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Abstract

It is natural to try to extend the results of Robertson and Seymour’s
Graph Minors Project to other objects. As linked tree-decompositions
(LTDs) of graphs played a key role in the Graph Minors Project, establish-
ing the existence of LTDs of other objects is a useful step towards such
extensions. There has been progress in this direction for both infinite
graphs and matroids. KfiZ and Thomas proved that infinite graphs of
finite tree-width have LTDs. More recently, Geelen, Gerards and Whit-
tle proved that matroids have linked branch-decompositions, which are
similar to LTDs. These results suggest that infinite matroids of finite tree-
width should have L1Ds.

We answer this conjecture affirmatively for the representable case.
Specifically, an independence space is an infinite matroid, and a point
configuration (hereafter configuration) is a represented independence
space. It is shown that every configuration having tree-width k € w
has an LTD of width at most 2k.

Configuration analogues for bridges of X (also called connected com-
ponents modulo X) and chordality in graphs are introduced to prove this
result. A correspondence is established between chordal configurations
only containing subspaces of dimension at most k € w and configuration
tree-decompositions having width at most k. This correspondence is used
to characterise finite-width LTDs of configurations by their local structure,
enabling the proof of the existence result. The theory developed is also
used to show compactness of configuration tree-width: a configuration
has tree-width at most k € w if and only if each of its finite subconfigu-
rations has tree-width at most k € w.

The existence of LTDs for configurations having finite tree-width opens
the possibility of well-quasi-ordering (or even better-quasi-ordering) by
minors those independence spaces representable over a fixed finite field
and having bounded tree-width.
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Chapter 1

Introduction

1.1 Background

Trees are among the simplest graphs. Many results that are difficult in
general are easily established for trees—a property that makes the study
of tree-like objects very attractive. A tree-decomposition of an object is
a decomposition of that object into parts of bounded size such that the
parts fit together in a tree-like way. This thesis is primarily devoted to
establishing the existence of linked tree-decompositions of “infinite rep-
resented matroids” having finite tree-width.

Tree-decompositions and tree-width of graphs were first introduced
(under different names) by Halin in [ ],! although they did not gain
widespread currency until Robertson and Seymour gave their definition
in [ ]. Graph tree-width is an invariant that measures how tree-like
a graph is: the more tree-like the graph, the smaller its tree-width. For
example, the simple graphs having tree-width at most 1 are precisely the
forests.

Tree-decompositions of graphs play an important role in Robertson

and Seymour’s proof in [ ] of the following deep theorem, a survey

ISee p. 354 of [ 1.
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of which may be found in [ ].

Graph Minor Theorem (Robertson and Seymour). Finite graphs are well-

quasi-ordered under the minor relation.

Robertson and Seymour also established the existence of a cubic-time
algorithm for testing whether a finite graph G has an H-minor (see p. 66
of [ ). Combining this result with the Graph Minor Theorem gives
the next theorem.

Theorem 1.1.1 (Robertson and Seymour). Every minor-closed property of
finite graphs can be tested in cubic time.

Unusually, this theorem is purely existential: it does not explicitly pro-
vide algorithms for testing minor-closed properties of graphs. However,
the assurance that polynomial-time algorithms exist for testing such prop-
erties has generated widespread interest. Tree-width has proven useful
in developing good algorithms—indeed, many NP-hard graph param-
eters can be computed in polynomial time for graphs having bounded
tree-width. This has spurred investigation of related invariants, such as
branch-width, clique-width and hypertree-width. These “width parame-
ters” and their algorithmic applications are surveyed in [ I

Extensions of parts of the Graph Minors Project to other objects have
also been pursued. Thomas proved the following theorem in [ I

Theorem 1.1.2 (Thomas). Every class of graphs having bounded tree-width is
well-behaved under the minor relation.

“Well-behaved” is a technical strengthening of Nash-Williams” con-
cept of “better-quasi-ordered” (introduced in [ 1), which is in turn
considerably stronger than “well-quasi-ordered.” Bounded tree-width is
necessary here: Thomas also gave a counterexample in [ ] showing
that graphs in general are not well-quasi-ordered under the minor rela-

tion.?

2The counterexample uses uncountable graphs, and it remains open whether count-
able graphs are well-quasi-ordered or not.
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More recently, Geelen, Gerards and Whittle established the following
theorem in [ ].

Theorem 1.1.3 (Geelen, Gerards and Whittle). Every class of matroids repre-
sentable over a fixed finite field and having bounded branch-width is well-quasi-
ordered under the minor relation.

Branch-width is an invariant closely related to tree-width. In partic-
ular, the branch-width of a matroid is bounded if and only if its tree-
width is bounded (see pp. 1122-1123 of [ 1), so Theorem 1.1.3 still
holds when “branch-width” is replaced by “tree-width.” Geelen, Gerards
and Whittle also demonstrated in [ ] that finiteness of the field is
necessary—a reflection of the greater generality of the matroidal setting.

Taken together, Theorems 1.1.2 and 1.1.3 suggest that the following
conjecture is likely to hold.

Conjecture 1.1.4. Every class of independence spaces representable over a fixed
finite field and having bounded tree-width is well-quasi-ordered under the minor
relation.

Independence spaces are one of several generalisations of matroids to

infinite sets. Unlike other generalisations, they

e generalise graphs in the same way that matroids generalise finite

graphs, and

e only have finite circuits in the same way that graphs only have finite

cycles.

These properties make independence spaces the appropriate choice of
“infinite matroid” for Conjecture 1.1.4.

The proofs of Theorems 1.1.2 and 1.1.3 each rely on the existence of
linked decompositions. A (tree- or branch-) decomposition of an object is
linked if the connectivity between any pair of the object’s parts displayed

by the decomposition is precisely the least width appearing between them
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in the decomposition. Linked decompositions certify that certain minors
exist, while bounded (tree- or branch-) width limits their number. To-
gether these conditions prevent the existence of a minor-minimal bad se-
quence, thus demonstrating that well-quasi-ordering holds.

The existence of linked tree-decompositions of graphs having finite
tree-width was established by Thomas and K¥iZ. Thomas closed the finite
case in [ ].

Theorem 1.1.5 (Thomas). Every finite graph having tree-width w has a linked

tree-decomposition of width w.

M

Using the Axiom of Choice and a compactness argument, KiiZ and
Thomas were subsequently able to lift this result to infinite graphs in

[ 1.

Theorem 1.1.6 (K¥iZ and Thomas). Every graph having tree-width w € w
has a linked tree-decomposition of width w.

This thesis is primarily devoted to establishing an analogue of Theo-
rem 1.1.6 for point configurations, which are represented independence
spaces. The structure of the argument given mirrors that of K¥iz and

Thomas.

1.2 Outline

This thesis is arranged as follows. Chapter 2 introduces some background
graph theory and linear algebra, as well as a combinatorially-useful form
of the Axiom of Choice.

As many of the results needed for point configurations hold for inde-
pendence spaces in general, it is sensible to establish them for indepen-
dence spaces. Chapter 3 is devoted to this.

Chapter 4 formally introduces point configurations and develops the

relationship between these and general independence spaces. This allows



1.3. PRE-EXISTING AND NEW MATERIAL 5

the results of Chapter 3 to be applied in the context of point configura-
tions.

Chapter 5 explores the more exotic concepts of bridges, roundness
and chordal saturation. Each motivated by an analogue in graph theory,
these concepts play a vital role in the generalisation of Theorem 1.1.6.

Tree-decompositions of point configurations are presented in Chap-
ter 6. Section 6.1 establishes some elementary properties of tree-decompo-
sitions. An analogue of Theorem 1.1.5 for point configurations is proved
in Section 6.2. Sections 6.3 and 6.4 develop the relationships between
roundness, chordal saturation and tree-decompositions, providing lem-
mas later crucial to the proof of the main theorem. Compactness of tree-
width for point configurations is established at the end of Section 6.4.

Chapter 7 is devoted to the proof of the main theorem. Finally, Chap-
ter 8 suggests possible future avenues of research.

1.3 Pre-Existing and New Material

Here we note which results are pre-existing, and which are new.

With the exceptions of Lemmas 2.2.1 and 2.2.7 (the first of which is
obvious), all results in Chapter 2 are pre-existing. While Proposition 2.1.3
was already known, we are unaware of any proof in the literature.

The results in Chapter 3 are either pre-existing or straightforward
given pre-existing results.

As Chapter 4 is devoted to configuration-specific formulations of ma-
troidal concepts, many of its results are unsurprising. The material in
Section 4.1 is all pre-existing. Most material in Sections 4.2—4.5 is well-
known in the context of matroids. However, Definition 4.2.1, Proposi-
tions 4.2.2 and 4.2.3, Definition 4.4.1 and Proposition 4.4.2, while similar
to some pre-existing work, appear to be new. Proposition 4.4.7 is new.

Chapter 5 introduces some new concepts, and thus contains new re-

sults. The “bridges” of Definition 5.1.3 are new. Consequently most of
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the results of Section 5.1, while straightforward, are new. Definition 5.1.1
and Proposition 5.1.2 are as for matroids, and several other results in
this section are natural generalisations of matroid results. In Section 5.2,
both Proposition 5.2.7 and Corollary 5.2.8 are new. All other material in
this section is pre-existing for matroids, although here it is generalised to
independence spaces. Section 5.3 is entirely new.

With the exception of Definition 6.1.2, all of the material in Chapters 6

and 7 is new.



Chapter 2
Preliminaries

We shall assume a number of elementary results, but review the most

relevant material in this chapter.

2.1 Graph Theory

We first review some standard definitions and notations for graphs and
trees.

A graph G is a triple (V, E, 1) consisting of a set V, a set E disjoint from
V and a function t1: E — {V/ C V| 1 < |V/| < 2}. The vertex set of G,
denoted V(G), is V, and the vertices of G are the elements of V. Similarly,
the edge set of G, denoted E(G), is E, and the edges of G are the elements of
E. The order of G, denoted |G|, is |V|. We denote |[E(G)| by e(G). A graph
is finite if both its vertex and edge sets are finite, and empty if its vertex
set is empty.

We shall usually only refer to the incidence relation t implicitly, writ-
ing “the graph (V,E),” etc. Moreover, we shall identify each edge e € E
with t(e), writing vv’ to mean e whenever t(e) = {v,v'} and vv to mean e
whenever (e) = {v}.

A vertex v € V is incident on an edge e € E (and vice versa) if v € i(e).

Moreover, v is incident on E/ C E if v is incident on some e’ € E/, and

7
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e is incident on V' C V if e is incident on some v/ € V’. The set of
vertices |JL[E'] of G incident on E’ is denoted Vg(E’), while the set of
edges {e € E| V'Nt(e) # &} of G incident on V' is denoted Eg (V).

A loop is an edge incident on only one vertex. A pair of distinct non-
loop edges are parallel if they are incident on the same pair of vertices. A
vertex v € V is a neighbour of a vertex v/ € Vin G if v # v’ and there exists
an edge of G incident on both. The set of neighbours of v in G is denoted
Ng(v).

The degree of a vertex v of G, denoted dg(v), is the number of edges of
G incident on v, with loops counting twice. This is taken to be (symboli-
cally) oo if it is not finite. The maximum degree of G is

A(G) =supl{dg(v) | v e V%

A graph G’ = (V/,E/, /) is a subgraph of a graph G = (V, E, 1), denoted
G'<GifVVCVand B/ C Eand g = . A path P in a graph G is a
subgraph ({vi,...,vn},{e1,...,en_1}, V') of G having t/(e;) = {vi, vi1} for
eachi=1, ..., n—1. Sometimes we shall identify P with the sequence

Vi,€1,V2,€2,...,€n_1,Vn

of its vertices and edges. We say that P links v; and v,, which are its
endvertices (note that some authors call an endvertex an “end”). A graph
is connected if every pair of its vertices are linked by a path.

A cycle of a graph G is a finite non-empty connected subgraph of G for
which every vertex has degree 2. A forest is an acyclic graph, and a tree
is a connected forest. If T is a tree and t, t’ € V(T), there exists a unique
path in T linking t and t’, denoted tTt’. A leaf is a vertex of a tree having
degree 1. The set of leaves of a tree T is denoted L(T). A tree is cubic if
each of its non-leaf vertices has degree 3.

The union of graphs G = (V,E,1) and G’ = (V/,E/, /) having VNE' =
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V'NE =@ and tgngr = V|gg/, denoted G U G/, is the graph (VUV/,EU
E’,vU). A connected component of a graph G is a maximal connected
subgraph of G. The number of connected components of G is denoted
¢(G). Whenever V' C V, the subgraph of G induced by V', denoted G[V'],
is (V/,Eg(V’), Ugg(vr)). Similarly, whenever E/ C E, the subgraph of G
induced by E’, denoted G[E'], is (VG(E'), E/, Ug/).

Definition 2.1.1. An edge-weighting of a tree T is a map w: E(T) — w,
and an edge-weighted tree is a pair (T,w) consisting of a tree T and an
edge-weighting w of T. An edge-weighted tree (T, w) is finite if T is finite.
Whenever (T, w) is an edge-weighted tree and k € w, the subgraph of T
induced by {e € E(T) | w(e) > k} is denoted T>.

We partially order finite edge-weighted trees as in [ I

Definition 2.1.2. Define a binary relation =g on the set T of finite edge-
weighted trees by (T, w) =¢ (T',w') if

(1) e(Tx1) = e(TL)) and ¢(T>1) = ¢(TL,) for every l € w.

Define a binary relation <g on T by (T, w) <g (T’,w’) if there exists k € w
such that

(2) either e(T>y) < e(Ték) or e(Tsy) = e(Tgk) and c(Tsy) > C(Ték), and
(3) e(Tx1) = e(TL)) and ¢(T>1) = ¢(T,) for every | € Z.

Let < and #¢ be the binary relations =¢ U <g and (7 x T) — = respec-
tively.

Proposition 2.1.3. The binary relation <t is a partial order on the set of finite
edge-weighted trees.

Proof. Clearly < is reflexive, so we demonstrate that it is antisymmetric
and transitive.

Let (T,w) <g (T/,w’) <g (T,w) and suppose that (T,w) #¢ (T, w’).
Then as (T,w) <g (T’,w’), there exists k € w such that either e(T>y) <
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e(T;k) or e(Tsy) = e(Tgk) and c(T>y) > C(Ték), and such that e(Ts) =
e(Tél) and ¢(Ts)) = c(Tﬁl) for every | € Z.y. Similarly, as (T/,w') <
(T, w), there exists k' € w such that either e(Tsy/) > e(T;k,) or e(Tsy/) =
e(T;k,) and c(Toy/) < c(T>k,) and such that e(Toy/) = e(T;I,) and
c(Tsp) = c(T;V) for every U € Z. .

If k < k', then as (T,w) <g (T, w'), e(Tok/) = e(T,/) and ¢c(Txy/) =
C(T;k,), contradicting (T’,w’) <g (T,w). Thus k £ k. Similarly, k" £ k,
so k = k'. As e(Tx) < e(TL,) < e(Txy) is impossible, e(T>x) = e(TLy ).
But then c(T>k) > ¢(TL,) > c(T>x). Hence (T,w) = (T',w’), and so < is
antisymmetric.

Now let (T,w) <¢ (T,w') <g (T”,w”) and suppose that (T,w) #¢

w’) #g (T”,w”). Then as (T,w) <g (T/,w’), there exists k € w such
that either e(T>x) < e(TL,) or e(Tox) = e(T;k) and c(Tsy) > c(T>k) and
such that e(T;) = (Tél) and c(T>1) = c(T.,) for every 1 € Zy. Similarly,

s (T, w') <g (T”,w"), there exists k/ € w such that either e(Tgk,) <
(T;’k,) or e(T;k,) = e(T;’k,) and c(T;k,) > c(T;’k,), and such that e(T;l,) =
(T;/I,) and c(T;I,) = C(T>/l,) for every ' € Z ..

Let K = max{k,k'}. Then e(T>1) = e(TZ}) and c(T>1) = ¢(T{}) for
every L € Z ..

Suppose that k < k'. Then e(T>x) = e(T{y) and c(T>k) = c(TL). If
e(Tly) < e(TLy), then e(T>x) < e(TZy), so (T,w) <g (T",w"). Other-
wise, if e(Ty) = e(Tly) and c(Ty) > c(Tly), then e(T>k) = e(Ty) and
c(Tsk) > C(T;’K), so (T,w) <g (T”,w").

Now suppose that k > k’. Then e(T.,) = e(TZy) and c(T{y) = c(TLy).
If e(Tok) < e(TéK), then e(T>k) < e(T;’K), so (T,w) <g (T”,w"). Other-
wise, if e(T>k) = e(T;K) and c(T>k) > c(TéK), then e(T>k) = e(TgK) and
c(T>x) > c(Tdy), so (T, w) < (T",w").

Lastly, suppose that k = k’. If either e(T>x) < e(Ty) or e(Ty) <
e(TgK), then e(Tok) < e(TgK), in which case (T,w) <g (T”,w”). Oth-
erwise, e(T>k) = e(Tly) = e(TLy) and c(Tok) > c(TL) > c(Ty), so
e(Tox) = e(T;’K) and c(T>k) > c(Té’K), in which case (T,w) <g (T”,w").
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Hence < is transitive. [ ]

2.2 Linear Algebra

This section reviews some elementary properties of linear subspaces and
furnishes a pair of technical lemmas for later use. We take the dimension
of a vector space to be (symbolically) oo if it is not finite. The set of
subspaces of a vector space V is denoted §(V). It is well-known that
(8(V),+,N) is a modular lattice for every vector space V.

Modular Law. Let V be a vector space and let U, U, W < V be such that
WCUW ThenUn(UW+W)=U+(UNW).

While (8§(V), +,N) is modular for every vector space V, it is not always
distributive (consider any vector space having dimension at least 2).

The following technical lemma is used in Section 6.3.

Lemma 2.2.1. Let V be a vector space, let k € w and let U, U <V each have
dimension at least k. Then there exists a sequence U = Uy, Uy, ..., Uy = U’ of
subspaces of V such that

(1) dim(U; NUjyq) > kforeachi=1,..., n—1; and
(2) dim(U;) =k+1foreachi=2,...,n—1.

Proof. If U = W/, simply take n = 1 and set U; = U. Otherwise, choose
W < U and W < U’ each having dimension k and let {b,...,b;} be
a basis for WNW’. Extend this by c¢j41, ..., cx to a basis for W and
(independently) by dj 1, ..., dx to a basis for W’'. Let

u; =,
Uz = <b1,...,b]‘,Cj+1,...,Ck, dj+1>,

u3 = <b1/ ceey b]/ Cj+1s-++,Ck—1, dj+1i dj+2>/
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U1 = (b1,...,b5,¢41, dj41, ..., di),
Upjp = U".

Then clearly the resulting sequence Uy, ..., Uy, satisfies (1) and (2).
[

We now consider complements and projections.

Definition 2.2.2. Let V be a vector space and let W < V. Then U < Vis a
complementary subspace or complement of Win Vit V=W o L.

Proposition 2.2.3. Every subspace of a vector space V has a complement in V.

For completeness, we reproduce a standard argument that may be
found on p. 26 of | ].

Proof. Let V be a vector space and let W < V. Without loss of generality,
{0} £ W #£ V, for otherwise the result is trivial. Let B be a basis for
W. Extend this by B’ to a basis for V and set U = (B’). Clearly V =
W+ U. Letv e WnNU. Then v is both a linear combination of elements
of B and a linear combination of elements of B’. The difference of these
linear combinations is 0, so as B LI B’ is linearly independent, both linear
combinations are 0. Hence v = 0. The result follows. [ |

Definition 2.2.4. Let V = W @ U be a vector space. Then the projection of
V onto U along W is the map m: V — V defined by

ntw+u)=u

for every w € W and every u € U.
The next proposition lists some elementary properties of projections.

Proposition 2.2.5. Let V = W @& U be a vector space and let 7t be the projection
of V onto U along W. Then
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(1) 7is an endomorphism of V,

(2) ker(m) =W,

(3) im(m) =1,

(4) 7 V1=Uun(W+V’') <V forevery V' <V, and
(5) ™ =m.

Clearly complements are not always unique. However, they are always

isomorphic.

Proposition 2.2.6. Let V be a vector space and let W < V. Then all comple-

ments of W in V are isomorphic.
We reproduce a standard argument sketched on pp. 79-80 of [ I

Proof. Let U; and U, be complements of W in V. For each i, let 7; be the
projection of V onto U; along W and define nt/: Y/ — U; by

(v + W) = m(v)
for every v+ W € /. Then by the First Isomorphism Theorem,
V/w = im(m) = W
for each i. The result follows. n

We close this section with another technical lemma.

Lemma 2.2.7. Let V, V' be subspaces of a vector space and let V1 <V, V, <
VNV be such that Vi N V' C V, and dim(V;) < dim(V,) € w. Then there
exist finite linearly independent X C (V1 + Vo) — (V1 U V') and a complement
U > V' of (X) in V+ V' such that n[V4] < V, and dim(7t[V4]) = dim(Vy),
where Tt is projection of V + V' onto U along (X).
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Figure 2.1: Proof of Lemma 2.2.7.

Proof. It may be helpful to consider Figure 2.1.

Let V/ be a complement of V; NV, in V; for each i. As dim(V;) <
dim(V2) € w, necessarily dim(V{) < dim(V;). Let {yj,...,yn} be a basis
for Vj, let {z1,...,zn} C V, be linearly independent and let X = {y; —
21,.--,Yn — zn}. Clearly X C (V5 + V) — (V4 U V') is linearly independent.
Let U > V' be a complement of (X) in V + V' and let 7 be projection of
V + V' onto U along (X). Then nt[V1] = (ViN VL) @ (z1,...,2zn) <V, from
which it follows that dim(7[V;]) = dim(V;). [ |

2.3 Rado’s Selection Lemma

We shall later utilise the Axiom of Choice, as well as the equivalent lem-
mas of Zorn and Rado, each of which is stated below. We omit the well-
known derivation of Zorn’s Lemma from the Axiom of Choice, but in-
clude Rado’s brief (and accessible) derivation of the possibly less-familiar
Selection Lemma.

Definition 2.3.1. Let X and I be sets and let X = {X; | 1 € I} be a collection
of non-empty subsets of X. Then a choice function for X is a function
f: I — X such that f(i) € X; for every i € L.
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Axiom of Choice. Every collection of non-empty sets has a choice function.

Zorn’s Lemma. Let (X, <) be a non-empty poset such that every chain in X has
an upper bound in X. Then X contains a maximal element.

Rado’s Selection Lemma. Let X and 1 be sets and let X = {X; |1 € I} be a
collection of finite non-empty subsets of X. For every finite ] C 1, let fj be a
choice function for {X; | j € J}. Then there exists a choice function f for X such
that whenever ] C 1 is finite there exists finite K C I containing J for which
ﬂ] = fK‘].

We reproduce the argument given in [ ], with some additional
details included.

Proof. If 1 is finite, simply set f = f]. So suppose that I is infinite. Let Q
be the set of all collections Z = {Z; | i € I} such that

o Z; C X foreveryiel, and

e whenever | C I is finite, there exists finite K C I containing ] such
that fx(j) € Z; for every j € J.

Then X € O by hypothesis. Define Y ={Y; | i € I} € Q as follows. If I
is countable, write I = w. Then, using the finiteness of each Xj, choose a
minimal Yy C Xy such that {Yy, X1, Xp,...} € Q, then a minimal Y; C X;
such that {Yp, Y1, X5, ...} € Q, and so forth.

Otherwise, define a partial order < on Q by Z ={Z; |1 € I} < Z' =
{Z!'|i € 1}if and only if Z; D Z{ foreveryi € I. Let = = {2' | ¢ € L}
be a non-empty chain in Q with 2' = {Z! | i € I} for every € € L, and let
Z ={Zi | i€ I}, where Z; = (¢ Zf for every i € I. Then clearly Z; C X;
for every i € I and Z is an upper bound for =. Let ] C I be finite. If ]
is empty, then fj vacuously has fj(j) € Z; for every j € ]J. Otherwise, as
each Zf is finite, for each j € | there exists {; € L such that ij = Z;. So as
(2% |j € J}is a chain, there exists £’ € L such that Zf/ = Z; for every j € J.



16 CHAPTER 2. PRELIMINARIES

Then 2! € Q implies that there exists finite K C I containing J such that
fk(j) € Z; for every j € J. Thus Z € Q, and so () has a maximal element
Y by Zorn’s Lemma.

In either case, P = {(i,y) | i € L,y € Y;} is minimal. Fix i’ € L
Then Yj/ is non-empty by the definition of O, so let y € Yj,. Then by the
minimality of P, there exists finite J, C I containing i’ such that fx (i) =y
whenever K C I is finite, contains ], and fx(j) € Y; for every j € J,. Now
lety, v € Yy. As ] =]JyU Jyr is a finite subset of I, it follows from
the definition of Q) that there exists finite K’ C I containing J’ such that
fx/(j) € Y; for every j € J. It follows from the definitions of J, and ]
that y = fi/ (i) =y’. Hence |Yi/| = 1, so define f by setting Y; = {f(1)} for
every i€ L

Finally, let ] C I be finite. Then there exists finite K C I containing J
such that fx(j) € Y; for every j € J, that is, f[; = fx|;. [ |



Chapter 3
Independence Spaces

This thesis is primarily concerned with point configurations, which may
be thought of as “infinite represented matroids.” These are introduced
explicitly in Chapter 4. Many results obtainable for configurations are
purely matroidal, and thus most naturally formulated and proven ma-
troidally. This chapter develops the matroid theory necessary for the
formulation and proof of such results. Despite the treatment of infinite
structures, the material covered remains very similar to basic matroid

theory as found in [ ].

3.1 Definitions

Definition 3.1.1. A pre-independence space is a pair M = (E,J) consisting
of a set E and a collection J of subsets of E satisfying;:

(I1) o €17.
(I2) Iy € T whenever I; C I, € J.

(I3) (Finite Augmentation) Whenever 1y, I, € J are such that [I;| < |I| € w,
there exists e € I, — I; for which I; U{e} € J.

17
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The ground set of M, denoted E(M), is E, and M is a pre-independence
space on E. A subset X C E is dependent it X ¢ J and independent other-
wise. A circuit is a minimal dependent set, while a basis is a maximal
independent set. A loop is an element e € E for which {e} is dependent, a
parallel pair is a 2-element circuit and a triangle is a 3-element circuit. Note
that loops are not circuits. The collections of independent sets, circuits,
bases and loops of M are denoted by J(M), (M), B(M) and L(M) re-
spectively. A pre-independence space is simple if it has neither loops nor
parallel pairs.

An independence space or finitary matroid is a pre-independence space
(E,J) that also satisfies:

(I4) (Finite Character) X € J whenever X C E has Y € J for every finite
YCX

A matroid is a pre-independence space having a finite ground set.

It is immediate that every matroid is also an independence space, and
that every dependent set in an independence space contains a circuit,
which is necessarily finite.

To date, abstract treatments of independence have been based either
on universal algebra or on set theory (see p. 112 of [ ). The alge-
braic approach rose to prominence with the introduction of “v*-algebras”
by Marczewski in [ . This article marked the beginning of an ex-
tensive algebraic investigation of independence led by Polish researchers
during the 1960s. Chapter 5 of [ ] provides an introduction to this
area, while a survey and comprehensive bibliography is given in [ I
A number of infinite matroid results follow from this theory, for indepen-
dence spaces can be axiomatised by closure operators (see Section 3.5),
which can in turn be obtained as the algebraic closure operators of uni-
versal algebras (see p. 300 of [ D.

The set-theoretic approach to independence encompasses matroids,

which were first introduced by Whitney in the seminal article [ I
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Generalisations of matroids to infinite settings do not appear to be well-
represented in the literature until the late 1960s onwards. Earlier work
includes Rado’s treatment of the “independence relations” introduced
in [Rad42], which were subsequently investigated by both Lazarson and

Ingleton.

Pre-independence spaces

B-matroids

ndependence spaces

Figure 3.1: Some classes of matroidal objects.

The simplest extension of matroids to infinite sets consists of allowing
infinite ground sets. This yields the pre-independence spaces. These have
received limited attention in their own right, as their weak structure fails
to capture much of the behaviour that makes matroids interesting. For
example, a pre-independence space may have neither circuits nor bases
(see p. 74 of [Ox192]).

Such weaknesses can be avoided by “determining global structure
locally” through the imposition of (I4). This yields the independence
spaces. These are the focus of the remainder of this chapter, for they are
the appropriate objects for capturing the matroidal structure of point con-
figurations (see pp. 50-51). Nonetheless, (I4) is a very strong requirement.

Its imposition prevents the development of a reasonable theory of duality
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analogous to that of matroids.

In order to have a satisfactory theory of duality, it is necessary to
work with the “B-matroids” introduced by Higgs in [ ]. These may
possess infinite dependencies, suggesting that topology (perhaps in the
form of topological graph theory) may be necessary for the development
of an effective representation theory for these objects. This appears to be
a topic of current and growing interest.

Identifying point configurations with the independence spaces that
they represent, the relationships between these classes of objects are sum-
marised in Figure 3.1.

Denote the power set of a set E by P(E). We close this section by in-
troducing a class of independence spaces that shall prove revealing later.

Proposition 3.1.2. Let G be a graph having edge set E. Define I C P(E) by
X € T if and only if no subset of X is the edge set of a cycle of G. Then (E,J) is
an independence space.

We omit the straightforward proof of this result, which is given for
tinite graphs on p. 11 of [ ] (see also p. 75 of | D.

Definition 3.1.3. Let G be a graph. Then the cycle independence space of
G, denoted M(G), is the independence space derived from G via Propo-
sition 3.1.2. An independence space M is graphic if M = M(G) for some
graph G.

Note that for every graph G,

e the circuits of M(G) are precisely the edge sets of the cycles of G,
and

o the bases of M(G) are precisely the edge sets of the spanning forests
of G.
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3.2 Circuits

The collection of circuits of an independence space satisfies the properties
listed in the next proposition.

Proposition 3.2.1. Let M = (E,J) be an independence space with collection of
circuits C. Then:

(C1) @ ¢¢C.
(C2) € is an antichain under set inclusion.

(C3) (Weak Circuit Elimination) Whenever C1, Cy € Care distinct and e € E,
there exists C3 € C such that C3 C (C1 U Cy) —{e}.

(C4) Every C € C is finite.
We reproduce the argument given on p. 9 of [ I

Proof. Statement (C1) follows from (I1), while (C2) is a consequence of the
minimality of circuits. Statement (C4) follows from (C2) and (I4) forcing
every infinite dependent set to contain a finite dependent set. So we
demonstrate (C3): let C;, C, € € be distinct and let e € E. The result is
immediate if e ¢ C; N Cy, so suppose that e € C; N Cp and that (C; U Cy) —
{e} contains no circuit. Then (C; U Cy) —{e} € J. It follows from (C2) that
Cy — Cq is non-empty, so let f € Co — Cy. Then C, —{f} € J also. Let  be a
maximal independent subset of C; U Cp containing C, — {f}. Necessarily
f & 1. As C; € C, there exists g € C; such that g ¢ I. So as g # f,

I <(CLUC) —{f, g}l =|CLUCy =2 < [(C1UCp) —{e]

But then (I3) implies that there exists h € (C; U Cp) — (IU{e}) such that
IU{h} € J, contradicting the choice of I. Hence (C3) holds. [ |

In fact, (C1)—(C4) provide an alternative axiomatisation of indepen-
dence spaces. A proof of this (for matroids) may be found on p. 10 of

[ I.



22 CHAPTER 3. INDEPENDENCE SPACES

Weak Circuit Elimination may be strengthened, as shown in the next

proposition.
Proposition 3.2.2. (C1)—(C3) are equivalent to (C1), (C2) and:

(C3') (Strong Circuit Elimination) Whenever C1, C; € €, e € C1 N Cy and
f € Cy — Cy, there exists Cz € C such that f € C3 C (C1UCy) —{e}.

Proof. It suffices to consider the forward implication. Aiming for a con-
tradiction, suppose that (C3') fails for some (Cy, Cp, e, f). Without loss of
generality, |C; U C;|is minimal. By (C3), there exists C3 € € such that C3 C
(C1 U Cy) —{e}. By hypothesis, f ¢ C3, and necessarily e € Co — C3. As
Cs € Cy, there exists g € C3N (Cy — Cq). Soas C,UC3 C (C1UCy) —{f},
|Co U C3| < |C1 U Cyl. Thus (C3') holds for (Cy, C3, g, e).

Consequently there exists C4 € € such that e € C4 C (Co U C3) —{g}.
Now, f € C;—Csand e € CiNCy. As CtUC4 C (CLUCy) —{g}, IC1 U
Cy4/ < |C1UCy|. So (C3') holds for (Cq, Cy, e, f).

But then there exists C5 € € such that f € C5 C (C{UCy4) —{e} C (C1 U
Cy) —{e}, contradicting the choice of (Cy, Cy, e, f). Hence (C3') holds. W

Proposition 3.2.3. Let M = (E,J) be an independence space, let 1 € J and let
e € E—1 be such that 1L {e} ¢ J. Then there exists a unique C € C(M) for
which e € C C TU{e}.

Proof. Let X = {C € €(M) | e € C C IU{e}}. Then X is non-empty by
(I4), so let C, C' € X. If C # C/, then Weak Circuit Elimination asserts
the existence of C” € €(M) such that C” C (CUC’) —{e} C I, which is
impossible. Hence C = C’, establishing the result. u

This result motivates the following definition.

Definition 3.2.4. Let M = (E, J) be an independence space, let B € B(M)
and let e € E— B. Then the fundamental circuit of e with respect to B,
denoted C(e, B), is the unique C € €(M) such that e € C C B Ui {e}.
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3.3 Bases and Restriction

The next result is well known in the vector space context.

Proposition 3.3.1. Let M = (E,J) be an independence space and let I C X C
E be such that 1 € J. Then there exists a maximal independent subset of X
containing 1. In particular, every independent set is contained in a basis.

Proof. Let X ={] € J| I C J C X} be partially ordered by set inclusion. Let
Y be a chain in X and set B = |J Y. Suppose that B¢ X. AsIC B C X, B ¢
J. So B contains a dependent subset {by, ..., by} by (I4). For each i there
exists B; € Y containing b;. As {By,...,Bn} is a chain, some B; contains
each B;. In particular, {by, ..., by} C Bj, contradicting the independence of
B;. Hence B € X is an upper bound for Y. It follows from Zorn’s Lemma

that X contains a maximal element, yielding the result. n

Definition 3.3.2. Let M = (E, J) be an independence space and let X C E.
The restriction of M to X, denoted M|X, is (X,{Y C X |Y € J}). The deletion
of X from M, denoted M\X, is M|(E — X).

Observing that (I1)—(I4) are each preserved by restriction gives the
following proposition.

Proposition 3.3.3. Let M be an independence space and let X C E(M). Then
M|X and M\X are independence spaces.

Proposition 3.3.4. Let M = (E,J) be an independence space with collection of
bases B. Then:

(B1) B is non-empty.
(B2) B is an antichain under set inclusion.

(B3) (Middle Basis) Whenever X C Y C E and By, By € B are such that
X C By and By C Y, there exists B € B such that X C B3 C Y.
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(B4) Whenever X C E is not contained in any B € B, some finite Y C X is not
contained in any B € B.

Proof. Statement (B1) is a consequence of (I1) and Proposition 3.3.1, while
(B2) is a consequence of the maximality of bases. Statement (B4) fol-
lows easily from (I4) and Proposition 3.3.1. So we show Middle Basis: let
X CY C E and let By, B € B be such that X € B; and B, C Y. By
Proposition 3.3.1, there exists By € B(M|Y) such that X C By. Suppose
that By ¢ B. Then there exists f € E — Y such that By U{f} € J.

As B, € B does not contain f, there exists C; € G(M) such that f €
C1 € Byu By U{f}. Without loss of generality, |C; — (By U{f})| is minimum.
Suppose that |[C; — (By LI{f})| is positive. Then there exists e € (C; N By) —
(By U {f}), necessarily in Y. As By € B(M]Y), there exists C; € C(M)
such that e € C; C By U{e}. So by Strong Circuit Elimination, there exists
C3 € 6(M) such that f € C3 C (C; UCy) —{e} C By LI B, LI{f}. But then

C3 — (Byu{f}) € (C;UCy) — (ByL{e, f})
C C1—(Byufe, f})
C G — (By L{f}).

So |C3 — (ByU{f})| < |Cq — (ByU{f})|, contradicting the minimality of |C; —
(By U {f})]. Thus |[C; — (By U {f})| =0, and so C; C By U{f}, contradicting
By U{f} € J. Hence By € B, and so Middle Basis holds. [ |

It can be shown that (B1)—-(B4) provide an alternative axiomatisation

of independence spaces.
Proposition 3.3.5. (B1)—(B3) are equivalent to (B1), (B2) and:

(B3') (Basis Exchange) For every By, B, € B and every e € By, there exists
f € By such that (B; —{e}) L{f} € B.

We present the argument given on pp. 30-31 of | I
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Proof. In order to prove the forward implication, it is helpful to first es-

tablish the following claim.
(1) If By, By € B are such that |By — By| =1, then |Bp — By = 1.

Let By, B, € B be such that By — B, = {e} and let X = B1 N By, =
B; —{e}. By (B2), there exists f € B, — X. Now,

By 2 XU{f} C By U{f} D By.
So by Middle Basis there exists Bz € B such that
(B —{e}) L{f} = XU{f} € B3 C By LI{f].

As B3 # By U{f} by (B2), B3 = (B; —{e}) U{f} C B,. It follows from (B2)
that B3 ¢ Bz, SO B3 = Bz. Thus ‘Bz — Bll = ’((Bl —{e}) U{f}) — Bll =
1. O

Now let By, B, € B be distinct and let e € B; — By. Set X = By —{e} and
Y = Bp UX. By Middle Basis, there exists B3 € B such that X € B3 C Y.
Clearly X = XN B3 = B; N B3. Consequently |[B; — B3| = [B; —X| =1, so
B3 — B1| =1 by (1). Moreover, B3 — B; = B3 — X, so B3 = X U{f} for some
f € Y, necessarily in B;. Hence Basis Exchange holds.

Turning to the reverse implication, let X C Y C E and let By, B € B
be such that X C By # B, C Y. Choose B3 € B such that X C B3 and
B, N B3 is maximal. Suppose that there exists e € B3 — Y C B3 — B,. Then
by Basis Exchange, there exists f € B, such that (Bs —{e}) U {f} € B. Now,
X C (Bz—{e}) U{f} and B, N B3 C BN ((B3 —{e}) U{f}), for e & B, > f.
This contradicts the choice of B3, so B3 — Y = @. Hence B3 C Y, and so
Middle Basis holds. |

Say that Y C E is an J-subset of X C Eif Y C X and Y € J. The next
result can be shown to hold for independence spaces in general using
Rado’s Selection Lemma—see pp. 77-78 of | ] for a proof.
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Proposition 3.3.6. Let M = (E,J) be an independence space and let X C E
have no infinite J-subset. Then the bases of M|X are equicardinal.

We reproduce the argument given on p. 17 of [ I

Proof. Suppose that the assertion fails, with Bx, B{ € B(M|X) such that
Bx| > [By| and [Bx — By| is minimum. Let e € Bx — By. Then by
Basis Exchange, there exists f € By such that (Bx —{e}) U{f} € B(M[X).
Moreover, |(Bx —{e}) U{f}| = [Bx| > |B{| and |((Bx —{e}) L{f}) — B| <
|Bx — Byl, contradicting the choice of (Bx, BY). Hence the bases of M|X

are equicardinal. |

Proposition 3.3.7. Let M = (E,J) be an independence space, let Y C X C E
and let By, By € B(M|(E —X)). Then By UY € Jifand only if B, UY € J.

Proof. It suffices by symmetry to demonstrate one direction only. So sup-
pose that By LY € Jand that B,UY ¢ J. Let M’ = M|((E—X)LUY). Clearly
B1 LY € B(M'). There exists B € B(M’) such that B, C B C B, UY
by Proposition 3.3.1. Necessarily B = B, UY’ for some Y C Y. Let
y € Y=Y Theny € (B;UY)—B, so by Basis Exchange there exists
b € B—(B;UY) such that (BiUY)—{y})uU{b} € B(M'). AsY' CY,
b € B, —Bq,s0B; C Byu{b} C E—Xand By LU{b} € I(M|(E — X)), contra-
dicting B; € B(M|(E —X)). Hence B, LY € J. [ |

3.4 Finitary Rank

Given equicardinality of the bases of M|X for every X C E(M) (a general-
isation of Proposition 3.3.6), it is possible to define a (full) rank function
for the independence space M by setting the rank of X to be the (common)
cardinality of its maximal J(M)-subsets.

However, as the structure of any given independence space is deter-

mined locally (by Finite Character), independence spaces can in fact be
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axiomatised by finitary rank. This section is devoted to such an axiomati-
sation. The (finitary) rank functions developed yield the necessary prop-
erties of rank without requiring a Rado’s Selection Lemma argument like
that given on pp. 77-78 of [ I

Recall that P(E) denotes the power set of a set E. The following defi-
nition is sensible as a consequence of Proposition 3.3.6.

Definition 3.4.1. Let M = (E,J) be an independence space. Then the
(finitary) rank function of M is the function m\1: P(E) — w U {oo} defined

by

X) IBx| for any Bx € B(M|X) if X has no infinite J-subset, and
™ =
00 otherwise

for every X C E. The subscript “M” is omitted when there is no ambi-
guity. The (finitary) rank of X C E is m\(X), and the (finitary) rank of M,
denoted r(M), is the rank of E.

For every set E, let

oo otherwise.

|E| if E is finite, and
#(E) =

Recall that for every set E, a function \: P(E) — R U {oco} is submodular
if P(XNY)+P(XUY) <YP(X) +YP(Y) for every X, Y C E.

Proposition 3.4.2. Let M be an independence space. Then:
(R1) r(X) < #(X) for every X C E.

(R2) r(X) < r(Y) whenever X CY C E.

(R3) v is submodular.

(R4) v(X) =sup{r(Y) | Y C X s finite} for every X C E.
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Proof. The statements (R1) and (R2) follow immediately from the defini-
tion of the rank function, so we demonstrate (R3) and (R4).

Let X, Y C E. Clearly r(XNY) +7(XUY) = oo forces r(X) + 1r(Y) = oo,
so suppose that all four ranks are finite. Let Bxny € B(M|XNY). By
Proposition 3.3.1, this is contained in some By y € B(M|XUY). It follows
from (I2) that Bxyy N X € X and Bxyy NY C Y are each independent, so
IBxuy N X < r(X) and [Bxuy NY| < r(Y). Consequently

T(X) +1(Y) = [Bxuy N X[+ [Bxuy NY]
= [(Bxuy N X) U (Bxuy NY)|
+[(Bxuy N X) N (Bxuy NY)|

= [Bxuyl + Bxnyl
=r(XUY)+r(XNY).

Hence (R3) holds.

Now let X C E. If r(X) = oo, then X has an infinite J-subset I. Every fi-
nite Y C ThasY € B(M|Y),sov(Y) = [Y|. Thus sup{r(Y) | Y C X is finite} =
oo also. Otherwise, if r(X) € w, then r(X) = |Bx| for some Bx € B(M|X).
As By is finite, (X) < sup{r(Y) | Y C X is finite}. It follows from (R2) that
T(X) = sup{r(Y) | Y C Xis finite}, so equality holds. Consequently (R4)
holds. [ |

The finite independent sets of an independence space are easily char-
acterised by rank.

Lemma 3.4.3. Let M = (E, J) be an independence space and let X C E be finite.
Then X € J if and only if r(X) = [X].

Proof. Suppose that X € J. Then X € B(MJX), so r(X) = [X].
Now suppose that r(X) = |X]. Let Bx € B(M|X). Then [Bx| = r(X) =
IX|, so X =Bx € J. [ |

However, this correspondence does not extend to infinite sets.
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Example 3.4.4. Let E be an infinite set, let C C E have size 2 and let
J={X CE|CZX]. Then it is easily seen that (E,J) is an independence
space for which E is dependent. However, as E — C € J is infinite, r(E) =
oo = #(E). [ |

Lemma 3.4.5. Let E be a set, let v: P(E) — R LI{oo} satisfy (R2) and (R3) and
let X, Y C E be such that [Y —X| € w and r(XU{y}) = r(X) € w for every
yeY—X Thenr(XUY) =r(X).

We reproduce the proof given on p. 24 of | I

Proof. Write Y — X ={y1,...,Ym}. We procede by induction on m. Clearly
the result holds if m < 1, so suppose that it is true for all m < n and let

m = n + 1. Then by the induction assumption,

2r(X) = T(XU{Ulw --/Un}) +T'(X[—|{Un+1})
>r(XUfyn - und) U (XU fyni)))

+r((XUfyn . und) N (XUfnil)) by (R3)
=r(XUY)+r(X)
> 2r(X) by (R2).
Consequently r(XUY) = r(X). [ |

Denote the collection of all finite subsets of a set E by P¢in (E).
Proposition 3.4.6. Let E be a set, let v: Pgin (E) — w satisfy (R1)—(R3) and let
J={I C E:r(X) =I|X] for every finite X C I}.

Then (E,7) is an independence space.

Proof. Statement (I1) follows from (R1), while (I12) and (I4) are conse-
quences of the definition of J. So we demonstrate (I3): let Ij, I, € J be
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such that [I1] < |Io] € w and suppose that I; Li{e} ¢ J for each e € I, — 1.
Then r(I; U{e}) < |I; U{e}| for each e € I, —I; by Lemma 3.4.3, so

Tl =r(I1) < vl U{e}) < I
(I L{e}) = [Il.

It follows from Lemma 3.4.5 that r(I; U I;) = [I;]. But then
Ll =7(L) <r(lhul) =L <L

—a contradiction. Hence (I3) holds. [ |

While every function r satisifying (R1)-(R3) on Psin(E) for some set
E yields an independence space, this may not have rank function r. In
particular, r(X) may be infinite when X C E has finite rank, making r

poor for distinguishing between finite- and infinite-rank subsets of E.

Example 3.4.7. Let E be an infinite set. Define r: P(E) — w Li{oo} by

r(X) =
oo otherwise

{O if X is finite, and

for every X C E. It is easily seen that r satisfies (R1)—(R3). Let

J={I C E:r(X) = [X| for every finite X C I}
={o}.
Then M = (E, J) is an independence space by Proposition 3.4.6. However,
™(E) =0 # co =1r(E). [ |
However, additionally assuming (R4) forces equality.

Proposition 3.4.8. Let E be a set, let v: P(E) — w U{oo} satisfy (R1)—(R4) and
let
J={I C E:r(X) =I[X] for every finite X C I}.
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Then M = (E,J) is an independence space with ryy = 7.

Proof. Proposition 3.4.6 shows that M is an independence space. We first
demonstrate the following claim.

1) r=rm on Psin(E).

Let X C E be finite and suppose that X € J. Then r(X) = [X| = rm(X)
by the definition of J and Lemma 3.4.3.

Now suppose that X ¢ J. Let Bx € B(M|X). Then Bx € J is finite, so
1(X) = [Bx| = rm(X) by the definitions of J and 1.

Hence r = rp on Pyin (E). O

Now let X C E be arbitrary. Then

r(X) =sup{r(Y) | Y C X is finite} by (R4)
=sup{rm(Y) | Y C X is finite} by (1)
— i (X) by (R4). m

It follows from Propositions 3.4.2 and 3.4.8 that independence spaces
are characterised by their rank functions; that is, there exists a one-to-one

correspondence

{Independence spaces on E}

«—— {Functions r: P(E) — w U{oo} satisfying (R1)-(R4)}.

Every independence space is completely determined by its finite inde-
pendent sets (due to Finite Character). It follows from Lemma 3.4.3 that
every independence space M on E is completely determined by rmlp,, (g)-

On the other hand, every function r: Pfin(E) — w satisfying (R1)-
(R3) determines an independence space M on E. Moreover, M has 1y =

T on Psin(E) by Claim (1) in the proof of Proposition 3.4.8. It follows
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that r completely determines M. Consequently there exists a one-to-one

correspondence

{Independence spaces on E}

«—— {Functions r: P¢in (E) — w satisfying (R1)—(R3)},

and so (R4) is unnecessary for characterising independence spaces by
rank. However, including (R4) as a rank axiom results in a characteri-
sation under which infinite sets may easily be classified as having finite
rank or infinite rank. This distinction is crucial for establishing results

such as Proposition 5.2.7.

Lemma 3.4.9. Let M be a finite-rank independence space on E = E; U Ey U E3,
let k € w and suppose that

T(E) +r(E—E) <v(M)+k

foreachi=1,2,3. Then

3
> r(E—E)—2r(M) < 2k.
i=1

Proof. We simply apply the hypothesis and (R3).

3
> r(E—E) —2r(M) = r(E2 U E3) + (r(E1 U E3) — (M)
i=1
+ (r(E1 UEp) —1(M))
<r(E2 U Ez) + (k—1(E2))
+ (k—7(E3))
< 2k. |

A short discussion of (finite) rank functions Pin(E) — w is given
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on pp. 100-102 of [ ]. A nice treatment of rank functions of pre-

independence spaces is given in [ I

3.5 Closure and Flats

Definition 3.5.1. Let M = (E,J) be an independence space. Then the
closure operator of M is the operator clp: P(E) — P(E) defined by

cdm(X)=Xu{ee b | (FT€I)IC Xand [U{e} ¢ T}
for every X C E. The subscript “M” is omitted when there is no ambigu-
ity.
A flat or closed set of M is a subset F C E for which cl(F) =F. A flat F
is proper if F # E. A hyperplane of M is a maximal proper flat of M. The
collections of flats and hyperplanes of M are denoted by F(M) and H(M)

respectively. A subset X C E spans Y C Eif Y C cl(X), and X is spanning if
it spans E.

Proposition 3.5.2. Let M = (E,J) be an independence space. Then:
(CL1) X C cl(X) for every X C E.

(CL2) cl(X) C cl(Y) whenever X CY C E.

(CL3) cl(cl(X)) = cl(X) for every X C E.

(CL4) Whenever X, Y C E and e € cl(Y) — cl(Y — X), there exists x € X such
that x € cl((Y —{x}) U{e}).

(CL5) Whenever X C E and e € cl(X), there exists finite Y C X such that
e ecl(Y).

Our argument closely follows that given on pp. 83-84 of [ I
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Proof. The statements (CL1) and (CL2) follow immediately from the defi-
nition of the closure operator. In order to demonstrate (CL3), it is helpful
to first establish that for every X C E and every Bx € B(M|X),

cl(X) (3.5.1)

_ XU{eeE|XU{el¢J} ifXeT and
cl(Bx) otherwise.

Clearly (3.5.1) holds when X € J, so suppose otherwise. It follows from
(CL2) that cl(Bx) C cl(X). If x € X — By, then Bx LI{x} ¢ J, so x € cl(Byx).
Thus X C cl(Bx). Now suppose that e € cl(X) —X. Then ILi{e} ¢ J for
some J-subset I of X. If Bx U{e} ¢ J, then e € cl(Bx), so suppose that
Bx U{e} € J. Then Bx Li{e} € B(M|(X L {e})).

Moreover, I is contained in some B € B(M|(X L {e})) not containing
e. Thus e € (BxU{e}) — B, so by Basis Exchange there exists b € B —
(Bx LI{e}) such that ((Bx Li{e}) —{e}) U{b} = Bx U{b} € B(M|(XL{e})). As
Bx U{b} C X, this contradicts Bx € B(M|X). Hence (3.5.1) holds.

It is now easy to demonstrate (CL3): let X C E and let Bx € B(MJ[X).
Then cl(X) = cl(Bx) = BxU{e € E | BxU{e} ¢ J} by (3.5.1), so Bx €
B(M|cl(X)). Consequently cl(cl(X)) = cl(Bx) = cl(X), and so (CL3) holds.

Turning to (CL4), let X, Y C E and let e € cl(Y) —cl(Y —X). Set
X"=XNY. Then e € cl(Y) —cl(Y —X'). Clearly (CL4) holds if e € X/, so
suppose otherwise. Let By_x/ € By_x/. Then By_x C By for some By €
B(M|Y),so as e € cl(Y) = cl(By), By Li{e} ¢ J. Thus By € B(M|(By L{e})).

Now, e & cl(Y —X’) = cl(By_x/), so By_xs L{e} € J. Thus By_x/ Li{e} C
By for some By € B(M|(Y U{e})). If X’ C By, then

B/Y 2 Byfxl L X/ L {e} ; Bny/ L X/ D) BY
—a contradiction. So there exists x € X’ — B{. Necessarily

x € cl(Y) Ccl(Yu{e}) =cl(By) = cl((Y—{x}) U{e})
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and so (CL4) holds.

Finally, let X C E and let e € cl(X). Clearly (CL5) holds if e € X, so
suppose not. Then there exists an J-subset I of X such that IU{e} ¢ J.
It follows from (I4) that I U {e} contains a (finite) circuit J U {e}, whence
e € cl(J) and J C X is finite. Hence (CL5) holds. [ |

Lemma 3.5.3. Let M be an independence space and let X, Y C E(M). Then
cl(XUcl(Y)) =cl(XUY).

Proof. Let By € B(M]Y) and let Bxyy € B(M|(XUY)) contain By. Then
Bxuy € B(M|(XUcl(Y))), for otherwise there would exist e € cl(Y) — (XU
Y) such that By y U{e} € J(M), contradicting By U {e} ¢ IJ(M). It then
follows from (3.5.1) that

cd(Xuc(Y)) =cd(Bxyy) =c(XUY). [ |

Lemma 3.5.4. Let M be an independence space and let X C E(M). Then
T(X) = r(cl(X)).

Proof. If X contains an infinite J(M)-subset, then so does cl(X) by (CL1).
Thus 7(X) = co = r(cl(X)). Otherwise, let Bx € B(M|X). Then Byx €
B(M]cl(X)) by (3.5.1), so 7(X) = [Bx| = r(cl(X)). [ |

Proposition 3.5.5. Let M be an independence space and let Y C X C E(M).
Then clpyx(Y) = XN clm(Y).

Proof.
chyx(Y) =YUu{x e X| (3T € IMIX)) I C Y and TU{x} ¢ I(M|X)}

—YU{xeX|(BTeIMNICYand TU{x} ¢ I(M)}
— X ey (Y). m

Corollary 3.5.6. Let M be an independence space and let X, F C E(M). Then
F e F(M|X) if and only if XN clpm(F) CF C X
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Proof. As F € F(M|X) if and only if clyx(F) € F C X, it follows from
Proposition 3.5.5 that F € F(M|X) if and only if XNcly(F) CF C X. [ |

The next lemma follows immediately from (CL1) and (CL2).

Lemma 3.5.7. Let M be an independence space and let F, F' € F(M). Then
FNF € F(M).

Lemma 3.5.8. Let M be an independence space on E, let X C E and let e €
E —cl(X). Then cl(X) € H(M|cl(XL{e})).

Proof. It follows from Corollary 3.5.6 that cl(X) € F(M|cl(X U {e})). Let
f e cd(Xu{e}) —cl(X). Then

X U{f} C cl(X Li{e)) by (CL1)
(X U{f}) C cl(cl(X U{e})) by (CL2)
— (X U{e)) by (CL3).

On the other hand, e € cl(X U{f}) by (CL4), so cl(XU{e}) C cl(XUL{f}) by
the argument above. It follows that

cd(Xu{e}) =cl(XU{f})
= cl(cl(X) U {f}) by Lem. 3.5.3.

Hence cl(X) € H(M|cl(XLi{e})). [ |

3.6 Contraction

Definition 3.6.1. Let M = (E,J) be an independence space, let X C E
and let Bx € B(M|X). Then the contraction of M by X, denoted M/X, is
(E-X{YCE-X|YUBx €J}).

Note that this definition is independent of the choice of Bx by Propo-
sition 3.3.7.
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Proposition 3.6.2. Every contraction of an independence space is an indepen-
dence space.

We reproduce the argument given on pp. 76-77 of | I

Proof. Let M = (E,J) be an independence space, let X C E and let Bx €
B(MIX) be fixed. As the statements (I1) and (I12) clearly hold, we consider
(I3) and (14).

Let I;, I, € 3(M/X) be such that |I;| < |I5] € w. Then I1 UBx, I, LIBx €
J. For every finite By C By, it follows from (I3) for M|(I; U I, U By) that
there exists e € I, — I; such that 11 Li{e} LBy € J, so

XBO ={eelh—I1|u{efuByeT}

is both non-empty and finite. Let ] C P, (Bx) be finite, let B’ = J] and
let ey € Xp/. Then e € [);; X;j by (I12). Define a choice function fj for {X; |
j € ]} by fj(j) = ej for every j € J. Let f be as per Rado’s Selection Lemma.

Let ] = {i,j} € Pin(Bx). Then f|; = fx|j for some finite K C Pyin (Bx)
containing J. As fx(i) = fx(j) by definition, it follows that f(i) = f(j).
Consequently im(f) = {e} for some e € I —I;. But then I; U{ejLIBy € J
for every finite By C By, so Z € J for every finite Z C I; Li{e} U Bx. It
follows from (I4) that Iy Li{e} LUBx € J, so I; LI{e} € I(M/X). Hence (I3)
holds.

Turning to (I4), let Y C E — X such that Z € J(M/X) for every finite
Z C Y. Then ZUBx € J for every finite Z C Y, so Z € J for every finite
Z CYUBx by (I2). Thus YUBx € I by (I4), so Y € I(M/X). Consequently
(I4) holds. ]

Proposition 3.6.3. Let M be an independence space and let X, Y C E(M) be
disjoint. Then

(1) (MAXN\Y = M\(XUY) = (MAYN\X,

(2) (M/X)/Y =M/(XUY) = (M/Y)/X, and
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(3) (MAX)/Y = (M/Y)\X.

Proof. Write E = E(M). As (1) is trivial, we consider (2) and (3). In order
to establish (2), it suffices by symmetry to demonstrate that (M/X)/Y =

M/(XUY). Clearly each of these independence spaces has ground set
E— (XUY). Let Bx € B(M|X) and let B € B((M/X)]Y). Then

IIM/X)/)Y)={ZCE—-(XUY)|ZUBxULUB e IJ(M)}.

Clearly Bx UB € J(M|(XUY)). Suppose that Bx LB ¢ B(M|(XLY)).
Then there exists B’ C (XU Y)— Bx such that Bx LIB C Bx LB’ and
BxUB’ € IIM|(XULY)). SoB C B’ CYCE—Xand BxUB' € I(M),
whence B’ € J(M/X), contradicting the choice of B. It follows that Bx LI
B € B(M|(XUY)).

Consequently J((M/X)/Y) C J(M/(XULY)). Proposition 3.3.7 shows
that the anti-containment also holds, and so (2) follows.

We now turn to (3). Clearly E((M\X)/Y) = E((M/Y)\X) = E— (XUY).
Let B € B((M\X)|Y) and let By € B(M]Y). Then

J(M\X)/Y)={ZCE—-(XUY)|ZUB € IJ(M)}, and
I(M/YNX)={ZCE—-(XULY)|ZUBy € I(M)}.

So it suffices to show that B((M\X)[Y) = B(M]|Y). We simply note that

B € B((M\X)[Y)
<—B is a maximal J(M\X)-subset of Y
<—B is a maximal J(M)-subset of Y as XNY=o
<——B € B(MJY).

Hence (3) holds. [ |

Corollary 3.6.4. Let M be an independence space and let Xy, ..., Xm, Y1,
..., Yn € E(M) be pairwise disjoint. Then any sequence starting with M and
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involving the contraction of each X; and the deletion of each Y; has final term
M/ LE X\ L Ys-

Definition 3.6.5. Let M and N be independence spaces. Then N is a minor
of M, denoted N < M, if N = M\X/Y for some disjoint X, Y C E(M).

Proposition 3.6.6. Let M be an independence space and let X C E(M). Then
the circuits of M/X are precisely the minimal non-empty elements of {C — X |
C e C(M)}.

Our argument follows that given on p. 107 of [ I

Proof. The result is trivial if X is empty, so suppose otherwise. Let
Y={C-X[CeCM),C—-X#a}.

We establish two claims.
(1) E(M/X) C Y.

Let C' € €(M/X) and let Bx € B(M|X). Then C'LUBx ¢ J(M) and
(C"—{e})) UBx € I(M) for each e € C'. Consequently there exists
C € @(M) such that C' € C C C'UBx, whence C' = C — X. O

@ {Yey | (vWWed—{YhY ZY}CeM/X).

Let Y be a minimal element of Y. Then Y = C — X for some C € C(M).
As Y is non-empty, CNX C C, so CNX € J(M[X). Consequently
there exists Bx € B(M|X) such that CNX C Bx. As C C CU By,
CUBx ¢ J(M), so Y ¢ J(M/X). Thus there exists C' € C(M/X)
contained in Y. It follows from (1) that C’ € Y, so the minimality of Y
forces C' =Y. O

Now let C’ € €(M/X). Then C’ € Y by (1). Moreover, there exists minimal
Y € Y contained in C’. It follows from (2) that Y € €(M/X), so C' =Y by
(C2). m
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Proposition 3.6.7. Let M be an independence space, let X C E(M) be such that
™(X) € wandletY CE—X. Then

™myx(Y) =mm(XUY) —1m(X).

Proof. If Ty /x(Y) = oo, then Y contains an infinite J(M/X)-subset, so XY
contains an infinite J(M)-subset. As T (X) € w, it follows that T /x (X U
Y) —rm(X) = oco.

Otherwise, let Bx € B(M|X) and let B € B((M/X)|Y). Then Bx LIB €
B(M|(XULY)), so

™™/x(Y) = [B|
= [Bx LI B| — [Bx|
=rm(XLUY)—rm(X). [ |

The next two results respectively characterise the closure operators
and flats of contractions of independence spaces.

Proposition 3.6.8. Let M be an independence space, let X C E(M) and let
Y C E(M) — X. Then clyx(Y) = clm(XUY) = X.

Proof. Write M = (E,J), let Bx € B(M|X) and let B € B((M/X)]Y). Then
Bx UB € B(M|(XUY)), so by (3.5.1),

cl/x(Y) = clp/x(B)
—Blfe e E—X|BU{e} ¢ IM/X)}
— (BxUBU{ecE|ByUBL{el ¢ 7)) —X
=cm(BxuUB)—X
=cm(XY)—X. [ |

Corollary 3.6.9. Let M be an independence space and let X, F C E(M). Then
F e F(M/X) if and only if XUF € F(M).
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Proof.

F e F(M/X)
e clyyx(F) CFC E(M) — X
—cdm(XUF)—XCF by Prop. 3.6.8
< XUFeFM). [ |

3.7 Simplification

Definition 3.7.1. Let M be an independence space on E. Define pp: E —
L(M) — P(E—-L(M)) by

pm(e) ={eju{f € E—L(M) | {e, f} is a parallel pair of M}

for every e € E — L(M). Then ppm( - ) induces a relation pyy on E, given by
e pm f if and only if e € ppm(f). The subscript “M” is omitted when there
is no ambiguity.

Proposition 3.7.2. Let M be an independence space. Then ppm is an equivalence
relation on E(M) — L(M).

Proof. Clearly p is reflexive and symmetric. So suppose that e € p(f) and
f € p(g), where e, f, g € E(M) — L(M) are distinct. Then {e, f}, {f, g} €
C(M), so by Weak Circuit Elimination there exists C € €(M) contained in
{e,g}. Ase, g ¢ L(M), necessarily C = {e, g}. Hence e € p(g), and so p is
transitive. |

Definition 3.7.3. Let M be an independence space. Then a parallel class of
M is a pm-equivalence class.

Recall that a transversal of a partition {Y; |[i € [JofasetYisaset XC Y
meeting each X; at precisely one element.
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Definition 3.7.4. Let M be an independence space. Then the simplification
of M, denoted M, is M|X where X is a transversal of the parallel classes
of M.

Clearly simplifications are simple, and an independence space M is
simple if and only if M = M for some M.

Definition 3.7.5. Let M = (E,J) and M’ = (E/,J’) be independence spaces.
Then M and M’ are isomorphic, denoted M = M/, if there exists a bijection
x: E — E’ such that X € J if and only if x[X] € J’ for every X C E.

Proposition 3.7.6. Isomorphism of independence spaces is an equivalence rela-
tion.

We omit the easy proof of Proposition 3.7.6.

Proposition 3.7.7. The simplification of an independence space is defined

uniquely up to isomorphism.

Proof. Let M be an independence space on E and let X, X’ C E determine
two simplifications of M. Let {p; | i € I} be the collection of parallel
classes of M. For every i € I, let x; € p; N X and let x{ € p; N X'. Define
x: X — X' by x(xi) = x{ for every i € I. Clearly ¥ is a bijection. Moreover,
for every Y C X,

YeIMIX) = Y e IM) < x[Y] € (M) <= x[Y] € I(M|X").

Hence M|X = M|X'. [ |

3.8 Geometric Representations

Geometric representations provide a useful means of visualising matroids
of rank at most 4. A geometric representation of a matroid M having rank
at most 4 is a diagram having the following properties.
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(1) Each element e of M is represented by a single point, which is labelled
by e.

(2) All loops of M are placed in a box to one side of the diagram.

(3) Elements in the same parallel class are represented by a single point,
which is labelled by the elements of the parallel class.

(4) Elements of a triangle are collinear.
(5) Elements of a 4-circuit are coplanar.

For example, consider the geometric representation given in Figure 3.2.
The matroid depicted has ground set {a, b, c, d, e, f, g, h}. The elements g
and h are loops, and {e, f} is a parallel pair. The set {a,b,c} is a circuit,
as is {a, b, d, e}. As every set of four points is coplanar, this matroid has
rank at most 3. Moreover, {a, b, d} is independent, so the matroid in fact
has rank 3. Its flats include {a, g, h}, {a,b,c,g,h} and {b, d, g, h}.

|| L |
a b C

| |
[ | [ | 9 h
d e f

Figure 3.2: A geometric representation of a rank-3 matroid.

Geometric representations of matroids having rank 4 are viewed 3-di-
mensionally, reflecting the representation of each basis by a set of 4 non-
coplanar points. For example, consider the geometric representation of
the Escher matroid given in Figure 3.3. This is intended to be viewed such
that the convex hull of the points shown is a tetrahedron in R>.

As the Escher matroid has no loops, the box for loops has been omitted
from Figure 3.3. We follow the convention that when this box is omitted,
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Figure 3.3: A geometric representation of the Escher matroid.

it is to be understood that there are no loops. Similarly, when labels are
omitted, it is to be understood that there are no non-trivial parallel classes
(so the Escher matroid has no parallel pairs).

The Escher matroid demonstrates an important property of these di-
agrams: not every diagram of this type is a geometric representation of
a matroid. For example, suppose that Figure 3.3 is redrawn so that the
points a, b and c no longer colline, but no other collineations are altered.
Then the resulting diagram is not a geometric representation of a matroid,
for if it were, then the dependencies shown, together with the matroid ax-
ioms and rule (4) for geometric representations would force a, b and c to
colline.

Further discussion of geometric representations is given on pp. 36-46
of [ I

3.9 Connectivity

In general, the connectivity between two subobjects X’ and Y’ of an object
Z (such as a graph, independence space or point configuration) is the least
order of a separation of X’ and Y’ in Z. This section examines connectivity
in independence spaces, which is similar to connectivity in graphs. To

motivate the definition given, we first comment on connectivity in graphs.
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Let G be a graph having edge set E and let X/, Y/ C E. Note that
X"NY’ may be non-empty. Then the vertex connectivity between X’ and Y’
in G, denoted kg (X’,Y’), is

ka(X,Y') = inf{[Vg(X) N Vg(Y): X' C X, Y CY,XUY = EL

This is easily visualised, as indicated in Figure 3.4.

Figure 3.4: A graph G having kg(X’,Y’) = 5. This connectivity is con-
cretely realised as both a vertex cut V(X) N V(Y) and a set of vertex-disjoint
X'-Y’ paths, each of size 5.

Any set of paths associated with a minimum-order vertex cut as in Fig-
ure 3.4 may be thought of as representing “units of dependency” between
X" and Y in G. In an independence space, dependencies correspond to
circuits. Given a matroid M, a circuit C € (M) and X, Y € F(M) such
that XUY =E(M) and X 2 C € Y, it is possible for CNXNY to be empty,
as shown in Figure 3.5.

In the example of Figure 3.5, the connectivity between X and Y should
be 1. If XNY contained a non-loop element, the value 1 could be obtained
as 1(XNY)—an analogue of the size of a minimum-order vertex cut in a
graph. However, there is no such element (unlike the graph case, in which
vertices are always present). This difficulty can be negotiated by taking a
difference of ranks, as in the following definition.



46 CHAPTER 3. INDEPENDENCE SPACES

Definition 3.9.1. Let M be a finite-rank independence space on E. Define
AM: X Y) [ XUY =E} - w by

AM(X,Y) =rm(X) +rm(Y) — (M)
whenever X, Y C E are such that XUY = E, and define Apm: P(E) — w by
Am(X) = Am (X, E—=X)
for every X C E. Then define kp: P(E) x P(E) — w U{oco} by
km(X,Y) =infApq(X,Y) [ X' C X, Y CY,XUY =E}

for every X', Y/ C E. The subscript “M” is omitted when there is no
ambiguity. Note that some authors define Ap (X, Y) to be map (X) +rm(Y) —
(M) + 1.

The following proposition notes some elementary properties of the
connectivity functions A and «.

Figure 3.5: A geometric representation of a 4-circuit, which is a union of
two proper flats X and Y having empty intersection.

Proposition 3.9.2. For every finite-rank independence space,

(1) A(-, ), A(-) and (-, -) are each symmetric, and
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(2) (-, -) is increasing in each of its arguments.

The next proposition follows readily from equality of the ranks of a
set and its closure.

Proposition 3.9.3. For every finite-rank independence space on E,

(1) AM(X,Y) =A(cl(X),Y) whenever X, Y C E are such that XUY =E,
(2) A(X) = A(cl(X)) for every X C E, and

(3) x(X,Y) =«(cl(X),Y) for every X, Y C E.

Proof. Clearly it suffices to demonstrate (1). So let M be a finite-rank
independence space on E and let X, Y C E be such that XUY = E. Then

AXY) =7(X)+7r(Y)—1r(M)
r(cl(X)) +r(Y)—1r(M) by Lem. 3.5.4
Alcl(X),Y).

The result follows. |

We close this section by observing a result that is well known for ma-
troids, namely that the connectivity function Ay of a finite-rank indepen-
dence space M inherits submodularity from the rank function .

Proposition 3.9.4. A( - ) is submodular for every finite-rank independence space.

Proof. Let M be a finite-rank independence space on E and let X, Y C E.
Then

AX)+AY)=r(X)+r(E=X)+7(Y)+r(E—-Y) —2r(M)
>r(XNY)+r(XUY)+r(E—(XUY))
+1(E—(XNY))—2r(M) by (R3)
=AXNY)+AXUY). ]
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Chapter 4
Configurations

The term “configuration” is used in many different, usually geomet-
ric, contexts in mathematics. The configurations examined in this the-
sis are sometimes called point configurations to distinguish them from
other types of configuration. As point configurations are the only type of
configuration concerning us, we hereafter write “configuration” to mean
“point configuration.”

Our focus is predominantly on the matroidal structure of configu-
rations. This is reflected in the purely matroidal formulation of many
results, those of Chapters 3 and 5 in particular.

The main advantages of working with configurations instead of inde-

pendence spaces in general are

e the ability to harness the methods of linear algebra for arguments,
and

o the ability to (sometimes implicitly) use any points in the ambient

vector space.

This chapter is devoted to developing configuration-specific formu-
lations of ideas introduced for independence spaces in Chapter 3. The

presence of a vector space embedding introduces some minor technical-

49
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ities, notably the requirement that some definitions be made only up to

an equivalence of configurations.

4,1 Definitions

Definition 4.1.1. Let V be a vector space. Then a V-configuration is a triple
D = (D,E,{), where E and D C V are sets and {: E — D is a surjective
function. We shall often write “D is a configuration” to mean that D is a
V-configuration for some vector space V.

Given a V-configuration D = (D, E, {), the point set of D is D, while
the ground set of D, denoted E(D), is E. The order of D, denoted |D], is |D|,
and the dimension of D, denoted dim(D), is dim((D)). A configuration is
finite if its ground set is finite.

Clearly |D| < |[E(D)| for every configuration D. In particular, every
finite configuration has finite order. As a point may be labelled by two
distinct elements of the ground set, it is possible for this inequality to be
strict.

The following classical proposition establishes that configurations give
rise to independence spaces, justifying the earlier use of the phrase “rep-
resented independence space.”

Proposition 4.1.2. Let D = (D, E, () be a configuration. Define J C P(E) by
X € Jif and only if L|x is injective and {[X] is linearly independent. Then (E,J)

is an independence space.

For completeness, we reproduce the argument given on p. 8 of [ I

Proof. The statements (I1) and (I2) are clear. Finiteness of linear combina-
tions gives (I4), so we demonstrate (I3).

Let I3, I, € J be such that |I1] < |Ip] € w and let V = ({[I; U I5]). Then
dim(V) > dim((¢[I])) = [Io|. Suppose that I; Li{e} ¢ J for every e € I, — I;.
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Then V C ({[14]), so
I < dim(V) < dim((¢[I1])) = [I1] < I

—a contradiction. Hence there exists e € I, — I; such that I; Li{e} € J, and
so (I3) holds. [ |

It is now possible to make the following formal definition.

Definition 4.1.3. Let D be a configuration. Then the vector independence
space of D, denoted M[D], is the independence space derived from D via
Proposition 4.1.2. An independence space M is represented by a configu-
ration D if M = M[D].

The dependent sets of D are precisely the dependent sets of M[D]. The
notions of independent set, circuit, basis, loop, parallel pair, triangle and
flat are then inherited from independence spaces (see pp. 18 and 33 for
definitions of these concepts for independence spaces). The collections
of independent sets, circuits, bases, loops and flats of D are denoted by
J(D), €(D), B(D), L(D) and F(D) respectively.

A simple graph can always be obtained from a graph by deleting all
loops and then identifying all edges incident on the same pair of vertices.
This idea does not transfer directly to configurations: identifying all labels
of a point may still leave non-trivial parallel classes, for two distinct non-
zero points may be linearly dependent.

Example 4.1.4. Let D; and D, be the ]R2-configurations on ground set
{a,b,c,d} given by

and
22((1) - (1/0)/ eZ(b) = (210)1 EZ(C) = (310)/ QZ(d) - (011)

respectively. These are illustrated in Figure 4.1.
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1Td 1Td
a,b,c
L a b c
D S— o~
ol 1 2 3 ol 1 2 3
Dy Dy

Figure 4.1: The configurations D and D, of Example 4.1.4.

Both D; and D, consist of a parallel class of size 3 (i.e., {a, b, c}) and
a non-loop point (i.e., d), from which it is clear that they have the same
matroidal structure (i.e., M[D1] = M[D;]). Despite this, identifying the
labels of each point in each configuration eliminates the parallel class
{a,b,c} from Dy, yet leaves it unchanged in D,.

4.2 Equivalence

Example 4.1.4 shows that different configurations may share the same
matroidal structure. In particular, configurations only differing “within”
parallel classes are matroidally indistinguishable. It is convenient to iden-

tify such configurations, so we introduce the following definition.

Definition 4.2.1. Let D = (D, E,{) and D’ = (D, E/,{’) be configurations.
Then D and D’ are equivalent if there exist an invertible linear transfor-
mation ¢: (D) — (D’) and a bijection x: E — E’ such that (¢p(£(e))) =

(t'(x(e))) for every e € E. In this case, we say that (¢,X) is an equivalence

of D and D’, denoted by (¢, x): D — D’ or D 1ox), D’

Proposition 4.2.2. Equivalence of configurations is an equivalence relation.

Proof. We omit functional parentheses from this argument for clarity. Let

D = (D,E0) % o — ey 22X pr — (D7 E” 0"). Then for

every e € E,
<id<D> fZe) = <£€> = <€ idE €>.
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Thus (id(py,idg): D — D, and so reflexivity holds. Moreover, for every
e/ e E/,

<€/€/> _ <€/XX71€/> _ <¢€X71€/>
o) = o {(dptx te’)]
(o710 = (i e,

Thus (¢, x1): D’ — D, and so symmetry holds. Finally, for every
eck,

(dle) = (t'xe)
d'[(dple)] = d'[(t'xe)]

Hence (¢p' o d,x' 0ox): D — D”, and so transitivity holds. [ |

Proposition 4.2.3. Equivalent configurations have isomorphic vector indepen-
dence spaces.

Proof. Let (b,x): D = (D,E, ) — D’ = (D/,E/,{’) be an equivalence of
configurations, and define a set of lines in a vector space to be independent

if none is contained in the span of the others. Then

X € I(M[D])
<= {|x is injective and {£[X] is linearly independent
<=1: X — 8((D)): x — ({(x)) is injective and
im(1) is independent
<=1: X — 8((D')): x — ((p o £)(x)) is injective and
im(1) is independent as ¢ is bijective and linear
—1: X — 8((D’)): x — ((t' ox)(x)) is injective and
im(1) is independent by equivalence

«=1'|x is injective and ¢'[x[X]] is linearly independent
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—=x[X] € I(M[D)).

Hence M[D] = M[D']. [ |

The converse of Proposition 4.2.3 does not hold, as configurations dif-
fering “between” parallel classes may be inequivalent but nonetheless
have isomorphic vector independence spaces. For example, consider Fig-
ure 4.2. Each of the configurations shown has 8 elements and a collection
of circuits consisting of a pair of disjoint triangles and all 4-element sets
containing neither triangle. Consequently the configurations have iso-
morphic vector matroids. However, as linear transformations preserve
incidence, there is no linear transformation mapping the triangles of the
tirst configuration onto those of the second that also maps the remaining
pair of points in the first configuration onto those of the second. Thus the

configurations are inequivalent.

Figure 4.2: Geometric representations of a pair of inequivalent configura-
tions having isomorphic vector matroids.

The following definition is the first of several made only up to an
equivalence of configurations.

Definition 4.2.4. Let D be a configuration having point set D. Then the
simplification of D, denoted QN), is (]5, ]5,id6 ) where D is a transversal of

{{(d)n(D—{0})| d € D—{0}}.
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We say that D is simple if D = D for some D.

Proposition 4.2.5. The simplification of a configuration is defined uniquely up
to an equivalence of configurations.

Proof. Let Dy = (f)l, f)l,idﬁl ) and Dy = (f)z,ﬁz, idg, ) be simplifications
of a configuration D having point set D. Write

{{& N(D—{0})) [de D—{0}} ={p:|icl.

Let ¢ = idp, and define x: 61 — 62 by x(dii) = dp; for every i € I,
where p; N 15]- = {dji} for every i € I and each j = 1, 2. Then for every
de 61,

Hence ($,x): ZJN)l — QN)Z. [ |

The next proposition verifies that simplification in configurations cor-
responds to simplification in independence spaces.

—~— —

Proposition 4.2.6. Let D be a configuration. Then M[D] = M[D].

Proof. Let D = (D, E,{) be a configuration. Then D= (15,15,id6 ), where

D is a transversal of
{{(d)n(D—{0}) | d € D—{0}}
and M[QN)} — (]5,1]), where

J={Y C D |V is linearly independent}.
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Moreover, M[D] = (E,J’), where
J" ={Y C E: {ly is injective and £[Y] is linearly independent}.

Let x be a choice function for {¢{~{d}|d € 15} Then X = im(x) is

—_——

a transversal of the parallel classes of M[D]. Consequently M[D] =
(MI[D])|X by Proposition 3.7.7. Moreover,

Yel
<=Y is linearly independent
<=l [y is injective and £[x[Y]] is linearly independent
—=x[Y] €.

~ —_ ~

Hence M[D] = (M[D])[X, so M[D] = M[D] by Proposition 3.7.6. [

We close this section by deriving a result for configurations from
Lemma 3.4.9. This will later provide the width bound required in Theo-
rem 6.2.5.

Proposition 4.2.7. Let D = (D, E, {) be a finite-dimensional configuration and
let E =Eq UEy U Es. Let k € w and suppose that

dim((¢[E4])) + dim((¢[E — Ey])) < dim(D) + k

foreachi=1,2,3. Then
3
> dim((L[E — Eg])) — 2dim(D) < 2k.
i=1

Proof. We simply observe that for each 1,

™(Ei)) +™m(E—E) <T(M) +k
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where M := M[D]. It then follows from Lemma 3.4.9 that

3
Z —2r(M)

3

Z Eil)) —2dim(D). [}

4.3 Restriction

This brief section is devoted to formally defining some elementary con-
cepts encountered frequently later.

Definition 4.3.1. Let D = (D, E, {) be a configuration and let X C E. Then
the restriction of D to X, denoted D|X, is (L[X], X, {|x). The deletion of X
from D, denoted D\ X, is D|(E — X).

The following definition makes use of the formal set-theoretical defi-
nition of the functions ¢;.

Definition 4.3.2. Let {D; = (Dj, Ey, &) | i € I} be a collection of V-configu-
rations such that {;|(E; N E;) = {[(E; N E;) for every 1, j € I. Then the union

Definition 4.3.3. Let {D; = (Dy,E;,¢;) | i € I} be a collection of V-con-
figurations such that & ();c; Ei = /[ )ier Ei for every j, k € 1. Then the
intersection of {D; | 1 € I}, denoted (;c; Di, is Djl( )ier Ei, where j € Tis
arbitrary.

Clearly

e the class of V-configurations is closed under the restriction, deletion,

union and intersection operations, and

e every intersection of V-configurations is independent of the choice
of the index j.
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As the class of V-configurations is closed under restriction, it is sensible

to define a notion of subconfiguration.

Definition 4.3.4. Let D and D’ be configurations. Then D’ is a subconfig-
uration of D, denoted D’ < D, if D’ = D|X for some X C E(D).

Proposition 4.3.5. The subconfiguration relation < is a partial order on the set

of all subconfigurations of a given configuration.

Proof. Let D; = (D4, Ey,{;) < D for each i =1, 2, 3. Clearly < is reflexive,
so we consider symmetry and transitivity.
Suppose that D; < D, < Dy. Then E; C E; C Ey, so E; = Ep. Conse-
quently ¢, = {1]g, = li]g, = &1. Thus Dy = Dy, and so < is symmetric.
Now suppose that D; < Dy < D3. Then E; C E; C E3, so E; C Es.
Consequently {; = {[g, = ({3]g,)[e, = {3lg,- Hence D1 < D3, and so < is
transitive. [ |

Definition 4.3.6. Let D be a subset of a vector space. Then the configura-
tion induced by D is (D, D, idp).

We shall frequently identify D with the configuration that it induces,
saying “the configuration D,” etc. This simplifies the statements and

proofs of a number of results.

Proposition 4.3.7. Let D be a configuration having point set D containing D’.
Then D’ < D up to an equivalence of configurations. In particular, DD up

to an equivalence of configurations.

Proof. Write D = (D, E, ). Let X be a choice function for {¢~}{d’} | d’ €
D’} and let B = im(x). Then (D',E',{l¢/) < D and (idipr,x): D’ —
(D', E/,|g/) is an equivalence of configurations. Consequently D’ < D up
to an equivalence of configurations. As the point set of D is a subset of D
by definition, it follows that D < D up to an equivalence of configurations
also. [

Some elementary properties of subconfigurations include
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o D; < Uie; Di for every j € I whenever {D; | i € I} is a collection of

configurations for which | J;.; D; is defined,

e (ic; Di < Dj for every j € I whenever {D; | i € I} is a collection of
configurations for which ();¢; D; is defined, and

e D < (Vi Di whenever {D}LI{D; | i € I} is a collection of configura-
tions such that D < D; for every i € I and (), D; is defined.

We close this section by noting that restriction commutes with M| - |.

Proposition 4.3.8. Let D be a configuration and let X C E(D). Then
(MID])| X = M[DIX]

and
(M[D])\X = M[D\X].

Proof. Write D = (D, E,{). Clearly is suffices to demonstrate the first
equality. We observe that

Y € I((M[D])[X)
<Y CXandY € IM[D])
<=Y C X and {|y is injective and {[Y] is linearly independent
<=Y C X and ({|x)ly is injective and {|x[Y] is linearly independent
<Y € J(M[DIX]). [ |

4.4 Contraction

While restrictions are frequently encountered in Chapters 5 and 6, con-
tractions play a more important role in the theory developed. This section

gives a definition of contraction for configurations and derives some of its
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properties. Loops are kept rather than deleted in the definition, in con-

trast with contraction for independence spaces. In this regard, we follow

[ I.

Definition 4.4.1. Let D = (D, E, {) be a configuration and let X C E. Then
the contraction of D by X, denoted D/X, is (n[D], E, mo (), where 7 is a
projection of (D) along ({[X]) onto a complement of (¢[X]) in (D).

The use of (D) in this definition avoids explicit reference to the con-
tiguration’s ambient vector space.

Whenever V is a vector space, W < V and v, v eV, we say that v
and Vv’ are equivalent modulo W, denoted v=v' mod W, if v =v' 4+ w for
some w € W. It is easily shown that equivalence modulo a subspace is

an equivalence relation that respects linear combinations.

Proposition 4.4.2. Every contraction of a V-configuration is a V-configuration
that is defined uniquely up to an equivalence of configurations.

Proof. Let D = (D, E, {) be a V-configuration and let X C E. If X is empty,
the result is trivial, so suppose otherwise. Clearly every contraction of D
by X is a V-configuration, so let D; = (D4, E,{;) and D, = (Dy, E, {;) be
two contractions of D by X, where D; given by m;: (D) — U; for each i.
Taking x = idg, we only need to demonstrate the existence of a suitable
isomorphism ¢.

Let {m1(di) | 1 € I} be a basis for (7m1[D]) contained in m;[D]. We
establish two claims.

(1) {m2(di) | i € I} is linearly independent.

For suppose otherwise. Then there exist distinct m,(dy), .
and scalars p, ..., un not all zero such that Y - ; wimo(d; )

sequently Y I wmp(di) = 0 mod (([X]). As mp(di) = di = m(dy)
mod ({[X]) for each 1, it follows that } i, wim(di) = 0 mod (€[X])
also. So as 71[D] C Uj and Uq N (¢[X]) = {0}, clearly > ' ; wimp(di) =0,
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contradicting the linear independence of {m;(d;i) | i € I}. Conse-

quently {m,(d;) | i € I} is linearly independent. O
(2) {m(di) | i € I} is a basis for (m[D]).

Let d € D. As{m(d;) | 1 € I} is a basis for (71 [D]), there exist m1y(dq),
..., m(dn) and scalars py, ..., pn such that iy (d) = 314 wimr (di). Re-
peating the argument of (1) shows that 7p(d) = Y_I*; wimo(di). Hence
{m(dy) | 1 € 1} is a basis for (mp[D]). O

It follows from (2) that ¢: my(di) — mp(di) is a bijection from a basis
of (m[D]) to a basis of (mp[D]). Extend ¢ linearly to an isomorphism
(m[D]) — (mp[D]) and let e € E. Then there exist 1y(dq), ..., m(dn) and
scalars y, ..., un such that

Thus ¢(¢1(e)) = €i1(e) mod (€[X]). As {i(e) = lr(e) mod ({[X]) also, it
follows that ¢(€1(e)) = lx(e) mod ({[X]). So as P(L1(e)), {a(e) € Uy and
Uy N (€[X]) = {0}, necessarily ¢(f;(e)) = {(e). Hence (d,x): D1 — Dy is
an equivalence of configurations. n

The following proposition is an obvious consequence of the definition

of contraction.
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Proposition 4.4.3. Let D be a configuration and let X C E(D). Then D/X =
D/Bx up to an equivalence of configurations for every Bx € B(D|X).

The next proposition is the analogue of Proposition 3.6.3 for configu-

rations.

Proposition 4.4.4. Let D be a configuration and let X, Y C E(D) be disjoint.
Then

(1) (DAX)N\Y = D\(XLY) = (DA\Y)\X,

(2) (D/X)/)Y =D/(XUY) = (D/Y)/X up to an equivalence of configurations,
and

(3) (D\X)/Y = (D/Y)\X up to an equivalence of configurations.

Proof. Write D = (D, E, {). The statement (1) clearly holds, so we demon-
strate (2) and (3).

In order to establish (2), it suffices by symmetry to demonstrate that
(D/X)/Y = D/(XUY) up to an equivalence of configurations. Clearly
each has ground set E. Let 7t be a projection of (D) along W = ({[X]) onto
some complement U of W in (D).

Clearly W’ := (ni[£[Y]]) < U. Let 7’ be a projection of U along W’ onto
some complement U’ of W/ in U. Then 7t determines a contraction D’ of
D by X, and ' determines a contraction of D’ by Y.

Moreover, ker(n' ot) = W W' = ({[XUY]) and im(7t' ot) = U,
Consequently 7’ o m determines a contraction of D by XU Y, and so (2)
holds.

We now consider (3). Clearly (D\X)/Y and (D/Y)\X each have ground
set E—X. Let m be a projection of (D) along W = ({[Y]) onto some
complement U of W in (D). Then 7 determines a contraction of D by Y.

Moreover, it follows from the Modular Law that 7’ == 7t ge—x)) is the
projection of V = ({[E — X]) along W onto UNV. So 7’ determines a
contraction of D\X by Y. Finally, we observe that (7o {)[g_x = 7’ o ({Jg_x).
Hence (3) holds. [ |
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As contraction in configurations does not involve the deletion of loops,

contraction “almost commutes” with M| - |.

Proposition 4.4.5. Let D be a configuration and let X C E(D). Then
(MID/X])\X = (M[D]) /.

Proof. Write D = (D, E, {), let = determine a contraction of D by X and let
Bx € B(D|X). Then

Y € I((M[DI)/X)
<Y UBx € I(M[D])
<={ly_ B, is injective and £[Y LI Bx] is linearly independent
<={|y and {|g, are injective, and {[Y] L £[Bx] is linearly independent
<= (mo{)]y is injective and (7o {)[Y] is linearly independent
<Y € J((MID/X])\X). [ |

The next proposition is a restatement of Claim 5.3 of [ l. Itis
used in Section 6.2 for establishing the finite case of the main theorem.

Proposition 4.4.6. Let D be a finite-dimensional configuration having point set
D = | |i'( D; and let
n
$=(Do)+ ) _((D;)N(D—Dy)).
i=1
Then
n
dim($) = ) dim((D — D)) — (n — 1) dim(D).
i=1

Our argument is a restatement of that given on p. 1125 of | I
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Proof. We demonstrate by induction that

n

dim(S) = ) (D —D;i)— (n—1)r(M) (4.4.1)
i=1
where M := M[D]. The result then follows from the correspondence

between rank in independence spaces and dimension in configurations.

When n =1, S = (Dg) = (D —D1), so dim(S) = dim((D — Dy)) =
™ (D — D), and (4.4.1) holds. Now suppose that n > 1 and that (4.4.1)
holds for n — 1. Then

dim(S) = dim(S/(Dy)) +dim(S N (Dy))

n—1
=Y "By, ((D—Dx) = Di) — (n—2)r(M[D/Dy))
i=1
+ dim((D — Dy) N (D))
n—1

i=1
n—2)rm(Dn) +m(D — Dn) +rm(Dn) — (M)
by Prop. 3.6.7
= tm(D—Di)—(n—1)r(M)
i=1
Hence (4.4.1) holds. |

The following technical proposition allows the “local” replacement

of a contraction by a “finite” contraction. This result is applied in Sec-
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tions 5.3 and 6.4 and Cahpter 7.

Proposition 4.4.7. Let D = (D, E,{) be a configuration, let T determine a
contraction of D by X C E and let Y C n[D] be finite. Then there exist finite
Xo C X and n’ determining a contraction of D by Xo such that Y C 7/[D] and
i =" on for some projection 7" fixing im(7).

Proof. Write Y = {yj,...,Yn}. Then for each i, there exist di € D and
finite X; C X such that y; = di mod (€[Xi]). Let Xo = Ui X; and let
7’ be the projection of (D) along W = ({[Xy]) onto im(7) & U, where
(¢[X]) = U® W. Then 7’ determines a contraction of D by X, such that
Y C ©/[D]. Moreover, m = nt” o 7/, where ©” is the projection of (D) along
U onto im(7) & W. [ |

4.5 Connectivity

This section examines connectivity in configurations. Like many concepts
for configurations, it corresponds closely to its analogue for general inde-
pendence spaces. However, it may be defined without taking a difference
of dimensions (ranks in general), making it applicable even to infinite-di-
mensional configurations. This is because a suitable subspace can always
be induced, even if the configuration itself has a paucity of points in the
region whose dimension is to be determined (see Figure 4.3).

Definition 4.5.1. Let D = (D, E, {) be a configuration. Define Ap: {(X,Y) |
XUY =E} — wU{oo} by

Ap (X, Y) = dim((€[X]) N (L[Y]))
whenever X, Y C E are such that XUY = E, and define Ap: P(E) —

w L{oo} by
Ap(X) = Ap(X, E—X)
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Figure 4.3: A geometric representation of a configuration D exhibiting
a “split” into two flats X and Y. Even though (X) N (Y) N D is empty,
(X) N (Y) still exists as a set of points in the ambient vector space.

for every X C E. Then define kp: P(E) x P(E) — w U {oco} by
kp(X,Y) =infAp(X,Y) | X' C X, Y CY,XUY =E}.

for every X/, Y/ C E. The subscript “D” is omitted when there is no
ambiguity.

The following proposition lists some natural observations concerning

these connectivity functions.

Proposition 4.5.2. Let D = (D, E, ) be a configuration. Then

(1) Ap(X,Y) = Ap(L[X], LIY]) = Az (Xﬂ E(D),Yﬂ E(D)) whenever X, Y C E
are such that XUY = E,

(2) Ap(X) =Ap(UIX]) = A5 (XNE(D)) for every X C E, and

(3) kp(X,Y) = kp(LX], £lY]) = k5(XNE(D), YNE(D)) for every X, Y C E.
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So it suffices in the context of connectivity to simply view configura-
tions as subsets of their ambient vector spaces.

The next proposition is an analogue of Proposition 3.9.2 for configu-
rations.

Proposition 4.5.3. For every configuration,
(1) A(-, ), A(-) and (-, - ) are each symmetric, and
(2) x(-, ) is increasing in each of its arguments.

The following proposition says that a subset of a configuration may
be replaced by its closure without affecting either A or k.

Proposition 4.5.4. Let D be a configuration. Then

(1) AMX,Y) =A(D N (X),Y) whenever X, Y C D are such that XUY =D,
(2) A(X) =A(DnN (X)) for every X C D, and

(3) x(X,Y) =«(Dn(X),Y) for every X, Y C D.

We now confirm that A and « for configurations coincide with their
analogues for general independence spaces in the finite-dimensional case
(that is, when the latter are defined).

Proposition 4.5.5. Let D be a finite-dimensional configuration. Then Ap =
)\M[D] and Kp = KM[D]-

Proof. Write D = (D, E,{) and let X, Y C E be such that XUY = E. Then

Ap(X,Y) = dim(

({€1X1) N (¢1YT))
= dim((¢[X])) 4+ dim((€[Y])) — dim(D)
X) 4+ tmip) (Y) — r(M[D])

i (
(X, Y).

Hence Ap = Apy[p). The result for « is then clear. [ |
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Submodularity then follows from Proposition 3.9.4.

Corollary 4.5.6. A( - ) is submodular for every finite-dimensional configuration.



Chapter 5
Further Notions

This chapter encompasses a trio of lesser-known topics. Each arose as an
appropriate tool for the solution of a particular problem for tree-decom-
positions of configurations (see Chapter 6). While this was the original
motivation, the ideas involved also have their own intrinsic merit. Con-

sequently some further development has been given.

5.1 Bridges

The aim of this section is to develop an analogue of a concept from graph
theory. Given a graph G and a subgraph X of G, the bridges of X in G (or
the components mod X of G) are the connected components of G — X (see
Figure 5.1). Some theory of bridges in graphs may be found on pp. 27-30
of | ]. Note that some authors use “bridge” to refer to an isthmus, an
edge that separates its endvertices.

The—perhaps initially surprising—difference in the matroidal setting
is the replacement of deletion by contraction. This can be understood by
considering graph G and its cycle independence space M(G). Deleting X

from G is equivalent to
(1) contracting Eg[X] in G, and then

69
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(2) deleting V[X/Eg[X]] from G/Eg[X].

As connectivity in M(G) corresponds to 2-connectivity in G (see p. 127
of [OxI04]), step (2) is unimportant from a matroidal perspective. So
deleting X from G effectively corresponds to contracting Eg[X] in M(G).

Figure 5.1: Bridges of X in a graph G.

Definition 5.1.1. Let M be an independence space on E. Define yym: E —
P(E) by
ym(e) ={ejU{f € E[(3C € E(M)){e, f} C C}

for every e € E. Then yp( - ) induces a relation ypm on E, given by ey f
if and only if e € ym(f). As usual, the subscript “M” is omitted when
there is no ambiguity.

Proposition 5.1.2. Let M be an independence space. Then 'y is an equivalence
relation on E(M).

For completeness, we reproduce the argument given for matroids on
pp- 124-125 of [Ox104].
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Proof. Clearly vy is reflexive and symmetric. So we demonstrate transitiv-
ity: suppose that e € y(f) and f € y(g), where e, f, g € E(M) are distinct.
Then g € y(f) by symmetry, so there exist C;, C; € €(M) such that e € Cy,
g € Cy and Cy N C; is non-empty. Without loss of generality, |C; U Cy| is
minimal. We wish to show that M has a circuit containing {e, g}. Aiming
for a contradiction, suppose otherwise.

Then C; # Cy. Let h € C; N Cy. By Strong Circuit Elimination, there
exists C3 € C(M) such that e € C3 C (C;UCy) —{h}. By hypothe-
sis, g ¢ C3. As C3 € Cj, there exists i € (C; —Cy) N C3. Applying
Strong Circuit Elimination again, we see that there exists C4 € €(M) such
that g € C4 C (CoUC3) —{i}. As Cq4 € Cy, necessarily C4 N (C3— Cy) # &,
so C1NCy # @. But CtUCy C (CLUCy) —{i}, s0 |[C1UCy| < |CLUCy,
contradicting the choice of (Cy, C2). Hence M has a circuit containing

{e, g}, and so vy is transitive. [ |

Definition 5.1.3. Let M be an independence space and let X C E(M).
Then an X-bridge of M is a yj/x-equivalence class. A connected compo-
nent of M is a @-bridge of M. A separator of M is a union of connected
components of M. The empty separator of M is @.

Let D be a configuration and let X C E(D). Then an X-bridge of D is an
X-bridge of M[D]. The notions of connected component, separator and

empty separator are then inherited from independence spaces.

It follows immediately from the definition that the connected compo-
nents of M are precisely its y-equivalence classes.

We now give some useful characterisations of unions of X-bridges,
which are separators when X is empty. We first consider “combining
bases.”

Proposition 5.1.4. Let M be an independence space on E, let X C E, let R C
E—Xand let R = (E—X) —R. Then R is a union of X-bridges of M if and
only if By UBx U By € B(M) whenever Bx € B(M|X) is extended by By to a
basis of M|(R U X) and (independently) extended by B, to a basis of M|(X LI R).
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Proof. Suppose that R is a union of X-bridges of M and let Bx € B(M|X).
Extend Bx by B; to a basis of M|(A LI X) and (independently) by B, to a
basis of M|(XLIfR). Let B = By LIBx LB, and suppose that B ¢ J(M). Then
B contains some C € C(M). In light of (C4), we may assume that |C — X| is
minimal without loss of generality. As fR is a union of X-bridges, C cannot
properly meet both R and R. So either C C B; LUBx or C C Bx LBy,
which is impossible. Thus B € J(M). As By L Bx and Bx LI By are maximal
J(M)-subsets of R LI X and X LI R respectively, B is a maximal J(M)-subset
of E, thatis, B € B(M).

Now suppose that B; LI Bx LI B, € B(M) whenever Bx € B(M|X) is
extended by B; to a basis of M|(f U X) and (independently) extended
by B, to a basis of M|(X U R), and that R is not a union of X-bridges
of M. Then there exist e € R and f € R such that f € yy/x(e). But
then there exists C € C(M) containing {e, f}. Each of CN% and CNR
is independent, so there exist (independent) extensions B; 2 C N R and
B, 2 CN R of some By € B(M|X) containing C N X to bases of M|(R U X)
and M|(XUR) respectively. It follows that C C By LIBx LI By, contradicting
the independence of By LI Bx LI By. Hence fR is a union of X-bridges of
M. [

Corollary 5.1.5. Let M be an independence space on E and let & C E. Then R
is a separator of M if and only if Bg UBg_g € B(M) whenever Bg € B(M|R)
and Bg_g € B(MJ(E — R)).

In the finite-rank case we have the following rank characterisation.

Proposition 5.1.6. Let M be a finite-rank independence space on E, let X C E
and let R C E — X. Then R is a union of X-bridges of M if and only if

rRUX) —1(X)+1(E—R) =r(M).

Proof. Suppose that R is a union of X-bridges of M. Let Bx € B(M|X).
Extend Bx by B; to a basis of M|(R LX) and (independently) by B, to
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a basis of M|(E — ). Then By UBx U By € B(M) by Proposition 5.1.4.

Consequently

|B1 UBx|—[Bx| + [Bx LI Ba| =1(M)
rRUX) —1(X)+1(E—R) =r(M).

Now suppose that r(R U X) —1(X) +1(E —R) = r(M). Let Bx € B(M|X).
Extend Bx by B; to a basis of M|(R LI X) and (independently) by B, to a
basis of M|(E —fR). Let B = B; LI Bx LI B,. Then

|B1 U Bx| — [Bx| + [Bx U Ba| = 1(M)
IB| = r(M).

Moreover, R LI X C cl(B; UBx) C cl(B) and (E—R) — X C cl(Bx L By) C
cl(B), so B spans E. Hence B € B(M), and so A is a union of X-bridges of
M by Proposition 5.1.4. [ |

Corollary 5.1.7. Let M be a finite-rank independence space on E and let & C E.
Then R is a separator of M if and only if

r(R)+r(E—RK) =r(M).

Similar to Corollary 5.1.5, “partitioning a basis yields bases.”

Proposition 5.1.8. Let M be an independence space on E and let & C E. Then
RKis a separator of M if and only if BN R € B(M|R) and B— R € B(M|(E—R))
for every B € B(M).

Proof. Recall that whenever B € B(M) and e € E(M) — B, the unique
circuit of M containing e and contained in B U {e} is denoted by C(e, B)
(see Proposition 3.2.3).

Suppose that £ is a separator of M. Let B € B(M). Then BN & C &
and B — & C E — R are each independent. Suppose that BN & ¢ B(MJ|R).
Then there exists e € & — B such that (B N K) U{e} € J(M). Consequently
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C(e,B) € R, so C(e, B) — R is non-empty, contradicting £ being a separa-
tor. Thus BN & € B(M|R). By symmetry, B— & € B(MJ|(E — R)).

Now suppose that BN & € B(M|]) and B — & € B(M|(E — &)) when-
ever B € B(M) and that R is not a separator of M. Then there exists
C € C(M) such that CN K and C — R are each non-empty. Let e € CNRK
and extend C —{e} to a basis B of M. Then BN & € B(M|R), so C(e, BN K)
is the unique circuit containing e that is contained in (B N &) U {e}. But
C is the unique circuit containing e that is contained in B U {e} , so
C = C(e,BNR) C R, contradicting C — K # &. Hence R is a separator of
M. [

In the finite-rank case, this result could easily have been derived from
Corollary 5.1.7. Combining the preceding results gives the following char-
acterisations of X-bridges.

Corollary 5.1.9. Let M be an independence space on E, let X C E and let
R C E — X. Then the following are equivalent:

(1) R is an X-bridge of M.
(2) R is a minimal non-empty union of X-bridges of M.

(3) R is non-empty and is minimal with respect to By LI Bx U By € B(M) when-
ever Bx € B(MIX) is extended by By to a basis of M|(R U X) and (indepen-
dently) extended by B, to a basis of M|(E — R).

If M has finite rank, these conditions are also equivalent to:

(4) Ris non-empty and is minimal with respect to r(RUX) —7(X) +1(E—R) =
r(M).

The next corollary is a special case of Corollary 5.1.9.

Corollary 5.1.10. Let M be an independence space on E and let K C E. Then
the following are equivalent:
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(1) K is a connected component of M.
(2) K is a minimal non-empty separator of M.

(3) Kis non-empty and is minimal with respect to Bx LU Bg_x € B(M) for every
Bx € B(M|K) and every Be_x € B(MJ(E —K)).

(4) Kis non-empty and is minimal with respect to BNK € B(M|K) and B—K €
B(M|(E —K)) for every B € B(M).

If M has finite rank, these conditions are also equivalent to:
(5) K is non-empty and is minimal with respect to r(K) +r(E — K) = r(M).

As B € B(M[D]) if and only if £[B] € B(D) for every configuration
D = (D, E, (), we have the following consequence of Corollary 5.1.9.(3).

Proposition 5.1.11. Let D = (D, E,{) be a configuration, let X C E and let
R C E—X. Then R is an X-bridge of D if and only if {[R] is an £[X]-bridge of D.

So it suffices in the context of bridges to simply view configurations
as subsets of their ambient vector spaces. The next result is used in Sec-
tion 6.1.

Proposition 5.1.12. Let D be a configuration, let X C D and let R C D —X.
Then R is a union of X-bridges of D if and only if

(RUX) N (D —R) = (X).

Proof. Suppose that R is a union of X-bridges of D. Clearly (X) C (R U
X) N (D —M). If this containment were strict and Bx € B(X) were ex-
tended by B; to a basis of /R U X and (independently) extended by B, to
a basis of D — R, then B U Bx LI B would be linearly dependent, contra-
dicting Proposition 5.1.4. Hence equality holds.

Noe suppose that (RUX) N (D —R) = (X). Let Bx € B(X). Extend Bx
by B to a basis of R U X and (independently) by B, to a basis of D —fA.
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Clearly B := By UBx LBy spans D. If B ¢ B(D), then there would exist
non-zero y € (Bx L B1) N (By). But then y € (Bx), contradicting the linear
independence of Bx LI B,. Hence B € B(D). [ |

Combining this result with Corollaries 5.1.9 and 5.1.10 and Proposi-

tion 5.1.11 yields the next two corollaries.

Corollary 5.1.13. Let D be a configuration, let X C D and let R C D — X. Then
the following are equivalent:

(1) Ris an X-bridge of D.
(2) R is a minimal non-empty union of X-bridges of D.

(3) R is non-empty and is minimal with respect to By U Bx U By € B(D) when-
ever Bx € B(X) is extended by By to a basis of RU X and (independently)
extended by By to a basis of D — R.

(4) R is non-empty and is minimal with respect to (RUX) N (D — R) = (X).
If D is finite-dimensional, these conditions are also equivalent to:

(5) R is non-empty and is minimal with respect to dim(R L X) — dim(X) +
dim(D — R) = dim(D).

Corollary 5.1.14. Let D be a configuration and let K C D. Then the following
are equivalent:

(1) K is a connected component of D.
(2) K is a minimal non-empty separator of D.

(3) Kis non-empty and is minimal with respect to Bx LI Bp_x € B(D) for every
Bk € B(K) and every Bp_x € B(D —K).

(4) K is non-empty and is minimal with respect to BN K € B(K) and B—-K €
B(D —K) for every B € B(D).
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(6) K is non-empty and is minimal with respect to (D) = (K) & (D — K).
If D is finite-dimensional, these conditions are also equivalent to:

(6) K is non-empty and is minimal with respect to dim(K) + dim(D — K) =
dim(D).

We now derive some further results concerning bridges, the first of
which follows immediately from Proposition 5.1.2.

Corollary 5.1.15. Let M be an independence space on E and let X C E. Then
the X-bridges of M partition € — X. In particular, the connected components of
M partition E.

Corollary 5.1.16. Let D be a configuration and let X C D. Then the X-bridges
of D partition D — X. In particular, the connected components of D partition D.

Proposition 5.1.17. Let M be an independence space and let X C E(M). Then
each X-bridge R of M either has the form cl(R) — cl(X) or is a singleton contain-
ing an element of cl(X) — X. In particular, each connected component K of M
either has the form cl(K) — L(M) or is a singleton consisting of a loop of M.

Proof. Let e € E(M) —X. If e € L(M/X), then vy x(e) = {e} and e €
clm (X) — X. So suppose not. Clearly vy x(e) € cdm(vym/x(e)) —clm(X).
Let f € clm(ym/x(e)) —clm(X). Then f € clyp/x(vm/x(e)) by (CL2) and
Proposition 3.6.8. Consequently either f € vy x(e), or by (3.5.1) there
exists C € €(M/X) containing both f and some g € yjy/x(e). In the
latter case, f € yp/x(g) by definition, so f € vy /x(e) by Proposition 5.1.2.
Hence vy /x(e) = cm(vm/x(€e)) — clm(X). The observation for connected
components of M follows on setting X = @. [ |

Corollary 5.1.18. Let D be a configuration and let X C D. Then each X-bridge
R of D either has the form D N ((R) — (X)) or is a singleton containing an element

of DN ((X) — X). In particular, each connected component K of D either has the
form D N ((K) —{0}) or is {0}.
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The following results involving closures are worth noting.

Proposition 5.1.19. Let M be an independence space, let X C E(M) and let R
be a union of X-bridges of M. Then

cd(RuX) =RUcl(X).
Proof. By (CL1) and Lemma 3.5.3,
R Ucl(X) Cc(RUCX)) =cl(RUX).

So let e € cl(R U X) and suppose that e ¢ SR U cl(X). Then there exists
C € €(M) such that e € C C RU X U{e}. In light of (C4), we may assume
that |C — X| is minimal without loss of generality. If C C XU {e}, then
e € cl(X), so CNR is non-empty. Let f € CNR. Then e € vy /x(f) by
Proposition 3.6.6, contradicting e ¢ R. Hence cl(RUX) CRUc(X). N

Corollary 5.1.20. Let M be an independence space and let & be a separator of
M. Then
cl(R) = RUL(M).

Corollary 5.1.21. Let D be a configuration and let X C D. Then for every union
R of X-bridges of D,

DN(RUX) =RU(DN(X)).
In particular, for every separator 8 of D,
DN (K) = KU (DN{0}).

Proposition 5.1.22. Let M be an independence space, let X C E(M) and let
M1 and Ry be unions of X-bridges of M containing no common X-bridge of M.
Then

cl(|1 UX) Nl UX) = cl(X).
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Proof.

cl(M UX) Ncl(Ry UX) = (MR Ucl(X)) N (R Ucl(X)) by Prop. 5.1.19
= (R1 NRy) U(X)
= cl(X) by Coroll. 5.1.15.

Corollary 5.1.23. Let M be an independence space and let K1 and K, be sepa-
rators of M containing no common connected component of M. Then

c(R)Ncl(Ry) = L(M).

Corollary 5.1.24. Let D be a configuration and let X C D. Then whenever Ry
and Ry are unions of X-bridges of D containing no common X-bridge of D,

DN (M UX) N (R UX) =D N(X).

In particular, whenever R and Ry are separators of D containing no common
connected component of D,

D N (K1) N (Ky) = DN{0}.

Proposition 5.1.25. Let M be an independence space on E, let X C E and let R
be a union of X-bridges of M. Then

c(R) Ncl(E—R) C c(X).
Proof. Immediate from Corollary 5.1.15 and Proposition 5.1.22. [

Corollary 5.1.26. Let M be an independence space on E and let £ be a separator
of M. Then
cd(R)Ncl(E—RKR) C L(M).
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Note that the converse of the last result does not hold (consider a

partition of a 4-circuit into two 2-element sets).

Corollary 5.1.27. Let D be a configuration and let X C D. Then for every union
R of X-bridges of D,

DN (M) N (D —-R) C DN(X).
In particular, for every separator £ of D,

DN (R) N (D —K) C Dn{0}.

5.2 Roundness

This section treats round independence spaces, which generalise com-
plete graphs. While complete graphs vary only in size, round indepen-
dence spaces also vary in form—a consequence of the greater generality
of the matroidal setting.

Definition 5.2.1. A split of an independence space M on E is a set {F, F’}
where F, F' € (M) —{E} are such that FUF' = E. The order of a split
{F,F'} is Am(F, F’) if M has finite rank, and undefined otherwise. A split
is a k-split if it has order k. An independence space splits if it has a split,
and is non-splitting or round otherwise.

A split of a configuration D is a split of M[D]. The order of a split {F, F'}
of D is Ap(F, F’). The notions of k-split, splits, non-splitting and round
are then defined as for independence spaces.

The terminology “splits” first appears in [ 1, while the terminol-
ogy “round” first appears in [ ]. As our interest is in those indepen-
dence spaces and configurations that do not split, we shall predominantly
use the positively-phrased “round.”

Clearly every independence space (configuration) having rank (di-

mension) at most 1 is trivially round. Round independence spaces may
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be characterised as in the next proposition, the first equivalence of which

was proven for matroids on pp. 11-12 of [ I

Proposition 5.2.2. Let M be an independence space on €. Then the following
are equivalent:

(1) M is round.
(2) M is round.
(3) E—H is spanning for every H € H(M).

Proof. The equivalence of (1) and (2) follows from the fact that E = F' UF
for some F, F/ € F(M) —{E} if and only if E(?\Z) = FUF for some F,
Fed (/I\7l) — E(M) So we demonstrate the equivalence of (1) and (3).

Suppose that M is round. Let H € H{(M) and let F = cl(E — H). Then
E=HUF soas H # E and M is round, F = E. Consequently E —H is
spanning.

Now suppose that E — H is spanning for every H € H{(M). Let F,
F' € F(M) be such that FUF' = E and suppose that F is proper. Then
there exists H € H(M) containing F. But then E—H C E—F C F'is
spanning, so E = cl(E—H) C cl(F') =F C E. Hence F' = E, and so M is

round. [ |

If M were a matroid, E — H in Proposition 5.2.2.(3) would be a co-
circuit—that is, a circuit of the dual matroid M* of M (see pp. 68-70 of
[ ). We cannot make such an identification for arbitrary M, as the
class of independence spaces does not possess a reasonable notion of du-
ality (see pp. 260-261 of [ D.

Recall that a hyperplane of a vector space U is a maximal proper sub-
space of U. Then we have the following characterisation of round config-

urations.

Corollary 5.2.3. Let D be a configuration having point set D. Then the follow-
ing are equivalent:
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(1) D is round.

(2) D is round.

(3) D is round.

(4) D is not contained in the union of any pair of proper subspaces of (D).
(5) (D —H) = (D) for every hyperplane H of (D).

As a consequence of the first equivalence in Corollary 5.2.3, without
loss of generality we may simply view configurations as subsets of their
ambient vector spaces for the remainder of this section.

The next corollary follows immediately from the fact that no vector

space is contained in the union of a pair of its proper subspaces.

Corollary 5.2.4. Vector spaces are round. Additionally, M[V] is round for every
vector space V.

The following proposition provides a sufficient condition for when
roundness of a minor certifies roundness. It was proved for matroids on
pp- 11-12 of | ].

Proposition 5.2.5. Every independence space having a round spanning restric-

tion is round.

Proof. Let M be an independence space on E and let X C E be spanning
and such that M|X is round. Suppose that M splits. Then E = FUF’ for
some F, F' € F(M) —{E}. Now,

XNc(FNX) € XNcl(F) =XNFCX.
So FNX € F(M[X) by Corollary 3.5.6. If FN X = X, then

FCE=d(X)=cl(FNX) Ccl(F) =F
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contradicting F # E. Thus FN X # X. By symmetry, FFNX € F(M|X) —
{X} also. As X = (FNX)U (F' nX), it follows that M|X splits, which is
impossible. Hence M is round. [

Corollary 5.2.6. Every configuration D containing round N such that (N) =
(D) is round.

In light of Proposition 5.2.5, the next result provides a condition under
which roundness of an independence space can be certified by roundness
of a submatroid. This is particularly useful when a finite certificate is

necessary.

Proposition 5.2.7. Every finite-rank round independence space has a finite
round spanning restriction.

Proof. Let M be a finite-rank round independence space on E and let
X C E be finite, spanning and lexicographically minimal with respect to

s(X) = (so(X), ..., sy m)—2(X))

where sy (X) is the number of k-splits of M|X for each k.

Suppose that M|X splits. Let k be the least order for which M|X has a
split and let {X1, Xy} be a k-split of M|X.

As M is round, {cIpm(X1),clm (X)) is not a split of M, so there exists
e € E— (cdm(X1) Ucm(Xz)). Let X! = XU {e}. Clearly X’ spans M and is
finite. We argue that s(X’) < s(X), thus establishing the result by contra-
diction.

(1) {F{ —{e}, F, —{e}} is a split of M|X having order at most k whenever {F{, F}}
is a split of M|X’ having order at most k.

Let {F{, F}} be a split of M|X" having order at most k. As F; € F(M[X’),
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it follows from Corollary 3.5.6 that

X'Ncly(F) CF CX
(X" —{e}) Nclm(F] —{e}) € F{ —{e} C X' —{e} by (CL2)
XN CIM(F{ —{e}) C F{ —{e} C X.

Thus F{ —{e} € F(MIX) by Corollary 3.5.6. If F{ —{e} = X, then

X' =X"Nncm(X)
= X"Nclpm(F] —{e})

= clpx(F1 —{e}) by Prop. 3.5.5
€ clypo(F) by (CL2)

_F

c X’

—a contradiction. Thus F{ —{e} # X. It follows by symmetry that
F, —{e} € F(MIX) —{X} also, and so {F] —{e}, F, —{e}} is a split of M|X.
Finally,

Amix (F1 —{e}, Fp —{e}) = rpx(Fp — {e}) + rmx(F, — {e})
—1(M[X)
= m(F1 —{e}) +rm(Fy —{e}) = mm(X)
< mm(Fp) +rm(F) —mm(X)
= ryyxe (Fp) 4 Twgxe (Fa) = 1(MIXT)
(

= }\M|X/ F{,Fé)

The claim follows. O

So as M|X has no splits having order at most k — 1, neither does M|X'. If
M|X’ has no k-splits, then clearly s(X') < s(X). So suppose otherwise.

(2) Whenever {Fy, F2} is a k-split of M|X, there exists at most one k-split {F{, F}}
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of MIX" such that {F{ —{e}, F} —{e}} = {Fy, Fa).

For suppose that there are two distinct k-splits of M|X' satisfying the
hypothesis of (2). Then these are some pair of {Fy, F» Li{e}}, {F1 U{e}, F2}
and {F; U {e}, F, U{e}}. Consequently there exists i for which F;, F; U
{e} € F(MIX'), and so Tm(Fi U{e}) = rm(F;i) + 1. But then there exists
j such that rM(Fj’) = rM(Fj’ —{e}) +1, where {F, F}} is one of the pair
of k-splits of M|X’. Thus

(
=rm(F1) +rm(F2) —Tm(X)
= M (F1) +mm(F2) —m(X) as X spans M
<tm(F1) +m(F2) —rm (X)) +1
< tm(Fp) +rm(Fy) — (X))

—a contradiction. The claim follows. O

Consequently M|X’ has at most as many k-splits as M|X. So as {Xj, Xy} is
a k-split of M|X not obtainable from a k-split of M|X’ by deleting e, M|X’
has strictly fewer k-splits than M|X. As both have no splits of order at
most k — 1, it follows that s(X’) < s(X), completing the proof. |

Corollary 5.2.8. Every finite-dimensional round configuration D contains finite
round N such that (N) = (D).

The following result was proved for matroids on pp. 11-12 of [ I

Proposition 5.2.9. Every contraction of a round independence space is round.
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Proof. Let M be a round independence space on E, let X C E and suppose
that M/X splits. Then E—X = FUF’ for some F, F' € F(M/X) —{E — X}
Consequently E = (XU F) U (XUF’). It then follows from Corollary 3.6.9
that XUF, XUF’ € F(M) —{E}, contradicting the roundness of M. Hence
M/X is round. [ |

Corollary 5.2.10. Every contraction of a round configuration is round.

Proof. Let D be a round configuration and let X C D. As D is round, M[D]
is round. Proposition 5.2.9 shows that (M[D])/X is round, so (M[D/X])\X
is round by Proposition 4.4.5. But then M[D/X] is round by Proposi-
tion 5.2.5, so D/X is round. [ |

Recall that a triangle is a circuit of size 3, and for every set I, the
collection of all 2-element subsets of I is denoted by [I]2.

It is reasonable to ask which frequently encountered classes of in-
dependence spaces are round. One such class are the Dowling cliques,

which were introduced for matroids in [ ].

Definition 5.2.11. A Dowling clique is an independence space M having
E(M) = BUX, where B ={b; |i €I} € B(M) and X = {xj | ] € [1]*} are
such that {b;, bj, x;; } is a triangle whenever 1, j € I are distinct. The joints
of M are the elements of B.

A configuration D is a Dowling clique if M[D] is a Dowling clique. The
joints of D are the joints of M[D].

The next proposition was proved for finite Dowling cliques on p. 13
of [ I

Proposition 5.2.12. Dowling cliques are round.

Proof. Let M be a Dowling clique on E with set of joints B and let X = E —
B. Suppose that M splits. Then E = F; UF, for some Fy, F, € (M) —{E}.
For each i, let Bi = BNF;. Then as F; # E, necessarily B; # B. So B; —B3_;
is non-empty. Let b; € By —Bz_;. Then there exists x € X such that
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{b1, by, x} is a triangle. If x € F;, then bs_; € F;, and thus b;_; € B;, which
is impossible. Consequently x ¢ F; U F;, contradicting F; UF, = E. Hence
M is round. [ |

Dowling cliques arise from complete graphs. Recall that a graph is
complete if every distinct pair of its vertices are linked by exactly one
edge. A clique is a complete subgraph of a graph. On considering the set
of edges incident on some fixed vertex of a complete graph, it is easily
seen that:

Proposition 5.2.13. Let K be a complete graph. Then M(K) is a Dowling clique.
In particular, it is round.

Consequently (graph) cliques give rise to Dowling cliques, and so
round subindependence spaces generalise (graph) cliques. This relation-
ship later helps motivate the formulation chosen for a matroidal notion
of chordality in Section 5.3.

Another class of round independence spaces is a subclass of the uni-
form independence spaces, which are introduced below.

Definition 5.2.14. Let m € w, let 3 > m be a cardinal and let E be any set
having cardinality 3. Then the uniform independence space of rank m on f3
elements, denoted Uy, g, is (E,{X C E : [X| < m}).

Proposition 5.2.15. Let m € w and let 3 > m be a cardinal. Then U, g is an
independence space that is defined uniquely up to isomorphism.

Proof. Let U g = (E,{X C E: [X] < m}) for every set E having cardinality
3. Clearly U,,  satisfies (I1)—(I3), so we establish (I4). Let X C E be such
that Y € J,,, ¢ for every finite Y C X. Then X contains no (m + 1)-element
subsets, so X € J, g and (I4) holds.

Whenever E and E’ are two sets having cardinality {3, there exists a
bijection ¢: E — E’, and clearly X € I, ¢ if and only if ¢[X] € T /.
Consequently U, g = Uy, gr. [ |
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On allowing infinite m in Definition 5.2.14, two possibilities arise. If
m = (3, a class of isomorphic free independence spaces is obtained, while
if m < f3, the definition of independence fails to satisfy (I4). Consequently
only finite values of m are considered in Definition 5.2.14.

The next result was noted for matroids in [ ].

Proposition 5.2.16. Let m € w and let 3 > m be a cardinal. Then Uy, g is
round if and only if B > 2m — 1.

Proof. If m = 0, then U, is trivially round and clearly $ > 2m — 1.
So suppose that m > 1. The hyperplanes of U,, g are precisely its (m —
1)-element sets. If 3 > 2m — 1, the complements of these each contain at
least m elements and thus span, while if 3 < 2m — 1, the complements
each contain at most m — 1 elements, and thus do not span. The result
then follows from Proposition 5.2.2.(3). |

Considering {Uym+12m+1 | M € w}, we see that there exist round
matroids of arbitrarily high rank having no non-trivial proper round
restrictions—a consequence of the sparsity of these matroids.

Further material on round matroids may be found in [ ].

5.3 Chordal Saturation

This section develops an analogue of another concept from graph the-
ory. Given a graph G and a cycle C of G, a chord of C is an edge
e € E(G) —E(C) such that e C V(C) (see Figure 5.2). A graph is chordal
(or triangulated) if each of its cycles has a chord.

Chordality plays a fundamental role in K¥iZ and Thomas’ proof of
Theorem 1.1.6 in [ ]. They use it to formulate a locally verifiable
property certifying when a graph is globally tree-like. This is necessary
for a subsequent application of Rado’s Selection Lemma. As our aim is to
establish an analogue of Theorem 1.1.6 for configurations (namely Theo-

rem 7.1.1), it is natural to investigate chordality for configurations.
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Figure 5.2: A cycle C having chord e.

While chordality is relatively well-understood for graphs, little work
has been done on matroidal chordality. This may be partly due to the dif-

ficulty of formulating a universally applicable definition: different objec-

tives have resulted in different definitions—see | , 11 ,
]and [ ] for three of these. The approach taken here is closest
to that of [ ], which is also motivated by tree-decompositions.

Recall that the cliqgue number of a graph G, denoted w(G), is
w(G) = sup{|K| : K is a finite clique of G}.

A chordal graph having finite clique number is a tree-like union of
cliques. That is, it has a tree-decomposition in which each bag induces
a clique (see pp. 88-89 of [ ). As round subindependence spaces
generalise cliques, this suggests that a reasonable notion of “chordal con-
figuration” might be “a tree-like union of round subconfigurations.” For-
mally, we would define a configuration to be “chordal” if its restriction to
any bag of some fixed tree-decomposition was round.

The difficulty with this is a potential lack of density: two round sub-
configurations N and N’ having (N) N (N’) # {0} may share few points,
or even be disjoint (see Figure 5.3). In contrast, the intersection of two

cliques K and K’ in a chordal graph is another clique on V(K) N V(K')—
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there is no drop in “dimension.”

Figure 5.3: A geometric representation of a configuration containing dis-
joint copies N and N’ of M(Ky) for which dim((N) N (N’)) = 2.

The configuration’s ambient vector space can be exploited to over-
come this difficulty by imposing the requirement that all maximal round
subconfigurations be entire subspaces.

Definition 5.3.1. Let D = (D, E, {) be a configuration and let:

(CS1) (Chordality) Whenever C € C(D) has size at least 4, there exist dis-
tinct ¢, ¢/ € Cand e € E such that {c,c’, e}, (C—{c,c’}) U{e} € C(D).

(CS2) (Saturation) (N) C D for every round N C D.

Then D is chordal if Chordality holds, saturated if Saturation holds and
chordally saturated if both hold.

The following proposition is easy to establish.
Proposition 5.3.2. Let D be a configuration having point set D. Then

(1) D is saturated if and only if D is saturated, and
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(2) D is chordal if and only if D is chordal.

Consequently there is no loss of generality in simply viewing configu-
rations as subsets of their ambient vector spaces for the remainder of this
section.

Proposition 5.3.3. Every chordally saturated configuration is a non-empty
union of subspaces. In particular, it contains 0.

Proof. Let D be a chordally saturated configuration and let d € D. Then
{d} is round, so (d) C D by Saturation. Consequently D is a union of
subspaces. To see that this union is non-empty, observe that @ is round,
so (@) = {0} C D by Saturation. [ |

Chordal saturation is not usually preserved by unions or intersections.

Example 5.3.4. Let {by, by, b3, bs} be a basis for a 4-dimensional vector
space.

(1) Let D = (b1) U (by) U(by 4+ by) U (bs) U (byg) U (by + b3 + by). The maxi-
mal subspaces contained in D are trivially chordally saturated. While
D contains a Dowling clique having joints by and by, (b1, by) € D, so
D is not saturated. The circuit {bq, b3, by, b1 + b3 + by} certifies that D
is not chordal.

(2) Let Dy = (by, bz) U (b1 + by, b3) and let D, = (by, bs) U (b1 + bs, by).
Clearly each Dj is chordally saturated. However, D; N Dy = (bg) U
(bz) U (b3) U (b1 4+ by + b3) is not chordal for the same reason as D in
(1). [ |

However, Saturation is easily seen to be preserved under intersection.

Proposition 5.3.5. Every intersection of saturated V-confiqurations is satu-
rated.

Chordal saturation is preserved on “restricting to a vector space.”
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Proposition 5.3.6. Let D be a chordally saturated V-configuration and let U <
V. Then D N U is chordally saturated.

Proof. Let C € €(D NU) have size at least 4. Then C € (D), so by
Chordality for D there exist distinct ¢, ¢’ € C and d € D such that{c,c’, d},
(C—{c,c'Hu{d} € €(D). As d € ({c,c’}), clearly d € U. Consequently
{c,c/,d}, (C—{c,c'HU{d} € €(DNU), and so Chordality holds for D N U.

Now let N € D N'U be round. Then (N) C D by Saturation for D, so
(N) € D N U. Hence Saturation holds for D N U. |

It is well known that finite chordal graphs may be characterised as
those graphs that can be constructed recursively by pasting along cliques,
starting from complete graphs (see p. 127 of [ ). We now work
towards a similar characterisation for finite-dimensional chordally satu-

rated configurations, starting with the following proposition.

Proposition 5.3.7. Let D be a chordally saturated configuration and let V, W <
(D) be such that D CVUW, V=(DnN((V-W))and W= (DN (W-—-V)).
Then VNW C D.

Proof. It follows from Proposition 5.3.3 that 0 € D. Consequently the
result holds if VN'W = {0}. So suppose otherwise. Let z €¢ VNW and
suppose that z ¢ D. Then z is non-zero and there exists minimum-sized
X =1{x1,...,xm} € DN (V—W) such that XU {z} is linearly dependent.
Similarly, there exists minimum-sized Y = {yy,...,un} € DN (W —V)
such that Y LU {z} is linearly dependent. So there exist non-zero scalars p,

eery W, &1, - .., & such that
m n
z= Z Hixi = Z &Yy
i=1 j=1

It follows that X UY is linearly dependent, and so it contains some C €
C(D). As X is independent, some y; € C. If [CNY| = 1, then y; €
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(C—{y;}) €V, contradicting y; ¢ V. Consequently |CN Y| > 2. Similarly,
CNX| > 2.

It follows that |C| > 4. So by Chordality, D contains a linear combi-
nation of a pair of distinct elements of C. The choices of V, W, X and Y
ensure that these elements both belong to V without loss of generality. It
follows from Saturation that their span is contained in D, contradicting
the minimality of m. Hence z € D, and so VAW C D. [ |

Corollary 5.3.8. Let D be a chordally saturated configuration and let V, W <
(D) be such that D C VUW and VNW is minimal. Then VNW C D.

Proof. Let V' = (DNV) and let W = (DN W). Then V', W < (D)
are such that D € VVUW' and V' NnW' C VN W. It follows from the
minimality of VNW that V' NnW' =VnW.

Let V/ = (DN (V' —W’)) and suppose that V' # V/. Then there
exists non-zero V, < (D NV'NW') such that V' = V] @ V;. But then V],
W’ < (D) are such that D C V/UW'and ViNW' C V' NnW' =VnW,
contradicting the minimality of VNW. Thus V/ = V;. Similarly, W’ =
(DN(W'—=V’)),and so VAW =V'NnW' C D by Proposition 5.3.7. R

Definition 5.3.9. Let D, D; and D, be configurations and let D; be the
point set of D; for each i. Then D arises by pasting D and D, together
along D1NDyif D=DyUDy and <D1> N <D2> C D1 NDj.

Note that whenever D arises by pasting D1 and D, together along
D1 N Dy, it is necessarily the case that 0 € D; N Ds.

Proposition 5.3.10. Every finite-dimensional chordally saturated configuration
can be constructed recursively by pasting along subspaces, starting from sub-
spaces.

Proof. Let D be a finite-dimensional chordally saturated configuration.
Suppose that D is not a subspace and that all chordally saturated con-
figurations having strictly smaller dimension can be constructed recur-
sively as stated. Then by Saturation there exist V, W < (D) such that
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D C VU W. Without loss of generality, VN W is minimal. It follows from
Proposition 5.3.6 that each of DNV and D N'W is chordally saturated,
and so can be constructed recursively as stated. Moreover, VN'W C D by
Corollary 5.3.8, so D arises by pasting D NV and D N W together along
the subspace VN W. |

The converse of this result also holds. It is derived in Proposition 6.4.3.
We now examine the preservation of chordal saturation under contrac-

tion.
Proposition 5.3.11. Every contraction of a chordal configuration is chordal.

Proof. Let D be a chordal configuration, let X C D and let 7t determine a
contraction of D by X. Let C = {cy,...,cm} € D having m > 4 be such
that 7[C] € C(n[D]) and 7t(ci) # 7t(c;) whenever i # j. Then there exist

non-zero scalars yy, ..., Wy such that

m

Z uit(ci) =0

i=1

m
Z HiCq € <X>
i=1

So there exists C’' = {c{,..., ¢/} € X such that CUC’ € €(D) and

m n

Zuici—f—zajcj/ =0

i=1 j=1

for some non-zero scalars &, ..., &. Re-indexing without loss of gener-
ality, either ¢* := pycq + ppcp € D or ¢f = pycq + &1¢1 € D by Chordality.
In the first case, m[{cy, co, c*}], ml{c*, c3,...,cm}] € C(n[D]), so Chordality
holds. In the second, as 7t(c{) = 7t(c1), we may redefine ¢ = c{, effec-
tively reducing [C'| by 1. As |C’| € w initially, it follows by induction that
the first case must be realised. [ |
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Proposition 5.3.12. Let 7t determine a contraction of a chordally saturated con-
figuration D some by finite-dimensional X. Then for every round N’ C m[D],
there exists round N C D such that N’ = nt[N]. In particular, i[D] is saturated.

Proof. In light of Proposition 4.4.4.(2), it suffices to establish the result for
X ={x} € I(D). So let U = (N’) @ (x). It follows from Proposition 5.3.6
that D N'U is chordally saturated. If D N'U is round, then the result follows
on setting N = D N U. So suppose otherwise.

Then there exist V, W < U such that D n'U C VU W. Without loss of
generality, V= (DN (V—-W)) and W = (DN (W —-V)). Soas DNU is
chordally saturated, VN'W C D N U by Proposition 5.3.7.

If x € VNW, then N’ would split. Thus x ¢ VNW. Without loss
of generality, x € V—W. As N’ does not split, W is a hyperplane of
U. Consequently both W and (N’) are complements of (x) in U (see
Figure 5.4).

L

\

Figure 5.4: Proof of Proposition 5.3.12.

As VNW C D, it follows that every point of N is the -image of some
point in D N'W. So there exists round N C D N'W such that N’ = wt[N].
Finally, (N) C D by Saturation, so (N’) C n[D]. [ |
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Combining Propositions 5.3.11 and 5.3.12 gives the next corollary:.

Corollary 5.3.13. Every contraction of a chordally saturated configuration by a
finite-dimensional set is chordally saturated.

Proposition 5.3.14. Let 7t determine a contraction of a chordally saturated con-
figuration D. Then for every finite-dimensional round N’ C 7t[D], there exists
round N C D such that N’ = nt[N]. In particular, (N') C wt[D].

Proof. Let m determine a contraction of D by X. If dim(X) € w, then
the result follows from Proposition 5.3.12. So suppose that dim(X) = oo.
Then by Corollary 5.2.8 there exists finite round N) € N’ such that (Nj) =
(N’). Tt follows from Proposition 4.4.7 that there exists ' determining
a contraction of D by some finite Xg € X such that N) € «'[D] and
n=n"om’ for some projection 7" fixing im(7). So by Proposition 5.3.12,
there exists round Ng C D such that N = 7/[Ng]. As 7" fixes im(7r) 2 Nj,
it follows that N, = mt[Ng]. So by Saturation,

| U

\/

(No

7[(No)]
[Nol)
)
)-

| U

= (7
= {
= {

z Z
-~ O~

Hence there exists N C (Np) containing Ny such that N’ = nt[N]. Corol-
lary 5.2.6 shows that N is round. |

Combining Propositions 5.3.11 and 5.3.14 gives the following corol-
lary.

Corollary 5.3.15. Let D be a chordally saturated configuration and let X C D
be such that every round subconfiguration of D/X is finite-dimensional. Then
D /X is chordally saturated.



Chapter 6

Tree-Decompositions of

Configurations

This chapter discusses tree-decompositions of configurations. Some ele-
mentary results are given first, and then the main theorem is established
for the special case of finite configurations. This result is lifted to in-
finite configurations after appropriate development of the relationships
between round and chordally saturated configurations and tree-decom-
positions.

6.1 Definitions and Elementary Results

Intuitively, a tree-decomposition of an object (such as a graph, hyper-
graph, matroid or configuration) is a decomposition of that object into
parts of bounded size such that the parts fit together in a tree-like way.
The size of the largest part—called the width of the decomposition—
indicates how tree-like the decomposition is. When the width is small,
the decomposition is very tree-like, and vice versa.

Given a notion of tree-decomposition for a particular class of objects,
it can be determined how tree-like an object of that class is by finding the

least width among its tree-decompositions (if any). This is the object’s

97
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tree-width.

Tree-decompositions and tree-width were first introduced in this sense
as part of the Graph Minors Project of Robertson and Seymour. Robert-
son and Seymour defined both for finite graphs in [ ], the third article
in a series of 23. These definitions were subsequently generalised to fi-
nite rooted hypergraphs in [ l. It was only a matter of time until
tree-decompositions of infinite graphs were considered. They were first
treated in [ ] and have subsequently been investigated by Thomas

in particular.

Given the tremendous success of the theory of tree-decompositions of
graphs, it was natural to try to develop a similar theory for matroids. It
is not immediately apparent that this is possible, as the definition of tree-
decomposition given in [ ] relies heavily on vertices, which have no
obvious matroidal analogue. However, Geelen observed that an equiva-
lent definition could be formulated using only edges, thus opening the
way forward. As a result, definitions for both matroids and finite config-
urations were given by Hlinény and Whittle in [ I

The latter of these gives rise to Definition 6.1.2. It is convenient to first
introduce some further terminology. Recall that we write tt” for the edge

of a tree incident on vertices t and t’ (if it exists).

Definition 6.1.1. Let U be a vector space and let T be a tree. Whenever
o: V(T) — 8(U), we shall extend o to V(T) U E(T) by defining

o(e) = o(t)No(t)
for every e = tt’ € E(T). The subspaces displayed by t € V(T) are

> olt) (i€l

t’'eV(Ty)

where {T; | i € I} are the connected components of T — {t}. Similarly, the
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subspaces displayed by e € E(T) are

> ot)  (i=1,2)

‘tGV(Ti)

where Ty and T, are the connected components of T —{e}. Finally, the
subspace associated with G < T is

Z o(t).

teV(G)

Replacing these sums by unions yields the sets displayed by t, the sets
displayed by e and the set associated with G respectively.

Definition 6.1.2. Let D = (D, E, () be a U-configuration. Then a tree-de-
composition of D is a pair (T,0), where T is a tree and o: V(T) — 8(U),
satisfying:

(TD1) D € Usev(m) o(t).

(TD2) (Interpolation) S1 NSy C ofe) for every e € E(T), where S; and S,
are the subspaces displayed by e.

The vertex bags of (T, o) are
o(t) (te V(T))

and the width of t € V(T), denoted w(t), is dim(o(t)). Similarly, the edge
bags of (T, o) are
ole)  (e€E(T))

and the width of e € E(T), denoted w(e), is dim(c(e)). The width of (T, o)
is
sup{w(t) [t € V(T)}

and the tree-width of D, denoted tw(D), is the infimum of the widths of

the tree-decompositions of D. A tree-decomposition of D is optimal if it
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has width tw(D), and finite if its tree is finite. We denote the collection of

all tree-decompositions of D by TD(D).

Given a configuration D having point set D, it is always possible to
form a trivial tree-decomposition (T, o) of D by setting

(1) T=({t}, =), and
(2) o:{t} = 8((D)): t — (D).

In contrast, some definitions of tree-decomposition for other classes of
object admit the possibility that an object may not have a tree-decompo-
sition. For example, the uncountable complete graph Ky, has no (graph)
tree-decomposition (see p. 5 of | D).

The statement (TD1) is a non-triviality axiom requiring that a config-
uration be covered by each of its tree-decompositions. The Interpolation
axiom forces all of the connectivity between the “sides” of the configu-
ration displayed by an edge to “pass through” that edge’s bag (see Fig-
ure 6.1). This ensures that the decomposition has a tree-like structure.
Note that this requirement frequently results in a bag o(x) being strictly
larger than the span (o(x) N D) of those points of the configuration that it
contains.

As a configuration’s point set contains each of its subconfigurations’

point sets, we have the following unsurprising result.

Proposition 6.1.3. Let D be a configuration and let D' < D. Then TD(D) C
TD(D’). In particular, tw(D) > tw(D").

Alternately taking D’ = D and D’ = D in Proposition 6.1.3 (where D
is the point set of D) gives the next corollary.

Corollary 6.1.4. Let D be a configuration having point set D. Then TD(D) =

TD(D) = TD(D). In particular, tw(D) = tw(D) = tw (D).
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Figure 6.1: A sketch of a tree-decomposition of a configuration. Large
discs, squares and dashed lines are intended to suggest vertex bags, con-

figuration points and connectivity respectively.

In light of Corollary 6.1.4, without loss of generality we may simply

view configurations as subsets of their ambient vector spaces for the re-

mainder of this section.

Motivated by an observation regarding tree-decompositions of graphs,

we now derive an alternative characterisation of Interpolation. Like a

tree-decomposition of a configuration, a tree-decomposition of a graph

has an interpolation property requiring that all of the graph’s connectiv-

ity! “pass through” the decomposition’s bags in a manner consistent with

the decomposition’s tree structure. In particular, deleting a (vertex) bag

separates the “branches” of the decomposition (see Figure 6.2). Moreover,

if it did not, there would be a path between two distinct “branches” of the

decomposition not passing through the bag of interest—that is, interpo-

INow concretely embodied by paths.
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lation would fail. So interpolation corresponds precisely to the property
of “cracking” a tree-decomposition of a graph on a (vertex) bag always

separating the decomposition.

\
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.

o

\\\\\\\\
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/ %
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Figure 6.2: Deleting a (vertex) bag from a tree-decomposition of a graph
separates the decomposition.

The key difference in the configuration context is use of contraction
instead of deletion. This is necessary in order to preserve the desired
separation property (see Figure 6.3). Some further explanation of this
possibly striking correspondence is given in Section 5.1.

We first require a definition.

Definition 6.1.5. Let D be a configuration, let X C D and let {R; | i € I}
be a collection of subsets of D. Then {R; | i € I} meet properly at X if
R — (DN (X)) | i € I} are pairwise disjoint unions of X-bridges of D.?

Proposition 6.1.6. Let o: V(T) — 8(U), where T is a tree and U is a vector
space. Then (T, o) satisfies Interpolation if and only if it satisfies:

%Bridges are discussed in Section 5.1.
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F»

Figure 6.3: A geometric representation of a configuration in which con-
tracting e separates F; and F,, while deleting e fails to do so.

(TD2') (Proper Meeting) For every t € V(T), the subspaces {S; | i € 1} dis-
played by t meet properly at o(t) in o(t) U Ui Si

Proof. Suppose that (T, o) satisfies Interpolation. Let t € V(T), let {S; |1 €
I} be the subspaces displayed by t and let j € I. Then

o(t) € ((S;— o(t) Uolt))

<< UUS) (S;— ot ))>
iel
g< UUS> t)+S;)
i#
=o(t)+ (Sj N <G(t) U U Si>> by the Modular Law

i#
= o(t) by Interpolation.

It follows from Proposition 5.1.12 that S; — o(t) is a union of o(t)-bridges
of o(t) Ui Si- Hence Proper Meeting holds.

Now suppose that Proper Meeting holds. Let t € e € E(T) and let S;
and S be the subspaces displayed by e. Without loss of generality, S; is a
subspace displayed by t. Let {S' | i € I} be the other subspaces displayed
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by t. It follows from Proper Meeting that (St—o(t) |ie IJu{S —o(t))
are pairwise disjoint unions of o(t)-bridges of D := o(t) US; UJ;; S So
by Proposition 5.1.12,

o(t) = ((S1 - o(t)) Uo(t) ) N (D~ ($1 - o(t) )

DSN <G(t) U Usi>

iel
=51N8S,.

It follows by symmetry that S NSy C o(e). Hence Interpolation holds.
|

Of course, it is also possible to examine the effect of contracting an
edge bag. This leads to the following separation result. Its well-known

analogue for tree-decompositions of graphs is given on p. 320 of [ I

Proposition 6.1.7. Let (T, o) be a tree-decomposition of a configuration, let
V= Ztevm o(t)and let e € E(T). Write V = o(e) ® Uy = o(e) ® U, and let
m; be the projection of V onto U along o(e) for eachi =1, 2. Then if Sy and S,
are the subspaces displayed by e,

1 [S1] Nm[So] = {0}

Proof. Let x € m1[S1] Nmp[Sp]. Then for each i there exist s; € S; and
s{ € o(e) such that s; = s{ +x. Consequently s; = sy + (s§ — s5) € Sp, and
so s € o(e) by Interpolation. As 7t1(s1) = x, it follows that x = 0. [ |

The freedom to use any contractions by o(e) in the last proposition
reflects its fundamentally matroidal character.

The next proposition provides a means of obtaining a tree-decompo-
sition of a minor from a tree-decomposition of its ambient configuration.
More prosaically, it also allows us to restrict our attention to the subspace

spanned by a configuration.
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Proposition 6.1.8. Let D be a configuration, let X, Y C D be disjoint and
let (T, o) be a tree-decomposition of D. Let V = (D —X), let W = (Y) and
write V.= W @ U. Let 7 be the projection of V onto U along W and define
o’: V(T) — 8(U) by

o'(t) =n[VNo(t)]

for every t € V(T). Then (T,0’) is a tree-decomposition of D\X/Y having
o’'(e) = VN ale)l for every e € E(T) and w'(x) < w(x) for every x €
V(T)UE(T). In particular, the width of (T,c’) is at most the width of (T, o).

Proof. Clearly 7t determines a contraction of D\X by Y. It follows from
(TD1) for (T, 0) that D — X C VN Uyt 0(t), s0 D — X € Uyeyt) o' (1)
Thus (TD1) holds for (T, 0'), so we verify Interpolation.

Let e € E(T), let Z; and Z; be the sets displayed by e in (T, o) and let
S1 and S be the corresponding subspaces displayed by e in (T, ¢’). Write
W =W; +W,, where W; < (VN Z;) for each i. Then

S{ NS = (nlV N Z4]) N (nlV N Zy))
=n[(VNnZ)lNnnl{VNZy)] as 7t is linear

=UN(W+(VNZ))Nn(W+(VNZy)) by Prop. 2.2.5.(4)
=un (W+ ((W+(vnz1))n(vn2s))) by the Modular Law
=un (W+ ((Wz +{(VNZzZy))n{vn Zz))>
—un (W+W2 +((vnzy)n <szz>)> by the Modular Law
cun (W+ (Vn cr(e))) by Interpolation
= nlVNo(e)] by Prop. 2.2.5.(4)
C o'(e).

Hence Interpolation holds for (T, ¢’). In particular, o'(e) = 7t[V N o(e)] for
every e € E(T). The remaining observations are then clear. [

The next corollary is an immediate consequence of Proposition 6.1.8.
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Corollary 6.1.9. Let D be a configuration and let D’ < D. Then tw(D') <
tw(D) < dim(D).

One property that may be desirable of a tree-decomposition is the
absence of redundant bags. This idea leads to the following definition.

Definition 6.1.10. A tree-decomposition (T, 0) is irredundant if o(t) ¢
o(t’) whenever t, t’ € V(T’) are distinct.

The idea of irredundancy appears elsewhere in different contexts,
sometimes under a different name. For example, Adler calls irredun-
dant tree-decompositions of graphs “small” (see p. 9 of [ 1), while
Heule and Kullmann define irredundancy more generally for forest de-
compositions of finite hypergraphs (see pp.15-16 of | D

The next proposition says that finite tree-decompositions can always
be made irredundant. This is later extended to tree-decompositions hav-

ing finite width in Proposition 6.4.12.

Proposition 6.1.11. Whenever a configuration has a finite tree-decomposition
(T, o) of width w, it has a finite irredundant tree-decomposition (T', ') of width
w for which im(c”’) C im(o0).

Proof. Let D be a configuration having a finite tree-decomposition (T, o)
of width w and let T be the collection of all finite tree-decompositions
(T’, 0’) of D having width w and im(¢’) C im(0o). Clearly T is non-empty.
For every (T/,07) € T, let

J(T', ') = > 1(o(t), o(t")

Distinct t, t' € V(T’)

where

1 if XCY,and
1(X,Y) =
0 otherwise.

Then J counts the number of times that one bag of (T’, ¢’) is contained in
another. Clearly J(T/,0’) € w.
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Recall that whenever T is a tree and t, t' € V(T), the unique path in T
linking t and t’ is denoted tTt'.

Let (T/,0’) € T have J(T’,0’) minimal. Suppose that J(T',¢’) > 0.
Then there exist distinct t, t' € V(T) such that o(t) C o(t’). Write N(t) =
{t1,...,tn}, where t; is the neighbour of t in tTt'. Let

T" = (V(T') = {t}, (E(T') = {tty, ..., ttn}) Ultity, ..., trtn})

as shown in Figure 6.4 and set 0" = oly/(7.

Figure 6.4: Surgery on the tree-decomposition. The redundant vertex t is
replaced by edges incident on its neighbour t;.

Clearly (T”,0”) € 7. Moreover, J(T”,6”) < J(T’,0’), contradicting the
minimality of the latter. Hence J(T’,0’) = 0, and so (T, ¢’) is irredundant.
|

The next proposition shows that it is possible to induce a tree-decom-

position of a configuration whenever its points label the vertices of a tree.
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Proposition 6.1.12. Let T be a tree, let D be a configuration and let tT: D —
V(T). Define o: E(T) — 8((D)) by

ole) = (T 'V(T)) N (T 'V(T2))

for every e € E(T), where Ty and T, are the connected components of T — {e}.
Extend o to V(T) U E(T) by setting

olt) = (t"{th+ Y oftt)
t’eN(t)
for every t € V(T). Then (T, oly(r)) is a tree-decomposition of D.

Proof. The statement (TD1) clearly holds, so we consider Interpolation.
Let e € E(T), let Ty and T, be the connected components of T —{e} and

let S; and S; be the corresponding subspaces displayed by e. Then as
TIV(T) C UteV(Ti) o(t) for each i, clearly

<T_1V(T1)>H<T_1V(T2)>§< U c(t)>ﬂ< UTZ)c(t’)>

teV(Ty) t’'eV(
o(e) CS1NS,.

If t € V(Ty), then o(tt’) C <T*1V(Ti)> for every t' € N(t), so o(t) C
(t7'V(T;)). Consequently

< U G(t)> ﬂ< U cr(t’)> C{t V(M) n{t V(Ty))
) T2)

teV(Ty t'eV(
$1NSy C o(e).
Hence S; NSy = o(e), and so Interpolation holds.
This result suggests the following definition.

Definition 6.1.13. Let T be a tree, let D be a configuration and let t: D —



6.1. DEFINITIONS AND ELEMENTARY RESULTS 109

V(T). Then the tree-decomposition of D induced by T is the tree-decom-
position of D derived from T via Proposition 6.1.12. Moreover, a tree-de-
composition (T, o) of D is leaf-induced if there exists T: D — L(T) such
that (T, o) is the tree-decomposition of D induced by .

The results below investigate some properties of induced tree-decom-
positions. Several of these are used in Section 6.2 to obtain a tree-de-
composition of a finite configuration that “looks like” a branch-decom-
position. This permits the easy adaptation to tree-decompositions of an
argument for the existence of linked branch-decompositions.

Recall that a tree is cubic if each of its non-leaf vertices has degree 3.

Formally, a branch-decomposition of a matroid M is a pair (T, T), where
T is a finite cubic tree and t: E(M) — L(T). Each edge e € E(T) is
associated with a partition of E(M), namely (TV(Ty), v V(T,)}, where
Ty and T, are the connected components of T —{e}. The width of e, denoted
w(e), is Am(T7IV(T1)) + 1 = Am (T 1V(T2)) + 1. The width of (T,7) is

max{w(e) | e € E(T)}

and the branch-width of M is the maximum of the widths of its branch-
decompositions.

The next result provides the first step towards a “branch-decomposi-
tion-like” tree-decomposition by allowing the parallel classes of a config-

uration to be “injected into” the leaves of a tree-decomposition.

Proposition 6.1.14. Every tree-decomposition (T, o) of a configuration D may
be extended to a tree-decomposition (T', ") of D of the same width for which

{{(d)|de D} C{o'(t) |t e L(T"))
Moreover, if (T, o) and D are finite, then so is (T', o’).

Proof. Let I ={(d) | d € D} and let f be a choice function for {{t e V(T) |
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i C o(t)}| i€ I}. Then set

T =TU (W, {{f(),$(@)}|ie1})

where 1 is any bijection having domain I for which V(T) N[I] is empty.
Define ¢’ by o'|y(t) = 0 and ¢’ oy = id;. Then (TD1) clearly holds
and Interpolation follows from (¢’ oy)(i) =1 C (oo f)(i) for every i €
I. Consequently (T',0’) is a tree-decomposition of D. The remaining

observations are then clear. [ |

The next result says that a finite tree-decomposition can always be
altered so that its underlying tree has maximum degree three (in this
case the tree is said to be subcubic).

Proposition 6.1.15. Whenever a configuration has a finite tree-decomposition
(T, o) of width w, it has a finite tree-decomposition (T',c’) of width w such
that

(1) A(T") <3, and
(2) ol ) = o o for some bijection P: L(T) — L(T').

Proof. Let D be a configuration having a finite tree-decomposition (T, o)
of width w. Let T be the collection of all finite tree-decompositions (T’, ¢”)
of D having width w for which (2) holds. Clearly T is non-empty. For
every finite tree T’, let

J(T)= >  max{0,d(t)—3}
)

teVv(T’

Then ] counts the number of neighbours beyond 3 across the vertices of
T'. Clearly J(T') € w.

Let (T/,0’) € T have J(T') minimal. Suppose that J(T’) > 0. Then
there exists t € V(T') having d(t) > 3. Write N(t) ={ty,..., tn} and let T”
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be the tree having

V(T") = (V(T) = {t}) Uim(¢), and
E(T") = (E(T') — {tty,..., ttn})
L { lm(q))/{w(l)/tl}/ N’(Uztz}, {1])(2), t3}/ ce I{lb(z)ltn}}

as shown in Figure 6.5, where 1 is any bijection having domain {1, 2} for
which V(T') Nim() is empty.

Figure 6.5: Surgery on the tree decomposition. The high-degree vertex t
is replaced by an edge im(\) such that d(\{(1)) = 3.

Define ¢ by o"lv(1/)—; = 0'lv(r—y and (6" o) (1) = (6" 0)(2) =
o'(t). Clearly (T”,0"”) € T. Moreover, J(T") < J(T’), contradicting the
minimality of the latter. Hence J(T’) =0, and so A(T') < 3. [ |

Given a tree-decomposition of a configuration, the following result es-
tablishes the existence of “smaller” induced tree-decompositions of sub-

configurations.

Proposition 6.1.16. Let (T, o) be a tree-decomposition of a configuration D and
let D' < D. Then whenever t: D' — V(T) has d € (oo T)(d) for every d € D’
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and
T = U (d)Tt(d")
deD’
for some fixed d' € D', T induces a tree- -decomposition (T', ¢’) of D' such that
(1) o'(t) < o(t) for every t € V(T'), and

(2) o'(e) < o(e) for every e € E(T’).

Moreover, the width of (T',0’) is at most the width of (T, o), and (T',0') is

finite if D’ is finite.

Proof. The definition of T’ ensures that 7 is into V(T'), so T induces a

tree-decomposition (T',¢”) of D’, which is a tree-decomposition of D’ by

Corollary 6.1.4. We demonstrate (2) and then use this to establish (1).
Let e € E(T’), let T{ and T, are the connected components of T’ —{e},

and let T; and T, be the corresponding connected components of T — {e}.
Then

o’(e) = (T TV(T])) N ( 1V(T)))

<< U dﬂ>m< U dﬂ»
teV/(Ty) t'eV(Ty)

= o(e).

Thus (2) holds. Now let t € V(T’). Then

o) = (tHth+ )

t/ENT/( )

THh+ ) o by (2)

t’eNT(t)

< o(t).

Hence (1) holds. The remaining observations are then clear. [ |
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Taking D’ = D in Proposition 6.1.16 gives the next corollary, which
shows that we may often assume that a tree-decomposition is induced
without loss of generality.

Corollary 6.1.17. Let (T, o) be a tree-decomposition of a configuration D. Then
whenever t: D — V(T) has d € (ooT)(d) for every d € D and

T = | t(d)T(d)
deD

for some fixed d’ € D, T induces a tree-decomposition (T',¢”) of D such that
(1) o'(t) < o(t) for every t € V(T'), and
(2) o'(e) < o(e) for every e € E(T').

Moreover, the width of (T',0') is at most the width of (T,0), and (T',0’') is
finite if D is finite.

The next corollary is a useful consequence of Corollary 6.1.17.

Corollary 6.1.18. Every configuration having finite simplification and a tree-
decomposition of width w has a finite tree-decomposition of width at most w.

6.2 Linked Decompositions:
The Finite Case

We open this section with a simple consequence of Interpolation. Say
that a path is non-trivial if it contains at least one edge. Then we have the

following proposition.

Proposition 6.2.1. Let (T, o) be a tree-decomposition of a configuration D =
(D, E,{) and let P be a non-trivial path in T linking t1 and t,. Then

k(£71Xq,071X;) < min{w(e) | e € E(P)} 6.2.1)
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where X is the set associated with the component of T — E(P) containing t; for
each 1.

Proof. Let D be the point set of D. Then simply observe that the set of
subspaces displayed by each e € E(P) induces a split of D, one element
of which contains D N X; and the other of which contains D N X5. [ |

Recall that whenever T is a tree and t, t; € V(T), the unique path in
T linking t; and t; is denoted t; Tt,.

It is possible that (6.2.1) may be strict somewhere (or even everywhere)
in a tree-decomposition. However, if it holds with equality everywhere in
a tree-decomposition, then the decomposition can be used to certify min-
imum levels of connectivity between different “branches” of its configu-

ration. This important possibility that motivates the following definition.

Definition 6.2.2. Let (T, o) be a tree-decomposition of a configuration D =
(D, E,{) and let e; = tqt{, ep = tito € E(P), where P = t;Tt,. Then e; and
ey are D-linked if

K(€71X1,071X,) = min{w(e) | e € E(P)}

where X; is the set associated with the component of T — E(P) containing
t; for each i. A tree-decomposition (T, o) is D-linked or a linked tree-de-
composition of D if every pair of edges of T is D-linked. The collec-

tion of all linked tree-decompositions of a configuration D is denoted by
LTD(D).

This definition differs in three ways from that given for graphs on (for
example) p. 87 of | ], namely

e it uses the connectivity function k instead of vertex-disjoint paths,
e it uses the associated set X; instead of the bag o(t;), and

e it involves a minimum over edge bags instead of a minimum over
vertex bags.



6.2. LINKED DECOMPOSITIONS: THE FINITE CASE 115

The use of k is unsurprising, as vertex-disjoint paths are a concrete reali-
sation of connectivity in graphs. It is necessary to use the entire associated
set X; instead of o(t;) to allow for the possibility that o(t;) may be entirely
or partially “induced”—that is, not spanned by the points of the configu-
ration that it contains. Finally, the use of edge bags is a convenience that
eliminates the need to subdivide tree edges to work with vertex bags. It
has the added advantage of making the definition more closely resem-
ble that of branch-decompositions. This last property is exploited in the
proof of Theorem 6.2.5.

The next proposition is a consequence of Corollary 6.1.4 and Proposi-
tion 4.5.2.

Proposition 6.2.3. Let D be a configuration with point set D. Then LTD(D) =

LTID(D) = LTD(D).

So it suffices in the context of linked tree-decompositions to simply
view configurations as subsets of their ambient vector spaces.

Linked tree-decompositions were first introduced by Thomas for finite
graphs in [ ], where Theorem 1.1.5 was proven. Their importance
arises from their use in well-quasi-ordering proofs (see [ , D:
by certifying minimum levels of connectivity between the “branches” of
a tree-like object, they demonstrate that certain minors can be formed.
These can subsequently be used to obtain a finite certificate disproving
the existence of a minimal bad sequence.

Theorem 6.2.5 below is an analogue of Theorem 1.1.5 for configura-
tions. Its proof adapts an argument of Geelen, Gerards and Whittle given
in [ ].

A connectivity function is a symmetric submodular function P(E) — w,
where E is a finite set. It is easy to define branch-decompositions for such
functions. These generalise both branch-decompositions of finite graphs
and branch-decompositions of matroids. Geelen, Gerards and Whittle

proved the following theorem.
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Theorem 6.2.4 (Geelen, Gerards and Whittle). Every connectivity function
having branch-width w has a linked branch-decomposition of width w.

Our proof manipulates a tree-decomposition so that it “looks like” a
branch-decomposition, allowing the application of Geelen, Gerards and
Whittle’s argument. Working primarily with edge bags in this way avoids
some technicalities intrinsic to tree-decompositions, but leads to a width
bound that, while good, is probably not tight.

Theorem 6.2.5. Every finite configuration D has a finite linked leaf-induced
tree-decomposition (T, o) of width at most 2tw(D) for which A(T) < 3.

Proof. Let T be the collection of all finite leaf-induced tree-decompositions
(T, o) of D for which A(T) < 3.

(1) T contains a tree-decomposition of width tw(D).

D has a tree-decomposition of width tw(D), so it has a finite tree-
decomposition of width tw(D) by Corollary 6.1.18. It follows from
Proposition 6.1.14 that D has a finite tree-decomposition (T, o) of
width tw(D) for which D C ;¢ (1) o(t). In light of Proposition 6.1.15,
A(T) < 3 without loss of generality. It follows from Corollary 6.1.17
that D has a finite leaf-induced tree-decomposition (T, o) of width
tw(D) for which A(T) < 3. O

Let (T, o) be an element of T that is minimal with respect to the partial
order <g defined on p. 9. Such an element exists because 7T is non-empty
by (1). Suppose that (T, o) is induced by .

(2) max{w(e) | e € E(T)} < tw(D).

For suppose otherwise. Let k = max{w(e) | e € E(T)}. It follows
from (1) that T contains a tree-decomposition (T', ¢’) of width tw(D).
Clearly e(T.,) = e(T>1) and ¢(T,;) = c(T>1) for every 1 € Z.y. More-
over, e(T,,) < e(Txy), so (T',w') <g (T,w), contradicting the mini-
mality of (T, o). O
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For every subgraph G of T, let the set displayed by G be T'V(G). Then
let the sets displayed by e € E(T) be the sets displayed by the connected
components of T —{e}.

(3) (T, o) has width at most 2tw (D).

Lett € V(T). If t € L(T), then w(t) = dim((d)) for some d € D, so nec-
essarily w(t) < 2tw(D). If d(t) =2, then vt} = @, so o(t) = o(tt’)
for each t' € N(t). But then w(t) < 2tw(D) by (2). Lastly, suppose
that d(t) = 3. Then o(t) = Z%:l o(tt;y), where N(t) = {t1, tp, t3}. Then
by Proposition 4.4.6,

3
w(t) =) dim((D — D;)) —2dim(D)
i=1
where D; is the set displayed by the component of T — {tt;} not con-

taining t for each 1i. It follows from (2) that for each 1,

Di) N (D —Dy))
D)) +dim((D — Dy)) — dim(D)

Thus w(t) < 2tw(D) by Proposition 4.2.7. In this case, the factor of 2
allows for the possibility of non-trivial interactions between the edge
bags o(t1), o(tz) and o(t3). O

The remainder of our argument is the same as that given on pp. 273-275
of [ 1.

Suppose that (T, 0) is not D-linked. Then there exist e;, e; € E(T) that
are not D-linked. Necessarily e; # e;. For each 1, let T; be the component
of T —{e;} not containing e3_;, let D; be the set it displays and let t; be the
endvertex of e; such that e; € E(t1Tt,).
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Say that X C D splits Y C D if both XNY and Y — X are non-empty.
Note that it is possible that X splits Y but not vice versa. Let A C D — D,
contain D and be such that A(A) = k(Dy, Dy) and such that A splits as
few sets displayed by edges of T as possible.

Define a new tree T as follows: for each i, let T! be a copy of the
component of T —{e3_;} containing e;. We adopt a convention of denoting
the copy of x € V(T) U E(T) appearing in T! (if any) by x*. Connect T'
with T2 by a new edge t%t% joining t% to t% as shown in Figure 6.6. Clearly
A(T) <3.

BR[O HEEOO
T
O
. t1 OD;
m 1 ———- e, O
Dim t
|
HECOO | J EEEE
HE OO O 0
) O
142 t O
t1t2 1 0
—— —— 2
1 2 2
tZ t2
HE o0 OO

Figure 6.6: Surgery on the tree-decomposition. Black squares and white
squares are intended to suggest points in A and D — A respectively.
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Define #: D — L(T) by

{(T(d))l ifde A, and
T(d) =
(t(d))?* otherwise

for every d € D. Then 7 induces a tree-decomposition (?, 6) € 7. We
shall argue that ('T', 6) < (T, 0), contradicting the choice of (T, o). To do
so, we first establish the following claim.

(4) Let e € E(?) Then W(e') < w(e) for each i, with equality holding only if

e has at most one copy in 1A'>A(A)+1.

We may assume that i = 1 by symmetry. Let B be the set displayed

by the component of T — {e} not containing t;. Then
w(e) = dim((B) N (D — B)) = A(B)

and
w(el) =dim((ANB)N(D—(ANB))) =A(ANB).

So by the submodularity of A(-),

w(el) +A(AUB) < wle) +A(A)
=w(e) + k(D1, Dz)
<w(e)+A(AUB)
Wwie') <wle)

with equality holding only if A(AUB) = A(A). Now suppose that
W(el) =w(e). Then A(AUB) = A(A) and A(A N B) = A(B).

We argue that A does not split B. Suppose otherwise. Then the choice
of A ensures that A U B splits at least as many sets displayed by edges
of T as A does. As A UB does not split B, there exists a set C displayed
by an edge of T that is split by A UB but not by A. It follows that B
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splits C and A N C is empty. As A splits B, clearly B — C is non-
empty. As B and C are both displayed by edges of T and B splits
C, necessarily BUC = D. So as AN C is non-empty, A C B. Thus
Dy € B. Moreover, B C D—Dj asi = 1. So as e; and e, are not
D-linked,

k(Dq,D3) < A(B)
=A(ANB)
=A(A) asACB
= k(Dq,D3) by the choice of A

—a contradiction. Hence A does not split B.

So at least one of ANB and B — A is empty. As A(@) = 0, either

AMANB) <AA) or A(B—A) < A(A). Now, w(el) = A(ANB), and if

2

e~ exists, then

D AMAUB) ifee E(t1Tty), and
w(e) =
A(B—A) otherwise
A(A) if e € E(t1Tty), and
A(B—A) otherwise.
Consequently e has at most one copy in 'EM A)+1- O]

Let

K =min{k € Z_xa) | (VL€ Zoy) e(To1) = e(To1)).
It follows from (4) that for every | € Z-, each edge of T- has at most one
copy in T>1. As W(tit?) = A(A), clearly tit? ¢ E(T>K) soe(Tsk) = (T>K)
The choice of K ensures that e(T>;) = e(T>1) for every 1 € Z.x. Moreover,
c(Tx) < (T>1) whenever | € Z-x has e(Tx) = e(T>1)
As ( ,W) #£e (T, w), it follows that e(Ts) = e(;l) and c(Ts) =
C(A>1) for every | € Z-. In particular, e(Tsk) = (? k), s0 K=A(A)+1
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by definition.

As c(Toza)11) = c(?>;\(A)+1), each connected component of T>ya)41
is copied entirely and as one connected component in ?27\( A)+1- In par-
ticular, this is true of the connected component of T-)(a);; containing
t1Tty. But this is impossible, as e; has a copy only in Tt for each 1, and
t3t3 & E(Tua(a)41)- Hence (T, o) is D-linked. [ |

Although this theorem would provide an adequate foundation upon
which to well- (or even better-) quasi-order matroids representable over
a fixed finite field, it seems unlikely that it is “best possible.” As the
property of being linked concerns edge bags, while width concerns vertex
bags, it is possible that every finite configuration has an optimal linked
tree-decomposition (Conjecture 8.1.1). In particular, a more direct proof
than that given (perhaps similar to those of [ , ) should be
obtainable.

6.3 Roundness and Tree-Decompositions

This section focuses on the interactions between round configurations and
tree-decompositions. Its results represent the first steps towards the lift-
ing of Theorem 6.2.5 to infinite configurations in Chapter 7. The structure
of our argument coincides with that of the proof of Theorem 1.1.6 given

in [ ]. Indeed, the next result is an analogue of (1.4) in [ ].

Proposition 6.3.1. Let D be a configuration, let N be a finite-dimensional round
subconfiguration of D and let (T, o) be a tree-decomposition of D. Then (N) <
o(t) for some t € V(T).

Proof. Let {by,...,bn} € N be a basis for (N). Define ¢’: V(T) — S((N))
by o’(t) = o(t) N (N) for every t € V(T). Then (T,0’) is a tree-decompo-
sition of N by Proposition 6.1.8. Let

T =T[{teV(T)|by,...,bi € d'(t)}]
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for each 1. Interpolation ensures that each T; is a (possibly empty) subtree
of T.

We argue inductively that [T,,| > 1. As V(Ty) = {t e V(T) ‘ b; € G’(t)},
(TD1) ensures that |[T;| > 1. Suppose that [T,,_;| > 1. Then if [T,,| = 0,
V(Ta_1) N V(T') is empty, where T = T[{t € V(T) | bn € S'(t)}]. Lete
be the edge incident on V(T’) in the (unique) shortest path in T between
V(T,-1) and V(T’), as shown in Figure 6.7.

Figure 6.7: Proof of Proposition 6.3.1.

Let T' > T,,_; and T? > T’ be the connected components of T — {e}.
Lettj € enV(T;) and let S; = }_y(15) 0’ (t) for each j.

Clearly N C S; US,. If by, € S4, then Interpolation would imply that
bn € 0'(t1), contradicting t; ¢ V(T'). Thus by ¢ S1, and so S1 < (N).
Similarly, if by, ..., by_1 € Sy, then Interpolation would imply that by,

.., bp_1 € 0’(tp), contradicting t, ¢ V(T,—1). Thus b; ¢ S, for some
i< mn,and so S; < (N), contradicting the roundness of N. It follows that
ITa| > 1, and so (N) < o’(t) < o(t) for some t € V(T). [

The next corollary is a special case of Proposition 6.3.1 that follows

from Corollary 5.2.4.

Corollary 6.3.2. Let D be a configuration, let U C D be a finite-dimensional
vector space and let (T, o) be a tree-decomposition of D. Then U < o(t) for some
te V(T).

The following example shows that Proposition 6.3.1 does not extend

to infinite-dimensional round subconfigurations.
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Example 6.33. Let V={ | (n € w)P:n — R}, let B ={b; | i € w}
be a basis for V and let D = BU X, where X = {b; +b; | {,j € w,1 # j}.
Then D is an infinite-dimensional Dowling clique, and thus round by
Proposition 5.2.12.

Let T be the ray (w, {{i,i—l— 1} |1 e w}) and define o: w — 3(V) by
o(i) = (bg,..., b;) for every i € w. Then (T, o) is clearly a tree-decompo-
sition of D having D ¢ o(t) for every t € V(T). [ |

Proposition 6.3.1 gives rise to following description of the tree-width

of round configurations.
Proposition 6.3.4. Let D be a round configuration. Then tw(D) = dim(D).

Proof. Corollary 6.1.9 shows that tw(D) < dim(D). Let B C D be a basis
for (D). It follows from Proposition 5.2.10 that D/(B — Bg) < D is round
for every finite By C B, so

tw(D) > tw(D/(B — By)) by Coroll. 6.1.9
> dim(D/(B — By)) by Prop. 6.3.1
= |Bol-
Hence:
tw(D) > sup{|Bo| : By C B is finite} = #(B) = dim(D). [ |

Proposition 6.3.4 provides a natural lower bound on the tree-width of

a configuration:

Proposition 6.3.5. Let D be a configuration. Then
tw(D) > sup{dim(N) | N < D is round}.

In particular, tw(D) = oo if D has an infinite-dimensional round minor.

Proof. Combine Corollary 6.1.9 and Proposition 6.3.4. [
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The following corollary is a special case of Proposition 6.3.5.

Corollary 6.3.6. Let D be a configuration. Then
tw(D) > sup{dim(U) | U C D is a subspace}.

In particular, tw(D) = oo if D contains an infinite-dimensional vector space.

The next proposition is an analogue of (1.5) in [ ] (see also Propo-
sition 6.4.6).

Proposition 6.3.7. Let (T, o) be a finite-width tree-decomposition of a configu-
ration and let D = Utevm o(t). Let U, U C D be vector spaces and let k € w.
Then the following are equivalent:

(1) xp(U,U) >k

(2) There exists a finite sequence U = Uy, ..., Uy, = W' C D of finite-dimen-
sional subspaces such that dim(U; N Uiyq) > k foreachi=1,..., n—1

Proof. Suppose that (1) holds. As (T, o) has finite width, U is finite-dimen-
sional by Corollary 6.3.6. It follows from Corollary 6.3.2 that U < o(t) for
some t € V(T). Similarly, U’ < o(t’) for some t’ € V(T).

As k(U,U) >k,

min ({ dim(U), dim(U")} U {w(e) | e € E(tTt")}) > k.

Write tTt’ = t, ey, t1, €, ..., em, t'. For each 1, choose S; < o(e)
having dimension k. Applying Lemma 2.2.1 to each of the pairs (U, S1),
(S1,S2), ..., (Sm,U’) yields m + 1 finite sequences of subspaces, whose
concatenation clearly satisfies (2).

Now suppose that (2) holds. Aiming for a contradiction, suppose that
k(U,U") < k. Then there is a split {F,F’} of D having U C F, U’ C F/
and dim((F) N (F')) < k. Consequently there is a least i < n such that
U; € Fand Uiy € F. But then U; NUi; < (F) N (F'), contradicting
dim(U; N'U;i.q) > k. Hence (1) holds. |
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6.4 Chordal Saturation and

Tree-Decompositions

This section investigates the relationships between chordally saturated
configurations and tree-decompositions. In particular, it establishes a cor-
respondence (Theorem 6.4.10) used in Chapter 7 to “locally encode” tree
structure. This is a key ingredient in the proof of the main theorem.

Lemma 6.4.1. Let D be a finite-dimensional configuration that can be con-
structed recursively by pasting across subspaces, starting from subspaces. Then
D has a finite tree-decomposition (T, o) such that

(1) UtGV(T] G(t) = D, and
(2) Width of (T, 0) = tw(D) = max{dim(U) | U C D is a subspace}.
Proof. It suffices to demonstrate that the following algorithm terminates

and yields a finite tree-decomposition (T, o) of D satisfying (1) and (2).

Input: A finite-dimensional configuration D which can be constructed

recursively by pasting across subspaces, starting from subspaces.

Algorithm:

(1) Let T = ({to}, @), let o: V(T) — S§((D)): ty — (D) and let P: V(T) —
2:tp — 0.

(2) If P40l is non-empty, choose t € V(T) such that(t) = 0. Otherwise
stop.

(3) If o(t) C D, redefine Y (t) = 1 and go to (2). Otherwise, D N o(t) can
be obtained by pasting some D and D; together across the subspace
D N Dy. In this case, modify (T, o,1) as follows.

(1) V(T) = V(T)U{ty, t1p, to}
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(2) For every tt’ € E(T),

(2.1) if (D1) 2 o(tt’) € (Dy), redefine E(T) = E(T) LU{t;t'}. Other-
wise, if o(tt’) C (D7) N (Dy), redefine E(T) = E(T) U {tyot'}.
Otherwise, redefine E(T) = E(T) U {tot'}.

(22) E(T) = E(T) — {tt}
() V(T) = V(T) —{t}
(4) E(T) = E(T) U{tyts, toty}
(5) o(t1) == (D1) and o(ty) == D1 N D and o(ty) := (D).

(6) P(t1) =0and P(t1p) =1 and P(ty) := 0.
Output: A finite tree-decomposition (T, o) of D satisfying (1) and (2).

It is easy to see that if the algorithm terminates, then T is a finite tree,
o: V(T) — 8((D)) and (TD1) holds. Given that the algorithm terminates
and that Interpolation holds, (1) and (2) clearly hold. So we demonstrate
termination of the algorithm and Interpolation.

The algorithm begins with a single finite-dimensional subspace la-
belled by 0. At each iteration, it either changes a 0-label to 1 or replaces
a O-labelled subspace by two 0-labelled subspaces each having strictly
smaller dimension. Consequently the algorithm terminates.

Clearly it suffices to demonstrate that Interpolation is preserved in (3).
So suppose that T is modified in (3) as shown in Figure 6.8, the left-hand
side of which represents a tree-decomposition (T, o) of D.

Then with the possible exceptions of d; and d,, Interpolation holds
for every edge of the new pair (T, o) represented by the right-hand side
of Figure 6.8. It suffices by symmetry to demonstrate that Interpolation
holds for dj.

Let A; be the subspace associated with T for eachi =1, ..., l. Define
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Figure 6.8: Surgery on the tree decomposition. The vertex t is replaced
by a 2-path, thus revealing a split of D N o(t).

By, ..., Bmand Cy, ..., C;, similarly, and let
1 m n
X € <UA1UD1>Q<UB]'U U CkUD2>.
i=1 i=1 k=1

Then

1 m n
X:ZX1+W1:ZUj+ZZk+W2 (6.4.1)
i1 =1 k=1

where x; € Aj, y; € Bj, zx € Cx and wy, € (Dy) for every i, j, k and
h. As Interpolation holds for each bj, (6.4.1) shows that y; € o(b;) C
(D1) N (Dy) C (Dy) for each j.

Moreover, as Interpolation holds for each a;, (6.4.1) shows that x; €
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o(ai) C (Dq) for each i. Symmetrically, z, € (Dj) for each k. Conse-
quently x € (D1) N (Dy) = D1N Dy C o(dy), and so Interpolation holds
for dj. [ |

Lemma 6.4.2. The configuration | Jicy 1) 0(t) is chordal for every tree-decom-
position (T, o).

Proof. Let (T,0) be a tree-decomposition, let D = [Jicy(1) o(t) and let
C € C(D) have size at least 4. Let T be the collection of all finite subtrees
of T whose associated sets each contain C. Then whenever f is a choice
function for {{t € V(T) | c € o(t)}|c € C},

U flaTfc) e

Distinct ¢, ¢/ € C

Consequently T is non-empty. Let T’ € T be such that |T’[ is minimal.

In order to establish the result, it suffices to show that |C N o(t)| > 2 for
some t € V(T'). Clearly this is true if T’ has only one vertex, so suppose
otherwise. Then L(T') is non-empty. Let t € L(T’). If [CN o(t)| < 1, then
T’ —{t} € T by Interpolation, contradicting the minimality of |T’|. Hence
ICNno(t) > 2. [

Proposition 6.4.3. Let D be a finite-dimensional configuration and let w € w.
Then the following are equivalent:

(1) D is chordally saturated and w = max{dim(U) | U C D is a subspace}.

(2) D can be constructed recursively by pasting along subspaces, starting from
subspaces, and w = max{dim(U) | U C D is a subspace}.

(3) D has a finite tree-decomposition (T, o) of width w for which Jycy (1) o(t) =
D.

Proof. Proposition 5.3.10 shows that (1) implies (2). Lemma 6.4.1 shows
that (2) implies (3). Finally, Lemma 6.4.2 and Proposition 6.3.1 show that
(3) implies (1). [ |
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Lemma 6.4.4. Let D be a chordally saturated configuration, let 7t determine a
contraction of D by a finite linearly independent 1 C D and let U, U’ C D be

subspaces such that dim(7t[U] N7t[U']) > k € w. Then there exist subspaces
U=1uy,..., Uy = U C D such that dim(U; N Ui1) > k for each i =1,
.,n—1.

Proof. Let V! < (U] N 7t[U'] have dimension k and let V = V' & (I). Then
dim(V) < k+1I] € w, so D' :== DNV is a finite-dimensional chordally
saturated configuration by Proposition 5.3.6.

Let (T,0) be a tree-decomposition of D’ as per Proposition 6.4.3.(3).
Let W; =VNnUandlet W, =VNU'. Then

nW4] = im(7) N ((I) + W4) by Prop. 2.2.5.(4)
N

(¢
= im(m) N ((V' o (D) N (1) + U)) by the Modular Law

=V’ as V' C mr[U].

Similarly, W] = V'.

As W; C D’ for each j, there exists t; € V(T) such that W; < o(t;)
by Corollary 6.3.2. Let e € E(t1Tty) and for each j let S; be the subspace
associated with the connected component of T — {e} containing t;. Then
W; < Sj, so W] < mfS;]. Consequently V! < m[S1] N @([Sy], and so
k < dim(7t[S1] N 7[Sy]) < w(e) by Proposition 6.1.8.

Thus every edge of t;Tt, has weight at least k. Write t; Tty = t), tjt],
ot . LetUy =U,let Uy = o(t;) foreachi=2,...,n—1and let U, =
U’. Then Uy, ..., Uy C D are subspaces such that dim(U; N U;4q) > k for
each i < n. [}

Lemma 6.4.5. Let D be a chordally saturated configuration, let k € w and let
Uy, ..., Uy € D be subspaces such that dim(U; N'Uiyq) > k for each i =1,
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..., n—1. Then there exists 1 determining a contraction of D by a finite linearly
independent 1 C D such that dim(nt[U] N7t[Un]) > k.

Proof. Let U! < U; N U;i4q have dimension k for each i < n. Let V; = Uj,
let Vi = U/ ;and let V; = U/ ; + U foreachi =2, ..., n—1. Set
V=31,V Then dim(V) < 2kn € w, so D' := DNV is a finite-dimen-
sional chordally saturated configuration by Proposition 5.3.6.

Let (T, o) be a tree-decomposition of D’ as per Proposition 6.4.3.(3).
Then for each i, as V; C D/, there exists t; € V(T) such that V; < o(t;) by
Corollary 6.3.2. If t; = t,, then Lemma 2.2.7 shows that there exists a 7t
as described. So suppose that t; # tn.

Let e € E(t1Ttyn) and let S; and S, be the subspaces displayed by e.
Clearly each V; is contained in at least one S;. Suppose that w(e) < k.
Then each V; is contained in exactly one S; by Interpolation. As Vi < §4
and V;, < Sy, there exists a least i for which V; < S7 and Vi1 < S;. But
then dim(V; N Viyq) < dim(S1 N S,) = w(e) < k, contradicting dim(V; N
Vit1) = k. Consequently every edge of t;Tt,, has weight at least k.

We argue inductively that there exists a finite sequence of projections
whose application reduces this case to that of t; = tn. Let e = t3t] €
E(t1Ttn). If V1 < o(e), simply replace t; by t| and let 7 = id p) determine
a contraction of D by @.

Otherwise, let T; be the component of T — {e} containing t; and let T,
be the other component of T —{e}. Let S; = ZteV[T)-) o(t) for each j and let
V] < o(e) contain Vi N o(e) and have dimension k. Then (S1, Sy, V1, V)
satisfies the hypotheses of Lemma 2.2.7, so there exist finite X C D N o(t;)
and a complement U > S; of (X) in (D) such that n[V;] < o(e) and
dim(7t[V4]) = k, where 7 is projection of (D) onto U along (X). Conse-
quently we may replace t; by t;.

It follows that there exists 7t determining a contraction of D by some
finite X C D such that nt[V;] = t[Vy] < o(tn) € w[D] and dim(7t[V;]) = k.
Finally, we note that contracting a finite set X is the same as contracting

a maximal independent subset of X, and that as V; < U; and V, < Uy,
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necessarily dim(nt[U;] N7t[Un]) > k. [ |

Combining Lemmas 6.4.4 and 6.4.5 yields the next proposition, an

analogue of (1.5) in [ ] (see also Proposition 6.3.7).

Proposition 6.4.6. Let D be a chordally saturated configuration, let k € w and
let U, U" C D be subspaces. Then the following are equivalent:

(1) There exist subspaces U = Uy, ..., Uy = U C D such that dim(U; N
Wiyq) >k foreachi=1,..., n—1

(2) There exists m determining a contraction of D by a finite independent set
such that dim(=[U] N =[U']) > k.

We now require a weaker form of interpolation that behaves more like
that of tree-decompositions of graphs. Consequently we introduce the

following notion.

Definition 6.4.7. Let T be a tree, let U be a vector space and let o: V(T) —
S(U). Set:

(PI) (Path Interpolation) o(t1) N o(ty) € o(t) for every t1,t € V(T) and
eacht € V(11 Ttp).

Clearly Interpolation is (strictly) stronger than Path Interpolation. The

next lemma is a direct analogue of (2.1) in [ ].

Lemma 6.4.8. Let D be an infinite-dimensional chordally saturated configura-
tion for which sup{dim(U) | U C D is a subspace} € w. Then there exist a
tree T and a bijection o: V(T) — {Maximal subspaces contained in D} such that

(T, o) satisfies Path Interpolation.

Proof. Let V = {S; | i € I} be the collection of maximal subspaces con-
tained in D and let K be the complete graph having vertex set V. Define
the weight of S;S; € E(K) to be w(S;S;) = dim(S; N'S;). We construct a
maximum-weight spanning tree T of K using the Axiom of Choice.

Let w = sup{dim(U) | U C D is a subspace} and let E,, = @. Given
Ew C --- C Eiyq, choose E; C E(K) such that
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(1) E;is obtained from Ei;; by adding a (possibly empty) set of edges of
weight 1,

(2) E;i contains no subset inducing a cycle, and
(3) E; is maximal with respect to (1) and (2).

As every edge of K has weight at most w — 1, it follows that Eg is the edge
set of a spanning tree T of K.

Let 0 = idy and suppose that Path Interpolation fails for (T, o). Then
it fails for a minimal path P = ty, t1ty, ta, ..., tm. Letx € (o(t1) N 0o(tm)) —
U™,! o(t;) and let k = min{w(e) | e € E(P)).

Let 7t be a projection of (D) along (x) onto some complement U of (x)
in (D). Then 7 determines a contraction of D by x. As x ¢ Ulnlzl o(ty),

min { dim (ntlo(t)] N 7wlo(ti)]) [i<m} =k

It follows from Proposition 6.4.6 that there exists finite linearly indepen-
dent I C nt[D] such that if ¢’ is a projection of (D) along (I) onto U’ & (x)

for some complement U’ of (I) in U, then

k < dim ((7’ o 7)[o(t1)] N (" 0 ) [0(tm)])
= dim ((mo ') [o(t1)] N (o) [o(tm)))
= dim (nt[7'[o(t1)] N7 [0(tm)]])

where the last step follows from x € 7’[o(t1)] N 7t'[0(tm)]. Consequently
dim (7'[o(t1)] N7'[o(tm)]) > k+1.

Now, 7’ determines a contraction of D by a finite linearly independent
subset of 71\511. So by Proposition 6.4.6, there exists a sequence of sub-
spaces o(t;) = Uy, ..., Uy = o(tyy) C D such that dim(U; N Ui41) > k+1
for each i < n, contradicting the choice of T. Hence Path Interpolation
holds. |
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The properties of chordal saturation can be harnessed to strengthen

this result, as shown by the next proposition.

Proposition 6.4.9. Let D be an infinite-dimensional chordally saturated con-
figuration for which sup{dim(U) | U C D a subspace} € w. Then D has an
irredundant tree-decomposition whose vertex bags are (precisely) the maximal
subspaces contained in D.

Proof. Let (T,0) be as per Lemma 6.4.8. Suppose that Interpolation fails
for (T,o0). Then as linear combinations are finite, it fails for (T’, olv(ry)
for some finite subtree T’ of T. We may assume without loss of generality
that |T’| is minimal.

Write L(T') = {t1,...,tn} and let t{ be the neighbour of t; in T’. As
Path Interpolation holds, necessarily n > 3 (see Figure 6.9).

Figure 6.9: Proof of Proposition 6.4.9.

For each i, there exists x; € o(t;) such that
n
x1=) wix € oft])
i=2

for some non-zero scalars py, ..., pn. Without loss of generality, pyx, +
uzxs € D by Chordality. It follows by Saturation that U = (xp,x3) C D,
so U C o(t) for some t € V(T).

If t € V(T'), then Path Interpolation in T’ shows that Interpolation

fails for (T”, oly() for some proper subtree T” of T’, contradicting the



134 CHAPTER 6. TREE-DECOMPOSITIONS OF CONFIGURATIONS

minimality of [T’|. Consequently t ¢ V(T'), so there exists a minimal path
P in T linking t to some t’ € V(T’). But then Path Interpolation in T' U P
shows that Interpolation fails for (T”, olyt~)) for some proper subtree
T” of T/, again contradicting the minimality of |T’|. Hence Interpolation
holds for (T, o). [ |

The following theorem establishs that chordally saturated configura-
tions having finite tree-width have a “natural” tree structure. It is this
ability to “locally encode” the global tree structure of a configuration that
makes the argument of Theorem 7.1.5 possible. This role is fulfilled by
(21)in [ I

Theorem 6.4.10. Let D be a configuration and let w € w. Then the following
are equivalent:

(1) D is chordally saturated and w = sup{dim(U) | U C D is a subspacej.
(2) D is chordally saturated and w = tw(D).
(3) D has a tree-decomposition (T, o) of width w for which Jycy(1) o(t) = D.

(4) D has an optimal irredundant tree-decomposition of width w whose vertex
bags are (precisely) the maximal subspaces contained in D.

If D is finite-dimensional, these conditions are also equivalent to:

(6) D can be constructed recursively by pasting along subspaces, starting from
subspaces, and w = sup{dim(U) | U C D is a subspace}.

(6) D can be constructed recursively by pasting along subspaces, starting from
subspaces, and w = tw(D).

Proof. Let D be a configuration and let w € w. We first show that (1) =
4) = B) = ().
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Suppose that (1) holds and that dim(D) € w. Then D has a finite tree-
decomposition (T, o) of width w for which Jcy(r) 0(t) = D by Proposi-
tion 6.4.3. It follows from Proposition 6.1.11 that D has a finite irredun-
dant tree-decomposition (T', ¢’) of width w for which ;o7 0”(t) = D.
Clearly tw(D) < w, and tw(D) > w by Corollary 6.3.6, so (T’, ¢’) is opti-
mal. As every vertex bag of (T’,0') is a subspace contained in D, Corol-
lary 6.3.2 shows that the vertex bags of (T, o’) are precisely the maximal
subspaces contained in D.

Now suppose that dim(D) = co. Then D has an irredundant tree-
decomposition (T, o) whose vertex bags are (precisely) the maximal sub-
spaces contained in D by Proposition 6.4.9. Necessarily (T, ) has width
w > tw(D), and tw(D) > w by Corollary 6.3.6, so (T/, ¢’) is optimal. Thus
(4) holds.

It is obvious that (4) = (3), so suppose that (3) holds. Let N C D
be round. Then dim(N) € w by Proposition 6.3.5, so (N) C o(t) C D
for some t € V(T) by Proposition 6.3.1. Consequently D is saturated.
Proposition 6.4.2 shows that D is chordal.

As every vertex bag of (T, o) is a subspace contained in D, neces-
sarily w < sup{dim(U) | U C D is a subspace}. Corollary 6.3.6 shows
that sup{dim(U) | U C D is a subspace} < tw(D). It follows that w =
sup{dim(U) | U € D is a subspace}, and so (1) holds.

We now demonstrate the equivalence of (1) and (2). First, suppose
that (1) holds. Then D has an optimal tree-decomposition of width w by
the equivalence (1) < (4), so w = tw(D). Thus (2) holds.

Now suppose that (2) holds. Then it follows from Corollary 6.3.6 that
sup{dim(U) | U C D is a subspace} € w. So D has an optimal tree-de-
composition of width sup{dim(U) | U C D is a subspace} by the equiva-
lence (1) < (4), and thus w = sup{dim(U) | U C D is a subspace}. Conse-
quently (1) holds.

Now additionally suppose that D is finite-dimensional. Then the

equivalence (1) < (5) follows immediately from Proposition 6.4.3, and the
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equivalence (5) < (6) follows from the equivalences (2) < (1) & (5). N

It is now easy to describe the tree-width of chordally saturated config-

urations.

Corollary 6.4.11. Let D be a chordally saturated configuration. Then
tw(D) = sup{dim(U) | U C D is a subspace}.

Proof. If tw(D) € w, this is immediate from Theorem 6.4.10. If tw(D) =
oo, then dim(D) = oo by Corollary 6.1.9. It then follows from Proposi-
tion 6.4.9 that sup{dim(U) | U C D is a subspace} = oo also. [ |

The following proposition extends Proposition 6.1.11 to tree-decom-
positions having finite width.

Proposition 6.4.12. Whenever a configuration has a tree—decomposition (T, o)
of width w € w, it has an irredundant tree-decomposition (T', o') of width w
for which im(o’) C im(o). Moreover, if (T, ¢) is finite, then so is (T', o').

Proof. If (T, 0) is finite, this is precisely Proposition 6.1.11. So let D be a
configuration having an infinite tree-decomposition (T, o) of width w €
w. Clearly (T, o) is also a tree-decomposition of D’ := [Jcy(1) 0(t), so it
follows from Theorem 6.4.10 that D’ has an irredundant tree-decomposi-
tion (T', 0’) of width w whose bags are (precisely) the maximal subspaces
contained in D’. Necessarily im(c’) C im(o), so the result follows from
Proposition 6.1.3. |

We close this section with an analogue of a compactness result for
graphs discovered by Thomas, a proof of which is given by Thomassen
on p. 410 of [ ].

Theorem 6.4.13. Let D be a configuration and let w € w. Then tw(D) < w if
and only if tw(Dg) < w for every finite Dy C D.
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Proof. The forward implication follows immediately from Corollary 6.1.9,
so we consider the reverse implication. Let D be a configuration for which

every finite subconfiguration has tree-width at most w € w and let
X ={D'C (D) |D C D'and tw(D})) < w for every finite Dy C D'}

Clearly X is partially ordered by set inclusion. Let Y C X be totally
ordered by set inclusion and let D’ = |JY. Suppose that D’ ¢ X. Then
there exists finite D) C D’ such that tw(Dg) > w. As Dy is finite and Y is
totally ordered, there exists D” € Y containing D, contradicting D" € X.
Thus D’ € X, and so Y has an upper bound in X. It then follows from
Zorn’s Lemma that X has a maximal element D.

(1) D is chordally saturated.

Let N C D be round and at most w-dimensional, let x € (N) and let
D’ = DU{x}. Clearly D C D’ C (D). Let Dj C D’ be finite. There
exists finite round Ny C N such that (Np) = (N) by Corollary 5.2.8.
As NoU (D§ —{x}) C D is finite, clearly tw (NoU (D§ —{x})) < w. It
follows from Proposition 6.3.1 that tw(NoUD) < walso, so tw(D) <
w by Corollary 6.1.9. Hence D’ € X, so D = D’ 5 x by the maximality
of D. As the choice of x was arbitrary, (N) C D.

Now suppose that N C D is round and at least (w + 1)-dimensional.
Let By C N be linearly independent with |[B;| = w4 1. Extend By by
B, C D to a basis for (D) and let 7 be the projection of (D) onto (B1)
along (B,). Then 7 determines a contraction of D by Bj.

7t[N] is round by Corollary 5.2.10 and (w + 1)-dimensional. It follows
from Corollary 5.2.8 that there exists finite round Ny C 7t[N] having
dimension w + 1. So by Proposition 4.4.7, Ng C 7/[N] for some pro-
jection 7’ determining a contraction of D by some finite Bé C B,.

Let X C N be finite and such that 7'[X] = No. Then XUBJ is a
finite subset of D. Corollary 6.1.9 and Proposition 6.3.4 imply that
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tw(XUBS) > tw(Ng) = dim(Ng) = w+ 1, contradicting D € X.
Consequently D contains no round subsets having dimension at least
w + 1, and so Saturation holds.

Suppose that D is not chordal. Then there exists C = {cy,...,cn} €
C(D) having size at least 4 such that ¢; +¢; ¢ D whenever i # j.
It follows from the maximality of D that D U{c; + ¢j} ¢ X, so there
exists finite Dy C D U{c; + ¢j} such that tw(Dj) > w. Necessarily
ci + ¢ € Dy;. Consequently D{j =Dy UC C D U{c; + ¢} is finite and
has tree-width at least w + 1 by Corollary 6.1.9.

Let D' = Uiy (Di’j —{ci +¢;}). It follows from D’ being a finite subset
of D that tw(D’) < w. So there exists chordally saturated D” O D’
such that tw(D”) < w by Proposition 6.4.3. As C C Di’j whenever
i#j, CC D' CD” soC e D”). It follows from the Chordality
of D” that pc; + &c; € D” for some 1 # j and some non-zero scalars
pand & So ci+c¢j € (ci,¢5) € D” by the Saturation of D”. Thus
D{j C D”, so tw(D") > tW(D{j) > w by Corollary 6.1.9, contradicting
tw(D”) < w. Hence Chordality holds. O

As D contains no round subsets having dimension at least w + 1, it con-
tains no subspaces having dimension at least w + 1 by Corollary 5.2.4.

Hence tw(D) < tw(D) < w by Corollaries 6.1.9 and 6.4.11. [ |

Combining Corollary 6.1.9 with this result gives the following corol-
lary.

Corollary 6.4.14. For every configuration D,

tw(D) = sup{tw(Dy) | Dy C D is finite}.



Chapter 7

Linked Decompositions:
The Infinite Case

In this chapter we finally establish the following theorem, which corre-
sponds to (1.2) in [ 1.

Theorem 7.1.1. Every configuration having tree-width w € w has a linked
tree-decomposition of width at most 2w.

We prove Theorem 7.1.1 by using Rado’s Selection Lemma to “paste
together” linked tree-decompositions of finite subconfigurations, yield-
ing a linked tree-decomposition of the ambient configuration. As this
approach cannot be applied directly to linked tree-decompositions, we
begin by defining an equivalent object whose structure is “determined

locally.” This definition is an analogue of that given on p. 89 of [ I

Definition 7.1.2. Let D = (D, E,{) be a configuration having tree-width
w € w. Then an M-closure of D is a configuration D= (ﬁ,f,@) > D
satisfying:

(MC1) D is chordally saturated.
(MC2) D contains no (2w + 1)-dimensional subspace.

139
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(MC3) Whenever S; and S; are distinct maximal subspaces contained in
D and %; is the union of those f’lsi—bridges of D disjoint from
/@_153_1 for each 1,

KD ((7,_1 (51 u?[i}{l]), ¢! (52 Uf[mﬂ)) = K7 (?_181,/@_182> .

In this definition, (MC1) encodes tree structure, (MC2) bounds width
and (MC3) encodes the property of being linked. Note that (MC2) is
chosen to correspond to the width bound in Theorem 6.2.5—were Con-
jecture 8.1.1 known to be true, “w +1” would be used.

Unsurprisingly, it suffices in the context of M-closures to simply view

configurations as subsets of their ambient spaces.

Proposition 7.1.3. Let D be a configuration having finite tree-width and point
set D. Then D having point set D is an M-closure of D if and only if D is an
M-closure of D.

Proof. Combine Propositions 5.3.2, 5.1.11 and 4.5.2. |

Of course, the last proposition does not encompass simplifications be-
cause (MC1) in principle forces the existence of subspaces having non-
trivial parallel classes.

The next proposition establishes the equivalence of finite-width linked
tree-decompositions and M-closures for configurations having finite tree-
width. It corresponds to (2.2) in [ ]

Proposition 7.1.4. Let D be a configuration having tree-width w € w. Then
D has a linked tree-decomposition of width at most 2w if and only if it has an
M-closure.

Proof. Let (T, o) be a linked tree-decomposition of D having width at most
2w and let D = Utev(r) o(t) = D. It follows from Theorem 6.4.10 that D
is chordally saturated and contains no (2w + 1)-dimensional subspace.
Consequently statements (MC1) and (MC2) hold.
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Let S; and S, be distinct maximal subspaces contained in D. Then
S1 = o(ty) and S; = of(tp) for some distinct t;, t, € V(T) by Corol-
lary 6.3.2. Let P = t1Tt,. For each i, let fR; be the union of the S;-bridges
of D disjoint from S3_; and let X; be the set associated with the connected
component of T—E(P) containing t;. Then it follows from Corollary 5.1.13
and Interpolation that R; = X; — S;. Consequently

kp(D N (S1UR1), DN (S2UR)) = kp(DNXy, DNXy)
=min{w(e) | e € E(P)}
as (T, 0) is D-linked
> Kp(S1,S2)

where the last step follows from the fact that each e € E(P) displays
subspaces that form a split of S; and S; in D. Hence (MC3) holds, and so
D is an M-closure of D.

Now let D be an M-closure of D. Then D has a tree-decomposition
(T, o) of width at most 2w for which UteV(T) o(t) = D by Theorem 6.4.10.
Moreover, (T,0) is a tree-decomposition of D by Proposition 6.1.3. We
verify that it is D-linked.

Let t1, t, € V(T) be distinct, let P = t;Tt, and let X; be the set as-
sociated with the component of T — E(P) containing t; for each i. Write
P =t!, t1? t3, ..., t" and let k = min{w(e) | e € E(P)}. Then o(t!),
..., 0(t") is a sequence of finite-dimensional subspaces contained in D
such that dim(o(t/) N o(t'*1)) > k for each j < n. It follows from Propo-
sition 6.3.7 that

kp(o(t1), o(tn)) > k.

So as D is an M-closure of D,
kp(D N (o(t]) URy), DN (o(ty) URy)) >k

where fR; is the union of the o(t;)-bridges of D disjoint from o(t3_;)
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for each i. As Ueym olt) = D, it follows from Corollary 5.1.13 and
Interpolation that o(t;) LI R; = X; for each 1, so in fact

kp (X1, X2) > k.
Hence (T, o) is D-linked. [ |

The next theorem establishes the existence of M-closures for configu-
rations having finite tree-width. It corresponds to (2.4) in [ I

Theorem 7.1.5. Every configuration having finite tree-width has an M-closure.

Proof. Let D be a configuration having tree-width w € w. For every finite
X C (D), let 13X be an M-closure of Dx := D N X. Define fx: X — 2 by

1 ifxe [A)X, and
fx(x) =
0 otherwise

for every x € X. Then by Rado’s Selection Lemma, there exists f: (D) — 2
such that for every finite X C (D) there exists finite Y C (D) containing X
such that f|x = fy|x. Let D= f~11). Clearly D > D.

We first demonstrate Saturation. Let N C D be round and at most
2w-dimensional. Then there exists finite round Ny C N such that (Ng) =
(N) by Corollary 5.2.8. Let x € (N). Then NgU{x} C (D) is finite, so there
exists finite Y C <D) containing No U {x} such that ﬂNoUm} = fylngup-
Consequently Ng C Dy It follows from the Saturation of Dy that (No>
Dy, so x € Dy. Thus x € D. As the choice of x was arbitrary, (N) C D.

Now suppose that N C D is round and at least (2w + 1)-dimensional.
Let By C N be linearly independent with |[B;| = 2w + 1. Extend B; by
B, C D to a basis for (D) and let 7t be the projection of (D) onto (B;)
along (Bj). Then 7 determines a contraction of D by Bo.

7t[N] is round by Corollary 5.2.10 and (2w + 1)-dimensional. It follows
from Corollary 5.2.8 that there exists finite round Ny C 7t[N] having di-
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mension 2w + 1. So by Proposition 4.4.7, Ng C 7/[N] for some projection

7’ determining a contraction of D by some finite B, C B.

Let X C N be finite and such that 7/[X] = Ny. As XUB) C (D) is finite,
there exists finite Y C (P) containing X U Bj such that flxus; = fvlxus:
Consequently XUB) C Dy. Clearly " := 7/| (Byy determines a contraction
of Dy by B}, and Ny C 7t [[A)y} So there exists round N’ C Dy such that
No = 7”[N’]by Proposition 5.3.12.

Clearly dim(N’) > dim(Ng) = 2w + 1, so Saturation for 13y shows
that ﬁy contains a (2w + 1)-dimensional subspace. Proposition 6.1.3 and
(MC2) then imply that tw(D) > tw(Dy) > w + 1, contradicting tw(D) =
w. Consequently D contains no round subsets having dimension at least
2w + 1, and so Saturation holds.

We now establish Chordality. Let C € (3’(15) have size at least 4 and let
X=CuUfc+c'|{c,c't € [CP).

Clearly X C (D) is finite, so there exists finite Y C (D) containing X such
that flx = fy|lx. Consequently C € G(ﬁy). It follows from the Chordality
of [A)y that there exist distinct c, ¢’ € Cand d € f)y — C such that {c,c’, d},
(C—{c,c/Hu{d € 6(6\(). As {c,¢’,d} is round, ({c,c¢'})) C Dy by the
Saturation of Dy, so ¢ +¢’ € Dy. Thus c+c¢’ € D. So as {c,c/,c +c'} is
round, ({c,¢’}) C D by the Saturation of D. Thus d € D. Consequently
{c,c/,d}, (C—{c,¢’))U{d} € €(D), and so D is Chordal. Thus (MC1)
holds.

The statement (MC2) follows from the Saturation argument by the

roundness of subspaces (see Corollary 5.2.4).

So we turn to (MC3). Let S; and S, be distinct maximal subspaces
contained in D and for each i let Ri be the union of those S;-bridges of
D disjoint from S3_;. As (MC1) and (MC2) hold, it follows from Theo-
rem 6.4.10 that D has a tree-decomposition (T, o) of finite width whose

vertex bags are precisely the maximal subspaces contained in D.
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Thus S; = o(t;) and S, = o(ty) for some distinct t1, tp € V(T). Let P =
t1Tty. For each t € V(P), let B¢ be a basis for o(t) and let Ny = By U{b +
b’ |{b, b’} € [Bi]?}. Clearly Ny is a finite Dowling clique spanning o(t). Let
X = Uiev(p) Nt. As X C (D) is finite, there exists finite Y C (D) containing
X such that f[x = fy|x, so X C Dy. It follows from Proposition 5.2.12 and
the Saturation of Dy that Utevp) olt) C Dy. Consequently

Kg(S1,S2) < min{w(e) |w € E(P)} by Prop. 6.2.1
< KﬁY(Sl,Sz) by Prop. 6.3.7
< kpy (Dy N (S1UR), Dy N (S UNRy)) by (MC3)
< kp(Dy N (S1UMRy), Dy N (S URy))
<kp(DN(S1UR1),DN(S, LUR,)) by Prop. 4.5.3.(2).
Hence (MC3) holds for D. m

Theorem 7.1.1 is now easily derived.

Proof of Theorem 7.1.1. Let D be a configuration having tree-width w € w.
Then D has an M-closure by Theorem 7.1.5 and thus has a linked tree-
decomposition of width at most 2w by Proposition 7.1.4. |

If Theorem 6.2.5 were strengthened to show that every finite config-
uration has an optimal linked tree-decomposition, this stronger result

would easily lift to infinite configurations (see Conjecture 8.1.2).



Chapter 8
Discussion

This thesis focused on linked tree-decompositions of configurations. We
discuss some possible avenues of future research motivated by the results
obtained.

Our main result (Theorem 7.1.1) is that every configuration having
tree-width w € w has a linked tree-decomposition of width at most 2w.
The proof given uses a finite version of this result (Theorem 6.2.5), new
notions of bridges and chordality for configurations and a compactness
argument. As the property of being linked concerns edge bags, while
width concerns vertex bags, the factor of 2 in the width bound may be

unnecessary.

Conjecture 8.1.1. Every finite configuration has an optimal linked tree-decom-
position.

If Conjecture 8.1.1 were answered affirmatively, then the next conjec-
ture would follow on replacing “2w” by “w” in Definition 7.1.2 and the

subsequent arguments.

Conjecture 8.1.2. Every configuration having finite tree-width has an optimal

linked tree-decomposition.

It is natural to ask whether representability is necessary for the ex-

istence of linked tree-decompositions. As the proof of Theorem 6.2.5 is
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essentially matroidal, it should be easy to show that every matroid having
tree-width w has a tree-decomposition of width at most 2w (see p. 1120
of [ ] for the definition of “tree-decomposition of a matroid”). How-

ever, answering the following conjecture would yield greater insight.
Conjecture 8.1.3. Every matroid has an optimal linked tree-decomposition.

As short proofs of Theorems 1.1.5 and 6.2.4 were given in [ ] and
[ ] respectively, there is probably a short proof answering Con-
jecture 8.1.3 affirmatively. Unfortunately, this does not appear to be a
straightforward generalisation of the argument for finite graphs. A key
difficulty is that the latter relies heavily on the use of paths, which have
no matroidal analogue.

This may be an instance of a more general phenomenon: some ma-
troidal results are first established for graphs via proofs relying on strictly
graphic structure. Subsequent matroidal proofs can reveal enough struc-
ture to make further abstraction possible. For example, Theorem 6.2.4 is

stated for connectivity functions. This suggests the following question.
Question 8.1.4.

(1) Are there notions of “connectivity function” and “tree-decomposition of a
connectivity function” such that tree-decompositions of connectivity func-
tions generalise both tree-decompositions of finite graphs and tree-decompo-
sitions of matroids?

(2) If so, is there a notion of “linked tree-decomposition of a connectivity func-
tion” for which the existence of linked tree-decompositions of connectivity

functions can be established?

(3) If so, does this imply the existence of linked tree-decompositions of finite
graphs and/or matroids?

Progress on this question might considerably further understanding of
tree-decompositions. Certainly, unification of some of the various notions

of “tree-decomposition” for different objects seems a worthwhile goal.
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Many questions about tree-decompositions remain open in the infinite

case. In fact, no definition has yet been given for independence spaces.

Question 8.1.5. Is there a notion of “tree-decomposition of an independence
space” such that tree-decompositions of independence spaces generalise tree-de-
compositions of matroids?

A suitable definition would have to avoid taking a difference of infinite
ranks. It might be possible to achieve this by using some combination of
bases, closure, restriction and contraction to reduce reliance on the rank
function.

We demonstrated compactness of tree-width for configurations (Theo-
rem 6.4.13). Given a positive answer to Question 8.1.5, it would be natural
to ask whether this result extends to independence spaces in general.

Question 8.1.6. Is the tree-width of an independence space always the supre-
mum of the tree-widths of its submatroids?

Answering Question 8.1.6 might require a notion of chordality for in-
dependence spaces (see Question 8.1.8).

Given positive answers to both Question 8.1.5 and Conjecture 8.1.3, it
might be possible to answer the following question affirmatively using
the proof strategy common to [ ] and this thesis.

Question 8.1.7. Does every independence space having finite tree-width have
an optimal linked tree-decomposition?

This would require purely matroidal formulations of the concepts de-
veloped in this thesis. While some of these (such as roundness) are al-
ready stated matroidally, others are not. In particular, a suitable substitute
for chordal saturation would be required. This is an interesting question

in its own right.

Question 8.1.8. Is there a notion of “chordal independence space” such that
chordal matroids canonically correspond to tree-decompositions of matroids?
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That is, does Proposition 6.4.3 generalise to matroids? While a defi-
nition of chordality for independence spaces should clearly include the
matroidal statement of (CS1), it is not immediately apparent what the
second statement should be (or even whether one is necessary). If a den-
sity requirement is necessary, a suitable statement might involve modular
pairs of flats. In this case, the ability to freely add points to a separation in
a matroid until a modular pair is obtained might be useful for obtaining
chordal closures.

It should be noted that a positive answer to Question 8.1.7 would be
of little more use than Theorem 7.1.1 from the perspective of well-quasi-
ordering. This is because finite certificates are necessary for a standard
minimal bad sequence argument. In the case of independence spaces
representable over a fixed finite field, these would arise from bounded
tree-width forcing each vertex bag of a tree-decomposition to contain
only finitely many points. Otherwise, there are no obvious alternative
assumptions furnishing finite certificates. Note that finiteness of the field
is necessary for well-quasi-ordering in the representable case (see p. 271
of [ D-

However, Theorem 7.1.1 should make it possible to establish Conjec-
ture 1.1.4. In fact, it is reasonable to expect that the following (stronger)
conjecture could be established using Theorem 7.1.1 and an argument

similar to that given in [ 1.

Conjecture 8.1.9. Every class of independence spaces representable over a fixed
finite field and having bounded tree-width is well-behaved under the minor rela-

tion.

“Well-behaved” is a technical strengthening of better-quasi-ordered
(and thus a strengthening of well-quasi-ordered) defined on p. 294 of

[ 1.
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Notation

D' < D, 58
G'<G,8

(T w') <g (T,w), 9

N <M, 39
[X12, 86

B(D), 51
B(M), 18

=
2
S
a1
S
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G[V'], 9
Ym, 70

H(M), 33

J(D), 51
I(M), 18

kp(X,Y), 65
kG(X,Y), 45
km(X,Y), 45

L(D), 51
L(M), 18
L(T), 8
Ap(X), 65
Ap(X,Y), 65
Am(X), 45
Am(X,Y), 45
LTD(D), 114

M =M’ 42
M(G), 20
M/X, 36
M[D], 51
M\X, 23
mod, 60

M, 42

M|X, 23

Ng(v),S
w(G), 89



NOTATION

P(E), 20
Tﬁn(E)/ 29

(M), 27
P™m. 41
™M, 27
TM(X), 27

S(V), 11

TD(D), 100
Tox, 9

tTt/, 8
tw(D), 99

Uy p, 87

V(G),7
VG(E), 8

w(e), 99, 109
w(t), 99

155



Index

Axiom of choice, 15, 131
axioms
basis, 23, 24
chordal saturation, 90
circuit, 21
closure, 33
independent set, 17
M-closure, 139
rank, 27, 30
tree-decomposition, 99

bag (edge or vertex), 99
bases

of configurations, 51

of independence spaces, 18
basis exchange axiom, 24
branch-decomposition, 109
branch-width, 109
bridges, 71

characterisation of, 74, 76

choice function, 14
chord, 88
chordal, 88, 90
chordality axiom, 90
chordally saturated, 90
circuits
of configurations, 51
of independence spaces, 18
clique, 87, 92
number, 89
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closed set, 33
closure operator, 33
complement, 12
complete graph, 87, 92
configuration, 50
connected, 8
components
characterisation of, 74, 76
of configurations, 71
of graphs, 9
of independence spaces, 71
connectivity functions, 115
of configurations, 65
of independence spaces, 45
contractions
of configurations, 60
of independence spaces, 36
cubic tree, 8
cycle, 8
independence space, 20

degree/maximum degree, 8
deletions

of configurations, 57

of independence spaces, 23
dependent sets

of configurations, 51

of independence spaces, 18
dimension, 50
Dowling clique, 86, 91

joints of, 86
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edge set, 7
edge-weighted tree, 9
edge-weighting, 9
edges, 7
empty

graph, 7

separator, 71
endvertices, 8
equivalence

modulo a subspace, 60

of configurations, 52

finite
augmentation axiom, 17
character axiom, 18
configuration, 50
edge-weighted tree, 9
graph, 7
tree-decomposition, 100
flats
of configurations, 51

of independence spaces, 33

forest, 8
fundamental circuit, 22

geometric representation, 42
graph, 7
ground sets

of configurations, 50

of independence spaces, 18

hyperplanes

of independence spaces, 33

of vector spaces, 81, 95

J-subset, 25

incident, 7, 8

independence space, 18
graphic, 20

independent sets

of configurations, 51
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of independence spaces, 18

induced
configuration, 58
subgraph, 9
tree-decomposition, 109
interpolation axiom, 99

intersection of configurations, 57
irredundant tree-decomposition,

106
isomorphic
complements, 13
independence spaces, 42

leaf, 8
leaf-induced
tree-decomposition, 109
linked
D-, 114
tree-decomposition, 114
vertices, 8
loops
of configurations, 51
of graphs, 8

of independence spaces, 18

M-closure, 139
matroid, 18

meet properly, 102
middle basis axiom, 23
minor, 39

neighbour, 8
non-splitting, 80
non-trivial path, 113

optimal tree-decomposition, 99

order
of a configuration, 50
of a graph, 7
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of a split, 80

parallel
class, 41
edges, 8
pairs
of configurations, 51
of independence spaces, 18
pasting, 93
path, 8
interpolation axiom, 131
point set, 50
power set, 20
pre-independence space, 17
projection, 12
proper
flat, 33
meeting axiom, 103

Rado’s selection lemma, 15, 25,
27,37, 88,139, 142

rank/rank function, 27
represented independence

space, 51
restrictions

of configurations, 57

of independence spaces, 23
round, 80

saturated, 90
saturation axiom, 90
separator, 71
set
associated with, 99
displayed by, 99
simple
configuration, 55
pre-independence space, 18
simplifications
of configurations, 54

INDEX

of independence spaces, 42
spanning/spans, 33
split/splits, 80
strong circuit elimination axiom,

22
subconfiguration, 58
subgraph, 8
submodular function, 27
subspace

associated with, 99

displayed by, 98

transversal, 41
tree, 8
tree-decomposition, 99
tree-width, 99
triangles
of configurations, 51
of independence spaces, 18,
87
triangulated, 88

uniform independence space, 87
union

of configurations, 57

of graphs, 8

vector independence space, 51
vertex

connectivity, 45

set, 7
vertices, 7

weak circuit elimination axiom,
21
width, 99, 109

Zorn’s lemma, 15, 16, 23, 137
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