layers of convective transport are separated by stable boundary regions.

'wilson (1954) has shown that the distribution of satt irr. the
lower region is consistent w'ith upward d.iffusion frorn a very thin bottorn
layer for a period of about IZ00 years. Thus the tirne scale for the
developrnent of this lake is an order of rnagnitude longer than that for the
Taylor valley lakes. For this reason no inforrnation on age can be
obtained frorn the ternperature profile below 50 rn since, the d.iffusion
coaataat fcr heat treing much greater than that for aalt, thie profile is
effectively a steady state one (Witson and W'ellrnan 196"). The analyeis
of the Taylor Valley lakes is irrelevant to the problern of Lake Vanda
then, except insofar'as it has shown firstly that there is no irnmed.iate
cause to invoke any abnorrnally high geotherrnal heat flow, nor any other
energy aource apart frorn solar radiation, to explain the high ternperatures;
and secondly that the depth of the lake is susceptible to clirnatic changes
but otherwise stable. The primary interest in an investigation of Lake
vanda therefore lies in explaining the origin and. development of its
unusual stratiJorrn nature rather than the elucidation of clirnatic history
in the Wright Va1ley.

Two origins of the layered. convection have been suggested
(in discussion) by A.T. wilson and H.w'. wellrnan, narnery internal
waves and changee in lake level. An origin in internal waves pre6upposes
the presence o{ a solute gradient throughout the lake. The resulting
density gradient could support internal waves, which might be excited, by
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' rnovement of the ice cover by wind.. Frowever it is d.ifficult to see.how
this in itself courd produce mixed. layers. provided. there is no
discontinuity of density, there will be no discontinuity of verocity (r.arnb,
l93z), and no vortex formation. once layers had been formed by some
other process, a discontinuity of d.ensity would be associated. with vortex
production at the layer bound.aries, and the reeulting transport of solute
would rnodify the density distribution; but even if it could. be show:r that
this rnodification tended to rnaintain the discontinuity (which seems
doubtful), diffusion of solute would ensure that a d.iscontinuity of density
could not ia fact occur. Thus altJrough internal waves are probably
preeent in the lake, and rnay rnodify its nature, they could not produce
a layered structure frorn an initially r:niform one, and muet theref,ore be
discarded as a possible origin.

Mixed layers could have been formed by changes irx laie level.
If the level fell, in re.ponse to a change toward. greater arid.ity in the
areat the salt would have remained. in solution as evaporation proceeded.
Thus if the ice/water bound.ary fell to a level where the ealt concentration
was significant, it would have swept the dissolved salt ahead of it until
an unstable density profile was produced., when convection would have
occurred and produced a rnixed layer rrnder the ice. If the lake level
subsequently rose the mixed. Iayer might have been perpetuated if the
heat flow was sufficient to rnaintain convection against the stabitising
tendency of the underlying salt gradient. If the salt flux into the bottorn
of the mixed layer slightly exceeded. that out of it, the concentration in it
would have'gradually increased. Then if the lake level fell again, a new
rnixed layer rnight have been forrned. above the old one and of 1ower
concentration- Lo this way a whole series of layere rnay in principle
have been built up.

In order for changes of lake level to be aeceptable as a theory
of origin of the layers now present in the lake, it is necescary to ehow
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that each layer could have retained its identity frorn the tirne of its
formation until the present. It seerns unlikely that layers as thin ae

those near the 50 rn level would still retain their identity after a tirne
perhaps as long as 1000 years, during which the salt concentration in
them has increased by an order of rnagnitude. The observations of

Hoare (pers. conc.rn.) show that the layers are dynarnic in character,
so that although the main features are preserved frorn one surnrl'et to

the next, differences in detail are apparent even over that tirne. Thus

even if layera had been forrned by this process, it ia probable that their
character would have been so rnodified by the convective processes in
the lake that they would no longer be recognisable. The origia of the

present layers therefore lies more with the convective process itseU.

Indeed, as will be seen in the following sections, this procesd is capable

of producing layers without the assista^nce of level changes, so it is
clearly desirable to investigate convection itseU before falling back on

level changes to explain the observations.

@.
3.3. 1 Basic work.

Therrnal'convection in a fluid is a process of which tJre physical

basis is obvious, but the details are not. Basically, if the d.ensity of an

otherwise hornogeneous fluid layer is rnade greater above than below

owing to the irnposition of a temperature gradient, a flow results in which

the lighter fluid floats upwards in sorne regions and the heavier sinks

downwards in others. So long as the temperature d,ifference is maintained,

the flow continues.

The first controlled. experirnents on convection were carried
outbyB6nard. (fgOO E, b, c, l90l a, b), although Thomson (1SSZ) fraa

observed the effect in a layer of hot soapy water cooling from its upper

surface. The experirnents of B6nard were carried out with liquids
having a wide range of viscosity. In each caae the liquid layer was thin
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(about I rnrn), and was heated uniforrnly frorn below by a hot rnetal plate.

These experirnents showed that after an initial tra:rsient stage in which

the structure of the layer was aomewhat irregular, the flow was clearly
resolved into a cellular pattern. The cells had vertical bound.aries and

showed a strong tendency to a hexagonal planform, in which flow wae

upwards in the centre and downwards rould the perirneter.

The first theoretical analysis of convection was published by

Rayleigh (t915). He cited B6nardrs experirnents as evidence that the

flow pattern is basically celIular. The cause of B6nard convection wag

assurned to be buoyancy forces, as outlined above, but later authors have

shown that in such a shallow layer of fluid the rrariation of surface

tension with ternperature provid,es the major driving force (Pearson 1958,

Nield 1964). Neverthelesg the flows produced by both effects are very
sirnilar (Nietd, 1956). Thus although Rayleigh "nalysed B6nardrs

experirnerrts on tl.e basis of a. false hypotl-eeis as to the d,rlving force,
his analygis was correct when applied to buoya''cy induced convection,

which is the rnore usual type.

Rayleights analysis began with the equations of motion,

continuity and heat conduction for the fluid, expressed i:r an approximate

forrn due to Boussinesq. (f903). In this forrn the fluid ie bssurned

incornpressible, and the temperature variation of density insofar ae it
affects rnomenturn is neglected, only the buoyancy effect being retained.

Physical properties of the fluid r*'ere assurned to be consta^nt. An

additional constraint was an equation of state which assumed a linear
variation of density with ternperature. These equations were first
solved for the equilibrium case in which the velocity was everywhere

z,ero. This solution was then perturbed slightly, and the velocity
assurned to grow as exp ( y t) as a result. Assurning r to be real, that

is the flow to be monotonic (non-oscillatory), the stability of the initial
equilibriunx was then dernonstrated by the sign of ! . If z < 0 the
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perturbation would die away with tirne, while if. | > 0 it would grow with
time, indicating inetability. Rayleigh solved for the case of marginal
stability r = 0 which separated these two possibilitiee, and showed that
lt correspond.ed to a non-zero ternperature gradient. Thus if the

ternperature gradient was initially zero and then slow1y increased (in

the direction favouring instability), convection would not imrnediately

ensue, but would occur only when the quantity

R = e.Flnl
rK

exceeded sorne critical value. This value depende on the root-mean-
square horizontal wave nurnber, but is a rninirnurn at sorne wave nr:rnber,

the correspond.ing critical value being Zt *4 /+ (= 657). The non-

dirnensional group R is now lqxown as the Rayleigh uumber, and its
rninirnurn critical value is the critical Rayleigh nurnber R. above which

convection should occrt! c

The particular value 657 for R" follows from the assurnption

of hydrodynamically free horizontal boundaries with fixed ternperaturec.
This choice of bound.ary conditions, and the assumption of rectangular
rather than hexagonal cells, allowe a sirnple derivation of R.r but the

arrarrgesrent is physically unrealistic .
Other boundary conditions do not allow an exact solution for

R_ to be obtained so easily (for exarnple, see Low, L9?9) and approxirnatec
rnetlrods have usually been adopted. Jeffreys (1926, lgzg) solved for a
variety of situations in which one or both horizontaL boundaries were
hydrodynarnically rigid and had either fixed ternperature or fixed heat

flow (i.e. fixed ternperature gradient). More recently, Sparrow et al.
(1964) have included both constant ternperature and constant heat flow
boundaries as opposite extrernes of a general Itradiationrt boundary
condition. These and intervening calculations such as thoge of Pellew
and Southwell (I9+O) show the following general behaviour: If a surface

is held at constant ternperature, the fluid ig rnore stable than if the heat

flux ie kept constant at the surface; i.f a surface is hydrodynamically

I
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rigid, stability is greater than if that surface is free; 'nd a choice of
conditiong at one boundary such ae to produce greater stability wilt be

reinforced by a sirnilar choice at the other boundary. In each cage,
greater stability is associated with a higher value of R.. lf tJre lower
boundary is rigid (the only practical possibility), variation of the rernaining
boundary conditions gives values in the range 3?0 t *" S L707.

3.3"2 Non-linear ternperalule profiles.

The calculations of Rayleigh, Jeffreys and Pellew and

Southwell assurned a consta.nt temperature grad.ient throughout the fluid
layer. Batchelor (1954) and, in rnore detail, Morton (1957) coneldered

the effect of a non-linear tem.perature profile such as rray be produced

by rapid heating from below, and showed that ttre critical Rayleigh nurnber

was greater than that for a linear profile having the sarne boundary

ternperatures, though by only a srnall arnount. Sparrow et aI. (1964)

showed that when the non-linearity was of the opposite serxse, that is
when the internal temperatures were greater than those of the linear
profile' stability was reduced; this effect was also srnall provided the

non-linearity was not sufficient to reverse the sign of the ternperature
gradient anywhere. '

A rnore searching analysis by Currie (f f6Z) showed that rapid
heating frorn below could. have a rnarked effect on the critical Rayleigh

nrrrnber. For very slow heating, the value was 1?0? (rigid, coastrnt
temperature boundaries); as the heating rate increased the value initially
dim.inished to a rninirnurn of 1340, and. then increased sharply, without
lirnit.

DebLer (1966) showed that a non-linear ternperature profile
could cause the fluid layer to breakup into sub-layers, but only in a
very restricted case; it was necessary for the ternperature at the upper

surface to exceed that at the lower one, and for the maximurrr ternperature
to occur within the layer rather above its rnid-section. Under these

conditions (or analogous orxes produced by expansion behaviour euch ae
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that of water near +oc) the unstable upper part of the layer can drive
a separate circulation in the stable lower part.

Another effect of a non-linear ternperature profile results
frorn its trarr.eient nature. Foster (1965) showed that a non-li:c.ear

profile resulting frorn surface cooling of a liquid did not produce

detectable rnotion as soon as some critical ternperature difference \^'aa

exceeded. Instead, a srnall but observable tirne lapse occurred during

which the rate of growth of instabilities was negligible.
3.3.3 Overstabilitv.

Rayleigh showed that the onset of convective instability was

characterised by tirne-independence of perturbation quantities. When

this is the case, the principle of rrexchange of stabilitiegrr ie said to
hold (Jeffreys 1926). Rayleigh effectively proved the vaLidity of this
principle for the particular case of stress-free boundaries, and Pellew
and Southwe[ (f9+O) g+n. a general proof for auy boundary conditions.

The alternative rnode of instability was called rroverstabilityrl

by Eddington (1926). Here the rnotion which develops frorn the initial
perturbation is oscillatory. As distiDct frorn (rnonotonic) instability,
in which a displacernent induces forces which lead the system further
frorn equilibriurn, in overstability a displacement from equilibrium
induces restoring forces great enough to return the systern through

equilibriurn and beyond. the corresponding point on the other side.
Although overstability cannot occur in a hornogeneous fluid eubjected

only to a temperature gradient, the irnposition of a second constraint
on motion can lead to overstability in certain casea. Chandrasekhar

(1961) has shown t]nat, in general, a stationary iastability occurs when

the rate o{ supply of energy by the therrnally-induced buoyancy force
can just balance the rate of dissipation by viscosity; while overstability
will occur if , at a srnaller heat flow, it is possible to balance in a
synchronous rnanner the periodically varying arnounts of kinetic energy

with sirnilarly varying arnounts of dissipation and liberation of euergy.
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It has been known for some tirne that overstability rnay be

expected when a homogeneous fluid is subjected sirnultaneously to an

appropriate ternperature gradient and to rotation (ChandraseHear and.

Elbert, 1955). This type of overstability should oecur only in fluide
whose Prandtl nurnber P (ratio of kinernatic viscosity to therrnal
diffusivity) iE less than 0.677. In accordance with this pred.iction,

Fultz et al. (1gS+ and 1955) have observed the effect in rnercury
(P = 0.025) but not in water (p = ?.5).

According to the theory of ChandraseHrar (1952) it ie also

possible for overstability to occur when the fluid. is electrically conducting

and is subjected to a rnagnetic field as well as heating. In this case,

however, no experimental check has been possibLe, since overstability ie
ouly possible when the therrnal diffusivity K, the rnagnetic perrneability r
and the electrical conductivity c are very large; specifically, when

K r^ a > l. Under rnost terrestrial conditions this criterion fails by a
wide rnargin, though it rnay be rnet i:r sorne stars.

Not surprisingly, in view of the above, overstability can also

occu! when an electrically conducting fluid. is subjected to both rotation
and rnagnetic field when heated frorn below (ChandraseHear, 1956). It is
found that the systern exhibits overstability when sufficiently heated provided.

the rnagnetic field is not too intense. Overstability in this category has

been observed by Nakagawa (1959) in rnetcury.
3_r.3.:! Therrnosolulal convegtion.

The first stability analysis for the case of a fluid containing

a vertical gradient of solute concentration in addition to a vertical
ternperature gradient was given by Vertgeirn (1955). This paper

considered only the poesibility of rnonotonic instability, wheu the liquid
was contai:eed in a vertical cylinder. The {uestion of monotonic

instability for ideal (i.e. stress-free, constant ternperature, constant

solute concentration) horizontal boundaries was discuesed by Stern (1960).
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The analysis of Gershuni and Zhukhovitskii (1963) considered both

rnonotonic instability and overstability, but for sirnplicity they chose

the geometry of a plane vertical slot of finite width and infinite height.

This gave a sirnple flow field at the cost of physical reality, but showed

that overstability is to be expected under certain conditions.

Other authors have considered the possibility of overstability

in. a horizontaL layer with ideal boundaries (Weinberger 1962-, Lieber

and Rintel 196s, Walin 1964, Veronis 1965, Sani 1965, Nield 1967).

The analysis of this problern is a straightforward, extension of Rayleights

pure-fIuid analysis, with the added constraint of a second diffusion

equation which describes the diffusion of solute. Gershuni and

Zhukhovitskii included the effects of therrnal diffusion and diffueive

therrnal conductivity, but in practice these are generally negligible and

the other authors have assumed the two diffusion processes to be

independent.

Whereas in a hornogeneous fluid convection will occur iJ the

Rayleigh nurnber exceeds a critical value which is unique for a given

geornetry, when an additional constrai:at such as a solute gradient ie

present the critical Rayleigh nurnber is a function of the rnagnitude of

that constraint. In the thermosolutal case the solute effeit is expressed

through a solutal Rayleigh nurnber R", where
-. .4gTr n'

6tvK

Since R. is now a function of R", it is convenient to present

it in graphical forrn. Fig.l9 is the resulting stability diagram for the

thermoso1uta1extensionoftheRay1eighprobl'ern,foracaseP,>
Corresponding to rnonotonic instability and overstability respectively,

there are two straight lines on the graph. These have the equations

(deiived frorn Nie1d, L967\

R + 3 R- = 27 ,4/4 (monotonic instability)
FS
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= 27 rt 4/4 (overstability).gRs

P+l

For the case of aqueous solutions (P-10, Ps- 1000) the eecond expression

rray be approxirnated by

R+ P D z7 n4/4.(e + t) **"

The angular frequency of oscillation r,r in the case of overstability is
given by

( Ps(Ps - P)i;ffi'(-R") n ,4 )TI
o is zero at the intersection of the rnonotonic instability and overstability

lines and increases at points along the overetability line towards rnore

negative R_, that is towards a stronger stabilising conceutration gradient.
s-
The interpretation of the stability diagrarn is as follows: If

R is constant and R gradually increased frorn an initially stable value,
s

overstability is to be expected if the point (R, R") crosses the overstability

line. If , however, the point crosses the rnonotbnic instability line,
whether it has previously passed through the overstability liae or not,

monotonic convection will ensue,

Theline R+ R= = 0

is plotted on the stability diagrarn. Along this line the density gradient

in the solution is zero, and below the line the fluid is trgravitationally

stablerr. It is apparent that the condition that density increaees down-

wards is not sufficient to guarantee stability, since both stability liaes

cro6s the line of zero density gradient. The possibility of convection

occurring under these apparently stable conditions derives from the

different diffusion rates for heat and solute. In the rnonotonic case

R
s

which expands on heating) hot, concentrated solution overlies cool, weak

solution, the ternperature effect predorninating in the deterrnination of

density. If a rnass of liquid starts to fall, it rapidly loses heat to its

z
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surrolurdings without a corresponding 1oss of solute (p"r p, i.e.
K > D), so that the fluid rnass becomes more dense than its surround.ings

and is accelerated. In the overstable case, R > 0 and R". 0, which
is the inverse of the previous situation. Ilele a rising rnass of liquid
loses heat to its surroundings and experiences a restoring force greater
than that which would result if arl diffusion were absent, and whieh
conti:rues to operate even when the fluid rna6s has returned to its original
position. Hence an increasing oscillation results.

Not ali studies ha','e been concerned with ideal boundarieg.
'Walin (1964) discussed the problern without defining bound.ary cond.itione

at all' though his solution for the vertical velocity cornponent is that
required for ideal boundaries. Nevertheless his paper is of mainly
qualitative interest.

Nield (196?) described a rnethod which in principle enables
the evaluation of a stability diagrarn for any set of boundary cond.itions.

Except for the case of ideal bor:ndaries, his calculated results are
lirnited to rnonotonic instability owing to the tedious algebra involved
ire overstability. He showed that when the boundary conditions for
temperature and solute concentration are forrnally identical, the stability
line is given by

R+P"R=R
Psc

where R - is the critical value when the solute is absent, for the samec
boundary conditions" That is, the ordinary Rayteigh nurnber R is replaced
by R = R * R p ^/e, the critical value being unchanged. Ffowever, if'ess'
the boundary conditions for ternperature and concentration are different,
for exarnple if at a boundary one of these variables and. the gradient of
the otJrer are held constant, the stability condition is rnore cornplex.
Because the flow pattern favoured by the ternperature distribution is
now different to that favoured by the concentration distribution, the two

effects are less tightly coupled, resulting in the stability line becorning
gurved, concave toward the origi:r.

L
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3.3.5 Finite arnplitude effects in therrnosolutal convection.

The analyses so far rnentioned have been concerned exclusively

with the stability problern, aeglecting non-linear effects which result frorn
finite velocities. The papers of Veronis (1965) a:ld of Sani (l!65) are

particularly interesting in that they are atternpts to include non-linear

effects, and hence to investigate the stability of rnotions of finite
arnplitude. Both authors aseurned ideal bor:ndaries, but ueed different

approxirnations in order to rnake the problern tractable. Veronig

assurned, for velocity temperature and concentration, the sirnplest

trigonometrical solutions which would rnake sorne allowance for convective

redistribution o{ these quantities. Sani, on the other hand, used serieg

expansions which were forrnally exact, and truncated the (infinite) series

after at most three terrns. Frorn the calculations of heat and rnass flow,

it appears that the latter rnethod is unsatisfactory for overstability, the

retention of rnore terrns being required, although it is qualitatively

satisfactory for rnonotonic disturbarce s.

In spite of their approxirnate natures, both these studies ind.icate

qualitatively what special effects may be expected to result from the non-

linearity of the problern. Both, of course, predict the rnonotonic

instability and. overstability previously deduced frorn linear theory.
,In addition, they indicate the possibility of sub-critical rnonotonic

convection when P" t P; that is, it is possible for certain disturbances

to be rnaintained at a steady, finite arnplitude even though the thermal

Rayleigh nurnber is less than that required for either of the cases of
I'rnarginal stabilityrr. Such convection will not occur, however, unless

it is initiated by arl appropriate disturbance of sufficient arnplitude. Its
origin lies in the greater diffusivity of heat cornpared to that of solute,

which results in the solute gradient being deforrned by an irnposed

disturbance more than the terrperature gradient. The rnid-regiou of

the convecting layer rnay then have a relatively high ternperature gradient

and low concentration gradient, favouring convectioa.

I
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Sanirs calculations are concerned aknost exclusively with
therange0 ) R-s p"(p" -il' -; * - (for P" t P), that is for
values of R" between zero and the intersection of the rronotonic instability
and overstability lines on the stability diagrarn, It appears that the

lirnitations of his rnethod prevent reliable conclusions for greater ln"l .
Since this range is very tirnited. for P" >> P (as for aqueous solutions),
ireterest in practice centres on rnuch greater In"l "tA his results are of

little quantititive value. Where they are valid, however, his calculations

agree qualitatively with those of Yeronis.
Experirnentally, then, if the fluid is not disturbed convection

will grow only from the appropriate case of marginal stability, where

the required arnplitude for initiation tends to zero. Flowever Veroni's

predicts that the oscillation associated with overstability will quite'

rapidly reach an amplitude sufficient to initiate the sub-critical rnonotonic
convection. If this was the case, the onset of overstability would be

difficult to identify, any form of instability giving rise to monotonic

convection.

It is not possible to deduce how long the oecillation would

persist, since the tirne-dependent calculations were perforrned nurnerically.
Flowever a solution is given for the steady state of tJre finite arnplitude
rnonotonic rnotion, and thig shows that where the conditions are rnarginal
for the occutrence of overstabllLty, the lowest equilibriurn arnplitude of
the temperature disturbance for the monotonic motion is about 5To of. t}l,.e

ternperature difference across the layer. Thus one rnight expect to
observe overstability as an oecillation which continues for a long tirne
provided the amplitude is much less than this lirnit.

It is possible to draw rxrore specific conclusions by compari:rg
the analyses of Sani and Veronis. Although the range of validity of tJre

forrner is lirnited, within that range the rnethod not only gives solutions

for the equilibriurn arnplitudes of finite amplitude disturbances, but alao
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perrnits an evaluation of the stability of such equilibria. In those caseg
where an increage of equilibrium heat flow (or equilibriurn arnplitude of
disturbance) is associated with a reduction of Rayleigh nurnber, the
equilibriurn is unstable, and the disturbance is ampLified r:ntil the
equilibrium heat flow is an increasing function of Rayleigh nurnber.

A sirnilar situation is apparent in Veronisr calculatione for
overstability. His paper includes a sketch of the variation of equilibrium
heat flow with Rayleigh nurnber for low arnplitud.e oscillations, which
shows higher equilibriurn heat flow to be associated. with lower Rayleigh
nurnbers. llence we can expect that, if the Rayleigh nurnber is held
constant, any finite oscillation which occurs must be coatinuously
arnplified, no rnatter how srnall its initial arnplitud.e. Whereas the
unstable solution for rnonotonic flow found by Sani led to a higher
equilibriurn arnplitude of the sarre type, however, the increasing
oscillation will not achieve an equilibriurn arnplitude, but will lead. to
rnonotonic convection.

The reason for this is the relatively rapid redistribution of
solute caused by srnall disturbances. Turning to Veronist equilibriurn
solutions for rnonotonic flow, the ratio

r = convective cornponent of heat flow
h lror"-"orrrr..tive component of

rnay be cornpared with the sirnilar ratio for
heat flow
solute transfer (r"). It ig

found that, for srnaLl disturbances,

r +,rt z a

" 
( ?)-. th - l0-. r- for aqueous solutions,, pl ' II h

whereas for large disturbances

f=f-.s .rr

Assurning the eituation for overstability to be sirnilar, it is apparent that
even though srnall oscillations would not be expected to provid.e efficient
heat transfer (cf the observations of rotation-induced overstability by
Nakagawa and Frenzen, 1955, also Goroff, 1960), they may give a
significa"nt solute flow. An increase of solute flow implies an increase
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of concentration gradient at the boundaries, where the transfer is entirely
conductive. Since the concentrations are fixed at the boundaries, the

rnid-layer concentration gradient rnust be reduced. Thus any increase
in solute transfer rnust tend to reduce the solute-induced stability of the

mid.-layer region. In the absence of the solute gradient, the exieting

ternperature gradient would be highly super-critical to rnoaotonic rnotiong.
llence the convective transfer of solute, even for small disturbances, hae

a tendency to induce rnonotonic flow.
3 .3 .6 Experirnents: Marginal stabilitv.

Experirnental work on the observation of convective onset has

been surnrnarised by Chandrasekhar (I96f ). Briefly, the experirnents
fall into three classes according to the rnethod used to obeerve the onset:

heat flow measurernent, optical rnethods, and internal teraperature
difference tne asurernent.

'When a fluid layer transfers heat by conduction only, the heat
f low rate increases in proportion to the Rayleigh nurnber. After convection
has set in' the total heat flow is the surn of conductive and convective

cornponents. For Rayleigh numbers which are not too rnuch in excese

of the critical, the convective cornponent is proportional to this excess,
so that the total heat flow still varies linearly with R but'at a greater
rate than during pure conduction. Measurernentg of heat flow for a series
of values of R above and below the critical allow the junction cf these linee,
and hence the critical Rayleigh nurnber, to be four.d without direct
observation of the vanishingly small effects which occur at marginal
stability. This rnethod. of finding critical Rayleigh numbers wag first
used by schrnidt and Milverton (r935), and later by others, notably
Silveston (1958). Its use is dependent on the ability to rnake an external
rrleasurernent of the heat flow through the liquid layer. This rneasuternent
is usually rnade in terrns of the current supplied to an electrical heater,
and is essentially indicative of the horizontal-average heat flow, The

method is not applicable to t&.ermosolutal overstability, both because the

L__
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horizonial average heat transport by this type of convection is very srnall,
and also because there are no stable equilibrium states associated, with it.

rt is possible to detect the presence of convection optica[y,
eince the refractive index of fluids changes with temperature. The presence
of a temperature gradient ther'efore deflects a bearn of light which is
transverse to the gradient in a rnanner sirnilar to that which is responsible
for a rnirage. In the presence of cellular convection, the temperature
gradient has a spatial variatioa which produces a corresponding variation
of the light deflection. Several rnethods have been devised to use thie
effect, indeed the original work of B6nard is the first exarnple; see algo
Schmidt and Milverton (lggS), Schrnidt and Saunders (1939) and Silvegton
(1958). Flovrever such rnethods depend on effects produced. by convection
of finite arnplitude, and are rnore suitable for observation of the reeulting
cellular pattern than of the convective onset itseU.

Fultz et al. (L9S+, 1955) detected the onset of convection by
rnonitoring the ternperature diJference between two different levels $rithin
the layer of fluid. While the disturbance of this temperature d,ifference
is vanishingly srnall at rnarginal stability, it is possible to take read.ings
for values of heat flow less than and greater than critical, and deterrrine
the critical value by interpolation in a rnanner rerniniscent of that of
Schrnidt and Milverton. The rnethod involves rnaking a continuous record
of the ternperature difference frorn the tirne at which the electrical heater
is first switched on. The ternperature difference increases frorn zeTo

towards some equilibriurn value. If convection occurs, the recording
shows a fluctuation which precedes the attainrnent of equilibriurn, the
arnplitude of the fluctuation being proportional to the extent to which the
heat flow is super-critical; in addition, the equiliLriurn ternperature
difference is below that due to conduction alone by an arnount proportional
to the sarne excess.

The rnethod of rneasuring internal ternperature difflerences bas
three advantages. Firstly, so long ae the thermal conditiona are not too

L



59.

far frorn equilibriurn when convection sets in, the ternperature difference
indicated. rnay be interpreted directly as a rrreasurernent of the (alrnost

uniforrn) temperature gradient throughout the layer. This allowE a

reasonably accurate rneasurernent of the critical Rayleigh num.ber without

the attainrnent of equilibriurn. Indeed., it is not necessary for the systern

to possess an equilibriurn state insofar as the convection is conceraed,

but the measurernent is rnore accurate if rnade near the condition of

conductive equilibrium
Secondly, the fluid ternperatures are measured at points.

Fultz et al. used five therrnocouple pairs spaced. through the cell so that
the temperature difference was an average over a number of sites. In
principle, however, the rnethod can naeasure the disturbance in one

confined region, ratJrer than supplying a horizontal average as in the

Schmidt-Milverton method. Thus it is suitable for the detectioa of

overstable oscillations, the horizontal-average effect of rvhich is very
srnall.

tr'inally' a third advantage of this rnethod is that rneasurernentg

are not confined to the boundaries. Thus it can be used without prior
larowledge of the exact whereabouts of the boundaries, and does not reguire
accurate ternperature control of the boundaries, both of which features

are important in the onset of layered therrnosolutal convection, as will
be seen. Further, rnea6urernent at the boundaries would ehow only
very srnall convective disturbances if the boundaries were of high

conductivity, which is the usual case in practice, since the distortion
of the conduction-only ternperature profile is a rnaxirnum at poiats within
the fluid some short distance frorn the boundaries, and'zeto at the

boundaries.

3. 3.7 Experiments: Finite arnplitude .

The va^nishingly srnall effects associated with rnarginal stability
derna:ld relatively sophisticated techniques for their. evaluation. Certain
gross effects associated with finite arnplitud.e convection can be observed.
with relative ease and yield useful inforrnation.
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With regard to pure thermal convection, the chief intereet
in well-developed flows lies in d.eterrnining their effect on total heat flow,
particularly in regard to studies of turbulence. Heat flow rneasurernente

have been rnade by Mal.kus (1954a), Thornas and Towneend (195?) and

Globe and Dropkitr (1959). Malkus found that the convective heat tranaport
varied linearly with Rayleigh nurnber; but that there were several
discrete transitions in the character of the convection, at each of which

the slope of the li:re changed, increasing with increasing heat flow. These

experirnents forrned the basis of the theory of Malkus (1954b) and of

Malkus and Veronis (1958) in which the transitions were interpreted as

steps toward the developrnent of full turbulence. This interpretation
was challenged by Elder (1965) who found in sirnilar experirnente no

evidence that tb.e transitions were due to the successive ad.dition of higher
rnodes on the linear stability theory. Instead, he for-rnd that the tra^nsitiong

were due to the broadening of celIs, the nurnber of cells present between

the vertical boundaries of the apparatus dirninishing by one for each

transition. Nevertheless, irrespective of the interpretation, the

measurements of heat flow as a function of Rayleigh nurnber are valuable,

and are subgtantially'confirrned by the later work of Thomag and Townsead

and of Globe and Dropkin.

Prior to the observations of ShirtcliJfe (I95?) whicb are to be

described in the following pages, thermosolutal convectio'rr had been studied

only in the finite arnplitude regirne. The first study, by Turner and

Stornmel (I964), was a rather crude one in which a container of water
containing dissolved salt with a stabilising gradient of concentration was

heated gently from below. By rneans of suspended aluminium powd.er

and fluorescein dye it was seen that the resulting convection occurted in
layers. The layers were forrned in turn starting frorn the bottorn, and

slowly increased in thictroress after forrnation. This observation inspired
the previously mentioned studies of walin (L964) and of veronis (r965),
neither of which was successful in explaining the stratiforrn natutre of the

convection.
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Layered couvection has also been observed by schaafs (I966)
to occur ire various liquids containing stable solute grad.ients when these
'were irradiated by light frorn above. The effect was observed by rneans
of an optical systern, and the photographs published without a^n explanation
of the phenornenon.

The paper by Turner (1965) concerned an experirnent designed
to elucidate the characteristics of stratiforrn therrnogolutal convection.
Instead of allowing the layere to appear in an r:rrcoretrolled rnanner, Turner
deliberately produced a two-l.ayer syetern. Having set up a sharp bor:nd.ary
between the strong and the weak solutions by stirring each, he studied the
rate at which salt and heat were tra:asferred across the boundary as a
function of the ratio of the contributions of salt and heat to the d.ensity

difference. The results were published in graphical forrn without
explanation; but a discussiou of them in appendix 4 herewith shows that
tb'ey are coasistent vrith the followiag behaviour of stratiform therrnosolutal
convection:

(l) The convecting layers are separated by thin regions in
which heat and solute are transfe*ed by diffusion only, no convection
penetrating these regions .

(Z) The non-dirnensional rate at which solute is lifted. is
proportional to the non-dimensional upward heat flow, the solutal
Nusselt nurnber being perhaps O (lOZ) tirnes the therrnal Nusselt nrrrnber.

(a) rne upward heat flow is described by an effective Rayreigh
nurnber R

e

the convective

(4)

according to P

rnaximurn R .
e

,whereR =R* v R", in the sarne way as R describesv+K

heat flow in pure-thermal convection.

The ternperature and solute profiles adjust themselves
rnaxiro.urn criterion such as maxirnurn heat flow or
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3.3.8 Sumrnarv

Prior to the work to be described in the following pagesr

inforrnation ab out therrnos olutal conve ction was alrnost exclus ively
theoretical, the only exceptions being the observation that it can occur
in a layered form, and a crude investigation of the nature of the

equilibriurn of such layers. Theory predicts that this sort of convection

may be initiated in any of three ways: by a disturbance of sufficiently
rarge a^rnpritude, through a gtate of oscilLatory rnarginal stability, or
through a state of rnonotonic rnarginal stability. In each case, theory
predicts the neceesary conditions for each type of initiation, but only
for cases of linear profiles of solute a"nd terrperature, and usually for
phys ically rurrealis tic b ound.ary conditions .

The follov"ing sectiona describe experinrente designed to
check the applicability of the rather ideal.ised theoriee to real e ituationa,
.ou,- particular to the problem of b.eat transfer in Lake Vao.da.
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Ar.-l&.*
Laboratorv E xperirnents

4. I Experirnental arrangement.

4.1. I Background

These experirnents had two airns. Firstly, it was hoped to
find how therrnosolutal convection is initiated, whether through a monotonic
or oscillatory rnarginally stable state or through a sub-critical instability,
and if possible to deterrnine the criterion for such convective onset.

Secondly, it was hoped to repeat the experirnent of Turner and Stomrnel
under conditione which would enable the developrnent of layered convection

to be studie d in rnore detail.

The theories of therrnosolutal stability have invariably been

predicated on linear profiles of both ternperature and solute concentration.
It is not difficult to approach tJ:is therrnal condition quite closely, since
heat can easily be supplied and extracted through the rnateriale used in
constructing the tank which is to contain the fluid. However these rnaterialg
are generally irnperrneable to solutes, so that the concentration gradient
norrnal to any such boundary ig necesearily r.eroi and in fact it would be

very di{ficult to establish a near-steady-state flux of eolute through a
layer of fluid and at the same tirne control the flow of heat through it.
Thus one is forced to carry out experirnents using non-linear profiles of

concentration, and possibly also of temperature. While it may be argued
that non-linearity probably has very little effect in the pure-therrrral case
provided it is not extrerne, and therefore perhaps in this case, tl.e
cornparison with theory rnust be viewed. with sorrre reservation on this
account.

Consider the case of a layer of fluid in which there is a
etabilising concentration gradient with irnperrneable horizontal bor:ndaries,
and a linear destabilising ternperature profile. Fig. 20 is a sketch of
the contributions to density of the concentration and the ternperature.
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superimposed is a sketch of the variation of R. with z, when Ru is
defined in terrns of the ternperature and concentration at the lower
bonrrd.ary and. thos e at z. Because R^ oc ,3 ,ris zero at z = 0, and goeg

e
through a rnaxirnurn at sorne value z = h.

It is a natural extension of the discussion of convection in
chapter 3 that, if the rnaxirnum value of R. exceeds some critical value,
the layer of depth h will becorne unstable. The critical value of R.,
R^^, will presurnably depend on the hydrodynarnical conditioos at theec
bor:ndaries of the unstable layer; but in al.l other types of convection,
changing the boundary conditions only ehanges the critical Rayleigh
nurnber without reducing it to zero, and the same behaviour rnay be

expected here. Convection produced in this way rnay therefore be

expected to exhibit the same properties as that considered. in the id.ealised.

theories, though with sorne quantitative difference.
rn order to rneasu"" R.., it is necessary to evaluate the

ternperature and concentration at z = 0 and z = h. Since h is not lsxown

before the convection begins, it is necessafy i:e practice to know the
cornplete profiles of concentration and temperature at the critical rnomeut,
In fact, as will be seen, h is not well defined r:ntil the conditions are rnuch
beyond rnarginal stability. lfowever R.. 

"* be regarded ae the rnaxirnurn
of R^ (z) witfr respect to z at the rnarginal state, and can be calculated.e ' , e-E v*r. vv vs

frorn the profiles of ternperature g and concentration X .

Since the rnoment of initiation is not lcrown in adva^nce, it rnugt
be posgible to specify the profiles 0 (z) and x(z) continuously. Ae far
as the solute is concerned, since the boundaries ate irnperrneable the
profile at any time can be calculated frorn t].at rneasured at an earlier
tirne provided the diffusion constant is lanown, at least until convection
begins. In order to calculate a temperature profile, however, both an
initial profile and sorne additional inforrnation such as the variation of
ternperature of the heated boundary with tirne are required, though thie
problern can be sirnplified by always starting an experirnent with the fluid
isotherrnal.
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Minirnurn requirernents for the experiments were, therefore,
(") 

" 
tank to contain the fluid, with heating facilities underneath,

(b) 
" rneans of rneasuring the initial coucentration profile,

(") 
" continuous recording of the temperature of the tank bottom,

(a) " sensitive detector of the onset of convection, end

(.) 
" 

means of rnonitoring the profile of some convenient

quantity such as density during the developrnent of layered

convection.

4.1.2 . Optical equiprnent.

In practice, (U) and (e) of the foregoing requirernents were

satisfied by the sarre equiprnent. The refractive index of aqueous

solutions is a fuction of both ternperature and concentration, but in such

a way that it is defined at least approxirnately by the resulting d.ensity.

Thus an optical rnethod. was used to rneasure the concentration profile at

the start of the experirnent, when the Liquid was isotherrnal, and it also

gave an approxirnate density profile at other tirnes.
The basis of the rnethod is indicated in fig. Zl (.)-(.). It is

closely related to the rrscanning schlierenrt rnethod of Longsworth (1939

1945), but has additional cornponents and a different scanning rnethod.

For the present purpose Longsworthrs rnethod had two disadvantagee .

Firstly, it required a specially modified carnera which contained a

rnechanisrn for scaruring the plate past a slit. It is cheaper, and more

convenient in operation, to rrse a standard earnera with an external

scanning arrangernent. Secondly, the graph prod.uced on the plate was

not in the form of a dark (or light) curve drawn on a light (or dark)

background, but was a curved boutedary between light a^nd d.ark regions.

W'hen analyeing such a record, it is rnore accurate to judge the centre

of even a rather broad line than to locate the effective edge of a r:niforrn

region, since the edge is seldorn sharp, and because its appare:.rt positio:e

is likely to depend on the tirne for which the plate is exposed. Longaworthrs

hnife edge was therefore replaced by a horizon'taL slit placed at the
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schlieren focus. This gave a record of the sar::rre forrn as that given
by the rnethod of Philpot (1938) without the necessity for a large
cylindrical lens.

The systern operates as follows . If a vertical grad.ient of
refractive index exists at some level in the tank, light travelling nearly
horizontally through the tank at that level is deviated through an angle
which is nearly proportional to the local refractive index gradient (see

Appendix 5 for a detailed analysis). A collirnated light bearn is incid.ent

on the tank in a direction which is continuously adjustable in a vertical
plane. At any particular inclination of the incident beam, only the level
or levels in the liquid having a particular refractive i.rndex gradient will
produce a horizontal pencil of rays after passage of the light through the
tank. The I'schlieren slitrr is placed at the focal point of the concave

rninor, rnid-way between themi:ror and the tank, and it will transrnit
only rays which tffere horizontal before reflection. F{ence only ttrat level
(or those leve1s)which give such rays will be illurninated in the tank
irnage which is forrned.by the concave rnirror . Thus as the inclination
of the light source is varied, the carnera sees horizontal strips of light
rnovi:rg vertically within the outline of the ta.nk irnage. A verticaL slit
is placed in front of the tank irnage which reduces these horizontal lioes
to points. The vertical slit ie then rnade to scan horizontally in
synchronisrn with the light source as the latter rotates in a vertical plane.
Then the illurninated points trace out a graph of which the ordinates
represent level in the tank and abscissae lepresent the deviation (i,u.
refractive index gradient) at that level.

The definition of the sy'stern is obviously irnproved if the
schlieren slit is narrowed, but diJfraction prod.uces a lirnit beyond. which
further narrowing degrades the definition (see Appendix 5). It is for:nd.

that the optimum slit is sufficiently narrow to give rather poor d.epth

resolution, This was overcorne by having several schlieren slits
spaced vertically at intervals of about 3 rnrn. The interference between
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these gave satisfactory depth resolution, and the resulting record. then
took the form of several identical curves offset horizontally from one

another.

A further developrnent was to rnake one of the schlieren slits
very wide. This was necessary for the study of well-developed convection,
since the turbulent conditions tended to obscure a thin trace. In addition,
one edge of this wide slit could be used as a conveutional echlieren kaiJe-
edge for qualitative investigation of cell shapes and layer developrnent in
the convection.

The light source was a 100-W bulb placed behiad a small pinhole,
and this was followed by a 5-inch diarneter Bausch and Lornb three-elernent
collirnator lens. These \rere rnounted on a light frarnework supported. by
bearings at one end, under the tank, and suspended frorn a nylon cord. at
the other. The nylon cord was attached, through pulleys, to the rnounting
of the large vertical slit, which was rnoved. sid.eways on an accurate lead
screw driven by an electric rnotor. A complete 6ca:r tookabout 30 second.e,

during which tirne the camera shutter was held open. The carnera was an
Exakta 35 rnrn using IlfordHP3 film, with a 100 mm lens rnounted on rirrgs
so that the tank irnage filled the field of view. The tank had two sid.es

rnad.e of plate glass, chosen for good. optical flatness. Internally, it was
?5 cr;o' long, 6 " 4 crn wide and l7 csr high, the largest vertical faces being
glass and the ends Tufnoli

In order to ensure even heating of the liquid., the base of the
tank was rnade of brass !.25 crn thick, and it rested. on a bath of oil which
was electrically heated. The glass sides could be insulated with plastic
foam during experiments, to ensure that heat flow was vertical.

The vertical slit was I rnrn wide, which was the rninirnu.-11

justified by the lirnits irnposed on the resolution by the schlieren slit.
In order to give a scale to the final record, cotton threads were put across
this slit at intervals of 7 crn. These were illuminated by a lamp which
was out of the field of view at the top of the slit construction. The larnp
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was supplied through a microswitch which was operated by a cam on a

gear wheel in the traverse d.rive rnecha^nisrn. Thus the cotton rnarkers

were lit briefly at intervals which represented a constant incrernent of

lateral rnotion of the slit. This produced a grid of points which were

accurate indicators of refractive index gradient and approximate indicators

of depth.

!'or qualitative investigatione tbe vertical slit was taken off,

and the light source rotated. until undeviated light was just passed by the

lower edge of the wid.e schlieren slit. The changeover could be rnade

rapidly, so that a series of frarnes could be exposed using each metJrod

alternately to give the rnaxirnurn information on a rurl.

Exarnples of both applications are shown in Chapter 5 and

Appendix 6, which describes the procedure for calibration of the eystern.

4.1.3 Therrnal equiprnent: instabilitv indicator.

In order to indicate the onset of convection, a pair of therrno-

couples were used in the rnanner of Fultz et aL. (1955). It was expected

that onset would occur as overstability, and that the oscillation would,

at least initially, be very srnall. A galvanorneter arnplifier wae therefore

built, of the type described by Sirs (1959). The unit was built in a
Cambridge spot galvanometer, two light-dependent resistors being rnounted

side-by-side in place of the scale. These were placed in a bridge circuit
so that rnovernent of the light spot produced a large out-of$alance voltage.

Part of this voltage was fed back to give approximately critical damping

at reduced gain. The larnp \r'as nilounted externally and the unit otherwise

encased in polystyrene foam, which served to. reduce therrnal drift to qn

acceptable Ievel. To rnaintain stability, the larnp waE supplied frorn a

l2V accurnulator. Although rnuch higher gains were feasible, tJre arnplifier

was usually operated with a gain of about 4000. The output was recorded

on a Moseley strip chart recorder, usually operated with 0-10 rnV

sensitivity.
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It was not known in advance how deep the convecting layer

would be. Two pairs of therrnocouples v/ere ttrerefore ernployed, one

rneasuring the temperature difference between 0.5 and 1.0 crn above

the tarrk bottorn, the other between 1.5 and 2.0 crn (see fLg.ZZ). As

heating progressed both these ternperature differences becarne substantial,

up to 2 C deg on occasion, giving an e.m.f. up to 80 rV. Most of this

was backed off by a Tinsley vernier potentiorneter ueed as a voltage

source, so that the input to the arnplifier had a rnaxirnurn variation of

only 2 pV. The potentiorneter, which switched in steps of L pY, had. 
i

three inputs (apart frorn the standard.ising circuit) which could. be choeen

in turn by a switch. These were connected respectively to the lower

thermocouple pair, the arnp'liffs3 on1y, and the upper therrnocouple pair.
The amplifier-only connection was used to short the arnplifier input and

check the zero drift.
The therrnocouples were made of 35 SWG copper and conslantart

wires rnounted between the legs of a perspex H-bracket that fitted inside

the tank. The horizontal part of this bracket defined the uppe! surface

of the liquid in the tank and prevented evaporation.

4. I..4 .-Therrnal,equiprneqt: Erttorn ternperatpre.

A miniature-bead. therrnistor was mounted in contact with the

upper surface of the brass slab which forrned the base of the tank. This
was rnade one arrn of a bridge circuit in which it was balanced against one

of. ?4 resistors chosen by switches. The out-of-balance voltage of the

bridge was recorded by a Moseley chart recorder with 0-5 rnV sensitivity,
giving a lateral displacement of about I inch per C deg. over the

ternperature raJrge ooc to zooC.

Each of the 24 ranges was calibrated separately against a

firercury-in-glass therrnorneter. This therrnorreeter, which had been

calibrated by D.s.r.R. Physics a"nd. Engineering Laboratories, had

divisions at 0. I c deg intervals, and readi:o.gs were interpolated to

0.0I C deg. The resulting graphs of bridge output, as read oa the chart
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recorder, against thermistor ternperature were accurately linear. Only

exceptional points departed frorn this relationship by rnore than 0.01 C

d.eg, though the slopes of the lines decreased, slowly with rising ternperature.

4.2 Experirnents.

4. 2. I Stability

Thege experirnents were run in three series, the tank being

refilled at the start of each. The rnethod o{ filling was that later

advocatedby Mowbray (1967), in which a series of layers are set up,

of which the successive concentrations increase downwards. The stepped

nature of the initial concentration profile decayed quite rapidly by diffusion,

so that in the central region of the tank the concerrtration increased

uniforrnly with depth. Sugar was again used as the soluter 48 in

c alibration, and the concentration was initially zero at the top of the tank.

Each experirnent of a series began with the liquid isothermal.

A concentration gradient profile was rneasured r:nder these conditions,

so that at any later time in the experirnent up to th.e onset of convection

the profile could be deduced from a lcaowledge of the diffusion constant.

In practice, change irr the pro{ile during this periodwas very srnall.

After the concentration gradient profile had been rneasured,

the heater was switched on and the current ad.justed to give the deeired

rate of increase of ternperature at tlne bottorn of the tank. Both this

ternperature and the arnplified output of the di{ferential thermocouples

were recorded continuously throughout the experim,ent. Both records

showed a.n increase with tirne; the forrner was kept on scale by switching

to successively lower balance resistors in the bridge circuit, the latter

by switching in successively greater bucking potentials irom the

potentiometer. The rate of rise of both records fell off with tirne, and

the heating rate was rnodified from tirne to tirne to rnaintain progress

towards rnarginal stability. It was not laxown in advance when this

condition would occur in the case of the first run of a series. Thereafter

the steady decrease of concentration gradient in tbe ta.kr which resulted

frorn diffusion and. such lirnited, convection as occurred during individual
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experiments, 'was accornpanied by a steady decrease in the ternperature

gradient necessary to bring about rnargiaal stabiiity. Thus for runs

other tllan the first of a ser,ies it was possible to predict roughly the

critical output of the differential therrnocouple. As this condition was

approached the rate of jlcrease of ternperature gradient was rnailxtained

at a modest value.

Marginal stability was reached in diJferent runs after times

varying frorn l5 rninutes to nearly 3 hours, depending on the heating rate

and the rnagnitude of the concentration gradient.

4.4-@.
When rnarginal stability was reached, it was invariably rnarked

by the appearance of an oscillation superirnposed on the stead.y rise in
output of the differential therrnocouple. This result is consistent with

the theories <iiscussed in chapter 3, although it was not certain in advance

that overstability would be observable.

The ease with which the onset of the oscillation could be

detected depended ontwo factors, the rate of change of output of the

thermocouples before the oscillation was superirnposed, and the position

of. the therrnocouples in relation to the cellular structure of the convection.

I.ig. 23 shows the irnportant section of the record in a particular clear .

case (run S8), in which the heating rate was low and the therrnocouples
'were apparently located advantageously. (Ttris record was published in

ShirtcliJfe (1967). )
The ternperature gradient near the bottorn of the tank was about

^ -l2 C- cm - at this tirne. The heating rate was increased slightly at the

point rnarked A, while at that rnarked B the sensitivity oi tfr" recorder

was reduced by a factor 50. As marginal stability approached,, the

record becarne increasingly noisy. The appearance of the oscillation
was followed by a rapid growth of its amplitude, and after about LZ minutes

it became increasingly disordered.
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About the time that the ogcillation became Large, that is
just after B, it becarne possible to observe cells at the bottorn of the
liquid. These could be seen by direct observation of the taak, and in
this and other runs a record was kept of their developrnenl. The cell.e

in this run 'were initially quite separate and 0.75 crn high. They grew

rapidly (in about 30 seconds) to 1.0 cm, while at the sanle time otJrer

cells forrned about 0.7 crn in height, and then all the cells steadied at

a height of 0.8 crn, About 5 minutes after they first appeared, the

layer of cells had increased in thiclqiless to about 1.0 crn, the individual.

cells being about 1.5 crn wide at the base. One of the initial cells was

situated so that it enclosed the lower therrnocouple, which presurnabLy

explains the clarity of the temperature record.
In order to provid.e a range of therrnal and solutal cond.itions

under which the overstability was observed, a total of 15 runs were rnade

in the three series. The results of the other runs differed frorn those

of ru;i I n:.ainly in showing the onset of overstability less distinctly.
Ilowever two other runs gave additional. inforrnation.

Fig. 24 shows a section of the therrnocouple record for run 54.
In this instance an atternpt was made to vary the heating rate in such a

way as to prolong the period of srnall oscillations. The result was a
period of nearly l0 rninutes during which the arnplitude of the oscillations
was aPProxirnately constant. In order to maintain zero growth rate it
was necessary to reduce the ternperature gradient continuously, at a
rate of 0.20/o per rninute. Presurnably, therefore, the difference i:r

concentration between bottom and top of the convecting layer was being
red.uced at about the sarne rate. Diffusion alone would have changed
the concentration contrast by only about . 006To per rninute. !{ence even
this low arnplii;ude oscillation was apparently transferring solute 30

tirnes faster than pure diffusion would,. The corresponding figure for
the convective heat flow could. not be determined but was apparently srrall.
This result is consistent with the prediction of Veronis (1965) that the
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increase in solute transfer rate due to srnall-arnplitud.e (rnonotonic)

coavection would be ( K /o)z (i... about to4) ti.neg as great as that for
heat.

Fig. ?5 shows tJre tops of the cells forrned, at an early stage

of a typical run (run S 15). These pictures were taken by removing the
large vertical slit and using the optical systern as a standard. gchlieren

device. The light source was set bo that the system would pass only
that light which had penetrated the tank in a region where the refractive
index was increasing downwardg at rnore than a certain rate. Thus the
irnage of the lowest part of the tank, where the density (and hence

refractive index) actually decreased downwards, was rrot illurninated.
The cell tops were illurninated, and hence were regions in which the
density increased dow:rward.s rnore rapid.ly than in surrouad.ing liquid at
the sarne level. This is consisteat with the observation that solute was
tra.sferred rnore rapidly than heat by the convection; in terrrs of their
respective effects on the densityr the build-up of solute at the top of the

celI exceeded that of heat, producing a relatively stable density gradieni
there.

The sequence in fig. ZS (a)-(e) shows th.at the cells were
independent and. dynamic. They migrated sid.eways, and i:r ad.d.ition were
continually appearing and disappearing. The systern only revealed those
in which the solute fluxwas sufficiently high at a given tj.:rne; so it is not
}rrown whether the whole layer was populated by cells of which only a few
were sufficiently active at any tim.er. or wheiher their apparent independence
was genuine. The first alternative seems rnore reasonable hydro-
dprarnically, tJrough there is evidence that the second. is actually true.
In either case the situation was clearly not the orderly array of rectangular
contiguous sirnilar celIs assurned by the theories of this type of convection.

The rneasured periods of the oscillations just after rnarginal
stability are shown in table V. In each case, the rneasurement was rnade
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over as rnany cornplete cycles as possible until the oecillation becarne

irregular. Tb.is nurrber of cyeles rraried from 2 to ?0, producing a r:rnge

of r.rncertainties in the periods.

Table. V,

Observed periods of overstable oscillatione.

Period (sec)

53 t 5

85+Z
73 ! z

69 t z

45 i Z

48 i s

56 1 z

55 t z

53 t, I
32 i z

30 I 5

47 1, I
6s t 5

53 t ?

59 t 4

..
It was not planned to investigate the development of convection

in layers in great detail, but simply to seek a deeper qualitative insigbt
into the phenomenon. In the event it was fotrnd possible to describe the

process through a relatiwely straightforward. rnod.el, which rnad.e the

experirnent s emi-quantitative .

The elements of t"he process could, be d.ed.uced. frorn the

observations degcribed in the previous section. Coavection oscurred

initially in a thia bottorn layer for the reason outlined at t$e beginning

of this chapter. Having begun, it tra.nsfetred solute relatively quickty

Run

sl
sz

s3

s4

s5

s6

s7

s8

s9

st0
511

slz
st3
sr4
st5
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to the top of this layer, {orrning a stable upper bor:ndarythrough which
both heat and solute could. pass by diffusion only. The developrnent of
the convection would have increased the rate at which heat and solute
were supplied to this boundary. This extra heat flow would have

become apparent rather earlier than the extra solute in a region sorn€-
what above the boundary, owi:rg to the greater d.iffusion constant of heat.
If the concentration gradient was sufficiently srnall in thia region, the
additional heat supply would have induced. convection in it, there being
then two layers rather as in Turnerrs (1965) experirnent. Repetitioa
of this process could have produced a further succession of layers
provid'ed the heat flow was sufficient to counteract the concentration
gradient at the higher levels.

This picture of the origin of layered. convection was tested. in
four experirnents, rtrns T1 to T4:

Run T1. A rather low heating rate was chosen, sirnilar to
those used in the stability experirnents. Convection began I hour after
the heater was switched on. Fig.25 shows the profile measured. after
convection had continued for 3j hours. The disturbed layer, initially
r crn deep, had increased slowly to 2.5 crn over this period, and was
surn3'ounted by a thin boundary region containing a highly stable d,ensity
gradient.

Apparently the heating rate here was too low for convection to
occur in a second, higher layer. The disturbed. layer was of uniforrn
cornposition and slowIy lost solute upwards at a rate determined. by upward
diJfusion out of the boundary region. As the concentration in the convecting
Iayer fell, the boundary was rnaintained by its rnotion upward.s'into liquid
of lower concentration.

An interesting feature of this profile is that the density gradient
was aPparently unstable only at the bottorn of the convecting layer. When
convection occurs in a hornogeneous liquid heated frorn below, the density
gradient is unstable at the top of the layer as well as the bottom.



Fig.26

Density gradieat profile, run Tr, after heating for 3-5 hrg.
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Run T2. This run was rnade 5 d.ays after T1, without

refilling the tank. The concentration gradients were therefore 6orn€-

what less intense. The heating rate was 50% greater than for Tl.
Convection began after l5 rninutes heating with a layer depth of 1.2 cm.
tr'ig. 27 shows the situation 50 rninutes later, with a second layer of

cells just appearing. The bottorn layer was here 2 crn deep, and the

new cell tops are visible about 0.5 crn above it. Fig. 28 shows a

profile taken l2 rninutes later, the lower layer having increased in

depth slightiy. Tiie (appcoximately) zero density gradient in the socond

layer is clearly shown.

This experirnent was continued until convection had persisted

for ? hours, at which stage there were still onlytwo convecting layers,

respectively 3 crn and 0.5 crn deep.

Run T3. The same tank filling was used, after allowing

3 d.ays for the profile to becorne srnooth again after T2. Heating rate

was increased by a further 50%. Convection began after 7 minutes in
a layer 1.5 crn deepl and the experiment ran for a further 4 hours.
A second layer was fornaed 25 roinuteg after convection began, when

the lower layer was 2 crn deep. A third layer occurred after a further

90 rninutes, whenthe lowest layer was 3.5 crn deep, and was rapidly
followed by two rnore Layers of which the upperrnost occupied the top

Z crn of the cell.
Towards the end. of this run schlieren observation showed.

a monotonic, rather than oscillatory, rnotion of liquid eLernents in the

lowest layer. Profiles taken about this tirne a1l sbowed that tbe density

grad,ient lvas unstable immediately under the stable boundary at the top

of this layer, as well as at the bottom.
Run T4. The tank was refilled before this run to provide

greater concentration gradients, and the heating rate was 80{s greater

than that used for T3. Convection began in a layer 0.8 crn'deep

l0 rninutes after heating begaa, and the experirnent continued for 2 hours.



Eig. 27 Scblieren obgervationr' rrrn T2, after heating for 50 ln{n'

Fig.28 Profil'e, run TZ, 62 min'
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The aequence of profiles and schlieren observations in

fig.?Q covers the whole experirnent. The first profile was taken before

heating began, and ehowe the initial disposition of concentration gradient.

The last profile was taken 95 rninutee after the heater was switched off;

since the ternperature profile decays rnuch rnore rapidly than the

concentration profile, this is substantially indicative of the dietribution
of concentration gradient at the end of the experiment.

Interrnediate observations were rnade at the indicated tirnes

after heating began. The second layer first appeared after Zl minutes,

the cells showing a tendency to occur preferentially over the more active

cells in the bottom layer.
After 40 minutes there was still no clear pattern of motion

in the bottorn layer. Instead, throughout tJre field of view rising elernents

could be seen which dissipated before reaching the upper bor:ndary of the

layer. A steady rnotion developed after about 45 rninutes, frorn which

time the profiles began to show an unstable density gradient at the top

of the layer.
A third layer appeared at about 50 rninutes. At 60 rninutes

the flow in the bottorn layel $ras apparently such as to give a cool region

in the centre of the field. of view. This tendency for a variation of

vertical heat flow across the tank persisted, and at those positions where

there was greatest disturbance in the bottorn layer there. was also the

greatest disturbance in the other layers above. Other layers d.eveloped

as the records show, r:ntil the fluid was finally broken into about eight

Iayers.

4. 2. 5 Expansion of sugar solutions .

Sugar was chosen as the solute for all the experirnents because

the physical properties of its aqueous solution are well tabulated, and

because the more usual (and equally widely available) cornrnoir salt was

liable to introduce galvanic effects in the thermocouple detection systern.
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One property of Eugar solutions on which adequate inforrnation was not
available, however, was their coefficient of expansion as a function of
ternperature and concentration. In order to carry out the analyeis of
the stability experirnents, therefore, lt uras necessary to rneagure this
quantity.

The apparatus consisted of a specific gravity bottle of 60 cm3
volurne, to the stopper of which was fused a l-rn length of precision
capillary tube with 0.05 cm diarneter bore. The bottle was irnmersed
in a water bath in a therrnos f1ask, with the capillary tube protruding
through the stopper. The water bath was electrically stirred and could
be electrically heated, and its temperature was monitoreri (to + o. ol c
deg) by the sarxre therrnistor arrangernent as had been used in the stability
experirnents. A scale, checked against a NPL - calibrated eteel rule,
v/as rnounted on the capillary tube.

A solution of l,nown concentration was placed in the bottle,
and the height to which it rose in the capillary tube rneasured ag a
function of temperature. Writiag V for the effective volurne of the bottle,
A for the cross-sectional area of the tube, z for height up the tube, 0 for
ternperature, "* for the expansion coefficient of glass and .' for that of
the liquid, the apparent change of volurne of the liquid between two readings
is given by

= \f ("- og) 8e = A 8z-.

= [t--.g).
1. €.

6y
alP

E,Z

80

The experirnent was first carried out using distilled. water, for
which c (9) was accurately tabulated (..g. International Critical Tables).
The resulting graph of fr .ru""rr" c , 6hown in fig. 30, yield.ed values
for or (3.05 x IOa cm) and ng (l.l x lo-5 per G d.eg).

The proced,ure was repeated, using 5% and I0% eolutioas of
8ugar, giving a table of c versue 0 for each over the ternperature range
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O - 35oC. Best-fit power series approximations were then computed

for both these tables, and also for that pertaining to pure water. It
was found ad.equate to represent each by a cubic expression. The three

cubics were then cornbined into one expreesion for the expansion

coefficient as a function of both terrperature and concentration. Writlng
x for concentration (in fraction by weight), the resulting expreseion wag

lo5 o = - g .674 +77.6sx + l7g.6az
+ (1.?58 + 0,168 x - 59.36 xz) o

- (0. 023\6 + o.II9 x - 3.237 *z) oz

+ (0. o00l88 + o. ool95 x - o.o4gz, z) 
03.

The rneasurements, together with this approxirnatioo, ate

shown graphically in fig. 3I .

4.3 Analvsis and discussion

The idealised theoriee predict that the boundary of rnarginal

stabilityin the (R, Rs) plane ia the line

R*rR" = R."

where r is a consta-nt deterrnined by tJle nature of the convection (see

appendix 4). For the overstability extribited. in all the experirnents, r
takes the value P/(l + P), which for the solutions used wae always cloee

to 0.88.

Appendix 7 deecribes an Algol program. which was used to

process the experimental data and calculate, for each experiment,

correspoading values of R and R" at rnarginal stability. Both R and

R are functions o{ t}re depth of the convecting layer. The prograrn
a

therefore evaluated R, Rs and R" (= R + r R") at depth intervals of

0.1 crn, and. the critical values of R and R" were taken to be thoee at

the depth where Ru was a rnaxirnurn.

Tbe resulting stability diagrarn is shown in fig.32, from which

it rnay be concluded that the theoretical linear relationghip is approximately
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obeyed. However tJre experirnental points ehow a rnarked tendency to
occur at excessive values of R when R ie large, a"nd to approach the
predicted relationetrip (witfr Ru" 

"pptoxirnately 
2500) only for srnall R.

This departure frorn the predicted relationehip is probably real.
4. 3.2 Accuracv.

The rurcertainty ae sociated with the points on the atability
diagram has several causes. uncertainty in the thermal expansio4
coefficient and its eolutar 'nalogue arnounte to * Wo Ln R and R"
independentiy; and'uhai in (K r), which is the denorninator in both R and
R", arnounts to !5To in R and R" jointly. A further r:ncertainty of l-ZVo
in R and lTo in R" independently arises frorn meagurement of temperature
and concentration respectively. The greatest uncertainty, arnou:eting to
about + l0To, arises frorn uncertainty in the d,epth of the convecting layer;
but this affects both R and R, in such a way that the locus of poesible
poaitions (R, Rs) ie nearly parallel to tb.e trend. of the graph, and doeg

not greatly modify the result. The only remaining poasible eour:ce of
error is the determination of the time of onset of overstability. Except
in runs (notablySl)where the heating rate was excessive, thie gncertainty
ie negligible, particularly as this effect aleo acts alrnost along the trend
of the graph.

4.3. 3 Interpretation.
It is not possible to regard the graph as sirnply iadicating that

the value P/(l * P) used. for r was wrong. Firstly, p varied somewhat
frorn run to run as it depends on both concentration and ternperature; but
correction of the points in fig,32 to a comrnon value of P does not affect
the results systernatically, and this variation rnay be ignored. Secondly,
iJ a different value is assigned to r - for exarnple unity - this effecte tJre

calculations of convecting depth in srich a 'u,'ay that the sarne d.ieparity
rernaine between the experirnental pointe a:rd. the new line R * r R = f, .
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Finally, calculation of the ternperature profile is heavily

dependent on a knowledge of K. But variation of K would change all

the valuee of R by rnuch the safiIe fraction, and would have the earne

effect as a change in r.' In any case, the only significant uncertai:aty

in K is the effect of conceatration on itr' and this is of rninor iraportance;

and the calculated. ternperature differences between 0' 5 and' 1' 0 crn

a1tee, within experirnental uncertaintyr with those measured by tJre

differential therrnocouPle -

Thus it seems very probabLe that, although the theoretical

linear stabitity criterion is approximately correct, it ie not exact; and

that the true criterion is represented by a curve rather than a line in the

(R, Rs) plane. This result accords with the study rnade by Nield (1967)

of the case of a rnonotonic i:c,stability. The curvature can r'eault from the

fact that the ternperature and the concentration are subJected to formally

different conditions at the lower boundary.

In view of the method used to calculate R and R", it is not

, possible to decide directly frorn fig.32 what forrn the non-linearity of

the stability criterion takee. To do this eatisfactorlly it would be

neceasary to have an independent rneasure of the depth o{ the convecting

layer. The only rneaaure available ie the record of observations of

cell heights. These were not very accurate, and v/ere measured

gufficiently long after convection began to throw doubt on their relevaace

to the margfulally stable state. However the graph of R versue R",

where these are the quantities cal'culated at rnarginal etability for the

level later occupied by the tope of the.obeerved cells, is d'isplayed ia

fig.33, and ehows reasonably ayetematic results. The bor'ndary of

stability is und,oubtedly curved, and ie rePresented quite well by the

equation 
-AR (1 + Z.sx t0-- R) + 0.88 R8 = Ru"

wbere R ig about 5000.
ec
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With thie relationehip as a guide, a search was rnade for a

similar one which would give better agreement with that derived from the

experirnents, where the aesurned relationship was ueed, as previously, to
deterrnine the convecting depth. To eneure that R" had a rnaxirr.urn in the

reglon of intereet, a cubic terrn had to be included. I.ig.34 shows the

etability diagrarn which reeulted frorn aseurning that ite form wouLd be

R (r + 4x ro-5 n - to-lt*t) * o,BBR" =R.",

together with the graph of thie expreseion for R.. = 5000.

Agreetnent is still not cornplete, but the data do not justify a

rnore intensive search for a better fit. One virtue of this choice ia that

it gives good agreernent in the main between calculated convecting depths

and observed cell heights, as shown in table VI. Diecrepanciee are

mainly aseociated with the fact tJrat the rnaxirnurn of R" ie now rather
broad, go that the depth h is ill-defined.

Table VI
Comparison of observed cell heighte with calculationa of layer

depth using non-Iinear stability criterion.
Run

I
z

3

4

5

6

I

I
9

t0
II
L?,

1.4

l.z
L.Z

I.3
I.0
1.0

1.0

1.1

I.l
1.0

0,9

0.9

t.4
1.4

l.z
1.3

0.8

0.7 - 1,0

0.7 - 1.0

0.9

0.9

0.9 - 1.1

0.9

0.5 - 1.0

Calculated (crn Observed (cm
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Run gelss!3lsglq-',)
t3

L4

r5

0.9

0.9

0.9

1.0

0.9

0.8

The results of run Sl do not conforrn with the general pattern.
No eource of error could be found to account for this, eo it might be

associated \rith the particularly high rate of heating used on thig occaeion,
which led to a very markedly non-linear temperature profile. In the cage

of monotonic pure-therrnal convection, Currie (1f6?)tras predicted that
very rapid heating rnay have a gubstantial effect on R..

4.3..4 Value of R"..

Although the data do not supply an unecluivocal value of Ru" r it
ie likely that the value ie higher than expected. The overetable layer had

been expecied to behave as though its lower boundary waa plane and rigid,
and ite upper boundary approxirnately plane and stress-free. By analogy
with pure therrnal convectior, R"" would then have been about lZO0 (D.A.
Nield, pers. cornrn.), or perhaps as high as l?00 if the upper boundary
was effectively rigid. A higher value irnpliea that, in the therrnosolutal
caae, rnore work has to be done against friction by the buoya^ncy force.
The only poesible cause for this seernB to be that the celle which forrned
first wete independent of one another, and not contiguous as suggested by
gtudiee of pure therrnal convection. In thig caee the buoya^ncy force in a
cell wouLd cause syrnpathetic rnotione in a'relatively large volurne of liquid
in addition to the oscillation in the cell iteeU, againet the frictional effect
of viscosity.

4.3. 5 Periodg of the gsci.llations.
The period expected for each run rnay be calculated frorn the

forrnula given in chapter 3, but is a function of the convecting depth, The
observed periode, quoted in Table VI, are repeated in Tabl.e VII, together

with the periode calculated according to the three rnethods of evaluating
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this depth; by tdking the rnaxlmum of the linear Ru, the maxirnurn of the

cubic R", or the observed cell depth. In each case, the depth is taken to
the neareet 0.I crn.

Eble vII
Perictde of the overstable oscillations

Run Obeerved period(sec.) Calculated period (sec. )

Linear Re Gubic R- CeIl heisht

sr
sz

s3

s4

s5

S6

s7

s8

s9

sl0
slr
sl2
sl3
s14

srs

53t5
85+e
73 lz
69 +,2

4s Lz
48 15
56 Lz
s5 !2
53tr
32 lZ
30t5
47 Lr
65+5
53+Z

56

63

58

55

39

4l
4L

4l
43

z9

3t

35

59

43

49

s9

50

48

35

36

37

35

37

49

53

50

48

39

43-36
44-37

4l
40

24 26 -?'3
zg z7

33 4l-30
59 49

40 40

59 !4 45 4s 4s

There is a strong tendency for the calculated perlode to be leas

than the obeerved one6. Thie tendency ig least obvious if the linear R. ie
ueed to calculate the convecting depth, gince it generally gives the emalleet
of the tlrree depth eetimatee . .

This diecrepa^ncy between calculated and obaerved periods ig

Preaurnably aeeociated with the difference between the actual forrn of tJre

cellg and. that assurned in the theory. For a given eolute dietribution, the
period ia determined by the thermal d,iffueivity and, viscosity, solute

diffusioa being negligible. Since it increaeee witJx the viscoeity of the
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llquid, the observation of exceesive values may be ascribed to the aame

cause ae the high R"", narnely the high viacous damping of the rnotion whea

the cells are not in contact.

4.3-6 Turner-Stornrnel lavers.
The results of the layer-forming experiments are generally

consistent with the rnechanisrn discuseed. Each convecting layer ie
separated frorn lts neighbour by a stable boundary region of finite thickaese,
through which heat a^nd eolute rnuet be traneferred principally by diffusion,
vertlcal circulation in this region being prevented by the density gradieat.

With regard to the forrrration of a new layer in an initially etable

region, the profiles frorn run T4 in particular show the developrnent (fig.
29). The upper lirnlt of a convecting layer is indicated by the rise of

deneity gradient in the boundary region. 'Where the region above this ie
initially etable, the deneity gradient at the upper lirnit of the bound.ary

region dirniniehee with tirne, owing to the heat flux being greater than the

solute flux (ia terrng of density effect). Thie leads to the forrnation of

the new layer.
The profile taken at 7l rninutes in run T4 shows an intereeting

effect which possibly rnodifies the forrnation of new layers. There are
five curves recorded gimultaneously, displaced, laterally about 0.4 crn

apart across the tank irnage. In the region where the third layer is
forrning, theee ehov/ a variation of conditiono across the field of view.
At the left hand sidd the deneity gradient ehows a more marked minimum

and maximum respectively at the positions of the new third layer and its
boundary wlth the second. Sirnilar behaviour ie shown in other profilee,
notably that at 139 minutes; and there is also an indication, particularly
in the latter, that layers are present and being formed in regions where

the density gradient is noticeably stable.

These effects rnay reault from the variation of vertical heat

flow acroes the tank, which hae been referred to. Thus the layers and

boundarieo rnay form in accord;rrce with the postulated mechanism where
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the heat flow is high, but onl.y approxirnately obey it eleewhere.
Alternatively, they rnay reeult frorn the preeence of internal waveg

excited by the underlying rnotion. In this latter case the forrnation of

a new layer might be somewhat modified by tb.e motioa and the poseible

associated rnixing.

Standing internal wavea would represent a limitation of the

laboratory experirnents, since they are maintained by the walls of the

tank. Their effect is likely to dirninish ag the size of the veesel increaeee,
and in a lake they might have no significant lnfluence. It is Likely that
they were not irnportant in these experirnents, aince the layer development

was in accordance with prediction, at least qualitatively; but they provide

an element of doubt ae to the extent to which quantitative analyaie ia
juatified.

No direct analysis of thege experiments hae been attempted.

Instead, a nurnerical rnodel of the process wae developed, and tJrig ie

degcribed in the next chapter. It wae applied to tJre conditione of runa

T3 and T4 and found to give quite slrnilar resultg to thoee obtained ila the

extrreriments, showing that the model was adequate.
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Chapter 5

Lake Vanda

@.
The sequential develogment of convecting layere in the Presence

of a solute gradient hag obvious relevance to the study of Lake vanda'

The formation of the first Turner-stommel layer has been deecribed in

some detail, but the onset of convection in eubsequent layera ie more

cornplex. PreeulTrably a eirnilar criterion for rnarginal stability in terrng

of tJrermal and eolutal Rayleigh nurrrberg appliee ae to the first layer' but

the fluxee of heat and eolute are now due in part to the convection in the

adjacent layer. The convective fluxee through an existing layer depend

onRandR-forthelayer,arrdinturnmodifyRandR".Marginal
a

etabllity in tJne first layer ca^n be predicted on the basie of dijfugion and

a knowledge of the boundary fluxee of aolute and heat; the developrnent

of ternperature and concentration gradienta in a region where any other

layer ie about to form will depend as well on R and R, in the adjacent

existing layer, and this (R, *") depende in turn on that in tJre other layere'
' To predict accurately the development of a eeriea of layers

would therefore be very d'ifficult, both because of thie interdependence

between the layers, and algo becau8e no gatiefactory theory ie available

to describe the dependence of the solute and heat fluxes on R and R"':

It is therefore necessary to seek a lirnlted representation of the eyatem

which ie sufficiently tractable to al.low calculation.

Thernodeladoptedwaeacrudeone'andwagnotexpectedto

yield accurate reeults. Nevertheleee it reproduced the behaviour of

laboratory experirnents closely enough for tbe eirnilarity to be apparent'

and it certainty showed qualltati'vely the forrnation of layere ' 
juatifying

the ideas exPressed in theee Pages as to their origin'
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5-L.Z The rnodel.

The baeis of the model was the representation of both diffueive

and convective trangfer of solute and heat as diffusion, the relevant

diffueion constant being increaeed in an appropriate way when convection

wae present. The problem wae thua converted to one of diffugion in one

d.imeneion through a eeriee of elabe of variable diffuaivity and with mobile

boundarieg. In this form it was arnenable to nurnerlcal, though not

analytical, eol'ution.

Malkus (1954) made very comprehensive measurernents of the

variatiou of heat flow with Rayleigh nurnber in pure thermal convection'

The iuterpretation of Turnerta (f 965) experirnents given in appendix 4

ghowe that the pararneter which takeg the place of R in the cage of fully

developed therrnosoLutal' convection is R"r

where R"'=R*r R",

and the appropriate value of r is P/(l + P), to a reaeonable approxirnation'

It wag therefore ageumed that Malkugr heat flow meaeuremente were

relevant to the therrnosolutal caae lf this (linear) R" was eubetituted for R'

The rnea6ure1nente effectively gave the therrnal conductivity of

the csnvecting layer'as a function of R' In the model, the thermal

diffueivity of a alab was assurned to have this sarne dependence on the

value of R in the convecting layer which the elab repreaented' The
e

relationghiP ae gumed was

= K"Ir + o.?z (Re./Re ;L/3lt - n"./n.)f

R <R : K =K.eecrnc
Here K ie the modified, and K- the true, thermal diffusivity' Thie-rn-c
expreeaion rnatches Malkusr regulte within 3% at all the transition points,

and hae the correct cube-root dependence for high R"'

The method of eolution wae based on a nurnerical eolution of

the heat conductlon equation due to Du Fort and Frankel (1953). This

is an explicit gcheme which, in its aimplest form, without heat gources

R >R : Keecrn
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and with congtrnt diffueivity, ie etable for any rneeh spacing. Thie

type of etabirity wag required for two reasone. Firstly, an increase

in diffusivity K has the same effect on the aolution as an increaee in
the tirne increment, and K ia,creaeed rnarkedly during the calculation;
and gecondly the calculatlqn was a very long one and it \raa necessary

to rninirnige the nurnber of atepa in time required to cornplete it. Some

etability problems were encountered, owing to the cornbination of epatial

and ternporal variatiorrs of K. These and their golution are deecribed

in appendix 8.

The rnodel operated ag follows. The basic inforrnation
required waa a get of coordinates of a concentration gradient profile,
which were aubjected to harrnonic analysie and integrated in the ueual

way. In addition, an initial temperature, and the coefficients of a cubic

expreeeion defining the growth of ternperature with tirne at the bottorn

boundary, were required. The inltial ternperatures and concentratione
at a large number (uaually 200) of equally-apaced levelg in the t'tanktt

were thug calculated. The development of these values with tirne wae

then calculated for gucceeeive equal tlrne incrernente by a eirnple

nurnerical echerne for a arnall nurnber (ueually l0) of tirne steps. Thie

eirnple scheme wae etable only for ernall time increments, but gave a

new profile in terrne of the irnrnediately preceding one on1y, and was a

ugeful rrstartingrt scberne. The Itrunnlng'r scheme involved both the two

preceding profileai the initial and final profilea of the atarting scherne

were used as the firet two for the running scherae, which allowed much

greater tirne incrernentg .

Once the running acherne had been eetabl.ished, the profiles

wete gcanned after each pair of tlrne incrernents to deterrnine whether

R" wae poaitive (i.e. potentially unetable) between any two neighbouring

levelg. Starting at any euch point, the upper and lower bound.a of a
gearch layer were extended until R" waa maxlrnised. Then if thip
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maximurn value exceeded R". 
"11 

the levels withln the layer wefe

aseigned a new K, in accordance with the relationehip given abovel

and a new D.

ThequeotionofhowtoaaaignthernodifiedvalueofD
(diffusion conetant for the aolute) ln the Pre8ence of convection wae

decided by experiment, bearing in mind the evidence given in chaptera 3

and 4 that the effect of convection on tJre solute trangfer rate ie initially

much larger than the corresPonding thermal effect. In modelling tank

experlrnente lt was found satisfactory to write

Reecm
R <R :eec

=K K + D--rn c c

=Dr cD

Since K - toZ p , the eolute trangfer late was increaeed about 100 tirnes
cc

rnore than the thermal flux when convection began. Thie lies betweeu the

Iirnite of I and 10 
4 auggeated by Veronig for large-and srnall-ampLltude

convection re aPective1Y.

The reaultg of a run ln which the condltiong modelled those of

experirnent T4 are ghown ln fig.35. The graphs of ternPerature and

concentration ehow clearly the way in which an initially arnooth deneity

profile ls broken into etepa by the convection, the denaity contragt between

adjacent steps being rnaintained by the Low dl.ffuaiod constalrt of the solute

in the DoD-coDvecting regiona. The concentration profilee aleo show the

way in which two layerB rnay arnalgamate. The two layere preaent up tO

?9 minutes have a stead,ily decreasing concentration difference' By 99

rninuteg thie haa dirniniehed to the point at which convection hae occurred

over the whole region, epeedily extinguiehlng any remainlng contrast'

5.1.3 Limitations

Limitatione of the nurnerical rnodel are evident in all the

graphe. Firatly, the temperature and concentration profilee are

repreaented aa having constant gradiente throughout a convecting layer'

This ic certainly not the caee after monotonic coovection hag been
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eetablighed. The experirnental profiles show that there is then a

coneiderable gradient of density, and hence of ternperature, in the

boundary layere at top and bottorn of the convecting region, and

effectively z,ero gradiente between (see for exarnple T4 at 139 rninutes).
On the otJrer hand, before the convection becornea rnonotonic, conetant

lnternal gradlents rnay be a reaaonable approxlrnatlon.

The second limitation is legs basic, and concerns eimply

the accuracy with which the cornputationa were carried out. lthile
the nurnerical acherne is apparently stable, it is not free from errors,
which apparently ariae rniinly when diffusion congtante are reaasigned.

Such erroro are ghown by the non-linearity of the ternperature profilee
of some convecting layere, and ln afew caaee by concentration profilea

ag well. They are particularly evident in the deneity gradient profilee,
where their rnagnitudeB are ernphasised by the differentiation. They do

not seern gerious enough to affect the reeulte significantly.
A further lirnitation of the rnethod, not ehown by these grapha,

ig that the tirne-develotrnnent of the ternperature and concentration profilea
within a convecting layer ig not well represented. Diffueion in a oyetern

of scale Length h and'diffusion congtant K has a characterietic tirne
2

t = h- /K. The time development of convection hag been studied for a
particular configuration by Foeter (f t65), the characteristic tirnes beiag

-1 2
of order IO-' ln'fK, where K ie here the thermal diffugivity. It is not

poseible to deduce a general expreeeion from Fostetrs regults, but it
Beerna very likely that the dependence on h of the characterletic tirne
fot the growth of cqrvection dlffers frorn that for dlffusion. Nsw K in
the rnodel wae chosen initially to provide the correct heat transfer rate

ln the ateady state. Foaterf s reeults ghow that thie requirernent 1g

incompatible with a realietlc repreaentation of the tirne-developrnent of

the profile wlthin a corrvectiag layer, and furtherrnore it aeetna likely
that tJre degree of incompatibtlity depends on the scale of the eyatern in

aome way.
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To meet thie difficulty, the dependence of K on R, in the
rnodel was increaged rmiil reasonable reeulta were obtained. The

graphe ghown for tJre rnodel of experirnent T4 were obtained by lncreaaing
by a factor l0 tJre convective cornponent of K* and D*, that ie,

[ 
** = *" It + 7.2(n./n.")'/t (, - nu"/n.)]

R ZRe ."1
\D = l( -K +D

While the agreernent between the experirnental and the model
reeults ie quite cloee, the dtfficulties discugeed above lirnit the

qua^ntitative validity of the rnethod. Although a continued eearch for
better ways of evaluating K* and D*r and longer cornputationg using

a finer meah apacing, would yield tnore impresaive resulta tha^u those

exhtbited, the lirnlt of credibility haa probably been reached. The

irnpottant point ig that the rnodel is baaed on a sirnple deecrlption of

the convective process entirely in terrng of Rayleigh numbera, but

reproducee the behaviour obeerved in extrrerirnents quite well. To the

extent that thie deacription ie valid, the dimengionless character of the

Raylelgh nurnberg rernovea any problerns of scale, and the model

rnethod rnay therefore be applied to a syatem of any aize.'
5.4 , The developrnent of Lakg V?nda.

5. 2. I Basis of the investiqation.

Lake Yanda ia clearly aeparable into two regions, respectively
above and below a plane about l? m above the lake bed. Conventional

lirnnology doea not provide euitable nornenclature, so they will be called
a irnply tJre upper and lower regiona. Of these, the lower region hae

apparently not experienced rrlxing for eornething over I000 years

(Wileon, f 964), during which tirne salt (rnainly calciurn chloride) has

been diffuaing upwards frorn the lake bed. The ternperatures are high,
and their profile le maintained irr equilibriurn by the abeorption of

sunlight (Wilsorr and lfellm^^, 1962), The upper'region is occupied
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by a eeriee of convecting layers in which there are relatively low

temperaturee and salt concentrationg.

The prlmary aim of thig investigation ie to establieh a

reaaonable theory of origin of the layere in the upper regioa. In a
Benae this hae already been done, ain.ce it hag been shown that the

combinatlon of a stabilising aolute gradient and a degtabilioing

temperature gradlent can lead to Layere in a syatern of any size.

Since thie effect ig inevitably present in such a ayatem, it becornea

unnecessary to invoke any other mechaniern for the forrnation of the

layera.

flowever it is poeaible to take the rnatter further. 'Wilsonra

(1964) teeults show that, near the lake bed, the salt concentration

variee very nearly as would be expected after upward diffueion for
1300 years; while nearer the top of the lower region the concentrations

becorne increaeingly too ernall cornparedwith thig theoretical profile.
(It wae presumably becauee of this departure that Wilson gave his age

eetirnate as I200 years.) The departure could be explained if the

diffueion, instead of taking place in a region whoee upward exteni wag

unlirnited, was eubjbcted to a boundary condition whereby, at about

2O rn above the lake bed, the concentratiqr was rnaintained at aorne

very low value. Such a borrndary condition requires extraction of

eolute at about the 20 rn level and hence a eink of eolute above it.
The eituation degcribed above ie consietent witJr the followlng

picture of the developrnent of the lake: Frorn about l30O years ago,

when the lake coneisted of a dry salt bed or a ehallow galine pool, itr
level hae been rieing rnore or less eteadily, and gufficiently rapidly
to offer little irnpediment to the upward diffueion of aalt. At tJre saure

tlrne, the abeorption of solar radiatlon hae produced and maintained

high ternperaturea in the lake by the rnechanisrn farniliar frorn the etudy

of Lake Bonney. Throughout the process, there have been gradieats

of both temperature and salinlty in the lake, a potential gqurce of
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layered convection. Such convection would have occurred where the

concentration gradient wae srnall enough to be overcome by the

destabilising effect of the ternperature gradient, that ls, Bonoe way

above the lake bed. It would haye tra''eferred ealt upwarde rapldly, ,

into the relatively large volume of nearly freah water, thug maintainlng

the boundary condition required near the top of the Lakera lower reglon.

5,4,2 , Applicatioq of .the nurnerical rnodel.

In order to check thie view of Vandars developrnent, the

nurnerical rnodel was auitably rnodified and a geries of computationa

performed with the airn of reproducing the ternperature and salintty
profilee currently obeerved in the lako. In addition to the problerne

already met in girnulating the tank experlrnentg, thie application

introduced three further difficultiee:
(f) The aource of heat waa now not conduction through the

lower boundary, but the exponentlal abeorption of downward radiation.
Thue the heat conduction equation contained a aource terrn, and this
rnade the nurnerical scherne unetable. The solrtion of thie problern

is dealt with in appendix 8.

(Z) (") The gcal.e of thie ayetem waa rnuch greater than that
of the firat. Thig had two effecta, the more fundamental o{ which

concerned the problern of the tirne-developrnent of profiles witJlrirr a

convecting layer, It was found that no method of aesigning di-ffusivltlea

to convecting regions which tolerably repreaented the eteady-etate

tranefer rate, gave:ur acceptable rate of development of the profile
towarde that etate. Deep convecting layers were found to approach

a gtate of r:niforrn concentration and ternperature with characteriatic
tirnee of order 100 yearo, which waa not realistic. Since the

calculationg here covered a period of several hundred years of real
tirne, cornpared with as many minutee in the former case, it wao

aegurned that the tirne occupied by any co,avecting layer in reachiag ita

fully-46t eloped state waa negltgibly snaall. Thus wherever the criterion
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for the onset of coarvection wae eurpassed, the ternperatureg and

concentrationg withln the layer were irnrnediately rnade uniJorrn through-
out the layerr and equal to the mean of the previoue valueg. Thermal
diffusivltles were asaigned accord.ing to the original scherne (p 8g ),
and eolute diffueion constants according to

D = K o/x,rn ln c' c-

the latter being in accordarrce with Yeronlgr (1965) estimate for large-
arnplitude conve ction.

(ZXb) The aecond effect of the gcale of tle problern wag legg

baeic. Storage in the (UtUott 503) computer was lirnited, and the

vertical extent of the ayetern could not be divlded lnto rnore tha:r" about

500 atepe; the minimurn convenient depth incrernent waa therefore
about Z0 crn, cornpared with 0.05 cm in the tank rnodel. Depthe of
convecting layers, and also of the conducting regions eeparating thern,
\rere quantized in the model in units of twice the depth increment. The

reaulting 40 - crn unlt wae barely adequate to repreeent the many layere
whoee actual deptha are about I r., and was certainly too large to
represent the stable boundary regions gatiefactorily.

(3) Given that tJ:e investigation wae to be baaed on a
particular hietory for the lake, there were gtill rnany poseible variatior.s
of detail, and the systern \raa rnuch lege determinate than in the cage of
the laboratory experiments. There the depth of tiquid was constant,

the initial Eolute distributlon was known, and the ternperature of the

heated boundary was known as a function of tirne throughout the

experirnent. Here, only the final depth and profiles were known.

In theee circumstanrces, rather sweeping approxirnatione were
ineyitable. It wae aaeumed that the depttr of the lake had increased ln
only two stages, the eecond of which consigted of an inetantaneous

addltion of gufficient fresh water at OoC to bring the leveL up to that now

obgerved. The firgt etage was assumed to have ended with the lake

havtng a" lntermediate depth, a ealinity profile due to diffuglon from
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the bed into a eerni-infinite mediurn for an appropriate time (ueually
1000 yeara), and a eteady-atate eolar-heated ternperature profile.
Gornprtation was then lirnited to the second etage of development,
reducl.g the conputing tirne conaiderably.

The developrnent of convection in thie eyatern was obvioualy
influenced rnore by the variable expa^ueion coefficient of aqueous golutiong

than wag the cage in the tankexperirnents, elnce tJre temperatureg and

concentrations developed through conditiono of rnaxirnurn density. A
repetition of tl.e meagurernente of exp"'gion coefficient carried out for
sugar aolutione was not justified. Instead, the expaneio. coefficient wag

aesurned to vary with ternperature in the g:une way at all concentratloae,
but subject to a shi-ft of the temperature origin as the concentration
changed. The ternperature of maxirnum dengity (zero expa^nsion

coefficient) of calciurn chloride solutions was avallable as a function of
concentration (International Critical Tablea), and gave the approprlate
varlation of ternperature origln with concentration. Thie probably
rePresented the expaneion coefficient quite well in the irnportant region
Dear ita zero, and wlth tolerabLe accuracy elgewhere, eince the
concentratione were dever high tn the convectiag regions.

5..-2..3 Resulte.

A nurnber of'calculationa r,eere perforrned with different inittal
condltiona. These invariably exhibited convecting layere whoee deptha
raried from less tha.n I rn up to rnore than 30 m, and tJre distrlbutiom. of
thege was frequently rather sirnilar to that obgerved tn Lake V'nda.
Typtcalln when a conaiderabl.e depth of fresh water at OoC wae added to
the etable, heated, pre-existtng lake, the ternperature of thia water roae
quite rapidly' eince the heat Loss from the top wae initially zero. Thls
led to convection aa aoon ag the ternperaturea had rigen paat the atable
conflguration irnpoaed initially by tJre inverted expansion behaviour of
fresh watet at low temperatures. Ag a reeult of the increaged. rate at
whlch heat wag loet once convection had lrcnetrated to the aurface, the
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ternperatures In the upper part of tJ:e lake then tended to decline Bom€-

what. Since the upper surface was held. at OoCr rnd the heat flow through
the bottonr waa ad.jueted to give a teraperature there of about 25oC,

temperaturee w'ithin the lake srere maintained between these limita. Ir
the upper, convecting, part of the lake the steady etate appeared to
involve an oecillation of ternperature whlch wae dictated by the rnigratio,
of layer boundaries. Since the total eolute content vras conserved,
however, the behaviour of the concentration profile was more regular.
After tJre initial period of rather intenee convection, which conveyed
golute uPwards relatively quickly, the profile showed a continuing upward

transfer at a decreaslng rate.
tffhile the general behaviour of the mod.el wae that tndicated,

intereet centred on the reproduction of the profileg actually observed.

The detaile of the profilea produced by the model varied greatly according
to the initial conditions assurned, of which there waa a great variety of
choice. In conseqluence the degree of sirnilarlty between rnodel and

measured profiles depended largely on the patience and insight of the

progratnrner in devlsing more succesgful combinations. Since the

forrner at leaet wae limited, the proceBs was continued only to a poiat

where the likeneae wa8 readily apparent; as with tJre laboratory
experlmente, better reeults could no doubt be achieved.

The qua.ntitles whlch had to be allocated at the beg{nning of

each calculation were the following:

(i) The initial concentration at z = 0.

(ii) The tirne for which the eolute had been diffusing ln
the first phase of development.

- _----(f$) The depth of the lake during the first phaae.

(r') 
;:il::::"::."#ff :Ti:,I.'::;: ;*"_""
taken aa that in the upper part of a1 infiaifely deep

lake heated to equilibrium by the absorption of solar

radiatlon, the heat flow tending to aero at great depth.
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(n) The intensity of solar radiation under the lce.

("i) The heat flow in or out of the lake bed.

For rnost of the calculationa (ii) was set at Iffi yeats, tbough

values of 850 and tZ00 years were tried, and (v) wag get at Z x 10-4
. -Z -l -7. -lr rcal crn aec (6300 cal cm - yr -) in accordance with the meaeuremeut

of Wtleon and Vlellmarl (1962). (vi) wae chosen by trial and error so

that the ternperature at z = 0 tended towards a value not too far from

Z5o C wlth increaoing tirne. Thua ttre problerr was effectively

narrowed down to finding the begt girnultaneoua choicee for (i )r (iii)
ana (iv).

Fig. 36 shows the development of the profllea for the moat

gatlafactory case, in which the quantities were set ag followa:

(i) l4lo by weight

(ii) 1O0O yearg

(tii) 3o rn

, (itt) 35o c
' (v) 2 x lo-4 

""1 "ro-2 "."-l
("i) 3 x 10-6 cal 

"rn-z "u"-t out of the lake.

The obaerved values are those of Hoare (1966); t{re concentration profile
is that which, if the golute were entlrely GaClr, would give tJre deneity

profile publiahed therein. Apparently reasonable agreernent between

calculated and obaerved concentration profilee la giveu by asaurning a

tlme of about 250 years for the duration of tJre lakere gecond phase :

that is , 1250 years ln all. Agreernent between the temperature profiles..

is sornewhat marred by excegsive calculated temperatureg. Nevertheleegr

overall, agreernent le quite good, and certainly conetltutee ovidencc ln
favour of the hypotheais that the Layers forrned entirely ag a reeult of

conyective effects initiated by abaorbed sunllght.

5.2.4 Conclugion

The developrnent of therrnosolutal convectiqa on fhe laboratory
scale hae been deacrlbed adequately ln terms of a numerical model, which
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is dependent on ecale in rninor respects only. The ea:ne rnodel has

tJrerefore been appUed to the problem of Lake Vanda, In thie way it
has been shown ttrat tJre preeent layered gtructure of that lake could

have been caueed in the following way: About 250 yeata ago tJre lake

was only 30 rn deepr and waa eolar heated in rnuch the earne way as

Lake Bonney ie now, though to higher ternperatures. At tJrat tlrne the

lake filled up ctulte rapidly to itg preeent level by the addltion of freeh

water at OoG. The preeent atruchrre would. then have regulted frorn
convection, and no other mechaniam need be bvoked.,

It doeg not geem poeeible to preae the inveetigationfbr

enough to deduce any eigniflcant clirnatic information frorn the analysie

of 'Lake Yanda, beyond the general observation that during the laet

lZ50 years the area has been leeg arid than it wag before. It ig clear

that the model is unable to reaolve any detail of factors auch as tbe

variation of inteneity of eolar radiatlon in the pasti thie is partly becauae

heat transfer ig quite rapid in relatlon to the timeg invol.ved, so that

thermal detail tends to be lost, and partly becauge of the inherent

lnaccuracy of the rnodel itgelf. The concentration profile proceede

much more elowly tdwarde lts equillbriurn state, but the information

it containg ia of leea climatic lntereat, and the inaccutacy of the

calculatlon ls lrnportant here also.
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APPendix I
Correction of radiorneter readinqs .

Near the surface of the lake, three correctione had to be made

to tJre rneaaurernents of radiatlon intensity uaing the eelenium photocell
radiorneter. Theee corrections 'trere for epectral responae, directlonal
response and ice albedo, a"nd will be consldered individually.

Spectral response.

The epectral reeponae correction wag calculated graphically.
The lnteneity distribution of eunlight under the ice wag assumed to
correspond to that under 3 m of prre water, no reliable informatim on

the transrnieeion propertiee of ice being available. This dietribution waa

calculated ueing valuea of extinction coefficient for pure water given in the

Smlthaonian Phyeical Tables. The intenaity diatributione above and below

the ice were then rnodified according to the spectral reBponse of the

photocell' which wae publiehed by the rna'rufacturer. Graphical integration
then showed that above the ice the output of the photocell waa ?7To of that of
an inetrux!,ent whoee sensitivity at all wavelengths n'as:equal to the peak

eengitivity of the photocell, whlle the corresponding figure under the ice

was 721o. '

.Pixsillxily,.
The directional correction for the eurface reading waa estimated

by rneaauring the relative reaponse of the instrurnent ae a function of
direction, in the laboratory. The results are shown in fig.Al, from which

it can be seen that the response at an off-axie angle of 560 is about 35,5%.

&s4g..
A further correction is needed for the surface reading, to

allow for the reflective nature of the ice surface. Ideally, the gurface

reading ehould have been taken with the photocell buried a ehort dietancd

below the ice gurface, but this wae not practicable, and consequently a
correction rnust be rnade for the albedo. This wag about 50To at the tirne
(R. Ragotzkler p€r8. coram.), but ie probably dependent oa the nature of

the ice eurface, which ia very rrariable (Hoare et al., 1964).
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Total.

Neglecting the albedo.correcti.@r tlre fractiolr of the incideot
radlation whlch penetratee the ice 1g thuc the obsctvsd ratio (7 .0/61.26

= ,Il3) nu&lplied by tte ratio of thc epectral eorrectione (.37 /.7Zl atil
by.the aulface dile'eti.qaal comcctlon (0..355)r that 1r,.0.020. Ths albedo

correctlgt is vari,ab,[e, but na redue.e t.his yalue to 0.0I. Ttur betvcea
['|s and Z% on fteel4eiat radiatioq lnnetratcr tbis, iso. Thte figure nay.bc
Corrlllared yifih valrrGt obtalned by othef .tawetigatorr, 6 thii aad othor

.;'l,akc,lr.la table AI.
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Table AI.
Meaeurem€nta of the fraction of tncldeat radiation which

penetrates the ice cover of varioua lakes.
Lake Bonnev

Shirtcltffe,and. Beqaem.ur (lg6l) Jaa.l963 1.5 ! O.5olo'

Hoare et al. (1964) Dec. f963 I ,lofrb
Hobbie and Maeore (reported by Likeas

and Ragotzkie, t!64) Jan.f963 Llohtc

l^ake Frvxell
Hoare et al. (rgOs) Nov. 1963 0.1%bd

Lake Vanda
'W'ileon and l,lrellmaa (1962) Dec.1961 6%b

Notes:

i. PhotoceLl rneasurement.

b, Bolometer,measurement.

i c. Aplnrently uncorrected.
\

' d.. Not congldered typtcal.
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APPeTrdix 2

The equilibrium bgtween a Victoria-Land lake and itg environrnent.

The Victoria-Land lakes are characterized by high ealinity
at depth, a perrnanent ice cover which transmita sorne sunllght, and a

perlodic inflow of lcnr-galinity water which ig balanced not by outflow
but by ablation o{ the lce cover. In order for the lakeg to contain a

liquid phaae in a region of average temperature -l7oC, either ttre eallnity
rnugt be eufficiently high to reduce the freezing point below thie, or a
soulce of heat must exiet to maintain a high temperature. Generally,
the lakee are maintained at ternperaturea well above freezlng point. In
the analysie of theee therrnal conditions, an implicit aseurnption ig that
the level of the lake, and the thickness of the lce cover which to gorne

extent govetns radiation input and heat outputl can both temain nearly
congtant for considerable periode. It ie algo clairned that guite?apid
changee of level can take place from, tirne to tlrne, Bo tb,at a lake

occaeioaally undergoe8 a rapid trangition from one etate of equilibrium
to a"nother. The following diecuegion Juatifiea tJrle picture.

If the lake is to be perrnanently ice-covered in spite of a
continual loes through ablatioh of the surface, lce rnugt be formed

at the ice/water boundary at a eirnilar rate, If, in addltion, the water
level is to be constant, the rate of evaporation rnuet be balanced by the

rate of inflow of freeh uraterr .

Assurne initially that infLow, freezing and evaporation are

continuous procesaea. Let the rate of inflow of water be Vr, the rate
of ice forrratlon be V1, and the rate of lose of ice through evaporation be

V^, where Vr, V, a^nd V- are volurnee of water (equivalent) per unit tlrne.elle
Then if the urater depth in the lake is 'W, and the ice thickneee I, the total
deptlr below the ice surface ie D = W f I and

dur 
=dt =3-f'

E

vt-vt
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dI
'dt

vf - Ye = f-e
a

vi-Y"=
YL- e
a

where t is tlrne, a the area of the lake, f is the thiclrcneae of water frozen

i:0. unit time and e ie the equivalent water thicknegg loat ae erraporation

from the ice surface in rrnlt tirne. Note that the qua^ntities deter;hed by

partlcular thermal and climatic conditiona are reepectively f and e, not

Y, and Y- . Then when tJre lake is in equilibriurn wlth ita aurtoundiage,te
4!r = + = dp. 

=Qdt dt dt

i'€' vi = f = €r
s

The atabil.ity of thie equilibriurn can be tested by coneidering

the reaponse of the eyetem to various dishrrbaree. Consider first an

increase in aridity caused, for exarnple, by an increase in rnearr wi[d
speed. Thia would have the effect of increaelng the evaporation rate

botJr on the lake and, in the envlronrnent. Thus e would riee while Vr,

which represents t\e residue of envirornental rnelt water which ie aot

evaporated, would fall. Hence

dD Vi
dt = ?- e<o

and the lake level would fall. However ag it did go the gurface area a

would become gmaller, until Vi rose sufficlently to give equilibriurn
a

again.

Since e would. rise without a^n agsoclated change ln f ,
dr = f - edt

and the ice would get thinner. llowever as the thtnning ptogreosed the

temperature gradient in the ice would lncrease, leading to greater heat

extraction :rnd a^u increaee in f . Hence the ice thictrcnesg would tend to

etablllze at gome gmaller rralue. Similarly,

dD
dt
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dW Vr
dt =;: -r'

lnitlally, so that the water depth would be reduced. Argumente similar

to the above show that a ternporary increase in Y. not associated with a

clirnatlc change would lead to a temporary increaae ful water depttr

followed by a gradual return to the original level, while a perrnanent

change in inflow rate not aesociated with a climatic change would dieplace

the equilibrlurn towards greater water depth, wlthout changing the ice

thicknese. (Thie laat poeslbility would reguire sorne cataatrophic event

to alter the drainage pattern elgnificantly, and ie unlikely.) Hence ro

long ae the clirnate in the region ie conatant, the lake will probably remaln

in a stable etate, but the water depth and lce tJricknesa are sensitlve to

clirnatic changeg.

Lake Bonnev.

It has been ahown that tlre depth of water in Iake Bonney

lncreased by about 10 m between 1903 and I9ll. In terrns of the foregoing

digcusgion it is posaible to deduce the probable gtate of tJre lake before o

that time.
A perrnanent increase tn depth would be caused by an increaee

in inflow, probably reaulting from a decrease in aridity in the region.

More arid conditiong would have been agBociated with thinner icer higher

rateg of evaporation and ice production, and srnqller inflow. A limit
can be placed on the cha"nge in area of the Iake by. reference to the

bathymetric map of Angino et al (f 964). tffhile the paucity of data induces

doubt ae to the accuracy of this map, it suggegts that a depth increase of

l0 m would have been accornpanied by a" areal increase of about Z0%;

Thus in the equllibrium equatim

v.i = f = €1F
if g waa forrnerly ZOloLeee while f and e were greater, V. was forrnerly

Iees by a fraction leeg tha$ 20Ve , and the change in f and e was leee than

Z0To. The relattonahip betweer cltmatically i.nduced fLuctuationc of inflow
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and ablation is uncertaln, but, in the absence of reliable iaforrnation,
auPtr'ooe that the changes in thern have the ga^rrre relative magnltudee.

i.B. 6e ;
e

6Yi .- 
-
Yi

Then, aa t Vi
v.'1

' 6s 
+

a

8q = -os. = 8!
sef.'

" -0JL 'v.'1
That ie, a 2}olo Tnereaee in area implles approxirnately 4 l0% increage io
inflow and a l0% decrease in evaporatlon and freezing rates. Thug e and

f were not greatly different frorn their preeent valueg,

It hae been eho\rn that in lts former state the water in Lake

Bonney wag of nearly uniform salinity and relatively cold, the calculated

ternperature being about -l6oC. Since thia ternperature ia only about

I Cdeg above the present rnean annual temperature, the ice cover at that
tirne rnuet have been rnuch thinner in order to allow the extraction of heat

liberated both by the absorptlon of radiation and by the production of lse. '

It ie not irnmediately clear that the ice could have been gu{ficiently thin,
without cornpletely rnelting every surnrner, a aituation which did not
apply in Dec. 1903.(Scott 1905)

A posaible conflguration whlch rneets tJre foregoiag requirernents
is illuetrated in f.ig.AZ. At this point it ie necessaryto dropthe pretencc

that inflow, eyaporatlon aD:d. fteezing are contlnuo\rs proceasee, and to
remernber that the firet two of theee occut predomlnantl.y in the surnmer,

while the third ig limited to the winter. (The equilibrium analysis still
holds provided quantitieg are averaged over an annual cycle.) rn the

Eurnrner, then, the fresh infl.ow water, together with sorne rnelt water
from the ice cover, would have forrned a thire layer between the lce aad

the brine. The kee/water boundary would have been at OoC, Bo a

corraiderable ternperature gradient would have existed ln the upper region
of tJre brine, the meatr temperature of which would have been about -l6oc.
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Thta would have inhibited convectlon in the brine, eo that the effect of

thie heating would not have penetrated far iuto the brine within the duratlon
of a surrrrner. During thie period some solar heating would have occuted
in the brine, At the beginnlng of winter the ice Furface temperature drops
to a very low value - for 6 monthg of the year it ig below -ZsoC (Pewe f 960).
Thig'would have extracted eulficient heat frorn the ice ta freeze all the

lnterstltlal water and then cause the lower bound,ary to rrigrate d.ownwarde

just ae at preaent, through the fresh layer. Thig layer would have

contalned a salt gradient aIter lta period of contact with the brine, ao the

temperature of tlne Lce/water boundary would, have fallen ae the boundary

moved downwards. Thie would have inhibited the extraction of heat and

further rnigration of the bounda.ry, but if the rrfreghtt layer was eufficiently
thin the ice could have growr down to a level where the freezing point was

below -l6oC. At about this point convection would have occurred tJrrough-
out the brine, owing to the cooling of ite upper surface. Further dowuward
rnigration of the tce would have been resiated by the large thermal capaclty
of the convectlng brine, the temperature of vrbich would aot have fallen rnuch
further. The average ternperature of tlne ice/water boundary over an

annual cycle would therefore have been about -BoC.

It hae been seen that inflow and freezing ratee at this time \trere

not very diJferent frorn their present yalues. Thus the total heat to be

extracted through unit area of the ice annually wae likewiee aimilar to
the preaent, the average temperature diffelence across the ice being

perhapa half as gteat as now. Thue the eystern could have been in
equilibrium if the ice was about haU aa thick ae it is aow.

;
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APPendix 3.

Algol proerarn tg optirnise paTarneters.in a theoretical
temperature profile.

Pages I and 2 of the progr:un (UfnSO+) aet up the procedures

required and print out the starting data and headinge. Calculation beginr
on Page 3 vrith the aeeignment of values in the pararneter matrix. The

calculation of an individual profile ie begun at the bottorn of page 3 a^ud.

cornpleted at the top of page 4; thia eection ie uaed many tirneg to give

the many egtimates of E (sum of equared deviatioag between calculated

and rneagured profiles) required.

Page 4 contains two precautions againrt maUunction: (a) If tJre

rrariation of E w'ith a pararneter ie nearly linear, the new value chogen for
the parameter ig not that which rrinirnlsee E, but that which givea tJre

grnalleet E at one of the trial. pointa. (b) lf tJle new value for tJre

pararneter liee outside the range of trial rraluee, the neareat trial value

le used instead. Thig is necessary slnce the approximate reptesentation
of E is too inaccurate for greater correctiong to be juatified. Aaother
precautlon, built into the procedure rrflll|r, ia that the trial pointe lie at
unequal dietaaces on each side of the central point ln the yariation of
each pararneter. This avoids an indeterminacy arising when the central
point ie very cloge to the rninirnum of E.

On page 5 the new valueg of the parameters are aasigned, the

sequence ie restarted where appropriate, and. the valueo are printed out.

If the RMS derriation ia reduced to an acceptable level (aefinea by the

input data) the profile ia printed out. Alternatively, if thia criterlon ls
not aurpaeeed within an acceptable nurnber of trials (also d,efined, tn tJre

input data) the laet profile ie printed out, with a:r indicatlon to thls effect.
The example of prlntout glven below is one guch case.
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Arrpendix 4

-

In this experiment a tank contained two layere of cornmon
galt golution, the lower layer being concentrated and the upper layer
weak. The interface between these layere was maintained by the

convection occurring within each layer, owing to the aupply of heat at

the base. The airn of the experirnent was to study the properties of

the iuterface, on the asaumption that theee could be obeerved in isolation
frorn the propertieg of the convecting layere above and below. A
dirneneional analysie euggeated that the experirnental data ghould be

analysed with respect to a stability pararneter S =#, the ratio of
the contributione of golute a^nd heat to tJre deneity differeace between

the layers.
The experirnent involved rneaguring the rates of transferof

heat and eolute acrosg the interface. This wae achieved by insulating
the tank, incrud.ing tJee upper water gurface, and obeerrring the rate of

increase of ternperature and solute concetrtration in the upper layer,
for a range of heating ratee (f:t) and values of the stability pararneter
(Z:t). The heat fluk was expressed in terrna of therbolid plane valuetr,
which ig the heat fh:x that would, have been expected if the layera \pere

aeparated by a eolid, plane, perfectly conducting boundary, and the

results are shown iIr fig..{3. 
_ The golute flux waa expressed in terms

of the ratio between effective turbulent trangfer coefficientg for solute
and heat, and the resulte are plotted in fig.A4. Finally, the ratio
between the potential energy changea due to the tra^nsfer of golute and.

of heat wae evaluated, and its dependence on the stability parameter is
ehown ln fig.A5.

The rnost etriklng reeult ig that concerning potential energy
changes. Turner pointed'out that sorrre eeU-lirniting mechanigm mugt
be operating to co'ntrol the coupLed diffusion of ealt and heat, eince the
ratio of potential energy changea becornes constant for s : 2, but he
offered no suggegtiona aa to itg nature.
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In order to explain theee reeultg, it ie neceesary to coneider
the system as a whole, and not juet the'interface. The following theory
ie crude, but gives aorne ineight into the problern. Two regirnes are of
intere gt.

Stabilitv S > Z.

In order for eteady convection to occur it has been eeen that
the denaity rnuet be legs at the bottorn of the layer than at the top. The
d.ifference is very srnall, leeg than I part in 104 for the conditiong
quoted by Turner, and for the preeent purpose it may be neglected.
Hence if a large density difference exists between the layera, it ie clear
that the convection occura in two regiona of subetantially constant deneity,
with a region between thern which contains a high density gradient and.

which ia not penetrated by the convection. Thia aituation ie sketched
in fig.A6. The rnid-layer differences of concentration and ternperature
meagured by Turner are aC and aT reepectively, but the ternperature
difference driving the convection in the lower layer ie rather leee than

A T, and the corresponding concentration difference ie legs than AC.
Several choices rnay be rnade to approxirnate these actual differencee,

.and all seem to lead to the Baure qualitative behaviour. The mogt
etraightforward. choice is that the ternperature differencej betweea bottorn
and top of the lower convectlng layer is ( aT - s0), and that the

corresponding concentrationdifference i" *(aC - 8x).

The thicheege e of the conducting layer appears td be 1e-6a

than0.Zcrn under the conditiong dthe experiments, and may therefore be
aesurned to be rnuch lees than h, the haU-depth of the eyatem.
coneequentlyr quaei-ateady etate condltione apply at all timee. Thus
the solute and heat fluxee tJrrough the conducting reglon equal thoee
through the lower layer. Itlriting H, and lH.rfor the heat fluxeg through
the bottom layer and conducting region reepectively, and F, and F_ for-14
the correeponding eolute fluxes,

Ht = HZ, Ft = FZ.
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Fig. A6

Hfpcbctieal prcftlcr of canecntr*tlin rrd tenlurrturo dcrttit
Turrrsrrl erpcltucate
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These conditions are not sufficient to make the eyatern
deterrninate. Three aeaumptions may be rnade concerning the convectioa;
firatly, following Mallare (1954b), we may asaume that the heat flow is
a rnaxirnurn for the given boundary ternperaturea and concentrationa, and
eecondly' we rnay impoee the condition that the non-dirneneional golute
flow (i.e. a solute Nueselt nurnber N") ie proportional to the thermal
Nusgelt nurnber Nn. Finally, we note that the criterion for the oneet
of convection in a thermoeolutal syatern ie found frorn the corresponding
criterion for the pure-therrnal eyatem having the eame geometry by
eubetituting (R + rR") for R, where r ie a conetant deterrnined by the
nature of the inetability; it therefore seerns appropriate to regard.
(R + rR") (= R", say) as the parameter which deecribea the heat flow,
juat aa R does in the pure-thermal caee. (w" could rnaxirnise Re
instead of H, , with sirnilar results. )

Accordingly, we rnay rnodify Turnerrs treatment by writing
for the lower layer

tlzNh = "(R.)'/' = #;enT-
where a is a nurnerical constant and \ = t"I{ ie tlxe thermal conductivity.
Aleo 

.3 -
Re = fr-to( ar - Do) -t tac - rx)]

.'. Hr = "\ ( fr.lt 
/31ar - rr)[c'(ar - se) ---g(ac- ,r[, '{r)

Theo differentiation ehowe that H, ig a maximurn when
A9- lI r_ 6r = I'3 ir-ee ' 80 r? Q)

NowN, = **n,
urhere * ig a nurnerical constant.
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aC -. 6r.
AT -80

' rJ

I 17.

(4)

Hz

tu
2.

=F z

= kg tx
C

.'. 8r = + ftffi re (3)

and, from (2),

60 = # ?r6r
From (3) and (4)

ar=,ffi1r-
and eo = ffi [r--qiql
Substituting in (l) gives

r(*+6)

-

l6
)'sJ

eolid plane heat flow 
"" Hp,

"\(,*s.)t/3 (arya/t

(#)'/'rht['- =#f"',l +/t

Here ry' and r are as yet undeterrnined.

However r must be one of P" , p/(p + l) ana f,- (Veronia, 1965).
'a

lvithin thie limitaiion, the onfy satisfactory choice for r is r = --g- *P+I T

0.9, and the best value f.or I ia iu-defined but zzo. The curve
corregponding to * = 30, r = 0,9 ie auperimposed on Turnerre data in
fig.A4 and fitg fairly well for 2 -< S 37 . The reaeon for failure at high S

is probably a fallure of the heat flow law. As S increasea the effective

Hr = "r,(tr'/'t/-iltt 1fii ['- rr.*#) '"1n"(orf/'
Writing Turnerrg

H=
P

' Ht
.. I

=H
P
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Rayleigh nurnber Re decreases, reducing the turbulence of the convection.
5

When Re S t0- the law

Nt = " (*")1/t

rnay be expected to fail, invalidating the analysis.

With regard to the trratio of turbulent tra^nafer coefficients
for golute and heattr, this theory (for S> Z) predicta that

Ii ' cJAL = 4g. P"!|i
Ac Hz ac. \ 8e

AT. D. 81lo=- 

-

AC K (.f+6)r'r

= D. g'* J_.
K r(f+6)' s

Sirnilarly, the rrratio between the potential energy changeg due to the

trangfer of golute and of heatrf ie given by

,_"r\_ 
=L. D ar

r,, -- nHz. --. ,' r{fo

=J-' P' 8a9
K ro ( 9+ 6)

' D g*=i'ffii. 
.

Thege two are plotted on Turnerre data in figs. 45 andA6, irnplying a
n/

value. for "/ K of 0.02. Thie is about twice the,correct value, but the
qualitative behaviour is well repregented.

Stabilitv S < Z.

-

At low etability, the conducting layer hae becorne very thin,
and the predictions of the theory are eeneitive to the original aasumptione
as to the distributione of temperature and concentration. In fact the
layer thickneee is reduced to zero for eorne etability l< ssZ, andnot
S = I ae irnpliedby Turner, owing to ttre temperature incrernent at the
bottorn of the lower layer which hae no counterpart in the solute profile.
Thus this theory rnay be expected to give ueeful reeulte only for S : Z.
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It eeeme likely, then, that the change of behaviour Bhown b
Turnette reeultg atS = 2is a regult of the reductim to zero of tJre

conductl'g layer depth at about that point. That belng oo, the eharp
riee in heat and salt flows for S < Z is accounted for by the initiatioa
at S * 2 of convection over the whole tank depth, inatead of in aeparate
layers. The etability pararneter then no longer repreaentg the gtate of
the boundary between two layers, but rnerely relative readinga at two
depthe in one convecting layer. The convectloa rray be expected to
equalize the temperaturear rnd algo the concentrationa, at the twO

levele quite rapidly, which would have been lnterprcted as increaaingly
hlgh flow rateg occurring for contiauoualy decr,s4ging S.
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Appendix 5

a

Thls etudy may be broken into two partr; an analyeia of the

deviation irnposed on the light when it travereee the tank, whlch ie a
matter of ray optice, and a consideration of the maximum recolution

which can be expected, which ie determined by diffraction.
(a) nav pathg throush the tank,

Ferrnatb principle gtatea that

-Bsl f nagl =Q(i !

where A and B are fixed end pointe of a family of poeaible ray patha,

n is the local refractive index and ds ie an element of ray path length.

From this it may be ghown (aee for exarrple, Kelso f t64) that

#r'ffr-*=0, (r)

with similar equatiqrr in y and z. Then, ln a horirontally rtratified
rnediura in which

n = n(z)
with z vertical, it caa be ahown that any ray ie confined to a vertical
plane. If the light ia inctdent normally on one of the glaaa wallg of the

ta^nk, guch a plane will be a croaa eectlon of the ta:rk perpendicular to
thege walls. Let the x - direction be norrnal to the glaee walls. Then

from (1),

dx ,dx.n C: oO(E')o = a,aay'

where a is a congtant and the gubgcript zero refere to t.Le

Since the path ie entirely ln the (*, n) p1anel

. (2)

plane x = 0.

and hence, frorn (2.),

(*)'= r*lt-t
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If the orlgln lg choaen eo that the ray ls horizontal at x = 0r

($1t =

t*)o = I

a=oo

2zg-3-
)a-

and

Hence

arrd

Now the curvature p

so that

)n
)z'

ray is given by

e.
dx

-zo.z

-(lx
of the

zt

ft-""
n

\,

(3)

(4)

= fr rl '* (*)'1"'

= oo )n7 E'.
To a firet approxirnatlon, slnce the ray departe only elightly from the

horizontal, we can write
rr=oo

P = * (i;I'

^(*) + xp

= .:€- (*)'oo

In travereing the tank, the chnnge in incltaatioa of tJre ray ir given by

where X ia the dlgtance between the vertical boundariee of the liquid.
Refraction at these boundarles increaaee thle deviation by a factor rr'.

Flence, since the ecanning echrieren syetem actually ploto
the deviation o (*) veroua z, thie repreeena" (*)^ veraua z to a
first approxirnation. In order to check the error infroduced by
asruming thig to be exactly tlrne, a aecond approximatioa may be



'dz\,Fo=o
Then, neglecting higher-order termt,

n =,,o[r* *,*,r]x v( 2oo

(*)* = r*)ol'- A,#rl
subatitutlng these values *t"-(t': 

\- r --z \- z --z \z- lPx = 
"r#L)t 

-'-rttF"'o -4ti#lo(

obtained to (4) by expanding n

and. recalling that

Now

t?2.

"ru $ in a Taylor series round x . 0,

^(#) =
(
\ p ds, where the integration lg

taken over the whole path ful

the tank.
x
(
J , d*, very nearly. (Here the
n
: fact that the eystern uses tays

, which are horiz6ntal on exit from
the tarrk hae beea used.)

,ln. f - *? ,,)t.2 llo ' , tZ \
-?L,o(il0 l'- fr."((*f - "+,#r, 

l
rn practi"" (*)' o " # r Bo ttre deviatioa is

^rH=ir*)o['-4,fif
Once again, the total devlatloa, including the effect of refractlou at the

vertical bonndarierr is nO times thig.
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It rnay be geen that the error iavorved rn aesuming that the

Pr
(b'

measured profiles directly indicate ($ versus z, eubject to soure

ecaling factor found by calibration, dependa on the slope of the gradient
profile. clearly, eince the average value of thig elope ia zero, the
area under the profile ie unaffected by such a.rr error. rrence the
calibration rnethod degcribed in appendix 5 ie valid. using this
calibration, lt rnay be seen that tJre erlor lntroduced into profile
tneasurernentg ig lesg tha.n l7c wherever the profile hag a slope leeg than

-l2 pip crn Thie error is therefore negrigible in relation to the
ofilea encountered in the etability experirnentg.

Fig. A7 showe the crogs-section of a typical distorted wave
front which ernerges from the tank. The systern trangrnite raye which
ate nearly horizontal after paseage through the tank, and these ariee in
two parte of the wavefront. Several typical ray trnths frorn one of theee
are shown in the diagrams, firstly before reflection and aecondly afterward,r.
Clearly, if the deforrned wavefront has a large radius of curvature, the
bright band' in the irnage plane rpill be wide. Under theee cond,itions Azf
w111 be deterrnined b'y the radiue of curvature of the wavefront;
alternatively one could eay that az, will be sirnply the vertlcal separation
of those levels in the ta^nk which give riee to rays which are just paeaed
by oppoaite sides of the echlieren slit.

Ideally, one would like to reduce the width A 4l to a rninirnurn
for any given wavefront curvature eince thie would irnprove the depth
resolution of tJ:e syetern. Thi.s could be done by reducing - , the
schlieren slit width. Flo$rever the rays which are pasBed. by the elit
to forrn the bright ba^nd in the irnage are nearly parallel. Thua Fraunhofer
diffraction occurB at the elit, and the bright band. is accornpanied, by a
gerlee of diffraction rnaxima and minima as shown, the minima being
evenly epaced.

t z, incteasea

Let the separation of adjacent minima be b, z2i

as w dirrrinigheg. Then there le no advantage to be
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gained from reducing w past the value for which Az, = 2 A zZ, sir.ce

if w ie emaller than thia lirnit the b:rtght band becomee just the central
rna:dmurn of the dtffractio'n lnttern and increaseg ln width ae w dininisheg.

The diffefence in angular deviatlon experienced in the tank

by rays just paasing the two eides of the gl.it is very nearly *r/f , *her"
f is the focal length of the concave mirror. The vertical separatlon of

nelghbouring levelg in tJre tank leading to this difference in devlatlon ig

given by
.,*x)2o
f =;;V 

^oi

lr€r :- = vF

' flc b"n
bzZ

AIso

ar, =.f l
w

where r ie the wavelengtJr. of the light. Then the deptb. reeolutlod Ls

optimurn when

' Azzl = 26zrt
eI

i.e.when w = r (1F Sl"
rz

Here the value of 3* i" the maxirnurn which may be encountered, sincelz.
thie gives the minlmum az.' for a particulir '\rrr The appropriate value

ig about l0-3 "* 
-2, o,nt.tJcorreaponde to a alope of I pip.rr, -l in the

profile. Thie yields an optirnura elit width of about 0.15 clrr for a focal
leagtJr f. of.213 crn, and a corf,eaponding rralue tz, = 0.07 cnr
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Appendix 5

Celibrat4q4 e{Jhe optigal systern and deterrnination of ite accuracv.

For calibration the tank wag filled with two layera of

approximately equal depth, the upper one belng freah, air-free water

and the lower one a solution of sugar in girnilar water. The etrength

of the Bugar eolution wae about 5o/o by weight, characterietic of the

solutions uaed in the experiments, and \rraB accurately knovm. The fregh

water was first put in the tank, and the aolution was then poured very '

alowly through a tube having ita outlet at the bottom of ttre tank. About

30 rninutes were required to pour about ?50 crn3 of aolution, and tJre

reeulting boundary between the two layera wa8 very aharp.

The refractive index gradient at the boundary of the two Layere

wae inltially too great for the equipment to record it. Ueeful recorde

vrere obtained after about Z0 hours, after which a recording of the profile
wae rnade at intervals, initially of about 12 houra, over a period of
geveral daya.

A typical recording ol a profile is showuin fig. 48, each

curve being a graph of refractive index gradient againet depth. The top

and bottorn boundaries of the tank were imperrneable to eolute, eo the

refractive index gradient was zeto there. Thug the baee-line of zero

refractive index gradient waa shnply the time joining the enda of tJre

profile. Calibration involved cornparing tJre area (expreeaed in ftpip-

crnrr where a pip is the arbitrary unit of the profile) between the profile
and the base llne, with the known concentration difference between top

and bottorn of the tank. Thie neceseitated recording the profile before

the borrndaty concentrations had been eignificantl.y changed by diffusion.
Integration of the profile was accornplished by approxirnatlng

the profile by a function and integrating the latter. Since the curve
went to zero at both ende, a Fourier gine geries was used,, the

fundarnental wavelength being trnrice the total depth of the llquid. To

calculate the coefficiente for a geries of N-l harrnonics, at least N

coordinatea equally apaced in depth had to be rneaeured.
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A large (lOtrx gtl) print was rnade of each profile. Thie
wae placed in a framework attached to a lead acrew which had divieions
every 0.001 cm. The print waa arra^nged eo that the lead screrf,r rnoved
it parallel to the depth axis. A travelling rnicroscope wae then ueed to
rrreaaure the coordinate perpendicular to thia rnotion. For profilee
recorded at the beginning of the Beries, up to 100 pointg on the curve
were evaluated, but thie waa reduced to about 30 for later profilee in
which the hlgher harrnonics were negligible.

The calibration procedure was carried out four tlmes, and

ehowed that I pip on the profile wae equivalent to a concentration gradieat
of 0.695 (percent by weight) per cm.
Sygtern errors.

Harrnonic analyais of the profiles provided a convenient

eetirnate of the randorn errorg aseociated with the eystern. At the
rnoet, ten harmonice were required to repreeent a profile. At higher
orders the amplitudes were not zeto, however, but dietributed as would
be expected for white noise. That ie, the arnplitude of each harrnonic
appeared to fluctuate about zero i:r aucceeding profiles, all harrnonice
having the earne gtandard deviation. These arnplitudes were presurnably

indicative of the noige in the syetern, that ia, the randorn errore of
rneasurernent. In a geriee of ten coneecutive profiles, the toot-mean-
square arnplitude of the top ten harmonics wan 0.0016 pips. This rnay
be cornpared with the firndarnental amplitude which wae eeldom leee than
l. 0 pips, eo that the r:ncertainty in it due to randorn errors wag about
0.2To. The integral under the profile had a eirnilar uncertalnty.

Another approach to the estirnation of errorg wae to etudy
the decay of individual harmonic arnplitudea with tirne. lfriting h for
the depth of liquid in the tank and t for tirne, ttre k th harrnonic should
have decayed ", u*p (-kz *2 ot1rrz1. Fig. A! shows the d.ecay of A,
for the same eeries of profilea aa mentioned in the laet paragraph
(other harrnonice ehowed airnilar behaviour). rt appearg frorn tbie
graph that the arnplltude is llable to error within the limite 10.01 pips.
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Thie ig about twice the estimate of purely random errorc if the lirnits
of error are interpreted as three timee the r.rrloBr error. This
increase is probably due to the fact that the error" L *.""urernenta
of the coordinateg of eucceeding points on the profil,e tenderi to be

correlated.

The alope of the line in fig. A! should.Ue (-o tz ," Log u/na'),
ind.icating a value for D of 5.25 x 10-6 

"*2 "."-1. This may be cornpared

with the rneaaurernents of Goeting and Morrie (1949) and of Irani and

Adarneon (1958), which both gave a value 5.21z6 x l0-6 
"n"2 

,u.-t fot
very dilute solutione at 25oC.

Galibration errorg. '

In addition to tJre errorB assoclated with the rneasuring eystern,

inaccurate estimation of the concentration contraet between bottom and

top of the tank would have introduced errore in calibration.
Uncertainty in the concentration of the aolution which initially

formed the lower layer in the tank wae negligible at t 0.Ilo. However
the irnportant quantity for calibration wae the differe.nce'in concentratlon
between top and bottom tank eurfacea at the tirne when the profile wae

rneaaured, and this would have been elightly less than the orlginal
concentration contraet owing to dtffugion in the interirn. 'By rnaking the

boundary between the layerg as sharp as possible this change wae

reduced to a rninlrnutn, and the harrnonic analyais of the profile provided
a convenient check. Owing to the decay of individual harmonice with
tlrne, the area S rmder a profile was given by

' s = (z rr/ ' ) f (Ako/k) exp (- ] ': ot/nz)
Ilence k=1r313...-

= - (z *D/h) t kAo

where AnO is the arnplitude of the k th harrnonic at time zero. It waa

a eirnple rnatter, then, to check,f.", lf waa sufficiently cl.oge to zeto
for the boundary coacentratlone to be aseurrred equal to their inltlal
valuee;
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A minor problem waa eacountered when the tank wae firgt
filled. Becauee eaeh of the two layers waa initially hornogeneouo,

only qulte amall temperature gradientg sufficed to induce co'nvection in

them. Ae ahown by the experiments of Turner (1965), considered in

appendix 4, this would have transported golute across the bormdary and

digtributed it throughout the upper layer. Thig would have reduced the

concentration contrast, a^nd hence the apparent aengitivity of the aystem.

The effect wag reduced to negligible proportions by thermoetating the

roorrl containlng the equilment.
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Appendix 7

Analveie of results of etability experirnents.
The input data for prograrn UPFISOSf coneiated'rnainly of two

atrays. The firet of theger Br contained the readinga taken at N equally
spaced polnte along the isotherrnal concentration gradient profile. The

other tnput array' mV, contaireed readinge of the out-of-balance voltage
of tJre thermistor bridge every 45 seconds during the experimeut. These
readinga were converted to ternperaturee T by the linear relationehips
found for the various bridge langes during calibration.

After reading in thig data, the prograrn calculated the N-l
harrnonlc coefficiente Ap and the concentratioa at the bottom of the tao.k.

For each specified time, the Rayleigh numbers yrere then calculated and

printedfor a eerie,s of levels between (Z=) 0.4 and l.? crn from the tank
bottom. The thermal Rayleigh number R was calculated. from the

aeguence of ternperatureg tneaarrred at Z = O. The ternperature e at Z
at time t ie given by (Carglaw and Jaeger, lt59)

'-t72
dI

0
(t -i1t72

where T le the temperature at 2 = 0. In ord.er to calculate the integral
with sufficient accuracy, the readings of T were interpolated linearly to
intervale of 4.5 eecondg when Z S 1.5 crn.

A typical printout ie ehowu in fig. AI0. The firet colurnn
ehowe that the results apply to tJ:.e tirne l8? x 45 aeconds after the start
of the ternperatute record, and the eecond colurnn gives tdee correaponding
ternperature T. The fourth and fifth colurnns contain respectively tJre

ternperature I and the concentratlon (in pip-crn) at the level given in the
third column. The rernatning three columns contain R, - R" and

(n + 0.88 R-) respectively.' a'

o = #, J" r(^) "*n!:..;aj#
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'' APPendix 8,

Nurnerical modgl of lavered. ttrerrnoeolutal convection
(a) Proerarn UPHS06b

This version of the model repreaented the tank experirnenta.

The prograrn is ehown below and hae been deecribed in Ctrapter 5. The

firet two pages are concerned with setting up eub-routlnee, reading in the

relevant etarting data, and calculating the concentration profile. The

third page contains the starting and running eolutions of the diffugion

equation which enable calculation of guccessive ternperature and concentrat-

ion profilee. The rernainder of the prograrn containe the logic necessary

to search the profilee for layere which are potentially unetabl.e, to decide

whether the criterion for rnarglnal atability hae been surpaBsed, and if so

to re-ageign the diffusion congtants for heat and solute.

The forrns of the starting and running eolutione are ghown in

fig. All. The bor.urdary conditione irnpoaed on ternperatute (9) and

concentration (C) were aimilar for both solutione:

Uprrer boundarv (i = irnax)

c;.rr.* = c3rn"* -l (startins) = 
"irn"*

-2 (r""'ni"g)

= constant = th.

Co = C, (etartins) = C, (runniog).

e = th + (tin) t + ("q) tz + (..') t3
o

where t ie tirne, and th is roorn ternperature.

Note that the running solution uses alternate meeh points only.

Both the current and irnrnediate paat profiles \rere therefore etored in
one one-dlrneneiorral array. The gtability test was rnade after each pair
of time increments.

Provided. the diffusion conatant does not vary, it can be shown

(aee, for exarnple, Du Fort and Frankel, 1953) that the running eolution

ie stable for all values of t' Krn. Experimentally, variation of K with

0.
Jrnax

Lower boundar
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Fig. All. Starting a:c,d running eolutiong in the

nurnerical model of Iayered convection.
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sPace and with tirne sirnultaneously led to some inetability, although the

problern was not eerious in thie version of the progra:xr where the mesh
size could be kept arnall. It was found quite adequate to lirnit the rate
at which the diffuslon constant could grow, by aesigning new valuee in
the rnanner sho\fln on the fifth page of the progxarn. Instead of using the

new value actually calculated (i.e. Krnod or Drnod) a mean was taken

between this and the previous value, heavily weighted in favour of the

latter. Note that once the running aolution was eetablished, the arrays
frthetaitr and rrconcirr contained the irnmediate paet values of K and. D; they
were used initially to store the input profilee of ternperature and

concentration for use ln eetting up the runntng eolution.

This vereion wae basically airnilar to the previoua one, with
certain necessary rnodifications to the input data and the running eolution
to repreeent Lake Yanda inetead of the tank experirnente. Apart frorn
the di{feretlces mentioned in Chapter 5, there were three main changee

in thie version:

(i) Since thie phyeical situation wae one in which convection
from tirne to tirne decayed back to conduction, ln addition
to the rnore usual caae of convection developing frorn
conduction, t{ee rnethod of asaigning K and D had to be

altered e tightly. The cha^nge allowed the averaging proceas

to occur whether tJre diffueion conetant was increasing or
decreasing.

(ii) Ae pointed out in Chapter 5, the heat equation now contained

a source term. If the running solution ie considered for the
epecial caae of an initially ieotherrnal rnediurn of infinite
extent' it ia eaay to eee that the increaee of ternperature
will not be described. correctly by including tJle source term.

in the difference equation. Thie comeB about through the
uee of tJre lagt two profilea in deducing the next one. The
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second of theee containe higher temperatures than the first
due to the eource terrn, and this increase ls extraporated to
the new profile, which would therefore contain higher
ternperaturea than the gecond even if the source term \rere
now ornitted; additlon of the aource term increment
therefore gragnifieg the rate of increage and producea

lnstability.
Thtg problem wa.a overcorne by adding the eource tenrr

increment aeparately. After each pair of profile calculations,
the appropriate incrernent wag added to every terrn, the older
of the two profilea receiving the same i:acrernent aa the

younger (except that the lncrernent was a function of depth).
(iii) In order to reduce the ttrne needed for a run, this vereion of

the prograrn had to be operated with a rather large rnesh spacing.

- Thlp aggravated the stability problerne. The solution seerned

to be most unetable to an error which took the form of a wave

on the profile. Ir order to damp thie wave, temperatures at
(j + 2) and (j - 2) were introduced tnto the solutioa, for (j), i.n'

addition tci those at (; + l) and (j - l) which were.already
included. To do thie 9. -, . wae replaced by

0.05(9. + o , , -) +0.90e' \ i-2, J + z -L-2, J-Z' -i-2, j
except near j = 0 where the original form wag retained. The

aolution for the concentration profile received tJre eame

treatnent.
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Thie project began. with an expedition to Lake Bonney

(vuweo?), and it ie a pleasure to expreeo my gratitude to the otJrer

rnernbers of that tearn, R.F. Bensernan and K.B. Popplewell, for their
energetic aeeistance both in preparation and in execution of the tagk.
(In particular, I am grateful to the latter for making the rneagurernents

of chloride concentration.) The opportunity to rnount the expedition wae

due to Prof. R.FI. Clark, withoutwhoee initiative VUW Antarctic field
work would not have been possible. I arn grateful to him, and also to
the other VUW persoilxel who have been concerned with tJre Victoria Land

Lakes, and wittr whorn I have had rnany useful and atirnulating discusaions;

particularly Prof. A.T. 'Wileon, Prof. I{.W. Wellrnan and Dr R.A. Hoare.
To Dr Hoare I arn indebted also for the unpublished data conceraing Lake

Joyce. The bathyrnetric rneaeurements of February 1964 were rnade by
A. l{slng.

With regard to the work on convection, I arn grateful to
Dr D. Nield for a number of helpful diecussions, and previewg of hig

publications, concerning the theory of therrnoeolutal convection. I wish

to acknowledge algo the lntience with which Dr R.B. Palme aeeieted a

tyro prograrnrner to overcorne the d.ifficul.tiee of machine computation.

Thanke are due to Prof. D.A. Christoffel for the interegt he

h.as rnaintained in the whole project, vrhile allowing his student coneiderable

freedom fur the rnarrner of ite prosecution.

I arn grateful to the NZ Universlty Grante Cornrnittee and the

YU\{f Internal Research Comrnittee for financial aeeietance; to the Phyeica

and Engineering Laboratory, D.S.I.R., for technical assistance (including

the measurernente of density a^nd conductance for Lake Bonney water
samplee); and to Airtarctic Divieion of D.S.I.R. , the Royal New Zealand

N"nry, the U.S. Navy and U.S.A.R.P. persoanel for logistic eupport.

Finally, I would like to record rny gratitude to my wife, without

whose eyrnpathetic encouragernent thia work wouLd uot have reached

cornpletion.
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Svrnbole

(Nu:nbere in parentheees indicate chaptera or appendices where a particular
definition applies )

A: Rate of heat productiory'unit volume (2).

Crogs-sectional area of capillary (4) .

A, : Arnplitude of k th haruonlc.
Is

a2 Numerical congtant.

bi, i th coefficient ia expreesion for E .

C: Concentration"

c: Specific heat.

D: Diffusion congtant for aolute .

Depth below ice surface (AZ).

d: Depth offset between z and h scaLee.

E: Sum of equared deviations between calculated and meagured

ternperatureB.

E: , Mean equared deviation (E/N).
1

e: Thicheess of ice (water equivalent) evaporated fur unit time.
F; Solute flux.
f: Thiclcneaa bf water frozen in unit tirne (AZ).

Focal length of concave rnirror (A5).

gz Acceleration due to gravity.
H: Heat flux.
h: Fluid layer dipth (3,4).

HaU-depth of tank contents (A4).

I: Ice thickness.

K: Therrnal diffusivity.
k Thermal conductivity (2).

Order of harrnonic (.A.6).

: ThermaL conductivity (A4).

k"t Solute conductivity.

llt Depth to junction of fresh water layer and primary brine.
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l.: Depth to lake bed.z
N: Nurnber of temperature meaeurernente in a profire.
Nht Thermal Nueeelt number.
N-: Solutal Nueselt nurnber.

a

n: Refractive index.

P: Nurnber of parameters being optimised (Z). ,

Prandtl nurnber 1t /X) (t).
P"t Solutal Prandtl (or Schmidt) number (v /n),
Q: Incident radiation intensity (at z = o).
R: Radiation part of temperature golution (Z).

Rayleigh number.

R_: Critical Rayleigh nurnber.c
R_: Solutal Rayleigh nurnber .a

R,: Effective thermosolutalRayleighnurnber.
e

R^^: Critical effective Rayleigh number.ec
r: , Coefficient of R" h R"

fconvective cornponent of heat (solute) flow I
Ir.(rIi I-h \-s" Inon-convective component of heat (aolute) flowJ

S: Geotherrnal part of temperature aolution (2).

. Stability pararneter (A4). /

Area of lake (AZ).

ds: Element of ray path.

T: Part of ternperature solution reeulting frorn tearrangement of

initial temperature profile (2).

Ternperature (A4).

Tri Ternperature of prirnary brine.
1-

t: Tirne.

V: Volurne of apecific gravity bottle.

V,: Inflow rate (volurne of water in unit time).
1

Vr: Freezing rate (volume of water in unit tirne).I
V : Evaporatisn rate (volume of water ia unit tirme).

e
1lI: 'Water depth in lake. .



,rl
w: Schlieren glit width.

X: Horizontal light path length in liquid.
Xit i th parameter (P pararneters in all).
zz Depth below OoC isotherm (positive downwarda) (2).

Height up caplllary (4).

or,_, Depth of ternperature maximum.
a't Therrnalexpaneioncoefficient.
p : Ternperature gradient (positive rurgtable).

7 2 Geotherrnal ternperature gradient (2).

Perturbation tirne coefficient (3).

C oncentration gradient (poa itive unetabk) ( 3 ).
?: Thickness of conducting layer..
? : Extinction coefficieat (2).

Solutal analogue of therrnal expansion coefficient ( p = eo(t + 'r C)) (f ).
o : Ternperature.

^ '\ 
'Wavelength of light.

Pr Magnetic pelrneability.
vi Kinernatic viecoeity.
P: Denaity.

Curyature of ray (*S).
ni Electrical conductivity.

d(tt), Ternperature measured at depth h,below free watet Eurface.

x; Concentration.

{i Numer.ical constant.
(': Angular frequency.
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