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Abstract

The algebraic and geometric classification of k-algbras, of dimension four
or less, was started by Gabriel in “Finite representation type is open” [12].
Several years later Mazzola continued in this direction with his paper “The
algebraic and geometric classification of associative algebras of dimension
five” [21]. The problem we attempt in this thesis, is to extend the results
of Gabriel to the setting of super (or Z,-graded) algebras — our main ef-
forts being devoted to the case of superalgebras of dimension four. We
give an algebraic classification for superalgebras of dimension four with
non-trivial Z,-grading. By combining these results with Gabriel’s we ob-
tain a complete algebraic classification of four dimensional superalgebras.
This completes the classification of four dimensional Yetter-Drinfeld mod-
ule algebras over Sweedler’s Hopf algebra H, given by Chen and Zhang
in “Four dimensional Yetter-Drinfeld module algebras over H,” [9]. The
geometric classification problem leads us to define a new variety, Salg, —
the variety of n-dimensional superalgebras — and study some of its prop-
erties. The geometry of Salg,, is influenced by the geometry of the variety
Alg, yet it is also more complicated, an important difference being that
Salg,, is disconnected. While we make significant progress on the geomet-
ric classification of four dimensional superalgebras, it is not complete. We
discover twenty irreducible components of Salg, — however there could

be up to two further irreducible components.
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Chapter 1

Introduction

1.1 Background

In this thesis we consider the problems of algebraic and geometric classi-
fication of four dimensional superalgebras. The idea of algebraic classifi-
cation is a very natural one, whereas the notion of geometric classification
is more subtle. Before introducing the main problems and the results of
this thesis, we give the reader some background to this area of research,
focusing on the more interesting geometric classification problem.

The algebraic classification problem is where one is interested in deter-
mining “all possible examples of some algebraic structure up to isomor-
phism” (of the appropriate kind); or, more formally, the problem is to try
and determine the isomorphism classes of the algebraic structure in ques-
tion. As mentioned before, this question arises very naturally once one has
defined some algebraic structure and a suitable notion of map between
two such structures. An example of this is the problem of determining the
isomorphism classes of n-dimensional k-algebras (solved for n < 4 in [12]
and for n = 5 in [21]). Similarly, the problem of determining all isomor-
phism classes of modules of a given dimension over a fixed k-algebra is of
this nature. The algebraic classification is very “rigid”, with two structures
being considered equivalent only when they really are two different views
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of the same structure.

The geometric classification on the other hand is not so “rigid”. In this
case the problem one wishes to tackle is to find all the structures which
are the “most basic”, in a sense which we shall try to describe in this para-
graph. These structures are called generic, and the complete list of such
generic structures has the following property: every possible structure is
either isomorphic to one of the generic structures or “lies very close to one
of the generic structures”. In the latter case we can obtain this structure
from a suitable degeneration of the rigid structure. Thus, from the list of
all the rigid structures every other structure can be obtained in this man-
ner. Determining the complete list of generic structures is the geometric
classification problem. While we have not been very precise, we hope this
description helps the reader to understand both of these points of view of
classification and see the distinction between them.

We illustrate the idea of geometric classification with the example of
n-dimensional k-algebras. A k-algebra structure A on an n-dimensional
vector space V' is a linear map 1 : A ® A — A called multiplication, which
satisfies suitable conditions requiring that this multiplication is associative
and unitary. If one chooses a basis for V, say {es, ..., e,}, then from the al-
gebra structure we can easily determine the structure constants (o};) € K,
which must satisfy e;e; = 37, afie;. (Where we follow the usual conven-
tion of denoting the product of two elements by their juxtaposition, so
for example, e;e; denotes pi(e; ® e;)). Conversely, such structure constants
(af;) will give rise to a k-algebra structure on V by defining multiplication
of the basis vectors by the previous formula. The conditions imposed re-
quiring 1 to be associative and unitary translate into relations amongst the
structure constants. These relations define a subvariety of k", called Alg,,.

The structure constants for an algebra depend on the choice of basis
for V; in different bases the same algebra structure may be represented by
different structure constants. Suppose V has a given basis, then a set of

structure constants (ozfj) can be used to construct a k-algebra structure on
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V. After making a change of basis in V, the k-algebra structure just con-
structed will now have, in general, a different set of structure constants
(aiF). In this way, base changes in V' gives rise to the transport of structure
action on Alg,. The orbits in Alg, (under this action) can be identified with
the isomorphism classes of n-dimensional k-algebras. Suppose that A is an
n-dimensional algebra and one writes O(A) for the orbit in Alg, which is
identified with the isomorphism class of A. Given two n-dimensional -
algebras, A and B, we say that A degenerates to B if some point in O(B)
also belongs to O(A) (the closure being taken in the Zariski topology).
This notion extends to a well-defined partial order on the isomorphism
classes of n-dimensional k-algebras, called the degeneration partial order.
We call an n-dimensional algebra generic if the (Zariski-) closure of its or-
bit is an irreducible component of Alg,. The geometric classification of
n-dimensional k-algebras is nothing more than finding the decomposition
of Alg, into its irreducible components. Supposing that A is a generic al-
gebra, then every algebra in the irreducible component given by O(A) is a
degeneration of A.

The reader should now realise that the geometric classification prob-
lem brings into use all the tools from Algebraic Geometry. The more spe-
cialised area of actions of algebraic groups are also very useful in tackling
this problem. It should be noted that the problem has a flavour of Geo-
metric Invariant Theory: we would like to take the variety Alg, and con-
struct a quotient by the transport of structure action, yielding us a space in
which the points would represent the orbits in Alg,. However we are not
able to do this, because the transport of structure action is not sufficiently
well-behaved, and so the methods of Geometric Invariant Theory are not
available to us.

In general, it is too much to hope that we can determine the orbits in the
variety Alg,,. Instead of looking at such fine properties, we should first try
to determine properties on a broader scale — such as determining the con-
nected and irreducible components of the variety. Also knowing which or-
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bits are open and which are closed is an interesting question. Thus we are
naturally led to studying the geometry or perhaps “landscape” of such va-
rieties. Flanigan in [11] coins the term “algebraic geography” for studying
the variety Alg,, in this manner. Gabriel studies these important proper-
ties of Alg,, in his famous paper, “Finite Representation type is open” [12].
There have been other works written giving the same material. For exam-
ple see [7, 17], both of which provide more explanation and background
knowledge to the reader than [12] does.

The first efforts in the geometric classification of algebras seems to have
been made by Gabriel in [12], where he gave both forms of classification
for k-algebras of dimension four or less. It is, however, hard to determine
exactly whom should be credited with coming up with the notion of the
geometric classification of k-algebras, since the variety Alg, was known
and had been mentioned before Gabriel’s paper (see for example [11]).
Several years after Gabriel’s paper on the classification of k-algebras of di-
mension four or less, Mazzola published a paper [21] giving the algebraic
and geometric classification of k-algebras of dimension five. The notation
alg, is used to denote the number of irreducible components of the variety
Alg, . In this paper, Mazzola also included asymptotic bounds on alg, as
n goes to infinity. The lower asymptotic bound is exponential in n, and
unsurprisingly the classification problems become increasing difficult in
higher dimensions. In a later paper Mazzola [23] obtains a description of
the algebras responsible for the asymptotic behaviour of the function alg,,
— they are basic algebras and their quivers are of a particularly simple
shape.

The geometric classification problem is a problem which can be asked
in many different settings, not only that of n-dimensional k-algebras. There
is also a geometric classification problem for m-dimensional modules over
a fixed k-algebra. This gives rise to the module varieties Mod;: where A
is a k-algebra and the modules in question are A-modules. From this in-
troduction the reader may find it somewhat surprising that the module
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varieties have been the subject of much more research than the algebra va-
rieties Alg,. However our main focus is going to be on superalgebras —
a notion generalising that of an algebra — explaining our motivation in
focusing on the algebra varieties.

In any case, the two geometric classification problems in each setting
proceed very much in parallel. The crux of the approach to the geomet-
ric classification problem is finding a variety whose points represent the
type of objects you are studying, then finding the appropriate transport
of structure action on this variety, and checking that the orbits under this
action may be identified with the isomorphism classes of these objects.
Then the properties one is interested in are: determining which orbits are
open and which are closed, determining the connected components and
the irreducible components, and so on. The papers [7, 12, 17] are help-
ful in seeing this parallel, where they give standard properties of both the
algebra and module varieties.

There are many more papers which concentrate solely on the module
varieties, [24] being just one which gives standard results on the module
varieties. We finish our discussion of the module varieties with the fol-
lowing comment. One very interesting result for the module varieties is
the fact that there is a characterisation of degenerations between modules
purely in terms of representation theory. There is currently no such char-
acterisation for degenerations between algebras. The work of Riedtmann
[28] and Zwara [33] combined, shows that the following three statements
are equivalent for m-dimensional A-modules M and N (where we denote

the category of A-modules by mod A):

e M degenerates to N
e There is a short exact sequence
O—N-—-MoZ—-7—0

in mod A for some Z in mod A
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e There is a short exact sequence
0O0—-Z—=ZM—N—=Q0
in mod A for some Z in mod A

More recently, the work of applying geometric methods to representa-
tion theory has still been active. However, the methods used and ques-
tions asked differ from those in earlier work on this topic. The paper [13],
by Goze and Makhlouf, attacks the the classification problem of rigid alge-
bra structures on C" using a new approach, based on non-standard anal-
ysis and a method of perturbing the idempotent elements. They give a
full classification of such structures in C° using this idea, although this
does not constitute a full solution to the geometric classification problem
in dimension 6 (since not all algebra structures are rigid). A year later
Makhlouf published another paper [19] showing how computer algebra
software can be used to study associative algebras and in particular their
irreducible components. In the future, with more computing power avail-
able, such an approach may well prove useful in the attack of the higher
dimensional problems, with the computations involved becoming increas-
ingly difficult as the dimension increases. A paper of Le Bruyn and Re-
ichstein [18] addresses questions of smoothness and the singularities that
may occur in Alg,. In particular they show that the closure of the orbit of
the matrix algebra M, (k) in Alg,. is not smooth for » > 3. It should also
be known that in this paper they adopt a different definition of Alg, from
the one presented in earlier works. They require that the first element of
the basis for V' be the identity of the algebra. We mention this, as we shall
also follow this convention when we define the variety of n-dimensional
superalgebras.

In recent times, we have also seen the geometric classification problem
applied to different algebraic structures. This method has been used in the
setting of Lie algebras, one such example of this being [6]. Another paper
[20] by Makhlouf defines the varieties of bialgebras and Hopf algebras.



CHAPTER 1. INTRODUCTION 7

In this he reviews different works giving an algebraic classification of all
Hopf algebras of dimension thirteen or less, and lists the irreducible com-
ponents of the Hopf algebra varieties. He also discovers that all Hopf alge-
bras with dimension thirteen or less are rigid. This highlights even more
strongly the general method of attacking the geometric classification prob-
lem. It seems apparent that the geometric classification problem may be
asked whenever there is an algebraic structure whose isomorphism classes

may be parametrised as orbits in some variety.

1.2 Owur Problem

The task which we attempt in this thesis, is to classify, both algebraically
and geometrically, superalgebras of dimension four or less — thus extend-
ing the work of Gabriel. We obtain the algebraic classification theorem un-
der the assumptions that % is an algebraically closed field with ch(k) # 2.
While the assumption ch(k) # 2 simplifies the algebraic classification, it is
vital for the geometric classification. The most basic fact about Salg,, — its
disconnectedness (Proposition 3.2.12) — requires this assumption. Thus
we keep the same assumptions for the geometric classification problem,
and while we make significant progress towards solving the geometric
classification problem, it is unfortunately not completed. While we find
20 generic superalgebras (or generic families of superalgebras) there may
be up to two more generic superalgebras. Owing to time restrictions, we
must leave this problem unsolved.

Since our main object of interest in this thesis is a superalgebra, we
should introduce what a superalgebra is. A superalgebra (or a Z,-graded
algebra) is an algebra A which can be written as A = Ay ® A; with 4;A; C
Aiyj fori,j € Z,. A superalgebra A is equivalent to a pair (B, o) where
B is an algebra and ¢ : B — B is an algebra involution. Thus we view
a superalgebra as an algebra “with some additional structure”. We shall
often refer to this additional structure as the Z,-grading.
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The notion of a superalgebra is not only of interest to mathematicians,
but it is of vital interest to physicists too (with one hearing quantum physi-
cists using terms like “supersymmetry”). So extending the classification
results of Gabriel and Mazzola to the setting of superalgebras should be a
problem of broad appeal.

We have already mentioned that the geometric classification problem
may be applied to many different situations and have given several exam-
ples of this. The case of superalgebras serves as a prototype of how one can
generalise the classical approach to the geometric classification problem
for n-dimensional algebras, to the analogous problem for n-dimensional
module algebras. We remark that an algebra A is a superalgebra if and
only if it is a kZ;-module algebra, where kZ, denotes the sub-Hopf al-
gebra k1 @ kg of Sweedler’s Hopf algebra H4. The element 1 from kZ,
acts on the algebra A trivially, whereas the element g from kZ, acts on the
algebra A as an involution. Thus, our treatment of the case of superalge-
bras should help with setting up the geometric classification problem for
this more general situation. Studying the more general problem may also
shed new light on the geometric classification problem for superalgebras.
One particularly interesting possible future direction we have in mind for
this work, is to attempt the classification of H,-module algebras, which are
precisely the same as differential superalgebras (see [32]). We examine this
idea in more detail in the following section.

Our work relies heavily on the work of Gabriel and others on the al-
gebra variety Alg, and the classification of n-dimensional algebras; our
methods being mainly to reduce our arguments to a situation where we
can apply one of their results, rather than to provide a new more general
proof which gives their results as a special case. It should however be
noted that while there are some similarities between our results, there are
some very substantial differences too.

The algebraic classification of four dimensional algebras over an al-
gebraically closed field £, determines the underlying algebra structure of
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each superalgebra. Yet it is interesting to see that all of these algebras ad-
mit at least one non-trivial Z,-grading, and it is also interesting to note
which algebras admit multiple Z,-gradings. The geometry of the vari-
ety of n-dimensional superalgebras, which we call Salg,, is influenced by
the geometry of Alg,, (the variety of n-dimensional algebras), yet is more
complicated. It was remarked in [12], by Gabriel, that Alg, is always con-
nected. However we shall see that Salg,, is disconnected. We also find that
from superalgebra structures (and there may be several such structures),
on a given generic algebra structure at least one such structure must be
generic as a superalgebra. However we also find examples in Salg, of
generic superalgebra structures whose underlying algebra is not generic.
For this reason, in a fixed dimension, there are many more generic superal-
gebras than generic algebras. Recall that we use alg, to denote the number
of irreducible components of Alg, (or equivalently the number of generic
algebras or generic families of algebras of dimension 7). Now if we denote
by salg, the number of irreducible components of Salg,, and combine our
results with those in [12, 13, 21], then we have the following table. This
should help convince the reader that the varieties Salg, are, in general,

more complex than the corresponding variety Alg,,.

alg, vs salg, for small n
n |23 -~ 5 6
alg, | 1|2 5 10| >21
salg, |25 2022 | ?

In Chapter 2 we work on the algebraic classification of four dimen-
sional superalgebras. Under the assumption that ch(k) # 2, we classify
up to isomorphism all non-trivially Z,-graded superalgebras of dimension
four (see Proposition 2.2.12, Theorem 2.3.1 and Theorem 2.4.1). However,
for the following chapter on the geometric classification, we need an al-

gebraic classification of all superalgebras of dimension four, whether they
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be trivially Z,-graded or not. (But notice that, for the geometric classifica-
tion, we must assume £ is algebraically closed to apply the standard tech-
niques of algebraic geometry). Since a trivially Z,-graded superalgebra
is nothing more than an algebra, to complete the algebraic classification
of four dimensional superalgebras over a field & with ch(k) # 2 would
require a classification of four dimensional algebras over a field %k, with
ch(k) # 2. This would likely be a difficult task. Thus, we settle for a com-
plete classification of four dimensional superalgebras in the case that £ is
an algebraically closed field with ch(k) # 2 (see Theorem 2.5.1). We use
Gabriel’s results to give us the classification of four dimensional trivially
Zy-graded superalgebras, and specialise our results on the classification of
non-trivially Z,-graded superalgebras to the case where £ is algebraically
closed.

Our results in Chapter 2 serve two purposes. Firstly they equip us
with the set of isomorphism classes of four dimensional superalgebras,
each corresponding to an orbit in the variety Salg,. For the geometric clas-
sification we then attempt to find those orbits whose closures give an ir-
reducible component of Salg,. In this way, it is not only natural to com-
plete the algebraic classification first, but it is usually required, since the
geometric classification builds upon the algebraic classification. Secondly
in [9], Chen and Zhang give a classification of Hopf actions of D(H,) (the
Drinfeld double of H,) on 4-dimensional algebras. The methods they used
failed to apply to the 4-dimensional D(H,)-module algebras on which
the action of the skew-primitive elements are trivial. After noticing that
D(H,)-module algebras with the skew primitive elements acting trivially
are nothing other than superalgebras, we find that our classification theo-
rem of this chapter completes the classification results of [9].

In Chapter 3, the remark that a superalgebra is simply a pair consist-
ing of an algebra and an algebra involution, allows us to find suitable
structure constants to represent superalgebra structures. We then give the
definition of the variety of n-dimensional superalgebra structures, which
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we denote by Salg, (see Definition 3.2.1). The appropriate transport of
structure action (which arises by considering a change of basis) is deter-
mined. We show that this is well-defined and that its orbits in Salg, corre-
spond to isomorphism classes of n-dimensional superalgebras. There are
two very useful morphisms between Alg,, and Salg,, denoted by U and 1,
which relate the geometry of these two varieties. The map 7 can be used
to show that Alg,, can be identified with a closed subvariety of Salg, —
thus the algebraic and geometric classification of n-dimensional algebras
should be attempted before the classications of n-dimensional superalge-
bras. We show that the variety Salg,, is disconnected for n > 2 (see Proposi-
tion 3.2.12). We define Salg’, fori = 1, ..., n to consist of those points repre-
senting an n-dimensional superalgebra whose degree zero component has
dimension i. The subsets Salg’, of Salg,, are clearly disjoint. In either low
dimensions (n < 6) or under suitable assumptions on the characteristic of
k, we show these subsets are also closed (see Lemma 3.2.10). We require
this to be the case for the majority of the remainder of the chapter. We
then show in this case that Salg, has Salg’ fori = 1,...,n as its connected
components (see Proposition 3.4.5). In Section 3.5 we give the partial de-
generation diagrams of 4-dimensional superalgebras: these diagrams are
complete apart from 1 degeneration between two superalgebras with ho-
mogeneous degree zero components having dimension 3, and 6 degenera-
tions between superalgebras with homogeneous degree zero components
having dimension 2. From these diagrams we can find twenty irreducible
components in Salg, (giving us a partial result towards the geometric clas-
sification, see Theorem 3.5.1). However, due to some of the missing de-
generations there are two other structures of which we are unsure if they
give rise to irreducible components or not.

In Chapter 4, we give the algebraic and geometric classification results
for superalgebras of dimensions 2 and 3. The corresponding results for
2 and 3 dimensional algebras appear in Gabriel’s paper, [12]. We first
present the algebraic classification of the superalgebras, which is trivial
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for dimension 2 and straightforward for dimension 3 (see Theorem 4.1.1
and Theorem 4.2.3). Then using these results and the general methods de-
rived in chapter 3 we give the geometric classification of superalgebras in
dimensions 2 and 3 (see Theorem 4.3.3 and Theorem 4.4.3).

Finally, in Chapter 5, we introduce the notion of a supermodule over
a superalgebra. As mentioned before, the study of the module varieties
mod 7} shares a lot in common with the study of the algebra varieties Alg,,.
The papers [7, 12, 17] are useful for background on the module varieties
and their similarities with the algebra varieties Alg,. So, naturally, one
would wonder how to define the supermodule varieties, the superspace
analogue of the ordinary module varieties. The main purpose of this chap-
ter is to define and introduce the supermodule varieties. This chapter is
not intended to be rigorous, but merely to indicate the similarities with
the classical case of modules over an algebra, and suggest how some of
the techniques used to study the superalgebra varieties in Chapter 3 may
be modified to apply to the situation of supermodules over a superalgebra.
Section 5.2 is dedicated to giving an example of 3-dimensional supermod-
ules over two different superalgebra structures on the same underlying
algebra. We present both algebraic and geometric classifications in this ex-
ample, which enables us to see how the module varieties can change when

one alters the Z,-grading of the algebra.

1.3 Future Research

As with most research, our work has brought up at least as many new
questions as we have answered. So we will first outline the questions
which have arisen in the preparation of this thesis before indicating possi-
ble directions for future research in this area.

First and foremost, it would be an interesting and satisfying result to
have the geometric classification (see Theorem 3.5.1 and Remark 3.5.2) of
four dimensional superalgebras completed. Once that is done, complet-
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ing the degeneration diagrams may be attempted (since if the geometric
classification cannot be completed, then neither can the degeneration dia-
gram). It would be satisfying to check that the geometries of the two ver-
sions of the varieties of n-dimensional superalgebras defined by (i) simply
requiring the existence of an identity, and (ii) requiring the identity to be
the first element in the basis for the vector space V, do in fact coincide
(see Remark 3.2.5). Another interesting question is whether the geome-
try of Salg, can change in some cases where n is suitably large and the
ground field k has characteristic p so that Lemma 3.2.10 doesn’t apply, or
whether there are methods which can be used to show that the conclusions
of Lemma 3.2.10 must always hold (see Remark 3.2.11). It would be inter-
esting to see if the criterion, namely that H%(A, A) = 0, which Gabriel gives
to show that an orbit of an algebra A is open in Alg,, may be generalised to
a criterion to determine when the orbit of a superalgebra 5 is open. The
natural generalisation would be that the orbit of B is open in Salg, when
H?*(B, B) = 0, where H?(B, B) is interpreted as the Hochschild cohomol-
ogy group of the superalgebra B (see Remark 3.2.17). Does the dimension
of the irreducible component of a generic family which depends on a sin-
gle parameter, exceed the dimension of any given orbit in that family by
exactly one? (See Remark 3.5.3). Finally, is it ever possible for a superal-
gebra structure to degenerate to a different superalgebra structure on the
same underling algebra? (See Remark 3.5.4).

The following suggestions only skim the surface. By applying and gen-
eralising the ideas in this thesis, one can attempt the geometric classifica-
tion problem for module algebras — of which there are many interesting
examples.

Since Mazzola gives the algebraic and geometric classifications of five
dimensional algebras, it is possible to try to generalise our work to the
classication of five dimensional superalgebras. This may come up against
some difficulties due to the large number of dimensions. Another problem

with the geometric classification of five dimensional superalgebras, is that
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in the case of dimension four, our results used the degeneration diagram of
Alg, to eliminate a large number of degenerations which could not occur.
However the complete degeneration diagram in Alg; has not been given,
although Mazzola gives the degeneration diagram for the commutative
structures in Alg; in [22], so the degeneration diagram for Alg, would most
likely be needed in attempting the geometric classification of five dimen-
sional superalgebras.

One future direction is the study of the supermodule varieties. Chapter
5 introduces the basic notions and problems necessary to study these va-
rieties. This is the natural generalisation of the classical module varieties
to superspaces. In this chapter we focus on ideas and concepts rather than
proving any results. It is hoped that this chapter will stimulate interest
in this open area of research, and that the supermodule varieties will be
studied in more detail in the future.

Another way in which this thesis could be generalised is by extending
the ideas to the case of H;-module algebras, or in other words, differen-
tial superalgebras (see [32]). The algebraic classification of 4-dimensional
differential superalgebras has been done in [9] and Chaper 2, leaving the
geometric classification problem open in the case of 4-dimensions. The
classification of Azumaya differential superalgebras up to Morita equiv-
alence was completed in [31], and the structures of Azumaya differential
superalgebras and their invariants have been studied in [2]. We would
be very interested in observing the geometric behaviour of these invari-
ants. The variety Salg, will appear as the closed subvariety of differential
superalgebras having trivial differential (in much the same way Alg, was
identified as the closed subvariety of Salg, with the trivial Z,-grading).
Thus the complete geometric classification of n-dimensional H,-module
algebras requires a complete geometric classification of n-dimensional su-
peralgebras. We also remark that since the differential is a nilpotent linear
map, its trace and determinant are both zero, methods similar to those in
Lemma 3.2.10 will not be able to be applied. If similar results are needed,
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then new methods will be required. These new methods may, however,
shed more light on the variety Salg,,.

Finally, one could try applying these ideas to obtain the notion of ge-
ometric classification of super Lie algebras, combining some of our ideas
on superalgebras with the literature which already exists on the geometric

classification of Lie algebras, for example [6].

1.4 Notation

In this section we fix some basic notation and make a convention which
shall be used throughout the thesis.

Throughout this thesis we work over a fixed ground field, k. We use
ch(k) to denote the characteristic of k; we assume that ch(k) # 2 through-
out the thesis; we use k* to denote the non-zero elements of k. This set, k*,
forms a group under multiplication and £*? is used to denote the subgroup
of square elements.

All vector spaces are vector spaces over k; all bases are k-bases; all
linear maps are k-linear and all unadorned tensor products are implied
to be taken over k (for those unfamiliar with tensor products, see Defini-
tion 2.1.13).



Chapter 2
Algebraic Classification

In this chapter we classify all non-trivially Z,-graded superalgebras of di-
mension four over a field k£ with ch(k) # 2, up to isomorphism. Specialis-
ing to the case k is algebraically closed and utilising the results of [12] we
obtain a classification of all four dimensional superalgebras, up to isomor-
phism. The results of this section have been made into a paper [3] which

shall appear soon.

2.1 Preliminaries

It is assumed that the reader has a basic knowledge of abstract algebra.
We shall give definitions of k-algebra and modules over an algebra; and
present related results which we wish to use, omitting the proofs as they
are standard and can easily be found in the literature. It should be noted
that the definitions given are limited to those required for our purpose. It
is possible to define the notion of an R-algebra and an R-module where R
is a ring. In fact, in module theory, one usually defines the more general
notion of an R-module, rather than a module over an algebra. Our defi-
nitions and presentation of this preliminary material is based on [1, 4, 27].
However many other texts on these subject areas would also be suitable
for this purpose. We briefly introduce the notion of a G-graded algebra,

16
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where G is a group. However we quickly specialise to the case of interest,
Zs-graded algebras or superalgebras. For a very thorough treatment of
graded ring theory, the reader is referred to [26].

Definition 2.1.1 An algebra over a field % or k-algebra is defined to be a
triple (A, m,u), with A a vector space, m : A ® A — A a linear map called
multiplication, u : k — A a linear map called the unit map, making the following
two diagrams commute:

id id id
A0AeA A don  Agk-AZL 4o 22U L0
m®idy m m
m
Ao A A A

where the maps A® k — Aand k® A — A are the isomorphisms induced by
scalar multiplication.
The dimension of a k-algebra is its dimension as a vector space over k.

We shall usually abbreviate this terminology and simply refer to alge-
bra A instead of the triple (A, m, u). We shall also write multiplication of
two elements of the k-algebra by juxtaposition, and instead of referring
explicitly to the unit map, we shall simply identify the identity of £ and
the identity of A.

Definition 2.1.2 With k-algebras (A, ma,ua) and (B, mp,up)amap, f : A —
B is a k-algebra map or k-algebra homomorphism if f is a linear map and
the following two diagrams commute:

A®A&B®B A ! B
ma mp UA up
A ! B k
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With these definitions we obtain the category of k-algebras, whose ob-
jects are k-algebras and morphisms are k-algebra maps as defined above.
For the reader familiar with category theory, the following definition of
isomorphism is just the usual notion of an isomorphism between objects

in a category.

Definition 2.1.3 A k-algebra map f : A — B is said to be an isomorphism
if there exists another k-algebra map g : B — A such that f o g = ids and
go f =idp, in this case A and B are said to be isomorphic.

Moreover, a k-algebra map o : A — A having the same domain and codomain
is said to be an automorphism if o is an isomorphism, and is said to be an
algebra involution if 0% = id 4.

Remark 2.1.4 If we were being careful, we would refer to k-algebras as unitary
k-algebras since by deleting the second and fourth diagrams above we obtain the
category of k-algebras (perhaps without unit). However as we shall rarely deal
with non-unitary k-algberas this should not cause a problem. Since we are view-
ing the ground field k fixed, we shall abreviate the terminology even further, by
simply talking about algebras and algebra maps.

Examples 2.1.5 Many examples of k-algebras abound such as:
(a) Polynomial rings over k, k[ X1, ..., X,]
(b) Rings of n x n square matrices with entries in k, M, (k)

(c) Also, for any a € k we can define a 2-dimensional k-algebra, denoted by
k(y/«), generated by an element x, subject to 2* = «. The set {1, x} is a basis
for k(v/a) over k and k(y/a) = k[X]/(X? — «). When k is not algebraically
closed and € k*\k*?, then k(\/«) as defined above, is a quadratic extension
of k, explaining why we have used this particular notation

To each algebra, we can associate another algebra which is identical,
except for the way we take products. In this new algebra, for the product
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of two elements, we first reverse their order and then compute the product
in the original algebra. More formally, we make the following:

Definition 2.1.6 Given an algebra (A, ma,u,), the opposite algebra is de-
fined to be (A%, mop, ugor), with A? = A as vector spaces, mao(x,y) =

ma(y,x) and uper = Ua.

Definition 2.1.7 Analgebra A is said to be a division algebra if every non-zero
element of A has an inverse.

An algebra is essentially a ring with identity, which is also a vector
space using the addition of the ring. Thus, many of the notions in the
settings of algebras are obtained by taking the corresponding notions in
the settings of rings and placing suitable vector space restrictions on them,
e.g. requiring subsets to be subspaces, maps to be linear maps and so
on. We have seen an example of this with Definition 2.1.2, the following
definition gives us another example.

Definition 2.1.8 A subalgebra B of an algebra A is a subspace which is closed
under multiplication and contains the same identity element as A. The center of
an algebra A is defined to be the subalgebra Z(A) = {a € A:ab=0ba Vbe A}.
A left ideal (respectively right ideal), I, in an algebra is a vector subspace of A
which satisfies AI C I (respectively IA C I). A two-sided ideal is a subspace
which is simultaneously a left and right sided ideal.

Definition 2.1.9 An algebra A is called 1eft Artinian if it satisfies the descend-
ing chain condition for left ideals: that is, for any sequence I, 2 I, O ... of ideals
there is an integer r € N such that I, = I,.1 = .... An algebra A is called
left Noetherian if it satisfies the ascending chain condition for left ideals: that
is, for any sequence Iy C I, C ... of ideals there is an integer r € N such that
I, = .41 = .... Similarly, we call an algebra A right Artinian (respectively
right Noetherian) if it satisfies the descending (respectively ascending) chain
condition for right ideals. We call an algebra Artinian (respectively Noethe-
rian) in the case that it is both left and right Artinian (respectively Noetherian).
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If an algebra A is finite dimensional as a vector space over £, then it is

both Artinian and Noetherian (consider the sequence of dimensions of the
ideals).

Definition 2.1.10 An ideal (or left ideal or right ideal) I is said to be nil if every
element x € I is nilpotent, that is x™ = 0 for some integer n € N. An ideal I is
nilpotent if [ = 0 for some integer n € N.

Every nilpotent ideal is nil, and in an Artinian algebra the converse
holds too. To see this we first need to introduce the Jacobson radical.

Definition 2.1.11 If A is an algebra, then the Jacobson radical of A, denoted
by J(A), is defined to be the intersection of all maximal left ideals of A.

There are many equivalent ways to define the Jacobson radical. We
mention just one. Definition 2.1.11 is equivalent to defining J(A) to be the
intersection of all maximal right ideals of A.

Lemma 2.1.12 We have the following statements about the Jacobson radical:
(a) If I is a nil left ideal of A, then I C J(A)
(b) If Ais Artinian, then J(A) is nilpotent

(c) If Ais Artinian, then by (a) and (b), J(A) is the largest nilpotent ideal of A
and every nil ideal of A is nilpotent

Definition 2.1.13 Suppose that V' and W are vector spaces over k with dimen-
sions m and n respectively and suppose that {e; : 1 < i < m} is a basis for V
and {f; : 1 < e < n} is a basis for W. Then we can construct a new vector
space V@ W called the tensor product of V' and W, which has dimension mn
and a basis {e; ® f; : 1 < i < m,1 < j < n}. Although we do not give the



CHAPTER 2. ALGEBRAIC CLASSIFICATION 21

construction (for details, see [27] for example) the tensor product can be shown to
have the following properties, for all v, vy, vy € V,w,wy, wy € W, c € k:
v® (W) +wse) = (v®@w) + (v ws)
(v +v2) @w = (v ®W) + (v2 ® W)
c(v@w) = (v) @w =v® (cw)
O@w=v®0=0

(
(

Definition 2.1.14 Suppose that A, B are k-algebras then the tensor product A®
B can be given a k-algebra structure by defining multiplication in A ® B by
(a1 ® by)(az ® be) = (a1az) @ (biby), then this has identity given by 1405 =
14 ® 1. We call the k-algebra A ® B the tensor product of A and B.

Whenever A and B are k-algebras the tensor product of A and B is
understood to be the k-algebra A ® B defined in this way.

Definition 2.1.15 Let A be an k-algebra and M be a vector space over k. Then
M is a left A-module if there exists a map \ : A ® M — M which satisfies the
following four conditions, for all a,b € A,m,n € M:
AMa® (m+n))=ANa®m)+ Aa®n),
AM(a+b)@m)=ANa®@m)+ Ab®m),
A((ab) @ m) = AMa @ A\(b®m)),
AMla®@m) =

If we write AN(a ® m) = a - m, then the equations become:
a-(m+n)=(a-m)+(a-n),
(a+0)-m=(a-m)+(b-m),

(ab) -m = (a-(b-m)),

lg-m=m

m
m
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Let A be an k-algebra and M be a vector space over k. Then M is a right
A-module if there exists a map p : M ® A — M which satisfies the following
four conditions, for all a,b € A,m,n € M:

p((m+n) ®a) = p(m® a)+ p(n ® a),
p(m @ (a+1b)) = p(m & a) + p(m @),
p(m @ (ab)) = p(p(m @ a) @ b),

p(m @ 1,) =

If we write p(m @ a) = m - a, then the equations become:
a)+ (n-a),
a) + (m-b),
(m-a)-b),

m

(m+n)-a=(
m - (a+b) =
m - (ab) = (

m-lA

m -
m -

If we do not specify on which side A acts on M, it shall always be
understood to act on the left. We note that considering only the case of
left modules should cause no restriction however, since a right A-module
is the same thing as a left A°’-module.

It is useful to think about A-modules as a generalisation of vector spaces
over a field. We may add any two elements in the A-module to give us an-
other such element, and we can also mulitply by scalars from the algebra
A. (Also see Example 2.1.17 (a)).

For any k-algebra A, the 0-dimensional vector space consisting of only
the zero vector is always a left A-module upon setting a-0 = O for all a € A.
We shall call this the zero module and denote it by 0.

Definition 2.1.16 Let A and B be k-algebras and M a vector space over k. Then
M is an A — B bimodule if it is simultaneously a left A-module and right B-
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module which satisfies the following forall a € A,b € B,c € k,m € M:

(@a-m)-b=a-(m-b)

(cla)-m=m-(clp)

We refer to an A — A bimodule, simply as an A-bimodule.

Notice that any A — B bimodule can be regarded as a left A @ B-
module via (a®b)-m = a-m-b (note that by the “associativity” property of
bimodules we do not need to bracket the right hand side of this equation).
Conversely any left A® B°’-module may be regarded as an A— B bimodule

viaa-m=(a®1p) - mm-b=(14®Db) -m.

Examples 2.1.17 (a) Consider k itself as the 1-dimensional k-algebra, then any
k-vector space V' is a left k-module with the action of k on V' given by scalar
multiplication

(b) Let A = kZy = k[o]/(c* — 1) and let M = k(\/«), which is in fact a k-
algebra itself (see Example 2.1.5 (c)). Then M is a left A-module with the
action of A on M induced by setting:

la-1ly=1y,la-z=2,0-1yy=1y,0-2=—zx

Notice that o is an algebra involution of M. Viewing this example in conjunc-
tion with Example 2.1.33 (b) may help the reader to realise that a superalgebra
is equivalent to a pair consisting of an algebra A and an algebra involution
o : A — Alorequivalently a kZy-module algebra).

(c) Any k-algebra A can be viewed as a left or right A-module by letting A act
on itself via left or right multiplication. In fact, this gives an example of an
A-bimodule.

Definition 2.1.18 If A is an algebra and M is a left A-module then a left A-
submodule of M is a subspace N of the vector space M, closed under scalar
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multiplication by A. We often abbreviate this and simply say that N is a submod-
ule of the module M.

Definition 2.1.19 If M, ... M, are submodules of the left A-module M, then
we define My + ...+ M, = {xy + ...+ x, : ; € M;,i = 1,...,r} which
is again a submodule of M. More generally, suppose that (M,);cz is an indexed
class of left A-modules, then ) ,_, M; is defined to be the collection of all finite
sums y ..., m; with m; € M; and T’ finite.

Moreover, the module M is the internal direct sum of submodules M;,i € T
if each x € M can be written uniquely as x = x;, + ... + x;, where 0 # x;, €
M;;,j = 1,...,nand each index i; is distinct from the others. Note that n may
depend on the particular element x. We denote this by M = @,_; M;.

For the next two results, we make the assumption that M is a left A-
module, which has finite dimension as a vector space over k. (We make
this assumption to avoid mentioning the notion of “finitely generated” —
these results hold in a more general context)

Lemma 2.1.20 (Nakayama’s lemma, Version 1) Suppose that I is a two-sided
ideal of A. If I C J(A) and IM = M, then M = 0.

As a corollary to this result, if I C J(A) and M is not the zero module,
then /M C M, and in particular J(A)M C M.

Lemma 2.1.21 (Nakayama's lemma, Version 2) Suppose N is a submodule of M
and I is a two-sided ideal of A, with I C J(A). If M = N + IM, then M = N.

We now explain how one can construct new A-modules out of a collec-
tion of A-modules.

Definition 2.1.22 Suppose that (M;),cz is an indexed class of left A-modules.
The catesian product x;czM; becomes a left A-module with operations defined
coordinatewise. That is, (m;) + (n;) = (m; + n;),a - (m;) = (a - m;) for all
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a € A, (my),(n;) € XjezM;. The resulting A-module is called the direct (or
cartesian) product and is denoted by [[,_; M;.

The support of an element m = (m;) € [[,cz M; is S(m) = {i € T :
m; # 0}, the element m = (m;) € [[,c; M; is said to be almost always
zero, when its support S(m) is finite. We define @,.; = {m € [[,cs :
m is almost always zero } and call it the external direct sum of (M,);cz. This
can be shown to be a submodule of [ [, ., M;.

We briefly remark that direct products are the products in the cate-
gory of A-modules, and external direct sums are the coproduct in this
category. It should be clear from the definitions that these two notions
coincide when the collection (M;);c7 of A-modules is finite (i.e. Z is a finite
set).

Note that we use the same symbol for internal and external direct sums.
This should not cause any confusion. The difference between the two
notions is simply whether the direct summands ); are submodules of a

given module, or not.

Definition 2.1.23 An A-module M is simple if M # 0 and the only submod-
ules of M are 0 and M.

Lemma 2.1.24 Let M be an A-module, then the following conditions are equiv-
alent and any module satisfying them is called semisimple:

(a) M is a sum of simple modules
(b) M is a direct sum of simple modules

(c) If N is a submodule of M, then N is a direct summand of M, that is, there is
a submodule N' of M such that M = N & N’

Before giving the next definition, recall from Example 2.1.17 (c) that
any algebra can be regarded as a left or right module over itself, where the
action is given by multiplication in the algebra.
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Definition 2.1.25 An algebra A is said to be semisimple when it is semisimple
as a right module over itself.

We remark that it can be shown (after some work) to be equivalent to
requiring that A is semisimple as a left module over itself. Hence we may
simply refer to an algebra as semisimple, in either case.

The following result shows that, in some sense, the Jacobson radical

measures the “obstruction to semisimplicity” of an algebra.
Lemma 2.1.26 A is semisimple if and only if A is Artinian and J(A) = 0.
We have another standard fact about semisimple algebras:

Lemma 2.1.27 Suppose that an algebra A is semisimple, then any A-module is

semisimple.

We have one final result to give before moving onto the subject of G-
graded algebras.

Lemma 2.1.28 (The Wedderburn-Artin Structure Theorem)
Suppose that A is a semisimple algebra, then

(i) There exist natural numbers ny, ... ,n, and division algebras D, ..., D,
such that
A M, (D)®...& M, (D,)

When F is algebraically closed, for everyi € {1,...,r}, D; = k.

(ii) The pairs (ny, D1), ..., (n,, D,) for which the above is satisfied are uniquely
determined (up to isomorphism) by A.

(iii) If ny,...,n, € Nand Dy, ..., D, are division algebras, then M, (D) &
... ® M,, (D,) is a semisimple algebra.
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Most statements of the above Theorem do not include the last state-
ment given in part (i); however, this follows at once from the fact that the
only division algebra over an algebraically closed field £ is  itself.

We now introduce the notion of a G-graded algebra.

Definition 2.1.29 Let G be a group. We denote the group operation by o and
the identity of this group by e. An algebra A is a G-graded algebra if there is a
family of subspaces {A, : g € G} such that A = ., Ay and AgA, C Agon.
The subspace A, is said to be the degree g component of A and elements of A,
are said to be homogeneous of degree g.

When A and B are G-graded algebras and f : A — B isalinear map, f is said
to be homogeneous of left degree g (respectively right degree g) if f(A)) C
Byop, (respectively f(Ap) C Bhog). An algebra map which is homogeneous of left
degree e must also be homogeneous of right degree e and conversely, in this case,
we say that the map is a G-graded algebra map .

From this we obtain the category of G-graded algebras whose objects
are G-graded algebras and morphisms are GG-graded algebra maps.

We note here that, from the definition, we can quickly deduce that for
a G-graded algebra k1 C A, A, is a subalgebra of A, A, is an A.-bimodule
and that for each g € G, A;A;,-1 and A;-1 A, are ideals in A,.

Lemma 2.1.30 Suppose that ¢ is an invertible linear map, homogeneous of left
(respectively right) degree g, then ¢~ is homogeneous of left (respectively right)
degree g—*.

As an easy consequence of the above result, an algebra isomorphism
is a G-graded algebra isomorphism if and only if it is homogeneous of
degree e.

Examples 2.1.31 As examples of G-graded algebras we give the following:

(a) An algebra A can be given a “trivial” G-grading for any group G by setting
A.=Aand Ay = {0} foralle # g € G.
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(b) A = k[X] is naturally graded by Z upon setting A, = {0} for n < 0
and A, = {aX" : a € k} = kX" forn > 1. More generally, A =
k[ X1, ..., Xy is graded by 7Z upon setting A, = {0} forn < 0and A, =
{ homogeneous polynomials of degree n} for n > 1. Recall that a polynomial
p(Xy,...,X,,)issaid to be homogeneous of degree n if p(A X7, ..., A\X,,)
= \"p(X1,..., Xon).

(c) Let Zy+1 be the cyclic group of order n + 1 with generator 1, then A =
k[Xq1, ..., Xu]/(Xq,. .., X,)? is graded by 7,1 by setting Ay = k1l and
A, = kX, fori € {1,...,n}. This follows since AgA; = A;Ay = A; and
AA; =0C Ay for0#£i,j € Zpys.

(d) The group algebra A = kG is naturally graded by G by setting A, = kg.
Notice that the homogeneous components A, obey A,Ay, = Ay, rather than
just AgA, € Agop. In such cases we say that A is strongly G-graded.
However, we only mention this concept in passing and will not use it further.

In the case G' = Z, then we obtain the concept of a Z,-graded algebra,
which is also called a superalgebra. Since this is our main object of interest
we give the conditions defining a superalgebra (even though they are a

special case of Definition 2.1.29).

Definition 2.1.32 A Z,-graded algebra or a superalgebra is an algebra A
with subspaces Ag, Ay such that A = Ay ® Ay with A;A; C Ay fori, j € Zy or
ii’lfl/lll.' A(]AO - A(], A(]Al - Al, AlAO - Al and A1A1 - Ao.

Throughout the thesis we shall use the term superalgebra. We view a
superalgebra A as consisting of an algebra B and “some additional struc-
ture” (which, with some thought, we discover the additional structure is
an algebra involution o : B — B — consider Example 2.1.17 (c) and Exam-
ple 2.1.33 (b)). We shall call the algebra obtained by forgetting this addi-
tional structure the underlying algebra and we shall refer to the additional

structure as the Z,-grading .
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We note that k1 C A, Ay is a subalgebra of A, A, is an Ay-bimodule
and A? = A, A, is an ideal of Ay.

Examples 2.1.33 As examples of superalgebras we give the following:

(a) Any algebra A is a superalgebra endowed with the trivial Zy-grading Ay =
A, Ay = {0}. This is quite an important idea which is used throughout this
thesis.

(b) If A = C then A is a superalgbera over R via Ay = R, A; = Ri. Or more
generally, if A = k(y/«), then A is a superalgebra over k, via Ay = k =
]{31, Al = kx.

Definition 2.1.34 For a superalgebra, A, we define dimg A = dim Ay and dim; A
= dim A, where these are the dimensions of Ay and A, as vector spaces over k.

We shall use dim = n substantively to refer to the set of algebras of
dimension n and similarly, we shall use dim;, = ¢ to refer to the set of
superalgebras A having dimy A = dim Ay = 4.

Finally, we define a useful piece of notation:

Definition 2.1.35 Let &/ be the Kronecker delta function defined by:

Z 0, ifi#j
Henceforth, 5! with the sub- and superscripts shall only be used to refer to this
function.
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2.2 4-dimensional Algebras

As mentioned in the introduction, we assume that £ is a field with ch(k) #
2. We do not make the additional assumption that k is algebraically closed
until Section 2.5.

Notice that any two superalgebras A and B must in particular be al-
gebras and that a superalgebra isomorphism of A and B must in partic-
ular be an algebra isomorphism between A and B when viewed as alge-
bras. Hence, when A and B are not isomorphic as algebras, they cannot
be isomorphic as superalgebras. We shall use this fact to help us prove the
classification results of non-trivially Z,-graded superalgebras in the later
sections. This section is dedicated to proving several results which state
when some 4-dimensional algebras are not isomorphic. It should be noted
however that this does not give a full classification of 4-dimensional alge-
bras.

Recall that £(X;,...,X,) denotes the polynomial algebra in n non-
commuting indeterminates.

The first result follows from the work of [12]

Proposition 2.2.1 The following families of algebras are pairwise non-isomorphic:

(1) kxkxkxEk,

(2) kx kx k[X]/(X?),

©) k[X]/(X?) < k[Y]/(Y?),
4) ke x k[X]/(X?),

(5) k[X]/(X7),

(6) kx kX, Y]/(X.Y)?

?) KX, Y]/(X2,Y7?),

(8) KX, Y]/(XP, XY, Y?),
) KXY, Z)/(X.Y, Z)?,

(10) Mo,
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a 0 0 0
0 a 0 d .
(11) {(c 0 b 0) .a,b,c,dek},
00 0 b
(12) N
ko k boc
13) & x (0 k) _ {( ,(O d)) :a,b,c,dek},
a 0 O
(14) c a 0 a,b,c,d €k p,
d 0 b
a ¢ d
(15) 0 a 0):a,bc,deky,
0 0 b
(16) kX, Y)/(X%Y2YX),
a 0 O
(17) 0 a 0):a,bc,deky,
c d b
(18;))  k(X, X2 Y2 YX — AXY), where A € k with A # —1,0,1,

X Y)/(
19) k(X Y)/(Y2 X2+ YX, XY +YX)

Proof:

This follows from Gabriel’s results given in [12]. Suppose that two al-
gebras on the list are isomorphic. Then take tensor products with an al-
gebraically closed extension K of k to obtain two K-algebras. The iso-
morphism of the two k-algebras induces an isomorphism of the two K-
algebras just constructed. However, since K is algebraically closed, this
would contradict the results in [12] — impossible. Thus any two algebras
on the above list are indeed isomorphic as claimed. O

In the case where the families depend on some parameter, such as
(18;)) above, there may be situations in which different members of the
the same family are isomorphic. For instance (18;)) = (18;)) if and only if
either A = ) or A\ = 1, which again follows from the results of [12]. Since
this section is only to help us with our proofs in the next few sections we
do not bother listing when two such members of a given family are iso-
morphic. We shall however be interested in exactly this question in the
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next few sections when we give classification results for superalgebras.

When £ is not algebraically closed, in particular when £ contains non-
square elements, the classification of non-trivially Z,-graded superalge-
bras over k gives rise to some algebras which are not on the list above. We
treat these algebras in the next two propositions. The parameters 1 and £
which occur in the next few propositions are elements of £*\k*2.

Proposition 2.2.2 The following families of algebras are pairwise non-isomorphic
and are all non-isomorphic with the families described in Proposition 2.2.1:

(20;4) k[XT/(X?) x k(\/),

(21;1) kxkxk(\/1),

226, K(VE) x k().

(23;11) KX, YT/(X? =, Y7),

@4)  KX,Y)/(uX? 4 Y2 XY),

(25,#) k<X>Y>/(X2_:u7Y2>XY+YX)
Proof:

We shall use a series of lemmas establishing the following;:

e (20;1)—(23;1) are non-isomorphic (Lemma 2.2.5, Lemma 2.2.6 and
Lemma 2.2.9)

e none of (20;1)—(23;1) is isomorphic to (1)—(9) (Lemma 2.2.8)

e (24;1) is not isomorphic to any of (1)-(9) (Lemma 2.2.9 and
Lemma 2.2.10)

e (24;p) is not isomorphic to any of (20;.)—(23;1) (Lemma 2.2.8)

e (25;1) is not isomorphic to any of (10)—(19) (Lemma 2.2.8 and
Lemma 2.2.9)

To complete the proof, note the simple fact that a commutative algebra can

never be isomorphic to a non-commutative algebra. O
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Proposition 2.2.3 The following families of algebras are pairwise non-isomorphic
and we have:

(a) Algebra (26;11,0,m) is non-isomorphic with all algebras described in Proposi-
tion 2.2.1 and Proposition 2.2.2 above, except (20;1)—(23; 1)

(b) Algebra (27;1,0) is non-isomorphic with all algebras described in Proposi-
tion 2.2.1 and Proposition 2.2.2 above, except (10) and (25;1)

26;1,0m)  K[X,Y]/(X%—p, Y2 =0 —nX), with0,n € k where 0 # 0orn # 0,
(27;11,0) (X, Y)Y/ (X% —pu, XY +YX,Y? —0), with 0 € k where 0 # 0

Proof:

Again we use the fact that a commutative and a non-commutative alge-
bra cannot be isomorphic. We complete the proof by using Lemma 2.2.8,
which shows that :

e (26;u,0,n)is not isomorphic to any of (1)—(9), or (24;1)
e (27;u,0) is not isomorphic to any of (11)-(19)

O

Remark 2.2.4 There are some cases where Proposition 2.2.3 cannot be strength-
ened any further, for example (26;41,1,0) is isomorphic to (22;p,11) and (27;41,1) is
isomorphic to (10). However for some of the other cases, for example (27;1, 0) and
(25;11), we are unsure if they can be isomorphic to each other or not. Determining
conditions when an algebra from Proposition 2.2.3 is isomorphic to an algebra
from Proposition 2.2.2 can be quite difficult. However we spend no further time
on this problem since Proposition 2.2.3 is as strong as we require for its use in
later sections.

Lemma 2.2.5 (a) Let o, 3 € k. Then k(\/a) = k(\/B) if and only if o = §*3
for some 6 € k*.



CHAPTER 2. ALGEBRAIC CLASSIFICATION 34

(b) Let pu € k. Then we have

KIX]/(X?), u=0,
XX == kxk, pek?
(V). pek\k

Moreover, the three classes of algebras are non-isomorphic to each other.

Proof:

For part (a), by definition, there is a k-basis {1, 2} in k(y/«) and a k-basis
{1,y} in k(\/P) such that 2? = « and y* = 3. Suppose ¢ : k(v/a) — k(v/B)
is an algebra isomorphism. Then ¢(1) = 1 and ¢(x) = v + dy for some
v € kand 6 € k*. From ¢(z?) = ¢(x)? one gets a = % + 68 + 27ydy.
This implies v = 0 and a = %8 as § # 0. Conversely, if & = §2 for some
d € k*, then the k-linear map k(y/«) — k(v/B), 1 — 1,z — dy,is an algebra

isomorphism.
Part (b) follows from Part (a) and the facts that k[ X]/(X? — a) = k(y/«)
and k(v/1) 2 k x k. O

Lemma 2.2.6 Suppose that B, C, E, F' are finite dimensional algebras and that
B=FE.Then Bx C=FE x Fifandonlyif C = F.

Proof:
Itis easy to see thatif C = F'then Bx C =2 B x F =2 F x F.

The converse follows from the Krull-Schmidt theorem for finite dimen-
sional algebras. However, since this result is not very well-known, we give
a direct proof for the sake of completeness.

Firstly, we will show the special case that B x ' = A = E x F with
B = FEimplies C' = F'.

Since A is finite dimensional it has a unique, finite complete set of prim-
itive central idempotents. Denote this set by S. So S = {e,...,e,} with
each e; non-zero and satisfying the following: e;e; = dle;, 1 =€, + ...+ e,

and if e; = ¢;, +¢;, thene;, =0ore;, = 0.
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We can identify A with Ae; x ... x Ae,. Order the primitive central
idempotents so that e;,...,e; € B, so B = Ae; x ... x Ae; and hence
C =Ae 1 X...x Ae,.

An algebra map must preserve idempotents, and moreover an isomor-
phism must map distinct primitive central idempotents to distinct primi-
tive central idempotents. Suppose that ¢ : B — Eis an isomorphism, such
an isomorphism exists by hypothesis.

Let ¢ = ¢(e;) for 1 < i < t. For each ¢}, with t + 1 < i < n choose an
element of S\{e/,...,e;} in such a way that ¢] = €’ < i = j. Itis clear that
{€},... e} is simply a permutation of {e;,...,e,}, £ = A€} x...x Ae; and
F=Ae_ | x...x Ae,.

Now forl < <t¢,
¢(Ae;) = ¢(Aeie;) = ¢(Ae;)d(e;) = ¢(Aei)e; C Ee; = Ae;
and since ¢ is an isomorphism

¢~ (Ae) = ¢~ (Aeje;) = ¢~ (Aep) ™ (e) = 67 (Aej)e; C Bei = Ae;

)

i.e. Ae} C ¢(Ae;). Thus ¢(Ae;) = Ael, so Ae; = Ael via ¢| ae,.

We wish to lift ¢ to an automorphism ¢ of A. First define 7' = {e;y,...,e;}
and 7" = {e€},...,e;}. We can then construct sucha ¢ : A — A as follows
(we also describe how to construct its inverse): if e; € T then for x € Ae;
define ¢(z) = ¢(z), if e; € T’ then for x € Ae; define v~ (z) = ¢~ (z),
if e; € T'\T then for z € Ae; define ¢(z) = ¢~ '(2), if e; € T\T" then for
x € Aej define ¢! (z) = ¢(x) and finally, if e; € S\(TUT") then for = € Ae;
define ¢(x) = ¢~!(z) = x. We then extend these maps linearly to A. One
can easily check that ¢ o™t = ¢t 0 ¢p = id4.

By construction ¢|p = ¢, so ¢ is the required lifting. The primitive
central idempotents of C are either in 7\T or in S\ (7"UT"), so one quickly
checks that ¢(C') = F. Hence ¢|c : C' — F is an isomorphism. Thus
C = F as required.

We can now prove the general case as follows. Suppose B x C = E x F
where B = E. Set A = B x C and suppose ¢ : E x I' — B x C'is an
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isomorphism. The isomorphism induces a decomposition of A as §(E) x
6(F) where §(E) = E = B and §(F) = F. We can now apply the above
special case to deduce that §(F) = C thus F = §(F') = C, as required. [

Now let us consider the algebras given in (22; &, 1). Let p, 114, §, & €
k*\k*?. Then from Lemma 2.2.6 we know that k(\/€) x k(\/i) = k(v/&) x
k(y/m) if and only if either k(v/¢) = k(v/&) and k(\/r) = k(y/m), or
k(v€) = k(i) and k(y/i) = k(v/&), which occurs if and only if either
&Y, ppyt € K2, or &yt pért € k2 Thatis, (22; €, i) = (22; &4, ) if and
only if either &7, puy' € k*2, or Epyt, uéyt € k2.

Definition 2.2.7 Let A be a k-algebra. A subring, B, of A is a vector subspace
of A which is closed under multiplication and with the additional property that
there is an element e € B which satisfies b = eb = be for all b € B. Then B is a
k-algebra with the element e as the identity. (One can easily see that e must be an
idempotent element of A).

Lemma 2.2.8 Algebras (1)—(9), (11)~(19) and (24;1) have no subring isomor-
phic to a quadratic extension of k.

Proof:
The general method is as follows: For any non-zero idempotent element a
and an element b linearly independent from a such that 0 # b* € ka, we
will show b? = a?a for some « € k* in all cases. Thus ka @ kb cannot be
isomorphic, as an algebra, to a quadratic extension of k. Since we make
the minimal assumptions that a # 0 is idempotent, {a, b} is linearly inde-
pendent and that 0 # b* € ka, we conclude in each case that the algebra
has no subring isomorphic to a quadratic extension of &.

We will illustrate this method for the algebra given in (17). The others
are done similarly.

ar 0 0 Bi 0 0
Leta = (0 o o) #0and b = (0 51 0) % 0 with «;, 8; € k for

a3 g Qg Bs Ba P2
1 < i < 4. Suppose a* = a. Then o} = oy, a3 = aa, vpaz + avaz = a3 and
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10y + oy = Qy. Hence
a1, Qg € {O, 1}, and a3 =0y =0 if a1 = Q9.

Now assume b? = ~a for some v € k*. Then 3? = ~ay, 35 = yas and
(814 B2) B = vy, i = 3,4. Hence (81 — 32) (81 + f2)8; = v(B1 — B2)a;, which
implies (a; — a2)f; = (61 — f2)a;as v # 0,1 = 3, 4.

If ay = ay then a3 = a4y = 0. Hence a; = ay = 1 as a # 0. Thus we
have v = 3% = 33,33 = B4 = 0,and so b* = va = f(ia. If a; = 1 and
ay =0, theny = 3?2, 3, = 0, B3 = Bias, B1 = fray, and hence V? = va = (2a.
Similarly, if a; = 0,0 = 1, then v = 33, 51 = 0, 33 = (ras, 1 = foay and
b’ = va = [3a. O

Lemma 2.2.9 The algebras defined by (23;11),(24;11) and (25;) contain no non-
trivial idempotents.

Proof:
We prove the lemma for the algebras given in (25; ;). The other two cases
are similar.
The algebra A given in (25; 1) has two generators X and Y subject to
the relations:
X?2=p4,Y?=0, and XY +YX =0.

Hence A has a k-basis {1, X, Y, XY'}. Now leta = o + ao X + a3Y + au XY
be an idempotent in A, where «; € k, 1 < i < 4. Since a* = (a1 + X +
azY + au XY)? = ol + adu + 20100 X + 2a103Y + 20,04 XY, we have

2 2 ;
o] + o5 = a1, 20n0 = o4, 1 =2, 3, 4.

Ifo; =3, thenadu =1 — (1) = 5. Hence an # 0,and p = (305")? € k%, a
contradiction. Hence a; # % Thus we have ay = a3 = ay = 0and o = ;.

Hence oy =1lora; =0,andsoa =1ora = 0. O

Lemma 2.2.10 The algebra defined by (24;1) is not isomorphic to the algebras
defined by (5), and (7)—(9) respectively.
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Proof:
Letp e k*\k*?. Letx = X + (uX?+ Y3 XY)and y =Y + (uX?> + Y% XY)
in kX, Y]/(uX2+ Y2 XY). Let 21 = X + (X) in k[X]/(X).

Assume ¢ : K[X,Y]/(uX?+ Y3 XY) — k[X]/(X*) is an algebra iso-
morphism. Then ¢(1) = 1, ¢(z) = ap + a1x1 + st + azz? and ¢(y) =
Bo + Bizy + Box? + B3} for some oy, 3; € k, 0 < i < 3. From the equation
¢(zy) = ¢(x)¢(y) we obtain

0= 05060“‘(05061+a1ﬁ0)x1+(a0ﬁ2+alﬁl“‘CVZﬁO)x%‘l'(O‘O/@3+a1/62+052/61+053/60)1§-

This implies that agfy = 0, a1 + @18y = 0, Pz + a1 + a2y = 0 and
apBs + a1 B + ) + azfy = 0.

If ag # 0, then By = 1 = 2 = fP3 = 0, and so ¢(y) = 0. This is
impossible as ¢ is an isomorphism. Hence o, = 0. Similarly, one can show
Go = 0. Thus we have a3, = 0 and a; 35 + a5, = 0.

If a; # 0, then 5 = B, = 0, and so ¢(y) = [z23. Hence ¢(y?) =
#(y)* = 0, which is impossible since y* # 0 and ¢ is injective. Thus we
have a; = 0 and ¢(x) = ax? + azzd. It follows that ¢(z?) = ¢(x)* = 0.
This is impossible since 2 # 0 and ¢ is injective. Thus we have proven
that k[ X, Y]/(uX? + Y2, XY) 2 k[X]/(X?).

Similarly, one can show that Kk[X,Y]/(uX?* + Y2 XY) 2
KX, Y]/(X3, XY, Y?) and k[ X, Y]/(uX?+ Y2 XY) 2 k[X,Y, Z]/(X,Y, Z)%

To show k[X,Y]/(uX?+Y? XY) 2 k[X,Y]/(X? Y?) is slightly differ-
ent. Letx = X +(X?,Y?),y =Y +(X? Y?)ink[X,Y]/(X% Y?) and letz; =
X+ (X2 +Y2 XY),p0 = Y+ (uX2+ Y2, XY) in k[X, Y]/ (X2 + Y2, XY).

Suppose ¢ : k[X,Y]/(uX?+ Y% XY) — k[X,Y]/(X? Y?) is an algebra
isomorphism. ¢(z) = ap+ a1z +azxt+asyr, d(y) = Bo+ Lra1+ e+ Bays.

From 0 = ¢(2?) = ¢(x)¢(z) we obtain: a2 = 0, 2apa; = 0, 2090y + af —
azp =0, 2apa3 = 0and so g = 0, o —a3p = 0. Similarly, from 0 = ¢(y?) =
¢(y)¢(y) we obtain: 5§ = 0,203 = 0,208002 + 7 — fsp = 0,20035 = 0 and
s0 0y =0,6f = Fu=0
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If a3 # 0 then 1 = (ay05")? — impossible, since p € k*\k*?, so az = 0.
If B3 # 0 then u = (413;')? — impossible, since € k*\k*2, so 33 = 0.
However, with a3 = 33 = 0, ¢ cannot be surjective, so cannot be an isomor-
phism —a contradiction. Thus k[ X, Y]/(uX?+Y? XY) 2 k[X,Y]/(X% Y?).
This completes the proof. O

From our remark in the introduction that a superalgebra A, must sat-
isfy k1 C Ay, one can see that we can split the problem of classification of
4-dimensional superalgebras into cases: dimy A = 1,2,3 or 4. That is, we
may look at the cases where the degree zero component has dimensions
1,2, 3, or 4 separately.

When A is a 4-dimensional superalgebra with dimyA = dim A, = 4
then we must have A, = A, A; = {0}, this is the situation where each
algebra is given the trivial Z,-grading. In this case a superalgebra with
the trivial Z,-grading is no more than just an algebra. Note that two triv-
ially Z,-graded superalgebra are isomorphic as superalgebras if and only
if they are isomorphic as algebras. Thus the results of [12] give us the
classification for this case when k is algebraically closed.

Example 2.2.11 In this example we consider superalgebra structures on algebra
(9) from our list in Proposition 2.2.1. To this end take A = k[X Y, Z]/(X,Y, Z)*.
Then one can check that any superalgebra must be isomorphic to one of the fol-
lowing superalgebra structures on A (where we identify X, Y, Z with their images
under the natural projection k[X,Y, Z] — k[X,Y, Z]/(X,Y, Z)?):

(a) Ay = Aand A, = {0} (the trivial Zy-grading),
(b) Ag=kl®kX DkY and A, = kZ,
(c) Ay =kl ®kX and A, = kY ®kZ,
(d) Ay =Fkland Ay = kX ® kY @ kZ

The interesting thing about Example 2.2.11 is that all superalgebras
with dim Ay = 1, dim A; = 3 are isomorphic to the superalgebra on (9)
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given the last Z,-grading of the example. This is a special case of the fol-
lowing short propostion, which shall conclude this section.

Proposition 2.2.12 An n-dimensional superalgebra, A, withn > 3 and dim A, =
1, must have A? = {0}.

Proof:
Suppose A is an n-dimensional superalgebra, with n > 3 and dim A, = 1.
Since dim Ay = 1, and k1 C Ay we must have Ay = k1 = k.

We show that the square of any element in A; is zero and its product
with any linearly independent element from A, is also zero. From this, the
conclusion of our proposition easily follows.

Let0 # 2 € Ay and y € A, be such that {x, y} are linearly independent.
Thus 22,2y € Ay = kso 2> = a,zy = 3 for some o, 3 € k. Now ay =
(xz)y = x(ry) = Pz, which by linear independence of x and y implies

o = (8 = 0, which is what we wanted to show. O

This leaves us with the cases dimg = 3 and dimy = 2, which we will

deal with in the following two sections.
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2.3 Case dimy =3

In the following, we will use (j) to denote the algebras defined as (j) of
Proposition 2.2.1, Proposition 2.2.2 and Proposition 2.2.3, and use (j|i)
to denote the various superalgebras having the underlying algebra (j),
i=0,1,2,---. We will always use (j|0) to denote the superalgebra on the
underlying algebra (j) with the trivial Z,-grading, i.e., (j|0)o = (j) and
(710); = 0. For example, (1|1) denotes the superalgebra structure on alge-
bra A =k x k x k x kwhichhas Ay = k(1,1,1,1) ® k(1,0,0,0) & k(0,0,1,1)
and A, = £(0,0,1,—1).

Some algebras listed in Proposition 2.2.1, Proposition 2.2.2 and Propo-
sition 2.2.3 admit the form of a quotient algebra A/ of an algebra A, mod-
ulo an ideal /. In this case, in order to simplify the notation, we denote by
a the image a + I of a under the natural projection A — A/I, where a € A.
For example, we will write X := X + (X2 Y?) and Y := Y + (X% Y?) in
the algebra (7) = k[X,Y]/(X?, Y?).

Theorem 2.3.1 Let k be a field with ch(k) # 2.
(a) Suppose A is a superalgebra with dim Ay = 3 and dim A; = 1. Then A is
isomorphic to one of the following pairwise non-isomorphic families of superalge-

bras:
(1) kxkxkxk:
(11)o = k(1,1,1,1) @ k(1,0,0,0) @ k(0,0,1,1) and (1]1); = (0,0, 1,
(2) kxkxk[X]/(X?):
(2]1)p = k(1,1,1) ® k(1,0,0) ® £(0,1,0) and (2|1); = £(0,0, X),
(22)0 = k(1,1,1) ® k(1,1,0) @ k(0,0, X) and (2|2); = k(1,—1,0),
(8)  KX)/(X2) x KY]/(Y?):
(3]1)o = k(1,1) ® k(1,0) ® k(X,0) and (3|1); = k(0,Y),
(4) k< K[X]/(X?)
(4]1)g = k(1,1) ® k(1,0) @ k(0, X?) and (4]1); = k(0, X)

-1,
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KX, Y]/(X2,Y?) :

(7)

— k(X =),

(711)0 = k1 ® k(X +Y) @ kXY and (7|1),

KX, Y]/(X3 XY, Y?)

(8)

(8[2)0 = k1 @ kX2 @ kY and (8]2), = kX,

kXY, Z])(X,Y, Z)*:

(9)

|

oS = O O
(==l ele]
(==l ele]

o o o o
=~

© o oo

o o o o

oS —H O O

— o O O

—N S ——

a,b,c,d €k

~

o T O o
o o o o
o 3 o ©

3 O O O

N~———

—~
—
i
~—

e
S

agdek}:

\/)aa

o o o o

—~

N

/9 oo o ¢

[ -

o o +H O

o - o © N—m—
Y

— o O O

o O o0 oL o — o o

o O = O

=]

~—

——

/N
N
S -
S o o o o o o o
07 o o o o o o
~_
<2 o o ~ o —~ o
N~ ~
S¥ < e
— ¥ ¥
o o o o
o o o o o o
=)
~ o — O o~ o
= ..
~_ R — o o — o o
k)}( o /l\ o }
e T e
o o o o o o
— w S D W
] ——~C O 0 _—m<_ o o o ]
~— o - ~— 3 o o — o o~ <5
= - o~ o o o ~ -
IS~ = oo~ To o~~~ =
e 3 =2 =2 I~
D sy - D - |
N~
=2 — O O o =2 — =2 — 9
—~ —~ —
= _ .. 0= =
[ap]
= B = 3 = 3
— ~— 8 0T — ~—r (@] ~— 8 O O
Z 8§z § = § —
—~ —~
<t 0
— —
S~— S~—



CHAPTER 2. ALGEBRAIC CLASSIFICATION 43

100 100 00 1
(15|1)0:k<0 1 o)@k(o 1 o)@k(o 0 0)
00 1 00 0 0 0 0
01 0
and (15]1); = k(o 0 0),
00 0
100 100 0 1 0
(15|2)0:k<0 1 o)@k(o 1 0)@1{:(0 0 0)
00 1 0 0 0 0 0 0
00 1
and (15|2), = k(o 0 0
00 0

?\N\/

0
0]|a,
b

a 0
(17) {(0 a b,c,d e }:
c d
1 0 0 1 0 0 0 0 0
(17 =k|o 1 o)@k(o 1 o)@k(o 0 o)
00 1 0 0 0 1 0 0
0 0 0
and (17|1); =k (0 0 0),
0 1 0

(04)  KIX)/(X?) % k(yT0) 1 € KK

(205 ul1)o = k(1,1) @ k(1,0) ® k(X 0) and (20; p|1)1 = (0, Y),

(20; p[2)o = k(1,1) @ k(1,0) @ k(0,Y) and (20; p|2), = k(X 0),
(2L;p)  kxkxE(/R), p ek \k*:

(21 jl1)o = k(1,1,1) @ k(1,0,0) @ (0, 1,0) and (21; 1), = k(0,0, X),

(21 jl2)o = k(1,1,1) ® k(1,1,0) @ (0,0, X) and (21; |2), = k(1,—1,0),
(22:¢, 1) k(VE) X k(yI)), & pu € K \k™2 :

(22;€, ul1)o = (1, 1) @ k(1,0) @ k(X, 0) and (22; €, p|1)1 = k(0,Y),
(24;p) KXY/ (X2 +Y2 XY), pek*:

(24; u|1)o = k1 ® kX @ kX% and (24; u|1); = kY.

3

(b) Let p, py, &, &1 € k*\k*2. Then we have

(b.1) (20; po|1) 22 (20; pun|1) if and only if upy " € k2,

(b.2) (20; u[2) = (20; pu|2) if and only if pui* € k*2,

(b.3) (21; u[1) = (213 pu|1) if and only if i € k*2,

(b.4) (21; u[2) = (21;u|2) ifand only if puy* € k*2,

(b.5) (22; &, pu|1) 22 (22; &1, jua|1) if and only if €71 € kK% and puy' € k2,
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(b.6) (24; u[1) = (24; u|1) if and only if puy " € k™.

Proof:
The proof of this shall be the main goal of this section. We shall divide the
proof into three lemmas, showing the following;:

e Each 4-dimensional superalgebra, A, with dim A, = 3 and dim A,
= 1 is isomorphic to one of the superalgebras listed in the theorem.
(Lemma 2.3.2)

e Each pair of distinct families of superalgebras listed in the theorem

are non-isomorphic. (Lemma 2.3.5)

e The conditions for superalgebra isomorphisms to exist are as stated
in part (b) of the theorem. (Lemma 2.3.6)

U

Lemma 2.3.2 Let A be a 4-dimensional superalgebra with dim A, = 3 and
dim A; = 1. Then A is isomorphic to one of the superalgebras listed in Theo-
rem 2.3.1 (a).

Proof:
Suppose that A = Ay@ A, is a 4-dimensional superalgebra with dim Ay = 3
and dim A; = 1. Let {z} be a basis for A;.

Since A, is an Aj-bimodule with the actions being given by multipli-
cation in A, we can define two maps f,g : Ay — k by az = f(a)z and
za = g(a)z for all a € Ay. With a little work, we discover that these are in
fact k-algebra homomorphisms. Consider the kernels of f and g. We have
two cases:

[ Ker(f) = Ker(g),

I Ker(f) # Ker(g).

Suppose case I holds and Ker(f) = Ker(g). Since Ay = k1 & Ker(f) =
k1 & Ker(g), we have f = g. Hence z € Z(A), the center of A. Either A is
semisimple, or it isn’t, so we get the following possibilities.
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Assume A, is semisimple (i.e. J(Ag) = 0). Then Ay = M,, (D) &
-+ @& M,, (D,) by the Wedderburn-Artin structure theorem, where D; is a
division algebra with dimension d;, 1 < ¢ < r and r is a positive integer
with m < 3. Hence n?d; + nidy + n3ds = 3. Since A, has a nontrivial
ideal Ker(f), Ao is not a division algebra. Thus we have the following
possibilities:

(@) Ay = kE® D, where D is a 2-dimensional division algebra, and hence
a quadratic extension of k;

(b) Ay =kd kD k.

For case (a), there is a k-basis {1,e,z} of Ay with 1 being the identity
of A such that €? = ¢, ex = e = r and 2% = ae for some o € k*\k*2. For
case (b), there is a k-basis {e1, €3, €3} of Ay such that e;e; = 5{@, 1<4,j<3
(where 55 is the Kronecker delta). Let I; = ke;, i = 1,2, 3. Then I, I, and I3
are ideals of Ay, and Ay =1, & I, & I5.

Now assume that 4 is not semisimple. Then dim J(A4y) = 1 or 2. Let
I = Ker(f) = Ker(g).

If dim J(A4y) = 2, then I = J(A,) and I? # I since J(A4y) is nilpotent.
Thus we have two cases:

(c) I? is 1-dimensional;

(d) 1% = {0}

For case (c), we may choose 0 # z € [* and y € I\I?. Observe that
I" = {0} for n > 3. Hence z? = zy = yz = 0, and y* = ax with o € k*
since I? # 0. In this case, {z,y} is a k-basis of I = J(A4).

If dim J(Ap) = 1, then we get the final possibility:

(e) We discover that J(A4)? = 0 and J(A4y) C I. Choose 0 # x € J(Ap)
and y € I\J(Ap). Observe that {z,y} is a k-basis of I. Then z* = 0, zy,
yr € J(Ap) and y* = a y+aqx for some ay, ap € k. We claim that a; # 0. In
fact, if a; = 0, then I? C J(A4,), and hence I is a nilpotent ideal of Ay. This
implies I C J(Ay), a contradiction. Notice that (a;'y)? = o'y + aj 2agx;
then by replacing y with a; 'y we may assume that a; = 1.

Suppose case Il holds and Ker(f) # Ker(g). We first have that Ker(f) N
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Ker(g) is 1-dimensional. Let 0 # x € Ker(f) N Ker(g). Then one can choose
an element y € Ker(f) such that {x, y} is a basis for Ker( f) over k. Observe
that span{1, y} N Ker(g) is 1-dimensional. Let 0 # 3’ € Ker(g) N span{1,y}
such that {z,y'} is a basis for Ker(g). Now by definition zz = yz = za =
2y’ = 0 and zy = g(y)z with g(y) # 0. Replacing y by ¢(y)~'y, we may
assume that ¢g(y) = 1 and zy = z. Since Ker(f) N Ker(g) is an ideal of A,
and z € Ker(f) N Ker(g), we have 22, zy, yr € Ker(f) N Ker(g), and so
22 = Pz, vy = Pox and yr = [Bsx for some 3; € k, i = 1, 2, 3. Now
we have y' = v, + 7oy with 71, 72 € k. Since 1 ¢ Ker(g) and y ¢ Ker(g),
we know that v, # 0 and 7, # 0. Replacing y’ with 7; 'y, we may assume
7 = 1. Hence 0 = 2y’ = 242y = (1+72)z,andsoy, = —land ' = 1 —y.
Since yy' € Ker(f)Ker(g) C Ker(f) N Ker(g), yy' = y(1 — y) = vz for some
v € k. It follows that 4> = y — yx. Since 2y = z and yz = 0, we have
22 = (2y)z = z(yz) = 0.

Now we deal with each of the above cases.

I (a): Ap has a k-basis {1,e,z} satisfying ¢* = ¢, ex = ze = 2 and
2? = ae, where o € k*\k*2. Moreover, we have z € Z(A), f = g, ez =
f(e)z and zz = f(x)z. Suppose 2z = 1y + 1m2€ + nzz. Since f is an algebra
homomorphism, f(e) = f(e?) = f(e)* and f(z)? = f(2?) = af(e). From
the equation xz? = (zz)z one gets f(z)y = 0, f(x)ne = Nz and f(x)nz =
m +12. Now f(e) = f(e)* implies f(e) = 0or 1. If f(e) = 1, then o = f(x)?,
and hence o = 0 or a € k*?, a contradiction. Thus f(e) = 0, and so
f(z) = 0as f(x)*> = af(e). Now from the equations f(z)n, = nza and
f(z)ns = m + n2 one obtains 73 = 0 (as « # 0) and 7, + 12 = 0. It follows
that 22 = 7, — nmie. Eithern, = 0, n, € k*? orn; € k*\k*. If n; = 0 then
A~ (20;a2), viae — (0,1), z — (0,Y), z — (X,0). If n; = n? for some
n € k* then A = (21;«|2), viae — (0,0,1), z — (0,0, X), z — n(1,—1,0). If
m € k*\k* then A = (22;a,m|1), via e — (1,0), z — (X,0), z — (0,Y).

I (b): Ay has a k-basis {1,¢e;, ey} such that €2 = e, €2 = e, and ejep =
ese; = 0. Moreover, z € Z(A) and e,z = f(e;)z, i = 1, 2. Suppose 2% = g +
Ther + 1maeq. Since f is an algebra homomorphism, f(e;)? = f(e;), i = 1, 2.
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From the equation (ejez)z = e;1(e22) one gets f(e;)f(ez) = 0. Furthermore,
from the equation €;2% = (e;2)z, i = 1, 2, one gets f(e1)no = f(ea)no = 0,
fler)m = no+mi, flea)na = no + 2 and f(e1)n2 = f(e2)m = 0. Now we
consider the structure of A according to whether n, # 0orn;, =0,i=1, 2,
3.

Case 1: Suppose 19 # 0. In this case, we have f(e;) = f(es) = 0 as
flei)no = f(e2)mo = 0. Hence 1y = ny = —ng since f(e;)n; = mo +mi, i = 1,
2. Hence we have 2% = ng(1 — e; — e3) and ¢;2 = ze; = 0, i = 1, 2. Either
no € k*? or gy € k*\k*% If ny = n? for some n € k* then A = (1]1), via
e; — (1,0,0,0), ea — (0,1,0,0), z — 7(0,0,1,—1). If ny € k*\k*? then
A= (21;m0]1), via e — (1,0,0), e2 — (0,1,0), z — (0,0, X).

Now suppose 7y = 0, then we have

fler)f(ex) =0, fler)na = f(ea)m =0,
fed)? = fle), fleni=m, i=1, 2.

Therefore, we get the following three cases depending on whether either
of 1, or 1, are 0.

Case 2: 9 = 0 and 7; # 0. In this case, we have f(e;) = 1, f(e2) = 0
and 7, = 0. Hence 22 = nje;, 12 = ze; = z and ez = ze; = 0. Let
ef =1 —e; — ey and €}, = e,. By considering the new basis {1, ¢}, €, } of Ay
over k, one can see from the proof of Case 1 that A = (1]1) if n; € k*?, and
A (21;m 1) if gy € k*\E*2

Case 3: 19 = 0 and 7, # 0. This is treated similarly to Case 2. (Simply
interchange e; and e, in Case 2). Thus we can see that A = (1]1) if 9, € £*2,
and A = (21;m.]1) if ny € k*\Ek*2.

Cased: 1y =n =1y = 0. If f(e;) = f(e2) = 0, then we have 2% = 0 and
ez =ze; =0,1i=1,2. Hence A = (2|1), via e; — (1,0,0), e2 — (0,1,0),
2+ (0,0,X).If f(e;) = 1and f(ez) = 0, then by replacing e; with 1 —e; —es
one can see that A = (2|1) as superalgebras. Similarly, if f(e;) = 0 and
f(ez) =1, then we also have A = (2|1).
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I (c): Ap has a k-basis {1, z,y} such that 2° = 2y = yz = 0 and y* = ax
with « € k*. In this case, we have z € Z(A), Ker(f) = J(Ap) and hence
rz = yz = 0. Since J(A) is a unique maximal ideal of A, and A? is an
ideal of Ay with dim A2 < 1, A? C J(Ay). Hence we have 2? = 3,z + [3yy for
some 31, B2 € k. Then from the equation yz? = (yz)z one gets 5, = 0 (as
a # 0). Hence, 22 = (2. Either 8, = 0, =10~ € k*? or —B,a~! € k*\k*%
If 3 = 0then A = (8|]1), viaz — a'X?%, y — X, 2 — Y. If 3, # 0 and
—pra~! = 4% forsome y € k*, then A = (7|1),viaz — 207 ' XY,y +— X+Y,
2= y(X =Y). If 5, #0and —f1a~" € k*\k* then A = (24; — 3,7 !|1), via
r—alXy— X, z—Y.

I (d): A has a k-basis {1, z,y} such that 2 = y?> = 2y = yz = 0. In this
case, we have z € Z(A) and J(Ay) = kz + ky = Ker(f) and so 2z = yz = 0.
By the same reason as in 1 (c) we have 2? = 3,z + (yy for some 3, 3, € k.
Either 51 = 6, =0, 51 # 0or B2 # 0. If 51 = By = 0 then A = (9]1), via
v X, y— Y,z Z.If B # 0, then A = (8)2), via z > B (X? — 3,Y),
y— Y,z X.Similarly, if 3, # 0 then A = (8]2), too.

I (e): A has a k-basis {1, 2,9} such that 2 = 0, y*> = y + az, 2y = Bz
and yx = vz for some «, 3, v € k. In this case, we have z € Z(A) and
xz = yz = 0. Suppose 2z = 0y + 012 + dy. Then from the equations
xy* = (zy)y and y*r = y(yzx) one gets 3? = ( and +* = ~. From the
equation y*y = yy? one gets o8 = ary. Similarly, from the equations 2%z =
122, 2%y = y2?, w2? = (v2)2,y2% = (yz)z one obtains dyy = 0,3, 6,3 = 017,
0o+ 028 =0, 99 + 02 = 0 and dra + 61y = 0. Hence

52 == _507 (500[ = 5177 Oéﬁ = a7,
and so
ﬂz = f3, 72 =7, af = ary, 0y = —01, 0o = 50% 013 = 51% dg = 003, dpax = 517-

Thus we get 4 cases from this, listed 14 in the following, depending on
whether (3 is 0 or 1 and whether 7 is 0 or 1.

Case 1: 8 = v = 0. In this case, we have §, = d, = 0. Hence y? = y + ax,
zy = yx = 0 and z* = d;z. Notice (y + az)? = y + az. Then by replacing
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y with y + ax, we may assume that o = 0, or equivalently, y? = y. Either
0p =0o0rd # 0. If 5, = 0then A = (6]1), viaz — (0,X), y — (1,0),
— (0,Y). If 6, # 0then A = (4]1), via z — 6;(0,X?), y — (1,0),
— (O,X).
Case 2: # = 0 and v = 1. In this case, we have ) = ; = 6 = a = 0.

Hence y? = y, 2y = 0, yr = z and 2% = 0. It follows that A = (14[1), via
00 0 00 0 00 0
T — (0 0 o) Y — (0 0 o), (1 0 0).
1.0 0 00 1 00 0
Case 3: # = 1 and v = 0. In this case, we have g = 0; = 6 = a = 0
Hence y? = y, zy = =, yr = 0 and 2? = 0. It follows that A = (15|1), via
0 1 00 0 01 0
T — 0 0], 00 0 00 o].
(0 0 o) (0 0 1) (0 0 o)
Case 4: 3 = v = 1. In this case, we have §; = dya and J, = —dy. Hence

vy =yr = x,y°> = azr +yand 2% = &y + dpax — doy = Jo(1 — (y — ax)). Let
y1 =y — ax. Then y? = y;, xy; = y1x = x and 22 = §y(1 — y;1). Note that
{1,2,y.} is a k-basis of Ay. Either §; = 0, 6y € k** or § € k*\k**. If 6o = 0
then A = (3]1), viaz — (X,0), y1 — (1,0), z — (0,Y). If 6y = 6% for some
d € k*, then A = (2]2), viaz — (0,0,X), y1 — (0,0,1), z — 6(1,—1,0). If
8o € k*\k*?, then A = (20;0y|1), via x — (X,0), y1 — (1,0), z — (0,Y).
IT: Ker(f) # Ker(g). In this case, Ay has a k-basis {1, z,y} such that
2= P, ay = Gox, yr = Byx, v =y —yx, w2 = zx = yz = 0, 2y = 2
and z* = 0, where 3;, v € k, i = 1, 2, 3. From the equations y?y = yy*
and z(yx) = (zy)x one gets vy = v05 and (10, = (1 03. Similarly, from
the equations y(yz) = y*z and (zy)y = xy® one gets 53 = (3 — 761 and
B3 = B — By Either v = 0orvy # 0. If y = 0, then 3,(3, — f3) = 0,
(7 = By and B2 = B3 and so (q, 33 € {0,1}. If v # 0, then 3, = 35 and
B1 =~y 135(1 — B5). We get 5 cases from this, listed 1-5 in the following:
Case 1: v =0, B, = 0 and 3 = 1. In this case, we have 3; = 0. Hence,

> =0,2y=0,yrv =x2,y> =y, vz = 20 = yz = 0, 2y = z and 2?> = 0. Thus
00 0 0 1 0 0 0 00 0 0
~ . 0 0 0 1 01 0 0 0 0 0
= — — —
A= (111), via z 000 ofY 000 0]7 10 0 0
00 0 0 00 00 00 00
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Case2: v =0, f, = 1 and 3 = 0. In this case, we have (3; = 0. Hence,
2 =0,2y=2,yr=0,9> =y, 22 = 22 =yz =0, 2y = zand z?> = 0. Thus

0 0 0 10 0 0 0 0
A= (17)1),viaz— (o o of,y— |0 1 o], z+— |0 0 0].
00 0 0 0 01 0

Case 3: v = 0O and 3, = (33 = 0. In this case, we have 2> = fz,

—_

vy =yr =0,y> =y, 22 = 220 = yz = 0, 2y = zand 2z*> = 0. Either 3, = 0
010
or 3y #0. If 3, = 0 then 22 = 0, and A & (15]2), via x — (0 0 0>,y»—>

( %),ZH <§ § ) If 3 # 0 then A = (13|1), Vlaxl—>0<ﬂi (00 °) )
v (0 1)) 2= (0 0))

Case 4: v = 0O and 3, = (33 = 1. In this case, we have 2> = fz,

o o o
o o o
oS O =

xy =yr =x,y> =y, 12z = 20 = yz = 0, 2y = zand 22 = 0. Either 3, = 0

1 0 O

,y— (o 1 o],
0O 0 O

I8 # 0, then (y — 67 '2)? =y — By 'w, 2(y — By 'e) =

z)r =0, (y — By'w)z = 0and 2(y — B;'x) = 2. Replacing y with

or fy # 0. If f; = 0 then A = (14]2), via x — (

0
Z = 0
1
(y— Bt
Yy — ﬂflx, one can see from Case 3 that A = (13]1).

S = O
o O O
o O O

o O©O o
o O o

~—

Case 5: v # 0. In this case, we have 22 = v~ 35(1 — 3)x, 2y = yx = (3,
y? =y —x, 12 = 2z = yz = 0, 2y = z and 22 = 0. Either 35 = 0,
B3 =1lorfBs#0,1. If B3 =0, then2?> = 0, z(y —vz) = (y — yx)z = 0,
(y —yx)* =y — vz, (y — yx)z = 0 and z(y — vx) = z. Replacing y with
y — 7z, it follows from Case 3 that A = (15[2). If 3 = 1, then 2? = 0 and
a(y +yr) = (y +yx) =2, (y +y2)* =y +yz, (y +y2)2 = 0, 2(y +y2) = 2.
Replacing y with y + vz, it follows from Case 4 that A = (14]2). Now
assume (3 # 0and (3 # 1. Lety; = y—v(1—03)~'z. Then a straightforward
verification shows that 47 = y;, 2y; = y1x = 0, y12 = O and 2y; = 2. It
follows from Case 3 that A = (13|1).

This completes the proof. O

For the next two short results, which will be used in the proof of
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Lemma 2.3.5, suppose that A and B are superalgebras.
Lemma 2.3.3 If A7 # {0} and B} = {0}, then A % B.

Proof:
Suppose that ¢ : A — B is a superalgebra map. Take y,z € A; such that

yz # 0. Then ¢(yz) = ¢(y)d(z) = 0 since ¢(y), ¢(z) € By = 0 # yz € Kerg.
Hence ¢ cannot be one-to-one, hence cannot be an isomorphism. O

Lemma 2.3.4 Consider a superalgebra map ¢ : A — B. If there exists v € Ay
such that either:

(a) vA, # {0}, but ¢(x)By = {0}, or
(b) Ayx # {0}, but By¢(x) = {0}

then ¢ isn't one-to-one, and in particular can’t be an isomorphism.

Proof:
We prove (a) here. (b) is proved similarly.

Take y € A, such that zy # 0 then ¢(zy) = ¢(x)d(y) = 0 as ¢(y) € By
= 0 # xy € Ker¢g. Hence ¢ cannot be one-to-one, hence cannot be an

isomorphism. O

Lemma 2.3.5 Each pair of distinct families of superalgebras listed in Theorem 2.3.1
are non-isomorphic.

Proof:
By Proposition 2.2.1, Proposition 2.2.2 and Proposition 2.2.3 we simply
need to show that different Z,-gradings on the same underlying algebra
are non-isomorphic.

From Lemma 2.3.3 we have that (2|1) 2 (2/2), (8]1) 2 (8|2) and (20|1) 2
(20/2).

Now we consider the superalgebras (14|1) and (14]2). Observe that
(14/2) has a k-basis {1, z,y, z} with (14|2)y = k1 ® kx @ ky and (14]2), = k=
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2=y, 2z =z2x =yz=0,2y = zand

such that 22 = 0, 2y = yz = 2, y
2?2 = 0. (14/|1) has a k-basis {1, z1, y1, z1 } with (14]1)g = k1 ® kx; @ ky; and
(14]1); = kz; such that 22 = 0, 21y; = 0, Y111 = 21, Y3 = Y1, T121 = 2101 =
Y121 = 2191 = 0 and 22 = 0.

Suppose, contrary to what we wish to show, that (14]2) = (14|1) and
¢ : (14]2) — (14]1) is an isomorphism. Then ¢(1) = 1, ¢(z) = ap + o121 +
asyr, ¢(y) = Bo + P11 + Poyr and ¢(z) = vz for some oy, 3;, v € k with
a1y — asfy # 0and 7 # 0. Thus we have 0 = ¢(yz) = o(y)op(z) =
(Bo + Brx1 + Bayi)yz1 = Boyz, which implies 3y = 0 as v # 0. Thus
zy = z # 0 yet 21917 = 2121 = 0, hence (14[1);¢(y) = {0}, which would
contradict Lemma 2.3.4 — impossible. Thus (14[2) 2 (14[1).

The proof of (15[1) 2 (15]2) is similar to the above argument showing
(1412) 2 (14]1).

Next, we consider (21; u|2) and (21; 1 |1) with p, iy € k*\k*%. Letz =
(0,0,1), y = (0,0,X) and z = (1,—1,0) in (21; x|2). Then {1,z,y,z} is a
basis for (21; 4|2) over k such that (21; u|2)g = k1 @ kx @ ky and (21; p|2); =
kz. Let zy = (1,0,0), y1 = (0,1,0) and z; = (0,0, X) in (21; u1|1). Then
{1, 21, y1, 21} a basis for (21; u;|1) over k such that (21; u|1)o = k1®kz Skyy
and (21; u|1); = k2.

Suppose, contrary to what we wish to show, that (21; p|2) = (21; ;1]1)
and ¢ : (21; p]2) — (21; 1]1) is an isomorphism. Then ¢(1) = 1, ¢(z) =
g + oaqxy + agyr, ¢(y) = Bo + frxy + Payr and ¢(z) = vz for some ay, 3,
v € kwith a2 —asf # 0and v # 0. From the equations ¢(zz) = ¢(x)d(2)
and ¢(yz) = ¢(y)P(z) one gets ag = [y = 0. Hence ¢(z) = 21 + apy; and
o(y) = Py + Boyr. Now since ayry + azy; = ¢(x) = ¢(2?) = ¢(x)? =
(amy + anyy)? = alxy + adyy, we have o = «a; and a2 = ay, and hence
a; =0or1,i=1,2. Similarly, from the equation ¢(y)* = ¢(y?) = ¢(uz) one
gets pay = (Bf and pay = F3. Since ¢ is an isomorphism, at least one of a;,
@y is non-zero. If oy # 0 then oy = 1, and so p = %, which is impossible
as p € k*\k*2. Similarly, if ay # 0 then ay = 1, and so p = (3, which is
impossible too. Thus we have proved (21; p|2) 2 (21; ji1]1).
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This completes the proof. O

Lemma 2.3.6 The conditions given in part (b) of Theorem 2.3.1 for two superal-
gebras from the same family to be isomorphic are as stated there.

Proof:

Observe that (20; ;1|1) has a k-basis {1, ¢, z, y} with (20; u|1)o = k1D ke D kx
and (20; u|1); = ky such thate? = ¢, ex = xe =2, 2°> = 0, ey = ye = 2y =
yr = 0and y* = p(1 — e). Similarly, (20; u1|1) has a k-basis {1, ey, z1, 1}
with (20; p1|1)g = k1 @ key & kxy and (20; py|1); = ky; such that e? = ¢,
e1r; = z1e1 = 11, 22 = 0, ey1 = y1ey = vy = yirp = 0 and y? =
pr(1 —ep). If puyt € k2 then = 6y, for some § € k*. Define a k-linear
isomorphism f : (20; p|1) — (20;4]1) by f(1) =1, f(e) = e1, f(x) = 3
and f(y) = dy;. Then it is straightforward to check that f is a superalgebra
isomorphism. Conversely, if (20; i|1) = (20; i1|1) as superalgebras, then
(20; p|1) = (20; p1|1) as ungraded algebras, i.e., (20; 1) = (20; it1). Now it
follows from Lemma 2.2.5 and Lemma 2.2.6 that up; ' € k*2. Thus we have
proved Part (b.1).

Similarly, one can show Parts (b.2), (b.3) and (b.4).

Now we show Part (b.5). Clearly, (22;¢, uu|1) has a k-basis {1,e,z,y}
with (22;&, u|1)g = k1 @ ke ® kx and (22;&, u|1); = ky such that e* = ¢,
ex =xe =1x,2° =&e, ey = ye = xy = yr = 0 and y? = p(1 — e). Similarly,
(22; &1, p1|1) has a k-basis {1, ey, x1,y1 } with (22; &, p1|1)o = k1 @ key @ kay
and (22;&;, p1]1); = ky; such that €2 = ey, ejz; = 101 = 11, 73 = & ey,
ey = yier = wyr = yirp = 0and y? = ui(1 —ey). If € = 6% and
p = v*u; for some 6, v € k*, then there is a superalgebra isomorphism
f(22;6, 1) — (2256, m1|1) given by f(e) = ey, f(z) = dzy and f(y) =
vy1. Conversely, if f is a superalgebra isomorphism from (22;¢, u|1) to
(225 &1, p1|1), then f((22;€, ul1)1) = (22;&1, 11]1)1. Hence there isa vy € k*
such that f(y) = ~yy;. Since y* = u(1 —¢e) and y? = u1(1 — e;), we have
u(l = fe)) = f(y*) = f(y)* = v*yi =1 (1 — e1). Since both 1 — f(e) and
1 — e; are non-trivial idempotents in (22; &1, p11]1)o, we have p = 72, and
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1 — f(e) =1—e¢y,and hence f(e) = e;. Since ex = x and = € (22;&, p|1)o,
f(x) € (22;&, pi|l)o and ey f(x) = f(x). It follows that f(z) = Be; + dx; for
some (3, 0 € k with § # 0 since f is an isomorphism and f(e) = e;. Since
2t = e, ey = f(a?) = f(x)? = (Ber + 0x1)? = (0% + 6%&1)er + 280x;. This
implies 5§ = 0 and ¢ = % + 6%¢;, and hence 3 = 0 and £ = §%¢; as § # 0.
Finally, we show Part (b.6). We use X and Y to denote the generators
of (24; u|1), and use X; and Y] to denote the generators of (24; 11]1). Note
that X7 = X1X?2 = —pu' X,Y2 = 0. If p = 6y, for some § € k*, then
there is a superalgebra isomorphism f : (24; /1) — (24;/|1) given by
f(X) = Xy and f(Y) = 6Y;. Conversly, if (24; u|1) = (24; 1]1), suppose
f (24 p]1) — (24;44|1) is a superalgebra isomorphism, then we have
f(X)=a+pX+yX?and f(Y) = §Y; forsome a, 3, v € kand § € k* with
B # 0 or v # 0. From the equations XY = 0 and X,Y; = 0 one gets a = 0
as § # 0. Since Y? = —pX? and Y = —u; X7, we have —§%1 X7 = §?Y? =
fY)?2 = f(Y?) = f(=pX?) = —pf(X)? = —p(BXy +9X7)? = —p° X7,
This implies 6?1 = ($%p, and hence 8 # 0 as §, u, g # 0. It follows that
ppyt € k2. O

This completes the proof of Theorem 2.3.1. To conclude this section we
mention that, when £ is algebraically closed, the superalgebras (20; p|1)-
(24; p|1) listed in Theorem 2.3.1 can never arise.
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24 Case dimg =2

In this section we complete the classification of the last case of non-trivially

Zs-graded superalgebras of dimension 4.

Theorem 2.4.1 Let k be a field with ch(k) # 2.
(a) Suppose A is a superalgebra with dim Ay = dim A; = 2. Then A is isomor-

phic to one of the following pairwise non-isomorphic families of superalgebras:

(10)

(11)

kxkxkxk:

(112)0 = k(1,1,1,1) @ k(1,1,0,0) and (1|2); = k(1,—1,0,0) & k(0,0,1, —1),

kox k x k[X]/(X?) :

(213)0 = (1,1, 1) @ k(1,1,0) and (2[3), = k(1,~1,0) @ k(0,0, X),
kIX]/(X?) x k[Y]/(Y?)

(312)0 = k(1,1) @ k(1,0) and (3]2), = k(X,0) @ k(0,Y),

(33)0 = k(1,1) @ k(X,Y) and (3[3), = k(1, —1) ® k(X, —Y),
EIX]/(X) -

(5‘1)0 =kl ) ]{?X2 and (5‘1)1 = kX D ]{JX?’,

kx kX, Y]/(X,Y)*:
(6]2) = k(1,1) ® k(1,0) and (6]2); = k(0, X)) & k(0,Y),
kX, Y]/(X%Y?):
(712)0 = k1 ® kX and (7|2); = kY & kXY,
k[X>Y> Z]/(XaKZ)2a
(912)g = k1 ® kX and (9]2), = kY © kZ,
M, :

(01 =k(y ) @k(y o) and 10[1) =k(g )@ k(] ).

a,b,c,del{:} :

00 0 100 0

10 0 01 0 0
(11]2)0 = k( 0 1 0) Sk (0 0 0 0)

00 1 00 0 0
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(18 \) kX, Y)/(X2 Y2 YX — AXY), where A € kwith A # —1,0,1 :
(18: \[1)o = k1 & kX and (18; A|1), = kY & kXY,
(20; ) k[X]/(X?) x k(\/i), where p € k*\k*?,
(20; 1|3)0 = E(1,1) @ k(1,0) and (20; 4|3): = k(X,0) @ k(0,Y),
(2L, )k x k x k(\/R), where i € k*\k**
(21; 1l3)o = K(1,1,1) @ k(1,1,0) and (21; u|3) = k(1, —1,0) & k(0,0, X),
(22:¢, 1) k(VE) x k(\/1)), where &, i € k\k**
(22:€, ul2)o = k(1 1) @ k(1,0) and (22; €, u|2); = K(X,0) & k(0,Y),
23; 1) KX, Y]/(X2 — 1, Y2), where p € k*\E*2 :

(23; 1| 1)o = k1 @ kX and (23; u|1)1 = kY ® kXY,

(23; 1]2)0 = k1 ® kY and (23; u|2); = kX ® kXY,
25:00) KX, YV/(X2— 1, Y2, XY + Y X), where i € k*\k* -

(25; 1]2)0 = k1 ® kX and (25; u|2), = kY @ kXY,

(25: 1[3)o = k1 @ kY and (25; u|3), = kX @ kXY,
(26; 1,0,n) k[ X, Y]/ (X? — u, Y% — 0 — nX), where pn € k*\k** and 0,n € k with
0#00rn#0 :
(26; 11,0,m|1)o = k1 ® kX and (26; u,0,n|1); = kY @ kXY,
(27, 11,0) K(X,Y)/(X? =, XY + Y X, Y% —0), where pn € k*\k** and 0 € k* :
(27, 11,0)1)o = k1 ® kX and (27; p,0|1); = kY @ kXY,
(28;0,m, A\, k)
KXY, 2) /(X2 XY, XZ.YX,ZX,Y? — 0X,YZ — X, 2Y — \X, 2% — kX),
where 0,1, \, k € k with at least one of them # 0 :
(28:0,m, \, K| 1)o = k1 @ kX and (28: 0,0, \, 5|1)1 = kY @ kZ.

(b) Moreover, we have

(b.1) (18; A1) = (18; M\ |1) if and only if A = Ay,

(b.2) (20; p1|3) = (20; u[3) if and only if ppi* € k2,

(b.3) (21; u|3) = (21; u1|3) if and only if pui* € k*2,

(b.4) (22;€, ul2) = (22;¢,/|2) if and only if €67, ppy ' € k™2, o
pEt Eurt € k2,

(b.5) (23; u|1) = (23; 1 |1) if and only if pu;* € k2,
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(b.6)
(b.7)
(b.8)
(b.9)

23; 11|2) = (23: i[2) if and only if ppy ' € k72,

25; 1|2) = (25; 11|2) if and only if puy ' € k%2,

25; u|3) =2 (25; 1113) if and only if puy ' € k%2,

26; 1, 0,n|2) = (265 py, 01, m1|2) if and only if there exist § € k* and
v,0 € kwith~y # 0or d # 0 such that

o~~~

H = 52/~01
0 =201 + 2901 + 6 by
Bn = ~*m + 29601 + 6% pm

(b.10) (27; 11, 0|1) = (27; p11, 61|1) if and only if there exist 3 € k* and v,d € k
with v # 0 or § # 0 such that

= 62N1
0= 7291 - 52#191

(b.11) (28;0,m, A, k|1) = (28; 01, 1m1, A1, k1|1) if and only if there exist 5 € k*
and v, 6, €, p € k with yp — de # 0 such that

B0 = 701 + vy +0A + %Ky
B = vebh + ypm + 0eAr + dpka
B = veby + deny + ypA1 + dpkq
Bk = €01 + epy + eph + pPry

Proof:
The proof of this shall be the main goal of this section. We shall divide the

proof into three lemmas, showing the following;:

e Each 4-dimensional superalgebra, A, with dim Ay = dim A4, = 2 is
isomorphic to one of the superalgebras listed in the theorem.
(Lemma 2.4.3)
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e Each pair of distinct families of superalgebras listed in the theorem
are non-isomorphic. (Lemma 2.4.5)

e The conditions for superalgebra isomorphisms to exist are as stated
in part (b) of the theorem. (Lemma 2.4.6)

O

Remark 2.4.2 This list is not entirely satisfactory. While the superalgebras listed
are non-isomorphic as superalgebras, there are some cases where the underlying
algebras may be isomorphic. In this way there can be different non-isomorphic
Zo-gradings on an algebra listed as Z,-gradings on some other algebra. As an
example (27; pu, 1) = (10) = My via 1 +— (3 2>,X — (2 ’;),Y — (3 _01)
So, in the case that k isn’t algebraically closed, there are, in fact, more Z,-gradings
on My than immediately obvious. This is because they are isomorphic to some of
the superalgebras of the form (27; 11, 0|1), hence do not get listed as Z,-gradings
on M.

We list them as has been done in Theorem 2.4.1, because it is too difficult
to determine conditions where some of the different underlying algebras will be

isomorphic as algebras, for instance (27; j1, 1) and M, as in our example.

Lemma 2.4.3 Let A be a 4-dimensional superalgebra with dimy A = 2 and
dimy A = 2. Then A is isomorphic to one of the superalgebras listed in Theo-
rem 2.4.1 (a).

Proof:
Since Ay is a 2-dimensional algebra, we may choose an element x € A,
such that {1, 2} is a k-basis of 4y and z°> = a € k. (If 2? = a + [z, notice
that (v — §)2 =a+ (g)z, so then replace x with z — g). We then have the fol-
lowing three cases labelled I, IT and III respectively to consider, depending
on whether a =0, a € k*? or « € k*\k*%:

LIf « = 0, then 22 = 0 and so J(Ay) = kz. Nakayama’s lemma im-
plies J(Ap)A; C A;. Thus dim(J(Ag)A;) = 0 or 1. Similarly, we have
dim(A;J(Ap)) = 0 or 1. So we get three cases:
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(@) dim(J(Ag)A;) = 1. In this case, choose an element y € A;\J(Ap)A;.
Then A; = ky & J(Ag)A; C Agy + J(Ag)A; € AgA; = Ay, and hence A; =
Aoy + J(Ap)A;. Now from Nakayama’s lemma (Version 2) we conclude
that A; = Agy = ky + kxy and {y, zy} is a basis for A; over k.

(b) dim(J(Ap)A;) = 0 and dim(A;J(Ag)) = 0. In this case, z4; = 0 and
Az =0.

(c) dim(J(Ap)A;) = 0 and dim(A;J(Ap)) = 1. In this case, a similar
argument to (a) shows that there is an element z € A;\A;J(A4) such that
Ay = kz + kzx. We also have zA; = 0, and hence 2z = 0.

IL If @ = &% for some ¢ € k*, then (6~'z)* = 1. Replacing = with § 'z,
we may assume « = 1, and hence 4, has a basis {1, z} with 22 = 1. Let
er = 3(1+x)and e; = 3(1 — ). Then ef = e; € = ey and ejey = exe; = 0.
Since Ay is a commutative algebra, the opposite algebra A;” = Ay. Hence
Ay @ A = Ag®@ Ag = span{e; ®ej,e1 Qe ea@e1,6aR €0} kX kX k Xk,
and {e; ® e1,e1 @ eg,62 @ €1,€2 @ €2} is a set of orthogonal idempotents
with the sum being equal to 1. Thus Ay ® Ay is semisimple. In this case,
any Ay ® Ap-module is semisimple and any simple Ay ® Ap-module is of
dimension 1. Since A, is an Ag-bimodule, A, is a left Ay ® Ag-module with
the action given by (¢ ® b)x = azb, a, b € Ay, v € A;. Thus we may choose
a k-basis {1, 22} for A; such that kz; is a simple A, ® Aj-submodule of A4,
1 <4 < 2. Now by the Wedderburn-Artin Theorem, one gets the following
six cases for which one of the four idempotents does not annihilate each
T

@ (e1®@e)r; =24, 1 <i <2

(b) (61 ®eg)r; =x;, 1 <i < 2.

(€) (61 ®e1)ry = x1 and (61 ® eg)zy = .

(d) (e1 ® e1)r1 = x1 and (e ® e1)xe = o.

(e) (e ®ey)xry = o1 and (ex ® e3)ry = Xo.

(f) (1 ® eg)z1 = 21 and (es ® e1)xe = zo.

Note that we actually have ten other cases:

(g) (e2a®@eq)w; =, 1 <i <2
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(h) (ea @ eg)x; = x;, 1 <i < 2.

(1) (61 ® €9)xy = x1 and (e; ® e1)zy = Ta.

() (e1 ® e2)z1 = 1 and (e2 ® e9)xy = 9.

(k) (ea ® e1)xy = x1 and (e ® eq)z2 = Ts.

(D) (e ®e1)xy = x1 and (€1 ® en)zy = Ta.

(m) (ex ® e1)x1 = x1 and (ez ® e9)xy = 5.

(n) (2 ® e3)x; = 21 and (e; ® e1)xe = Ta.

(0) (2 ® e9)xy = 71 and (e ® e3)xy = To.

(p) (e2 ® e2)x1 = 21 and (e2 ® e1)x2 = 2.

By relabelling e;, 1 < i < 2, or relabelling z;, 1 < ¢ < 2, or relabelling
both ¢; and z;, 1 < ¢ < 2, each of these cases can be reduced to one of the
cases (a), (b), (c), (d), (e) and (f). For example, case (m) is reduced to case
(c) by relabelling e; and e; and relabelling x; and 5.

I If o € k*\k*?, then Ay = k(y/a) is an extension field of k. In this
case, A; is a free Ap-module of rank 1, and hence A; = Ayy = ky + kxy for
some 0 # y € A;.

Now we deal with each of the above cases.

Cases I (a) and III: Ay = k1 + kx and A; = Agy = ky + kxy with
r? = a € k, where a = 0 or a € k*\k*2. Since A1 Ay = A; and A7 C A,, we
may suppose that yz = Sy +yzy = (8+yz)y and y? = § + ex for some 3, v,
§, € € k. From the equations y*y = yy?, y2* = (yx)z and y*z = y(yx), one
obtains Be =0, ve = ¢, B+ ay? = a, 267 = 0,ae = 36 + Bv0 + ar’e, § =
Be + Brye + %0 In the case a = 0 we see that 3 = 0 straightaway. In the
case o € k*2,if 3 # 0, then v = 0 and hence o = 3% € k*2, a contradiction.
This contradiction shows that 3 = 0. Hence in both cases we must have
B = 0. Thus we have yz = yry and

ve=¢ ayi=aqa, 692 =4.

Note that v = +1 if a € k*\k*. From this we get five cases labelled I (a)
1-I (a) 3, 1II 1 and III 2 in the following.

CaseI(a) 1: @ = 0 and v = 1. In this case, we have 22 = 0, yz = zy
and y?> = 0 + ex. Bitherd = ¢ = 0,0 = 0,¢ # 0,5 € k** or § € k*\k*% If
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d=e=0then A = (7]2),viaz — X,y — Y. If§ = 0and ¢ # 0 then
A= (51),viaz— e X2,y X.If § = 0% for some 6 € k*, then A = (3]3),
viaz — 20(X,Y),y — (0 + €eX,—0 — €Y). If 6 € k*\k*?, then A = (23;4]2),
viax — 20Y,y — X +eXY.

CaseI(a) 2: « = 0 and v = —1. In this case, we have ¢ = 0, and hence
22 = 0, yr = —wy and y> = 6. Either 6 = 0,5 € k*? or § € k*\k*2. If
§d=0then A~ (12]1),viaz — X,y — Y. If § = 6 for some 0 € k*, then
A= (113), via

0 0 0 O 1 0 O 0
N 0 0 0 1 yl—>9 0 1 0 0
10 0 0]’ 0 0 -1 0
0O 0 0 O 0 0 0 -1

If § € k*\k*?, then A = (25;4]3), viaz — Y,y — X.

Casel(a) 3: @« = 0 and 7 # +1. In this case, we have § = ¢ = 0, and
hence 22 = 0, yr = yzy and y? = 0. Either y = O or v # 0. If v = 0 then
A= (16]1),viaz+— Xandy +— Y. Ify #0, then A = (18;7]1), viaz — X
and y — Y.

This completes our treatment of case I(a).

Case Il 1: a € k*\k*? and v = 1. In this case, we have 2% = o, yz = 2y
and 3% = § + ex. Either § = ¢ = 0 or at least one of ¢ and ¢ is non-zero. If
d=e€=0,then A= (23;a|l),viaz+— Xandy — Y.Ifd # 0ore # 0, then
A= (26;a,0,€¢|l),viaz — Xand y — Y.

Case Il 2: a € k*\k*> and v = —1. In this case, we have ¢ = 0, and
hence 22 = a, yr = —xy and y? = 0. Either 6 = 0 or 6 # 0. If § = 0 then
A= (25a)2),viax — Xandy — Y. If § # 0then A = (27;,4|1), via
r— Xandy— Y.

This completes our treatment of case III.

Casel (b): Ay = kl+krand zA; = A;x = 0 with 22 = 0. In this case, we
have A? C Ay, and A? is an ideal of Ay. Since zA? = 0, A? # A,. It follows
that A? = 0 or A? = kx. Either A? = 0 or A7 # 0. If A7 = 0, then clearly
A = (9]2). If A? = kx then there is a k-basis {y, z} of A; with y?> = oz,

Yz = aux, 2y = asr and 2?2 = aux for some a; € k, 1 < i < 4, such that
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at least one of «; is nonzero. Hence A = (28; ay, an, g, ayll), via z — X,
y—Y,z+— 7.

CaseI(c): Ay = k1 + kx and A, = kz + kzx with 22 = 0 and 2z = 0.
Since 22 € A and 222 = (22)z = 0, one can see z? = (x for some 3 € k.
Now we have 2? = 222 = B2z = 0 and 2® = 222 = Bz2. Hence 8 = 0 as
zx #0,and so 22 = 0. Thus A = (16]2),viaz — Y, 2 — X.

Case II (a): Ay = key + key and Ay = kxy + kzy with eje; = 52462- and
eirier = w;, 1 < 1,7 < 2, recall 55 is the Kronecker delta. In this case,
esA; = Ajes = 0. Since A2 C Aj and e, A2 = 0, we have A? C ke, and
hence 2?2 = ey, 1125 = Bey, 1221 = ey and 23 = de; for some a, 3,7, €
k. From the equation zizy = z1(x129) one gets axy = (Bxy. This implies
a = = 0since {1, 2.} is linearly independent over k. Similarly, from the
equation z3x; = 2(z221), one obtains v = ¢ = 0. Thus A? = 0, and hence
A =(6]2),viae; — (0,1), €2 — (1,0), 21 — (0, X), x2 — (0,Y).

Case II (b): Ay = key + key and Ay = kxy + kxy with eje; = 5{@ and

= (x;e2)(e1z;) = 0, and hence
0 0 0 10 0

= 0. Thus A = (17]2), viae; — [0 0 0], ea — [0 1 0, 21 —
00 1

A
0 0 0
0 0 0
0 , Lo 0o 0].
0 0 10
Case Il (c): Ay = key+kes and Ay = kg +kag with e;e; = 8le;, 1 < 4,5 <

2, eyr1e; = z1 and e;x9e5 = 9. An argument similar to Case II(b) shows

e1zies = ;, 1 < ¢,7 < 2. In this case, z;z;

=N

= o O
o o
o O O

that Lol — 0 and LIZ‘% = 0. Now we have A% - Ao, 62(5(715(72) = (1’1372)61 =0.
It follows z,25 = 0. Since e;2? = x3e¢; = 2, we have 27 = «ae; for some

a € k. Then from the equation z%z, = 21 (z122), one gets a = 0, and hence

10 0 0 0 0
22 = 0. Thus A7 = 0,and A = (15|3), viae; — [0 1 0], ea— [0 0 0],
00 0

0 0 1
1 0 0 0 1
€T — 0 0),Tor— |0 O O0].
0 0 0 0 O
Casell (d) A(] = ]{761—|—]€€2 and Al = ]{3213'1 —|—]€.§L’2 with €;6j = 5?61', 1< Z,j <

2, eyr1e; = 7 and esxge; = x2. An argument similar to Case II(c) shows

o O©O o
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1
that z;2; = 0, and hence A? = 0. Thus A = (14]3), via e; — |0
0

0 0 0 0 0O 0 O
ea— |0 0 0],z — 0 o), za— |0 0 o].
0 1 0 0 1 0 O
Case II (e): AO = ]{761 + ]{562 and Al = ]{75(31 + ]{ZLIZ'Q with €;6j = (52?62‘, 1<

i, < 2, e1xe; = x1 and earees = x2. An argument similar to Case II(c)

o o

o = O
o = O
o O O

shows that 2,75 = 2971 = 0, 22 = ae; and 23 = Bey. We shall consider the
different cases which arise depending on whether o and (3 belong to {0},
k2 or k*\k*%. If a = 3 = 0, then A = (3]2), via e¢; — (1,0), e3 — (0,1),
z1— (X,0)and 3 — (0,Y). If @ = 0 and 8 = ~?* for some v € k*, then A &
(213), via ey — (0,0,1), e2 — (1,1,0), 1 — (0,0, X) and x5 — (1, —1,0).
Similarly, if = 0 and o = ~? for some v € k*, then A = (2|3). If « = 0
and 3 € k*\k*?, then A = (20; 3|3), via e; — (1,0), ea — (0,1), 21 — (X,0)
and z5 — (0,Y). Similarly, if 8 = 0 and « € k*\k*?, then A = (20; «|3). If
a =~*and 3 = §? for some v, § € k*, then A = (1]2), via ¢; — (1,1,0,0),
es — (0,0,1,1), z; — ~(1,—1,0,0), 2o — 6(0,0,1,—1). If a = 4 for some
v € k*and 8 € k*\k*?, then A = (21;3|3), via e; — (1,1,0), es — (0,0,1),
z; — v(1,-1,0), g — (0,0, X). Similarly, if « € k*\k** and 3 = ~? for
some 7 € k*, then A = (21;a|3). If « € k*\k** and § € k*\k*?, then
A= (22;a,02),viae; — (1,0), e2 — (0,1), 1 — (X,0) and x5 — (0,Y).
Case IT (f): Ay = ke, + keg and Ay = kay + kxy with eje; = e, 1 <
i,j <2, e1x1e0 = 77 and exx9e1 = 2. An argument similar to Case II(c)
shows that 22 = 23 = 0, 2179 = ae; and zyx; = e, for some o, § € k.

From the equation (z;22)r; = 21(x921) one gets o = (3. Either a = 0 or

100 0 00 0 0
-~ . 1 000 0

a#0. lfa=0then A= (11]2),viaer— | | o, ol 2= |, o | o]
000 0 00 0 1

T, , Tg > . If o # 0 then A = (10]1), via

o O O o
o O O o
o O O o
O = O O
o O O O
o O O o

0
1
0
0

0
0
0
0
10 0 0 0 1 0 0
v o oo (o d)imma(g o) e (00)

This completes the proof. O
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The following helpful result will be used in the proof of Lemma 2.4.5.

Lemma 2.4.4 Consider superalgebras A and B with dimy A = dimg B = 2.
Suppose that {1,z},{1,y} are bases of Ay and By respectively with 2> = w €
k,y* =v € k. If A~ B then w = (3*v for some 3 € k*.

Proof:
After noticing that, if A = B as superalgebras then we must have A, = B,
as algebras, the result immediately follows from Lemma 2.2.5 (a). O

Lemma 2.4.5 Each pair of distinct families of superalgebras listed in Theorem 2.4.1
are non-isomorphic.

Proof:
From Proposition 2.2.1, Proposition 2.2.2 and Proposition 2.2.3 we have to
show the following;:

e different superalgebras defined on the same underlying algebra are

non-isomorphic;

e the superalgebra (26; 1,6, 7n|1) is not isomorphic to any of (20; u|3),
(215 pl3), (22;€, 1[2), (23; p|1) and (23; pf2);

e the superalgebra (27; p,6|1) is not isomorphic to (10|1), (25; x|2) or
(25; u[3);

e the superalgebra (28;6,7, A, k|1) is not isomorphic to any other su-
peralgebra on the list.

In Theorem 2.4.1 we gave Ay and A, in the forms k1 & kz, ky @ kz respec-
tively. Hence we may give A a basis of {1, 2} and A, a basis of {y, z}. For
the remainder of the proof we endow each superalgebra with the basis ob-
tained from Theorem 2.4.1 in this manner, except for (6]2), instead giving
(6/2)p and (6]2); bases {(1,1),(0,1)} and {(0, X), (0,Y)} respectively.
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In this paragraph we describe the arguments used in the rest of the
proof, and also show that different superalgebras defined on the same
underlying algebra are non-isomorphic. To see (3]2) 2 (3[3), (23;p|1)
2 (23; p1|2) and (25; p|2) 2 (25; p|3) assume that they are isomorphic, ap-
ply Lemma 2.4.4 and find the contradiction that no such non-zero (3 as de-
scribed in Lemma 2.4.4 can exist. We call this Approach 1. Apply
Lemma 2.3.3 to discover that (11]|2) 2 (11|3). We call this Approach 2. Let A
and A’ be two superalgebras with dim Ay = dim A; = dim A = dim A} = 2.
Then A has a k-basis {1, 2} such that z* € k1 and x is uniquely determined
up to a nonzero scalar multiple. Similarly, Aj, has a k-basis {1, y} such that
y? € k1 and y is uniquely determined up to a nonzero scalar multiple. If
[+ A — A'is asuperalgebra isomorphism, then f restricts to an isomor-
phism from A, to Aj,. It follows from the proof of Lemma 2.2.5 that f must
satisfy f(z) = ay for some a € k*. Hence if A;x = 0 and A}y # 0, then
A 2 A, by Lemma 2.3.4. Similarly, if A, = 0 and yA] # 0, then A 22 A,
by Lemma 2.3.4. We call this method Approach 3. For instance, assume
f:(16]2) — (16]1) is an isomorphism. Then by the above discussion we
have f(Y) = aX for some o € k*. Now (16/1);f(Y) = (16/1);.X = 0,
however (16]2);Y # 0. This is impossible. Hence (16|2) 2 (16/1).

Using Approach 1, one can see that (26; 41, 6, 7|1) is not isomorphic to
any of (20; 1/[3), (21; 1/|3), (22; &, i'|2) and (23; 1/|2), where p, 1/, € € k*\k*?
and 0, n € k with § # 0 or n # 0. Using Approach 2, one discovers that
(26; 11, 0,m|1) is not isomorphic to (23; 1/|1), where 1, 1/, 6 and 7 are given
as above.

Using Approach 1, one gets that (27; 11, 6|1) is not isomorphic to (10]1)
or (25; 1/|3); using Approach 2, one gets that (27; 11, 0|1) is not isomorphic
to (25; 1/[2), where y, i/ € k*\k** and 6 € k*.

Using Approach 2, one can see that (28;6,7, A, x|1) is not isomorphic
to (9]2), where 0, n, A\, K € k with at least one of them # 0. Finally,
using Approach 3, one knows that (28; 6,7, A, k|1) is not isomorphic to
any of the remaining superalgebras on the list in Theorem 2.4.1 (a). Thus
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(28;6,n, A, k|1) is not isomorphic to any other superalgebra on the list in
Theorem 2.4.1 (a).
This completes the proof. O

Lemma 2.4.6 The conditions given in part (b) of Theorem 2.4.1 for two superal-
gebras from the same family to be isomorphic are as stated there.

Proof:

(b.1). Let X and Y be the generators of (18; A|1) as given in Theorem 2.4.1(a),
and let X; and Y; denote the corresponding generators of (18; A\;|1). Ob-

viously, if A = A; then (18;A]1) = (18;)\]|1). Conversely, assume f :

(18; A]1) — (18; A1) is a superalgebra isomorphism. Then as pointed

out in the proof of Lemma 2.4.5, f must be of the form f(X) = aX;,

fY) = 4Y7 + 60X 1Y), where o, v, § € k with o # 0 and v # 0. Now

0 = f(YX = AXY) = F(Y)F(X) = M(X)F(Y) = (7% + 6X,Vi)aX, —

AaXi (7Y + 60X Y1) = vaY1 Xy — Aya XY = ya(A — A)X1Y;. This implies

A=A asvya # 0.

(b.2). Let (X,0), (0,Y) and (X3,0), (0,Y]) be the generators of (20; x4|3)
and (20; u1]3), respectively, as given in Theorem 2.4.1(a). If 1 = 6%y, for
some 0 € k*, then there is a superalgebra isomorphism f : (20;u|3) —
(20; 111]3) given by f((X,0)) = (X;1,0) and f((0,Y)) = (0, Y1). Conversely,
assume (20; 11|3) = (20; 11]3). Then (20; i|3) = (20; p1]3) as ungraded alge-
bras, i.e., (20; ) = (20; yt1). By Lemma 2.2.5 and Lemma 2.2.6, one knows
that put € k*2.

(b.3). Is proved similarly to (b.2).

(b.4). Let (X, 0) and (0, Y') be the generators of (22;¢, it), and (X3, 0) and
(0,Y7) be the generators of (22;&, 1), as described in Theorem 2.4.1(a).
Suppose that either €671, puy' € k2 or p&i?, Eup' € k*2. Observe that
(22;&, 1|2) = (22; 1, £|2) as superalgebras. Hence we may assume that
p=7*u and & = 6%¢; for some v, § € k*. Then there is a superalgebra iso-
morphism f from (22;¢, u|2) to (22; &, p1]2) given by f((X,0)) = ~v(X;,0)
and f((0,Y)) = 6(0,Y;). Conversely assume (22;¢, uu|2) = (22:&5, 11]2)
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as superalgebras, then (22;¢, 1) = (22;&;, 1) as algebras. By the com-

ments following Lemma 2.2.6 we must have either ¢!, pu;' € k*2 or

pert, e kR

(b.5). Let X and Y be the generators of (23;u|1), and X; and Y; be
the generators of (23; u;|1), as described in Theorem 2.4.1(a). If u = *1
for some v € k*, then (23; u|l) = (23;1]1) via X — X; and Y — Y.
Conversely, if (23; u|1) = (23; p11]1) then (23; p|1)o = (23; p11]1)o. However,
we have (23; 11|1)o = k(/p) and (23; p11]1)o = k(/f11). Thus by Lemma 2.2.5
one gets pu; ' € k2.

(b.6). If u = ~+*uy for some € k*, then the algebra isomorphism from
(23; p|1) to (23; py1]1) given in (b.5) is also a superalgebra isomorphism
from (23; 11|2) to (23; 111|2). Conversely, suppose f : (23; p[2) — (23;111]2)
is an isomorphism. We use the notation given in the proof of (b.5). Then
from the proofs of Lemma 2.2.5 and Lemma 2.4.5, one can see that f is
given by f(Y) = gY; and f(X) =X, + X Y;, where 5,7 € k*and § € k.
Now we have y = f(X?) = f(X)? = (vX1 +0X1Y1)? = 7 + 290 Y1,
which implies 1 = 42y and 6 = 0. Thus pp; ' € k*2.

(b.7). Is proved similarly to (b.5).

(b.8). Is proved similarly to (b.6).

(b.9). Let X and Y be the generators of (26;,6,7), and X; and Y;
be the generators of (26;u1,61,71), as described in Theorem 2.4.1(a). If
f (265 1,6,n|1) = (26; py1,601,m|1), then f must be given by f(X) = 5X;
and f(Y) = Y] + 6X,Y; for some 3 € k* and v, § € k with v # 0 or § # 0.
From the equations f(X?) = f(X)?and f(Y?) = f(Y)? one gets

po= P,
0 = 701+ 270 + 0% pa b,
Bn = y*m 427001 + 0%
Conversely, if there exist 5 € k* and v, € k with v # 0 or § # 0 such
that the above three equations are satisfied, then there is a superalgebra
isomorphism f : (26; 1,0, n|1) = (26; i1, 01, m|1) given by f(X) = fX; and
fY) =Y +0X1Y1.
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(b.10) and (b.11). Are proved similarly to (b.9).
This completes the proof. O

This completes the proof of Theorem 2.4.1. To conclude this section we
give a corollary of Theorem 2.4.1 which shall be used later.

Corollary 2.4.7 Assume that k is an algebraically closed field, then

(a) superalgebras (20; p|3)—(27; p, 0|1) listed in Theorem 2.4.1 can never arise,
and

(b) the superalgebra (28;0,n,\, k|1) can be simplified to the following non-
isomorphic superalgebras:

7)  k[X,Y]/(X2,Y?):
(713)0 = k1 & kXY and (7|3); = kX & kY.
®)  k[X,Y]/(X3 XY,Y?):
(813)0 = k1 & kX2 and (8]3), = kX & kY.
12) AR 2 E(X,Y)/(X2 Y2 XY +YX):
(1212)0 = k1 & kXY and (12]2), = kX & kY.
16) K(X,Y)/(X2 Y2 YX):
(16|3)0 = k1 & kXY and (16]3), = kX & kY.
(18:0) k(X,Y)/(X%LY2YX — AXY), where \ € kwith A # 1,0, 1 :
(18; A|2)0 = k1 & kXY and (18; \[2); = kX & kY.
19) KX, Y)/(Y2, X2+ YX,YX +XY):
(19|1)0 = k1 & kXY and (19]1); = kX & kY.

Moreover, (18; \|2) = (18; \1|2) if and only if \y = Aor A\ = 1.

Proof:
(a) is obvious since £*\k*? = () when £ is algebraically closed.

For (b), we shall write the generators of (28;6,7n,\, k) as =,y and =z
which were given as X,Y and Z respectively in Theorem 2.4.1. This is

to distinguish them from the generators X and Y of the superalgebras
(7),(8),(12),(16), (18; A) and (19) given above. Then (28;6,n, A\, k[1)y =
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k1 + kx and (28;0,n, A, k|1); = ky + kz with 2% = 2y = 22 = yx = 20 = (),
y? = 0z, yz = nx, zy = \r and 2% = kz. Note that at least one of ¢, , A and
K 1is not zero.

We first consider the case : § = k = 0. In this case, n # 0 or A # 0. We
may assume that 7 # 0 (otherwise, we can switch y and z). By replacing x
with nz, one can assume 1 = 1 and hence yz = z. Note that 3> = 2% = 0.
Either A\ =0, A= -1, A=1or A # —1,0,1. If A = 0 then (28;0,n, \,k|1) =
(28;0,1,0,0]1) is isomorphic to (16/3) via y — X and z +— Y. Similarly, if
A = —1then (28;0,1,\,k|1) = (28;0,1,—1,0|1) is isomorphic to (12/2), if
A = 1 then (28;6,7, A\, k|1) = (28;0,1,1,0|1) is isomorphic to (7|3), and if
A# —1,0,1then (28;60,n, A\, k|1) = (28;0,1, A, 0|1) is isomorphic to (18; A|2).

Now we consider the case: § # 0 or k # 0. We may assume that
0 # 0 (otherwise, we can switch y and z). By replacing = with 6z, we may
assume that 0 = 1 and hence y* = z. Since k is algebraically closed, there
is an a € k such that o + (n + A\)a + £ = 0. Now let zp = ay + 2. Then
(28:;0,m, N\, k|1)1 = ky + kzo, 22 = (ay + 2)? = o®y* + ayz + azy + 2% =
(@®+(n+Na+r)x=0,22 = 200 =0, yzo = (a+n)zand zpy = (o + \)a.
Hence, by replacing =z with z;, we may assume « = 0. Thus we have
P =ay=axz=yr=z2rv=0,y> =12, yz = nr, 2y = \r and z? = 0. Either
n=0and A=0,p=0and A #0orn # 0. If n =0and A = 0, then yz =
zy = 0. In this case, (28;6,n, A\, k|1) = (28;1,0,0,0|1) is isomorphic to (8|3)
viay — X and z — Y. If n = 0 and \ # 0, then by replacing z with A\~'z
we may assume A = 1. Hence we have yz = 0 and zy = z. Let y; = z and
z1 =y—2z Then (28;0,m, X\, k|1)1 = kys + k21, y? =0, 9121 = 2, 2191 = 0 and
22 =(y—2)? =y*—yz—z2y+2*> = x—0—2+0 = 0. By replacing y and z with
y1 and z; respectively, one can see that (28; 6,7, A\, x|1) = (28;1,0,1,0[1) =
(28;0,1,0,0|1) = (16|3) by the first case. Finally, suppose 1 # 0. Then by
replacing z with 7'z we may assume = 1. Hence yz = x. Either A = 1,
A= —lor\#+l If\ = 1then (280,n,\ «|1) = (28;1,1,1,0[1) = (7|3)
viaz — 1XY,y— L{(X+Y)and z — Y. If A = —1 then y® = z, yz = z,
zy = —x and 22 = 0. In this case, (28;0,n, )\, x|1) = (28;1,1,—1,0[1) is
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isomorphic to (19|]1) viay — X and z — Y. If A # £1, lety, = —(14+\)y+=
and z; = —(1+\)7!2. Then {ys, 20} is a k-basis of (28;0, 7, \, k|1);. Now we
have y2 = (—(14+ Ny +2)2 = (1+N)**— (1+Nyz— (1+ N2y +22 = ((1+
AN2=(1+A)—(14+M)N)z =0, y220 = (—(1+N)y+2)(—(1+N)"'2) = yz— (1+
N2 =2, 200 = (—(14+N) 7 2)(=(1+ Ny +2) = zy— (1+2)"122 = Ar and
23 = (1+ A\)~%2% = 0. By replacing y and z with y, and z, respectively, one
can get that (28;0, 7, A, k|1) = (28;1,1,,0[1) = (28;0,1,\,0[1) = (18; \|2)
from the first case.

It follows from Proposition 2.2.1 that the superalgebras listed in the
corollary are non-isomorphic.

By switching X and Y, one can see (18; A\|2) = (18; A7!|2). Thus if \; =
Aor A\ = 1 then (18; A\|2) =2 (18; A\1]2). Conversely, assume f : (18; A\[2) —
(18; \1|2) is a superalgebra isomorphism. Let X and Y be the generators
of (18;A|2), and X; and Y; be the generators of (18;;]2). Then f(X) =
anXi+aYrand f(Y) = a1 Xy +agY; for some o € k, 1 <i,j < 2, with
Q110 —aipag # 0. Now we have 0 = f(X2) = f(X)2 = (CY11X1+CY12Y1)2 =
a1ae(X1Y1+Y1X1) = ajjaia(14+X)X1Y;, and hence o102 = 0. Similarly,
from the equation f(Y?) = f(Y)? one gets as1aap = 0. Either ay; # 0 or
a;; = 0. If ag; # 0, then agp = 0, agy # 0 and ay; = 0. Now from
the equation f(Y)f(X) = f(YX) = f(AXY) = Af(Y)f(X), one obtains
A=A If ay; = 0, then ajza9; # 0 and ay, = 0. Now from the equation
fY)f(X) = Af(X)f(Y), one obtains A\; = 1. Thus we have proved that
(18; A|2) = (18; \1|2) if and only if Ay = A or A\ = 1. O
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2.5 Case k is Algebraically Closed

In this section we collect results from the previous sections, which, when
combined with the results from [12] gives us a complete classification of
four dimensional superalgebras in the case that £ is algebraically closed
and has ch(k) # 2. We note here that even if k is not algebraically closed
then a four dimensional superalgebra must be either a four dimensional al-
gebra endowed with the trivial Z,-grading or isomorphic to one of the su-
peralgebras described in Proposition 2.2.12, Theorem 2.3.1 or Theorem 2.4.1.
The superalgebra described in Proposition 2.2.12 is denoted by (9|3) (see
Example 2.2.11).

Although the results from the previous sections give a full classification
of four dimensional superalgebras with non-trivial Z,-gradings, we would
like a complete classification of superalgebras, even the trivially Z,-graded
superalgebras. For example these results are needed before starting on
the geometric classification (which is done in Chapter 3). Thus, for this
section we make the additional assumption that % is algebraically closed.
We use the results of [12] to classify the trivially Z,-graded superalgebras
and specialise our results from the previous sections to the case where £ is
algebraically closed. This yields us the following theorem.

Theorem 2.5.1 (Algebraic classification of 4-dimensional superalgebras)
Assume that k is algebraically closed and that ch(k) # 2. Let A be a 4-dimensional
superalgebra. Then A is isomorphic to one of the following superalgebras. More-
over each pair of classes is non-isomorphic.

(1) (1), (1[1), (1]2),

(2): (200), (2]1), (2]2), (213),
(3) = (3[0), 3]1), (3[2), (3[3),
(4): (4]0), (4]1),

(5) = (5]0), (5]1),

(6) = (6[0), (6]1), (6]2),

(1) (710), (7]1), (7]2), (713),
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(8):  (8]0), (8]1), (8]2), (8[3),

(9) = (9]0), (911), (912), (9[3),

(10) - (10]0), (10]1),

(11) = (11]0), (11]1), (11]2), (11]3),
(12) - (12]|0), (12]1), (12]2),

(13) - (13]0), (13]1),

(14) - (14]0), (14]1), (14]2), (14]3),
(15) - (15]0), (15]1), (15]2), (15]3),
(16) - (16]0), (16]1), (16]2), (16]3),
(17) - (17)0), (17]1), (17]2),
(18;\) : (18; A[0), (18; A1), (18; A|2), where N € k with A # 1,0, —1,
(19):  (19]0), (19[1).

Furthermore, (18; \|0) = (18; \1]0) ifand only if \y = Aor A\ =1, (18; A|1) =
(18; \|1) if and only if X = Ay, and (18; X\|2) = (18; A\1]2) if and only if \y = A
or A\ = 1.

Proof:
This follows from the results of [12], Proposition 2.2.12, Theorem 2.3.1,
Theorem 2.4.1 and Corollary 2.4.7. O

Remark 2.5.2 Compare these results with those obtained by Gabriel in [12]. It is
interesting to note that each 4-dimensional algebra from his classification results
admits at least one non-trivial Zo-grading. Some of the algebras admit only one
such non-trivial Zy-grading. However some admit up to three non-isomorphic
non-trivial Zo-gradings.

Theorem 2.5.1 above lays the foundations for the geometric classifica-
tion in the following chapter, since the isomorphism classes of
4-dimensional superalgebras are in one-to-one correspondence with G-
orbits in Salg,. Before we move onto the geometric classification problem,
we list the superalgebra automorphism groups for the superalgebras listed
in Theorem 2.5.1, since they will also be needed in the following chapter.
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2.6 Automorphism groups

In this section we calculate the automorphism groups of the algebras de-
scribed in Section 2.5, where we assumed that k is algebraically closed and
ch(k) # 2. We will use the results from this section to calculate the dimen-
sions of orbits in the variety Salg,. We shall describe the varieties Salg,, in
the next section.

We shall choose a basis for each each superalgebra, {e; = 1,e2,¢€3,€4},
and find the constants as, . . ., asy for which ¢ is an automorphism of the
given superalgebra, where ¢ is defined by ¢(e1) = ey, ¢(e2) = agie1+ages+
agzestaney, P(es) = azier+aspeytaszes+azses, 9(e4) = ager+agestagzes+
ayseq. Since we shall choose homogeneous bases, then for superalgebras
with dim Ay = 3 we must have ayy = a4 = a4y = asn = aqg3 = 0; for the
superalgebras with dim Ay = 2 we must have as; = az4 = ag1 = az = ay =
ase = 0; and for those with dim Ay = 1 we must have ay; = az; = aq; = 0,
in order for the given map to be homogeneous. We shall not mention these
constants in these cases. In the following, we give the values or relations

amongst these constants for each to give a superalgebra automorphism.

(110) :eq = (1,1,1,1),e2 = (1,0,0,0),e3 = (0,1,0,0),e4 = (0,0, 1,0)

Then, in this case, one can show that there are only finitely many pos-
sibilities for the constants. (This suffices for our purposes — to list the
possibilities takes a while).

(11) rer = (1,1,1,1),e5 = (1,0,0,0),e5 = (0,1,0,0), e = (0,0, 1, —1)

Then as; = a3; = 0, a4y = +1 and either

® ayp = asz = 1,a3 = azy = 0; or
® ay = azz = 0,a3 =az =1

(112) :e; = (1,1,1,1),e9 = (1,1,0,0),e3 = (1,—1,0,0),e4 = (0,0,1, —1)
Then either

® ay = a3y = a3 = 0,a00 = 1,a33 = =1, a44 = £1; Or
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® ay; = 1,a00 = —1,a33 = aya = 0,a34 = £1,a43 = 1

(2(0) s ey = (1,1,1),e5 = (1,0,0), e5 = (0,1,0), e4 = (0,0, X)

Then 91 — A4 =— Q31 — A34 — Q41 — Qg2 — Ay3 — 0, Q44 §£ 0 and either
® axp = azz = 1,a2 = az = 0; or
® axp =az; =0,a3 =azp =1

(2]1):e1 = (1,1,1),e9 = (1,0,0),e3 = (0,1,0),e4 = (0,0, X)

Then as; = az; = 0, ayy # 0 and either
® ayp = azz = 1,a03 = azy = 0; or
® Gy =asz=0,a3 =az =1

(212) :e1 = (1,1,1),e2 = (1,1,0),e3 = (0,0, X ), e4 = (1,—1,0)
Then a1 = a3 = az1 = azp = 0and asy = 1,a33 # 0, a44 = =1
(23) s ey = (1,1,1),e5 = (1,1,0),e5 = (1,—1,0), e4 = (0,0, X)
Then ay; = a3y = ay3 = 0and asy = 1,a33 = +1,a44 # 0

(3]0) :e1 = (1,1),e9 = (1,0),e3 = (X,0),e4 = (0,Y)

Then 93 — U94 = A3] = A32 = Q41 = Ayg9 — 0 and either
® ay =ags = as3 = 0,09 = 1,a33 # 0,a44 # 0; Or
® azg3 =ay = 0,091 =1,a9 = —1,a3 #0,a43 # 0

(3[1) :e1 = (1,1),e2 = (1,0),e3 = (X,0),e4 = (0,Y)
Then ag = az3 = az = azy = 0,022 = 1,a33 # 0, a44 # 0
(312) :e1 = (1,1),e2 = (1,0),e3 = (X,0),e4 = (0,Y)
Then either

® ay; =0,a0 =1,a31 = as3 = 0,a33 # 0, a44 # 0; Or
® ay = 1l,a0 = —1,a33 = ass = 0, a3 75 0, ass 7£ 0

(3I13) te1 = (1,1),ea = (X,Y),e53=(1,—1),e4 = (X, =Y
Then ay; = a3y = a43 = 0 and either
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® a3y = —1,a0 = —ass # 0; Or

® azs3=1,a0 =ayu #0

(4]0) :e; = (1,1),e5 = (1,0),e3 = (0, X), e = (0, X?)

Then agy = ag3 = agy = az1 = azy = ay1 = g = ay3 = 0,002 = 1,044 =
a2, # 0, az, is unconstrained

(4]1) s e; = (1,1),e2 = (1,0),e3 = (0, X?),e4 = (0, X)

Then ay; = ag3 = a3y = azy = 0,a90 = 1,a33 = a3, # 0

(5]0):e; =10 = X, e3 = X% ey = X?

Then ay1 = a3 = a3y = g1 = ag2 = ag3 = 0,02 # 0,a33 = a%27a34 =
2099093, Q44 = A92033 = A3y, 23 and ay, are unconstrained

(5]1) ieg =1,e9 = X% e3=X,e4 = X3

_ _ 42 _ _ .3 ;
Then 91 — Ay3 = 0, ass §£ 0, Q29 = Q33,A4q4 = Q22033 = A33, A34 1S UNCON-

strained
(6]0) :e1 = (1,1),e2 = (1,0),e3 = (0, X),e4 = (0,Y)
Then ay; = ag3 = au = az1 = azx = ayg = agp = 0,a2 = 1 and

33, A4, 43, A44 are unconstrained apart from assas — assass # 0

(6]1) :e; = (1,1),e = (1,0),e3 = (0, X),eq = (0,Y)

Then as = ass = ag1 = ase = 0,a2 = 1,a33 # 0, a44 # 0

(6]2) :e1 = (1,1),e2 = (1,0),e3 = (0, X),e4 = (0,Y)

Then as = 0, a92 = 1 and ass, as4, as3, asq are unconstrained apart from
33044 — A34043 7 0

(710) ;e =1,e0 = X,e3 =Y, e4 = XY

Then ayy = az; = ay = auo = agz = 0, ag, az, are unconstrained and

either
® (92 7é 0, as3 7é 0, azs = agy = 0, asqa = agagzs; or
o a3 # 0,a30 # 0,a9 = aszg = 0, ass = agsasy

(7)) :e1=1,ea=X+Y,e3=2XY e, =X —-Y
Then ay = a3z, = azs = 0,a33 = a3, = a2, # 0 we have cases ax = ay

Or gy = —ayy and a3 is unconstrained
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(712) :e1 =1,ea =X, e53 =Y, e4 = XY

Then as; = ag3 = 0, a9 # 0, a3 # 0, agy = agoass, azy is unconstrained
(713):e1 =1, =XY,e3=X, e, =Y

Then ay; = 0 and either

® a3y = as3 = 0,as3 7& 0, a4 7& 0, agy = agszaqa; or

® asz3 = ay = 0,a34 # 0,a43 # 0, as2 = azsa43

(8|0) e = 1,62 :X,eg :X2,64 :Y

Then ay; = a3 = az = az = agy = agp = 0,a33 = a§2 # 0,044 #
O, a93, A4, Q43 aAre unconstrained

<8|1) e = 1,62 :X,eg :X2,64 =Y

Then ay; = az; = azs = 0, a33 = a3y # 0, ayy # 0, a3 is unconstrained

(8]2):e1 =1,e9 = X% e3=Y,e4 =X

Then ay; = ao3 = az; = 0, a9 = a?m # 0, a33 # 0, azs is unconstrained

B3):er=1,e=X%e3=X,e,=Y

Then ag = ag3 = 0, a9 = a3 # 0, a4q # 0, azy is unconstrained

(9|0) e = 1,62 :X,eg :}/,64:Z

Then o1 = A31 = Q41 = 0, a922, 423, U424, 32, A33, A34, A42, A43, Q44 AT€ UNCON-

az2 a3 a24
strained apart from [as» a3z asi| # 0
a42 a43 aq4

(9|1) e = 1,62 :X,eg :}/,64:Z

Then asy = as1 = 0,a44 # 0, a2, azs, ass, ass are unconstrained apart
from assass — aszazy # 0

(9|2) e = 1,62 :X,eg :}/,64:Z

Then ay; = 0,as2 # 0,ass, asa, as3, ag4 are unconstrained apart from
33044 — (34043 7é 0

(9|3) 161 = 1,62 :X,eg :}/,64:Z

azz a3 a24

Then there are no constraints other than

£0

az2 a33 as4
a42 Q43 Q44

(10]0) :
Now M, (k) is a central simple algebra, so each automorphism must be
inner by the Skolem-Noether theorem. For A € GLy(k), ¢4(X) = AXA™Y,
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¢pa = id & A = A, for some A # 0. Thus Aut(Ma(k)) = GLo(k)/k* =
PGLy (k)

10 1o 0 1 0 0
(10|1):61:(0 1)’62:(0 0)’63:(0 o>’64:(1 0)

Then either

_1‘
® a3 =0,a0 =1,a3 = as3 =0,a33 #0,a44 = Q3 ; OT

-1
® ay; =1,a0 = —1,a33 = agy = 0,a34 # 0, a43 = ay,
1 00 0 1 00 0 00 0 0
01 0 0 01 0 0 00 0 1
(11]0) s ey = oo 102 o oo 0]’ 1000 o)~
00 0 1 00 0 0 00 0 0
00 0 0
00 0 0
1 0 0 0
00 0 0
Then az; = a3o = a1 = aso = 0, ass3, asy are unconstrained and either

e ay = 0,a0 =1,a34 = ay3 =0,a33 75 0, s 75 0; or

® ay = 1,a0 = —1,a33 = ass = 0,a31 # 0,a43 # 0
1 00 0 1 00 0 00 0 0
01 0 0 01 0 0 00 0 1

(11[1) zer = oo 10’2 1 o000 0T |oo o o~
00 0 1 000 0 00 0 0

00 0 0

000 0

100 0

000 0

Thena21:agl:a32:0,a22:1,a337é0,a447é0,a23 is unconstrained
100 0 1 00 0 00 0 0
01 0 0 010 0 00 0 1

(11[2) rer = oo 10’2 1000 0= |oo o of %~
00 0 1 00 0 0 00 0 0

00 0 0

00 0 0

1 00 0

00 0 0

Then either

e ay = 0,ap =1,a34 = ay3 =0,a33 75 0, s 75 0; or
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® ay = 1,a0 = —1,a33 = ay = 0,a34 # 0,a43 # 0
1 00 0 00 0 0 10 0 0
01 0 0 00 0 1 01 0 0
1113) :e; = = = =
(11[3) rex 00 1 0] €2 10 0 0f©3 00 -1 o |
00 0 1 00 0 0 00 0 -1
00 0 0
00 0 -1
10 0 0
00 0 0
Then ay; = a4z = 0, as4 is unconstrained, and either

® as3 = 1,am 7é 0, agq = ag; Or

® a3z = —1,ax 7& 0,a44 = —a

(12(0) 1 =1,e0 = X,e3 =Y, e4 = XY

Then ay = az = a1 = g = ay3 = 0,444 = ax0a33 — azzazy # 0, 4oy, azy
are unconstrained

(12]1): e =1,e0 =X, e5 =Y, e, = XY

Then ay; = ay3 = 0, ayy = asgaszz # 0, asy is unconstrained

(12]2) e =1,e9 = XY, e53=X, e, =Y

Then ay; = 0, agy = asgas — agsass # 0

130 o= (1) e = 06 = (00 D) -
o)

Then ay = ags = az1 = asy = ay = Ay = a3 = 0,a00 = ags = 1,au 7&

0,a21 = —az

0 e = (1 D) = (06 ) = (0 D)o -
o)

Then ay; = ags = as1 = aso = 0,a0 = as3 =1, a44 # 0
Then ay) = a24 = a1 = asy = g4 = g1 = g2 = ay3 = 0,092 = 1, as3 7&

10 0 10 0 00 0
(14|O)161:<0 1 0),62:< 1 0),63:<0 0 o>,64:<
00 1 00 0 1.0 0
0 0
0 1

o
oS = O
o O O

0, asy # 0, ass is unconstrained

100
(14]1) :e; = [0 1 0,60 =
00 1

o O =
o = O
o O O
o O O
o = O
o O O
o O O
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Then 91 — A31 — Q32 — 0, o2 — 1, as3 % 0, Q44 % 0, a93 is unconstrained

1 0 0 100 0 0 0 0 0 0

(14]2) :e; =0 1 of,ea=[0 1 0f,e3=1[1 0 0),es=1]0 0 0

0 0 1 0 0 0 0 0 0 10 0
Then as = asy = ag1 = ase = 0,a2 = 1,a33 # 0, a44 # 0

1 0 0 100 0 0 0 0 0 0
(14]3) ey =0 1 of,ea=[0 1 0f,e3=1(0 0 0),es=1|1 0 0

0 0 1 0 0 0 10 0 0 0 0
Then ay = azy = as3 = 0,a2 = 1,a33 # 0,a44 # 0

100 1 00 0 0 1 01 0
(15]0) :e; = (0 1 of,ea =0 1 0of,es=0 0 0),es=1]0 0 0

0 0 1 0 0 0 0 0 0 0 0 0
Then ay = agy = a31 = a3 = a34 = a4 = g2 = ay3 = 0,00 = 1,a33 #

0, asy # 0, assz is unconstrained

1 0 0 100 0 0 1 01 0
(15[1):e; = (0 1 of,ea=1[0 1 o),e3=10 0 0o),ey=[0 0 0

0 0 1 0 0 0 0 0 0 0 0 0
Then 91 = A31 = Q32 = 0, oo = 1, as3 7é 0, Qg4 7é 0, ao3 is unconstrained

1 00 1 00 01 0 00 1
(1512) :eg =0 1 o),ea=[0 1 o]),e3=1(0 0 o,es=1([0 0 o0

0 0 1 0 0 0 0 0 0 0 0 0
Then ay; = az3 = a3y = asy = 0,a20 = 1,a33 # 0, a44 # 0

1 0 0 1 00 0 0 1 01 0
(15[3):e; =0 1 of,ea =10 1 0],e3=[0 0 of,es=10 0 0

0 0 1 0 0 0 0 0 0 0 0 0

Then ag; = a3y = ag3 = 0, a9 = 1,a33 # 0,a44 # 0

(16]0) 161 =1,e0 = X,e3 =Y, e4 = XY

Then ay = ass = as1 = ago = ag1 = aao = aa3 = 0,092 # 0,a33 # 0, a4s =
(92033, 24, A34 are unconstrained

(16[1) 161 =1,e0 = X,e3=Y,e4 = XY

Then ag; = ay3 = 0, a9 # 0, a3 # 0, agy = agoass, az, is unconstrained

(16/2) ey =1,ea =Y, e5 = X,e4 = XY

Then as; = ag3 = 0, a9 # 0, az3 # 0, agy = agoass, azy is unconstrained

(16]3) e =1,e9 = XY, e53=X, e, =Y

Then a9 = asy = a3 =0, as3 7£ 0, s 7£ 0, agy = aszaq

10 0 10 0 00 0 0 0 0
(17(0) :eg = [0 1 o),ea=[0 1 0o],es=10 0 o),es=1]0 0 0
0 0 1 00 0 10 0 01 0

Then ay; = ag1 = aze = a1 = asa = 0,090 = 1, a3, ag4, A33, A34, A43, Qas
are unconstrained, apart from assasy — azqsasz # 0
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1 0 100 00 0 0 0 0
(17]1) e = |0 0],ea=10 1 0),e3=10 0 of,ey =10 0 0
0 1 00 0 100 01 0

Then 91 — A31 — Q32 — 0, o2 — 1, as3 % 0, Q44 % 0, a93 is unconstrained

)
2
1 0 100 00 0 0 0 0
0],ea=10 1 0],e3= 10 0 0f,eg =10 0 0
1 0 0 0 10 0 0 1 0

(17]2) :e3 = |0
Then ay; = 0,a2 = 1,ass, ass, as3, ag4 are unconstrained, apart from

S = O

= O

0

[e=]

33044 — A34043 7 0

(18;A|0) for A # —1:e; = 1,0 = X,e3 =Y, ey = XY

If A # 1: then ag; = ag93 = a31 = a3 = ay1 = g = ay3 = 0, a90 # 0, a3z #
0, agy = agass, asy, azs are unconstrained

If A = 1: then this is case (7|0)

(I A1) for A # —1: ey =1,e9 = X,e3 =Y, e, = XY

Then as; = ag3 = 0, a9 # 0, az3 # 0, agy = asoass, azy is unconstrained

(18;A]2) for A # —1:e; = 1,e9 = XY e3 = X, e, =Y

If A # 1: then ag; = agqy = as3 = 0,a33 # 0,a44 # 0, a9 = 33044

If A = 1: then this is case (73)

(19]0) e =1,e9 = XY, e53=X, e, =Y

Then ay; = ag3 = ao = ag1 = agr = au3 = 0,a33 # 0,a0 = 0;21,37044 =
as3, a3z, 34, A42 are unconstrained

(191):eg =1,ea=XY,e5=X,es =Y

Then 91 = Ay3 = 0, ass 7’é 0, 9o = agg, apq = 33, A34 is unconstrained



Chapter 3
Geometric Classification

In this chapter we attempt the geometric classification problem for
4-dimensional superalgebras. While we make significant progress towards
a geometric classification theorem of 4-dimensional superalgebras, the prob-
lem is not completely solved. We must assume that our ground field, £,
is algebraically closed to apply the techniques of algebraic geometry. We
additionally assume ch(k) # 2, in which case the problem becomes deter-
mining which superalgebra structures listed in Theorem 2.5.1 are generic.
To make sense of these ideas, we define a new variety whose points rep-
resent superalgebra structures on an n-dimensional vector space, we call
this variety Salg,. We then study the geometry of this variety, as this helps

us attack the geometric classification problem.

3.1 Preliminaries

It is assumed that the reader need not have any familiarity with alge-
braic geometry, although this would be helpful. We do however assume a
knowledge of basic topology. In this section we shall briefly review some
of the ideas from algebraic geometry and fix the terminology that we shall
use. Again, we work over a fixed ground field k£ with ch(k) # 2, and we

now must additionally assume that & is algebraically closed.

82
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We point out that an we make a non-standard definition of varieties.
Typically varieties are defined to be irreducible, however in keeping with
the literature on the idea of geometric classification of algebraic structures,
e.g. [12, 21] we do not impose this constraint. As remarked earlier, the
main goal of the geometric classification problem is to determine the irre-
ducible components.

Our review of algebraic geometry is largely a synthesis from [7, 15, 25,
30]. The material we present is mostly standard, (except we use a slightly
different definition of variety from that in most modern treatments) so
many other books would give the reader an adequate introduction to the
subject. We shall omit proofs and references for the results which are stan-
dard. Both [16, 29] on linear algebraic groups, also provide a quick in-
troduction into algebraic geometry, which would be appropriate for our
purposes. The book [10] is quite different to most standard algebraic ge-
ometry texts, in that it approaches the subject from the functorial view-
point. While it explains some of the approaches used in Gabriel’s paper
[12], it is not really appropriate for a light introduction to the subject.

Before we begin our review of algebraic geometry, we define some
basic notions. After the review of algebraic geometry, our last topic in
this section is a review of the work done on Alg, — the variety of n-

dimensional algebras.

Definition 3.1.1 Given a group G (whose operation we denote by juxtaposition
and whose identity we denote by e) and a set X, we say that G acts on X or X
has a G-action when there is a map ¢ : G x X — X such that

¢le,x) =z forall x € X ;and

o(g,d(h, 7)) = ¢(gh, ) forall g,h € G,x € X

For brevity we shall write ¢(g,x) = g - x, in which case these two conditions
become:
e-x=uaforallx € X ;and
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g-(h-z)=(gh)-xforallg,h € G,x € X

The orbits in X under the action of G are thesets G-z ={g-z:¢g € G}.

When we have a map between two sets both with actions of some
group G, we are interested in how it interacts with the action of G. In
the case that the map “preserves” the G-action on both sets we make the

following definition.

Definition 3.1.2 Suppose we have a group G and two sets X and Y both equipped
with an action of the group G, when we have a map f : X — Y such that
flg-x)=g- f(x)we call the map, f, G-equivariant.

Now we begin the material on introductory Algebraic Geometry.

Definition 3.1.3 Affine n-space, A" is the topological space, which is k™ as a
set, and is endowed with the Zariski topology which we shall define below (see
Definition 3.1.7). When thinking of k™ in this manner, we shall use the notation
A" to indicate this.

We set P = k[X3,...,X,] and view P as a set of k-valued functions
on A", where f € P assigns to the point (a;,...,a,) € A" the value
f(a1,...,a,). We say that f vanishes at (a1, ...,a,) or (ay,...,a,)is a zero
of fif f(ay,...,a,) =0.

Definition 3.1.4 Given f € P the vanishing set of f is defined to be

V(f)={pecA": f(p) =0}

and more generally, if S is a set of polynomials we define the vanishing set of S
to be
V(S)={peA": f(p) =0 VfeS}

If I is the ideal generated by S then V(I) = V(S), so we usually just
consider vanishing sets of ideals (and lose no generality in doing so). Note
that when R is a ring and r € R we denote by (r) the ideal in R generated
by the element r. In this case, we have V(f) = V((f)).



CHAPTER 3. GEOMETRIC CLASSIFICATION 85

Definition 3.1.5 A subset of some affine space, A", is called an algebraic set if
it is equal to the vanishing set, V (S), of some set of polynomials, S.

So V' is a function, mapping subsets of P to algebraic sets (which are
subsets of A").

We remark that using some of the ideas introduced later, it should not
be too difficult to see that a set of finitely many polynomials will always
suffice to “cut out” an algebraic set.

When indexed sets of functions are being used and the range of the in-
dices is clear, we shall omit listing the range of indices in the vanishing set
for notational convenience. For example, if f/ are functions with indices
i=1,...n,j = 1,...m, then we shall simply write V' ({f/}) instead of the

more cumbersome V' ({ fl-j Yict,om ) .
=1

(b) V(INJ)=V(I)UV(J)

(© V(Uaealo) = Naea Vo)
(d) IfI C Jthen V(I) DV (J)

Properties (a) to (c) show that the collection of algebraic sets form the
closed sets for some topology on A" — this is the Zariski topology. More
formally, we make the following definition.

Definition 3.1.7 The Zariski topology on A" is defined by taking the open sets
to be complements of the algebraic sets in A". Now, if f € P we have a special
open subset of A" defined by such a function, we set D(f) = {p € A" : f(p) #
0}, we call such a subset a distinguished open subset .

Note that D(f) is the complement of the algebraic set V(f). Also no-
tice that the collection of distinguished open subsets forms a basis for the
Zariski topology.
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Examples 3.1.8 (a) The Zariski topology on A': The closed sets in A' are simply
the zeros of a polynomial in one variable, say x, f(x) = 0. But it is easy to
check that there can be only finitely many such zeros for a polynomial in one
variable. Thus the closed sets are (), A* and any finite set of points. Thus, the
Zariski topology on A is simply the cofinite topology on A'.

(b) The Zariski topology on A*: A closed set in A% is 0, A* or a finite union
of points and “curves”, where by curves we mean the set of zeros of some
polynomial of two variables, say x and y, f(x,y) = 0. The open sets in A*
are then simply the complements of these sets.

Remark 3.1.9 When k = Ror k = C, the Zariski topology on k™ is very different
to the metric topology on k™. The Zariski topology on k™ is T} since any point has
an open set not containing that point, but it is not T, since any two open subsets
must intersect. In fact, it is due to this lack of separation, that the notion of
irreducibility is useful when using the Zariski topology, viz Remark 3.1.17. It
is also quasi-compact, that is, every open cover of the space has a finite subcover
(this is essentially the same idea as that of compactness, yet in the definition of
compactness people sometimes require that the space be T, hence the distinction).

Definition 3.1.10 In a ring R, the radical of an ideal [ is the set /I = {r €
R :r™ € I for somen € N}. An ideal I is called radical if it is equal to its own
radical, that is [ = \/I. An ideal I is called prime if ab € I implies that either
aclorbel

Notice that all prime ideals are radical ideals.

Definition 3.1.11 On a subset X of A", one defines the ideal of functions
vanishingon X as I(X)={fe P: f(p)=0 Vpe X}

One can check that this is indeed an ideal of P. Moreover one can check
that each ideal /(X)) is a radical ideal in P.
So I is a function, mapping subsets of A" to radical ideals of P.
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Lemma 3.1.12 The function I has the following properties:
(a) I(0) = P, I1(A™) = (0)

(b) I(X1UXs) =1(Xy)NI(Xs)

(c) If X1 C X, then 1(X,) 2 I(Xy)

Since V' maps subsets of P to subsets of A" and I maps subsets of A" to
subsets of P, the composites V o I and I o V are defined. It is interesting to
see what we can say about these composites. This is what we consider in

the following lemma.

Lemma 3.1.13 Now if J is an ideal of P and X,Y C A™ whereY is an algebraic
set in A", then we have the following statements:

(@) I(V(J) =T
(b) V(I(X)) = X (the closure being taken in the Zariski topology on A™)
(c) V(I(Y)) =Y

We remark that for (a) it is relatively easy to show that v/J C I(V(J)).
For the other inclusion we use Hilbert’s Nullstellensatz, which we give
below. We also note that part (c) follows immediately from part (b), since

algebraic sets are the closed sets in the Zariski topology.

Lemma 3.1.14 (Hilbert’s Nullstellensatz)

Let k be an algebraically closed field and let .J be an ideal of P = k[X;,..., X,
and let f € P be a polynomial which vanishes at all points of V' (J). Then f" € J
for some r € N.

Now, combining several results seen so far, Lemma 3.1.6, Lemma 3.1.12

and Lemma 3.1.13, we get the following result:

Proposition 3.1.15 The assignment I — V(1) sets up an inclusion reversing
bijective correspondence between radical ideals of P and algebraic subsets of A™.
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This is an interesting result — it relates the topological structure of the
space A" with the algebraic structure of P = k[X;,..., X,].

Definition 3.1.16 A non-empty subset X of a topological space Y is called irre-
ducible if it cannot be written as the union of two proper closed subsets (where
the topology on X is the subspace topology induced from the topology of Y).
Equivalently, X is irreducible if ) # X = Xy U X, with X, X, closed, then
Xi=Xor X, =X.

Remark 3.1.17 We mention that this notion is not very useful in a T,-space, as
the only irreducible subsets as single points (see exercise 1.2.2 on p3 in [29])

Lemma 3.1.18 We have the following results about irreducibility:
(a) Aset X is irreducible if and only if any two open subsets of X intersect
(b) Any non-empty open subset of an irreducible set is irreducible and dense

(c) For a subset Y of X, Y is irreducible if and only if its closure in X Y, is
irreducible

(d) The image of an irreducible set under a continuous map is irreducible

Under the correspondence between radical ideals of P and algebraic
subsets of k[X1,...X,] mentioned in Proposition 3.1.15, prime ideals cor-
respond to irreducible algebraic subsets.

Definition 3.1.19 For an algebraic set X C A™ we define the coordinate ring
of X tobe A(X) = P/I(X).

We interpret elements of the coordinate ring as functions on X. If we
can only observe values that a function takes on X, then it is natural to
consider two functions to be the same if their values agree on all of X.
When this is the case, these two functions represent the same element of
the coordinate ring, that is if f(p) = g(p) for all p € X then f + [(X) =
g+ I(X) in the coordinate ring A(X).
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Remark 3.1.20 As seen from the above definition, from an algebraic set one can
uniquely construct an object called its coordinate ring. However it is also possible
to uniquely reconstruct an algebraic set from its coordinate ring — we omit the
details. So, in some sense the coordinate ring encodes all the information about
the algebraic set. We shall make this comment a lot more formal soon, but first we
need the notion of morphisms of algebraic sets.

Definition 3.1.21 If X C A" and Y C A™ are algebraic sets, then f : X — Y
is a morphism of algebraic sets if

f(Xh [P 7Xn) - (fl(X17 [ 7Xn)7 . -7fm(X17 [ 7Xn))

where each f;(Xy,...,X,) is a polynomial in X, ...X,, and each point of X is
mapped to a point of Y. A morphism f : X — Y of algebraic sets is said to be an
isomorphism if there exists another morphism g : Y — X such that go f = idy
and f o g =idy. In this case X and Y are said to be isomorphic.

Remark 3.1.22 In fact with this definition of morphisms of algebraic sets, one
obtains the category of algebraic sets, and the definition of isomorphism given
above is simply the general category theoretic definition of an isomorphim between
two objects.

We also remind the reader that in a general category, a bijective morphism
need not be an isomorphism. The category of algebraic sets provides an example
of where the two ideas need not coincide. Consider the following example given in
[30]: let C be the curve given by y* = x* in the xy-plane, A?, then the morphism
f from Al (with coordinate t) to the curve C' given by t — (&, t*) is bijective, but
is not an isomorphism.

It is standard to show, although we omit the details, that from a mor-
phism f : X — Y between algebraic sets, there is an induced k-algebra ho-
momorphism of coordinate rings, A(f) : A(Y) — A(X), but in the oppo-
site direction. I have suggestively used the notation A(f) above, because
the assignment X — A(X) extends to a contravariant functor between
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the category of algebraic sets and morphisms between them as defined in
Definition 3.1.21, and the category of finitely generated k-algebras with no
nilpotent elements and k-algebra homomorphisms. In fact, we have the
following result:

Proposition 3.1.23 The functor A, described above, is an (anti-)equivalence of
categories.

Thus from a finitely generated k-algebra with no nilpotent elements B,
one can construct an algebraic set which has B for its coordinate ring.

As a corollary of the above result we find that two algebraic sets are
isomorphic if and only if their coordinate rings are isomorphic. So, in this
sense, the coordinate ring contains all the information about an algebraic

set.

Remark 3.1.24 The category of irreducible algebraic sets and morphisms be-
tween them and the category of finitely generated k-algebras which are integral
domains and k-algebra homomorphisms are also (anti-)equivalent.

Definition 3.1.25 In a topological space, a subset is locally closed if it is open
in its closure or equivalently if it is the intersection of an open and a closed set.

Definition 3.1.26 If X C A" is locally closed, a function f : X — k is regular
at a point p € X if there is an open neighbourhood U with p € U C X and
polynomials g, h € k[ X1, ..., X,] such that h is nowhere zeroon U, and f = g/h
on U. We say that f is regular on X if it is reqular at every point of X. The set
of regular maps X is denoted by O(X) = {f : X — k: f is reqular on X}.

So regular functions are functions which are locally quotients of poly-
nomials. This need not be true globally, however. Think about the follow-
ing example given in [30]. Consider the algebraicset X = V(wz—yz) C A?,
and the subset U = D(y) U D(w) = {(w,x,y,2) € X :w # 0ory # 0}. The
subset U is a locally closed subset of A*. Now the function h defined by



CHAPTER 3. GEOMETRIC CLASSIFICATION 91

taking & =  on D(y) and h =  on D(w) is a regular function on U (note
that this function is well-defined). But it cannot be written as a quotient of

polynomials globally.

Definition 3.1.27 A variety is a locally closed subset X of A" endowed with its
topology and the collection of O(U) for all U open in X.

Note that this definition is not the standard one. Nowadays most peo-
ple include irreducibility in the definition of a variety, but this is not con-
venient for our purposes. Following the literature on the geometric classi-
fication of algebraic structures e.g. [7, 12] we choose not to require this.

Definition 3.1.28 A morphism ¢ : X — Y between varieties is a continuous
map such that for all U C 'Y and all reqular maps 6 : U — k the composition

0

o7 (U) 2 U k

is reqular. This property is sometimes stated as “¢ pulls back regular functions to
reqular functions”.

It is useful to notice that a morphism must in particular be a continuous
map.
Algebraic sets give us an examples of a special kind of variety, which

we define now.

Definition 3.1.29 An affine variety is one which is isomorphic to a closed sub-
set of A" for some n.

We give a proof of the following result, since it is important in the later
sections of the chapter. It does however follow from a more general result.
We do not state or prove the more general version since we have no need

for it — Lemma 3.1.30 will suffice for our purposes.
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Lemma 3.1.30 Suppose we are given varieties X C A" and Y C A™ and
f=(fi,.-.,fm) + X — Y a function between these varieties such that each
component f; of the funcion is a rational function with non-vanishing denomina-
tor, ie. foralli € {1,....m}, fi(wr,...,x,) = B2 with gi(ay, ..., @)

non-vanishing. Then f is a morphism of varieties.

Proof:
Suppose h(y1,...,Ym) = 0 where h(y1,...,yy) is a polynomial. Then the
preimage f~*(V(h)) is given by the points in X satisfying (ho f)(z1,...,z,)

=0, i.e.
h(pl(atl,...,xn)"“’pm(xl,...,xn)):0 n
Gz, ..., xp) (21, ..., Ty)
Since each ¢;(z1,...,z,) is non-zero we may multiply through by suffi-

ciently large powers of the ¢, to clear the denominators in the above. It fol-
lows that we get some polynomial h(z, ..., x,) such that h(zy, ..., z,) =
0< (hof)(z1,...,2,) = 0. Thus f~1(V(R)) = V(h), hence f is continuous.

Suppose that U C Y is open and 0 : U — k is regular. Then given
x € f~1(U)lety = f(x). By hypothesis y has a neighbourhood V' such that
Oluny = g/h with g,h € E[yi,...,y,] with h non-vanishing on V. Then
f~1(V) is a neighbourhood of z such that

pm(wl ~~~~~ Tn
L Qm(xl ----- Tn

)
)
0o flyrwnsr1v) = ) &y
( )
we can multiply through the numerator and denominator by suitably large
powers of ¢; to obtain polynomials on the numerator and denominator.
After doing this, say we obtain 0 o f|;1(w)nr1(v) = Z—',, where ¢, 1/ €
k’[l’l, Ce ,l’n].

Now, we know that & is non-vanishing on V,i.e. V(h) NV = (), so then
VNV =0= fYVR)NV)= ) =0

= V)N V) =0
VRN V)=0
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Notice that 4’ and h differ by a factor of terms ¢, i.e. B’ = [/, ¢/ h (since,
in general, we will need to multiply (f) through by more factors of ¢; than
() to ensure that both numerator and denominator are polynomials). But
since the ¢; are non-vanishing V (k') = V/(h), so V/(k') N f~1(V) = () too, i.e.
h' is non-vanishing on (V).

Thus we have shown that the composite 6 o f is regular, i.e. f pulls
back regular functions to regular functions. Hence f is a morphism. [

Actually, using the more general version of this lemma (where we only
require that the component functions be regular functions, not necessarily
rational functions with non-vanishing denominator) we can give an even

better characterization of morphism.

Lemma3.1.31 f = (fi,..., fn) : X — Y isa morphism of varieties if and only
if the components f; are reqular functions on X.

Proof:
The generalised version of Lemma 3.1.30 gives the sufficiency. To see the
necessity, suppose that f is a morphism. Now with ; the projection func-
tion defined as follows m; (1, ..., z.,) = x;, we see that 7; is a regular func-
tion and thus f; = m; o f must be regular.

U

Definition 3.1.32 A topological space X is called Noetherian if it satisfies the
descending chain condition for closed subsets: that is, for any sequence Y1 2 Y5 O
... of closed subsets, there is an integer r € NsuchthatY, =Y, ;1 = ...

We shall soon show that affine space, A" is a Noetherian topological

space.

Remark 3.1.33 The definition of a Noetherian ring is very similar to the defini-
tion of a Noetherian algebra, given in the previous chapter. A ring R is Noethe-
rian if it satisfies the ascending chain condition for ideals: that is, for any sequence
I, C I, C ... of ideals there is an integer r € N such that I, = I, = .. ..
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Lemma 3.1.34 (The Hilbert Basis Theorem)
If aving R is Noetherian, then R[X] is also Noetherian.

By inductively applying this result, we get the following.
Corollary 3.1.35 k[X1,..., X, is Noetherian

Examples 3.1.36 We have the following examples of Noetherian spaces:

(a) A™ is a Noetherian topological space. Suppose Y1 O Yy D ... is a descending
chain of closed subsets, then 1(Y,) C I(Ys) C ... is an ascending chain
of ideals in P = k[Xy,...,X,]. However, P is a Noetherian ring, so this
chain must eventually stabilize, say 1(Y,) = [(Y,+1) = .... Then using
Y = V(I(Y;)) we see that Y, = Y,y = .... So any descending chain of
closed subsets must stabilize, giving the desired result.

(b) If a topological space is Noetherian, then so is any closed subspace.

Lemma 3.1.37 In a Noetherian topological space X, every non-empty closed
subset Y can be expressed as a finite union Y = Y, U ... UY, of irreducible
closed subsets Y;. If we require that Y; ¢ Y; for i # j then the Y; are uniquely
determined. They are called the irreducible components of Y.

Remark 3.1.38 We have the following observations on the above result:

(a) There are only finitely many irreducible components,

(b) This decomposition is unique up to reordering,

(c) The irreducible components are the maximal irreducible subsets of the space,

(d) The irreducible components are closed (since if X is irreducible then so is X)

As a corollary of the above result we see that every algebraic set can be

written as a finite union of irreducible algebraic sets.
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Definition 3.1.39 If X is a topological space, we define the dimension of X
(denoted dim X) to be the supremum of all integers n such that there exists a
chain Zy C Zy C ... C Z, of distinct irreducible closed subsets of X. We define
the dimension of a variety to be its dimension as a topological space.

Definition 3.1.40 In a ring R, the height of a prime ideal, p, is the supremum
of all integers n such that there exists a chain po C p1 C p,, = p of distinct prime
ideals. We define the Krull dimension of R to be the supremum of the heights of
all prime ideals in R.

Lemma 3.1.41 We have the following facts about dimension:

(a) For an algebraic set X, the dimension of X is equal to the Krull dimension of
its coordinate ring A(X)

(b) The dimension of A" is n

(c) If U # 0 is open in an irreducible variety X, then dim U = dim X

-----

(e) If X CY then dim X < dim Y, moreover if X is closed and Y is irreducible,
then X C Y implies dim X < dimY

The following result may be well known, however we include a short
proof. Itis a result that, if it were not true, then something would be wrong
with our notion of variety. Essentially it says that it doesn’t matter how we
view an r-dimensional affine space — as an affine space in its own right
or as a vector subspace of a larger affine space — they both share the same
properties as varieties.

Lemma 3.1.42 An r-dimensional vector subspace W of A™ with n > r is iso-
morphic as a variety to A". In particular this means that W is irreducible and as
a variety has dimension r.
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Proof:
A vector subspace W of A" is the solution space of a system of homo-
geneous linear equations in the n unknowns z;,...,z,. Since W is r-
dimensional, exactly n — r of these linear equations are linearly indepen-
dent.

If the homogeneous linear system is Ax = 0, then by reducing the coef-
ficient matrix A to row-echelon form and permuting some of the X; if nec-
essary, we may assume that the linear equations are f; =
x; + Z;L:n_rﬂ aj;rjforl <i<mn-—r.

The map ¢ : k[z1, ..., x,] — k[z1,...,z,] defined by

is an automorphism. One can check that this map sends the prime ideal
(x1,...,2,_y) to the prime ideal (fi, ..., f,—,). Hence ¢ induces an isomor-
phism k[z1,..., 2,/ (21, ... 2pr) = Klz1, ..., 20]/(f1,- .., fuer). We com-
pose this with the following isomorphisms k[z1, ..., z,] = klz,_,, ...

8
R 2.

= klzy,...,z,)/(21,...,2,—,) to obtain the isomorphism k[zy, ..., ;]
Elxy,...,zn)/(f1y - for)-

Now notice that k[z1,...,z,]/(f1,. .., fu_r) is the coordinate ring of W
and k[z1,...,z,] is the coordinate ring of A". The isomorphism of coor-
dinate rings induces an isomorphism of the varieties 1/ and A", as men-
tioned after Proposition 3.1.23, (which implies that W and A" are homeo-
morphic as topological spaces with the Zariski topology).

Since A" is irreducible, so must W. Also the isomorphism between W
and A" shows that chains of closed irreducible subsets in W, with length n,
correspond to such chains in A" also having length n, and vice versa. This
implies that, as a variety, the dimension of W and A" must be the same.
But by Lemma 3.1.41 (b), dim A" = r. O

Definition 3.1.43 We define the local dimension at z € X as dim, X =
min{dim U : U is a neighbourhood in X of =}
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Lemma 3.1.44 dim, X = max{dimZ : Z is an irreducible component of X

containing x}

Definition 3.1.45 A morphism f : X — Y is dominating if its image is dense

inY,ie. Y = f(X).

We shall now list several results from Mumford’s book [25], which we
shall use later. Note that Mumford adopts the more common definition of
variety and requires his varieties to be irreducible. This should be kept in

mind while reading these next few results.

Lemma 3.1.46 ([25, Chapter 1 §8 Proposition 1])

If f+ X — Y isany morphism, let Z = f(X). Then Z is irreducible and the
restricted morphism f' : X — Z is dominating.

Lemma 3.1.47 ([25, Chapter 1 §8 Theorem 3])
Let f : X — Y be a dominating morphism of varieties and let r = dim X —
dim Y. Then there exists a non-empty open set U C Y such that:

(i) U C f(X)

(ii) for all irreducible subsets W C 'Y such that W N'U # 0, and for all compo-
nents Z of f~Y(W) such that Z 0 f~1(U) # ()

dmZ =dimW +r
or codim(Z in X) = codim(W inY’)

Definition 3.1.48 A function f : X — Z is said to be upper semicontinuous
if the set {x € X : f(x) > n} is closed in X for all n € Z.

Lemma 3.1.49 (essentially [25, Chapter 1 §8 Corollary 3])
If f + X — Y isamorphism of varieties then the function x — dim, f~'(f(z))
is upper semicontinuous.
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Definition 3.1.50 If V' is a vector space and W a subset of V', then W is called a
cone in V' if W contains the zero vector and is closed under scalar multiplication.

In Section 3.4 we shall require use of a lemma given in [8] which is
apparently well-known. We give this lemma now. In [7], a sketch of a
proof is given, where it is derived as a special case of Lemma 3.1.49 above.

Lemma 3.1.51 Suppose X is a variety, V a vector space and we are given subsets
V, CV forall x € X. Suppose that

(a) each V, isa conein 'V
(b) {(z,v):veVy}isclosedin X x V

Then the map x — dim V,, is upper semicontinuous.

We shall on occasion want to talk about products of varieties, Crawley-
Boevey notes in [7] that given two varieties X, Y then X x Y has the struc-
ture of a variety. All we shall do here is indicate how one can naturally
view the product of locally closed subsets X C A", Y C A™ as a locally
closed subset X x Y C Ant™,

Suppose that X C A" and Y C A™ are varieties, then they are both
the intersection of open and closed sets and since the distinguished open
subsets D( f) form a basis for the Zariski topology we must be able to write
each as follows: X = V({e;})N (Uﬁ D( fﬁ)) andY = V({g;})N (U'y D(hw)).
(Notice that we know there must only be finitely many of the indices ¢ and
7). The product of these is then the variety in A"*™ defined by X x Y =
V({er g5 0 (Us D) 1 (U, D) )

It is important to realize, however, that the topology on the product va-
riety is not the product topology from the topologies on each variety. For
example, A' x A with the product topology has only points, horizontal
and vertical lines for its closed sets, whereas the topology on the product
variety A' x A' & A? has these and many more closed sets, in addition. Its
closed sets are the vanishing sets of polynomials of two variables. In this
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case, where the varieties are, in fact, algebraic sets, this can be further ex-
plained by the fact that the coordinate ring of the product of the algebraic
sets is isomorphic to the tensor product of the coordinate rings.

Lemma 3.1.52 The product of two irreducible varieties is irreducible.

Finally we give a quick review of the work already done on Alg, the
variety of n-dimensional algebras. This variety was studied in detail by
Gabriel in [12], however it was known and used in other papers (see, for
example, [11]) before this time. Since then, there has been more work done
on it. However its study does not seem to have the popularity that the
study of module varieties does.

General properties of Alg, are given in [7, 12, 17]. The paper [18] also
contains a short introduction to the variety Alg,. The geometric classifi-
cation problem for algebras of dimension n is equivalent to finding the
irreducible components of Alg,. Classification of algebras of dimension
< 4 is given in [12]. The case of algebras of dimension 5 is given in [21]
and [13] lists some special irreducible components (“rigid” components)
for Alg; working over the field C.

Our review of this material will be brief since we shall study these
ideas, for the case of superalgebras, in more detail in the body of the chap-
ter. We remind the reader that when we say “algebra” without qualifi-
cation, it shall mean a unitary associative algebra. On several occasions
we will mention non-unitary associative algebras, in which case we shall
make this clear.

On an n-dimensional vector space V, a (unitary associative) algebra
structure on V' gives rise to the set of structure constants (afj) e A",
Choose a basis for V, say {ei,...,e,}, the structure constants are then

determined by the multiplication on V' so that

n
E k
k=1
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Conversely, the structure constants induces an algebra structure on V,
where the multiplication of basis vectors is given by the previous formula.
Multiplication is then extended to the whole of V' by linearity. It is impor-
tant to notice that isomorphic algebras can give rise to different structure
constants — even a single algebra structure on V' may give rise to differ-
ent structure constants, when using different bases. Structure constants
correspond to an n-dimensional algebra with some given basis. Although
an n-dimensional algebra with a given basis gives rise to a unique set of
structure constants in A™’, this correspondence isn’t one-to-one, since a
different basis on the same algebra may give rise to the same structure
constants.

The structure constants must obey certain equations to reflect the fact
that they represent associative, unitary algebra structures. In terms of the

basis elements, these equations can be written:
ere; = e
€;,61 = €
(eiej)er = ei(ejer)

Which translate into the following relations amongst the structure con-

stants:

aj, — 0 =0 (A1)
ol — 07 =0 (A.2)
> (oljap — ajjaly) =0 (A.3)

Definition 3.1.53 We define:
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(a) Alg, — the variety of (unitary associative) algebras, with the identity fixed
at the first element of the basis — to be the variety in A", which is cut out by
the above 3 sets of equations, (A.1)—(A.3).

(b) S,, — the variety of associative (and perhaps non-unitary) algebras — to be
the variety in A™ cut out by the equations in (/\.3) above.

(c) Alg!, — the variety of (unitary associative) algebras, without requiring the
identity to be the first member of (or even in) the basis — to be Alg), = {(o}; €
S, : (o) defines a unitary algebra }

Notice that Alg), was the variety originally studied by Gabriel in [12]
and others. However following [18] we are more interested in the related

variety Alg,,.

Lemma 3.1.54 We have the following results about the above varieties:
(a) Alg,, and S,, are algebraic sets and hence affine varieties.
(b) Alg), is an affine variety.

Proof:
Part (a) is easy. The proof of part (b) can be found in [12] or in [7]. The
proof given in [7] is essentially identical to our proof of Lemma 3.2.4. []

We can equivalently write the multiplication of the algebra as an ele-
ment y € Hom(V ® V, V). Thus the structure constants («;) € S, or Alg;,
give rise to such an element and it must obey the following equation:

pro(p®id) = po (id ®u)

If the structure constants, (afj), actually belong to Alg, then this element

must obey the following two equations also:

pler @ e;) = e

wule; @ep) = e
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Conversely, an element © € Hom(V ® V,V) obeying the first equation
above, along with a choice of basis, gives rise to structure constants (a};)
which is a point in S,, or perhaps Alg),. If this element ; obeys all three
equations above, then the structure constants (ozfj) is a point in Alg,,. We
shall, on occasion, use this alternate notation instead of the structure con-
stants.

Since Alg, was defined with the identity fixed as the first element of
the basis, when we consider an action on Alg, we must use maps which
send the first element of the basis to itself. Thus a subgroup G,, of GL,, acts
on Alg, not the whole group as one might expect. We can describe G/, for

17 )
G, = .Y € GL, 1, b ek
0 %

Now, there is an action of G,, on Alg,. If we let A = (X)) € G, and

n > 2 as follows:

(1)) = A" this can be described as follows:

l,p,q=1

or in the alternate notation:
Ap=Aopo(A @A™

There are also actions of GL,, on S,, and Alg, which are given by the
same formulae as above, except now allowing A € GL,. Any of these
actions may be referred to as the “transport of structure actions” .

Lemma 3.1.55 The orbits under G,, in Alg, and the orbits under GL,, in Alg),
can be identified with the isomorphism classes of n-dimensional (unitary associa-
tive) algebras.

Thus, for an n-dimensional algebra, A, we shall speak of its orbit in
either Alg,, denoted by G,, - A, or in Alg’, denoted by GL,, -A, and mean the
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orbitin Alg, or Alg/, respectively, which is identified with the isomorphism
class of A as mentioned in the lemma above.

We now introduce a very important idea in the study of these varieties
— the idea of degeneration. It is very useful when trying to determine the
irreducible components of these varieties.

Definition 3.1.56 For n-dimensional algebras A and B, if there exists a point
(af) € G, - B such that (a};) € G, - A then we say that A degenerates to B
and denote this by A — B.

This notion of degeneration extends to a partial order (<g,4,) on the isomor-
phism classes of n-dimensional algebras. We write B <44 A if and only if A
degenerates to B.

Depending on which variety we use (Alg,, or Alg) ) we could potentially
end up with two different degeneration partial orders on the isomorphism
classes of n-dimensional algebras. However, it would be nice to think that
the idea of degeneration was intrinsic to the algebra, and these two partial
orders would thus be the same. This is indeed the case, as remarked in
[18]. So, in this way, these two varieties share a similar geometry.

Definition 3.1.57 If A and B are n-dimensional algebras, a specialization of
A to B is the following situation: one makes a change of basis in A to a “variable”
basis, i.e. one involving some unknown t, such that the point of Alg,, (or Alg))
obtained by structural transport is given by polynomial functions in t and lies in
the orbit of A for t # 0, yet at t = 0 lies in the orbit B.

If there is a specialization from A to B, then there must also be a degen-
eration from A to B (we prove this in the case of superalgebras in Corol-
lary 3.4.3. It should be clear how to alter that proof to apply to the algebra

case).

Lemma 3.1.58 ([12, Proposition 2.2])
In Alg/, there is one closed orbit, which is the orbit which is identified with
isomorphism class of k[ X1, ..., X, 1]/(X1,..., X 1)
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The next lemma follows from the previous lemma without too much
work. (The ideas for this proof are contained in the proof of Proposi-
tion 3.4.5).

Lemma 3.1.59 Alg/, is connected for all n

The above two results were proved for Alg/, in [12], but the proofs carry
over to the case of Alg, too. The proof of the first result follows from these
facts:

e each algebra structure in Alg, degenerates to the algebra structure
on l{?[Xl, e 7Xn_1]/(X17 e ,Xn_l)z

e thus the orbit of k[ X1, ..., X,,_1]/(X1, ..., X,,_1)? has minimal dimen-

sion
e orbits of minimal dimension are closed

We would like to think that the following result also holds in Alg, but
we have not checked through the details.

Lemma 3.1.60 ([12, Corollary 2.5])
The orbit of an n-dimensional algebra A is open in Alg,, if H*(A, A) = 0,
(where H*(A, A) is the Hochschild cohomology group of the algebra A).

The converse of the above lemma need not hold in general however,
e.g. in the case of 5-dimensional algebras Mazzola mentions that alge-
bra (26) in his classification has an open orbit, yet H*((26), (26)) is two-
dimensional.

To show that A does not degenerate to B, it is enough to show a closed
subset containing the orbit of A, disjoint from the orbit of B. So we are
interested in closed subsets of Alg, or Alg/ which are stable under the
actions of G, or GL,, respectively. The following provides us with some
such subsets. Since Alg,, is a closed subvariety of Alg/, the analogous sets
in Alg,, are also closed.
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Lemma 3.1.61 ([12, Proposition 2.7])
The following subsets of Alg! are Zariski-closed (where s is any fixed value):

(a) {A € Alg, :dimJ(A) > s}
(b) {A€ Alg, :dim Z(A) > s}
(c) {A € Alg!, : number of blocks < s}

(d) {A e Alg), : Ais basic,ie. A/J(A) = k' for some t}

For the degeneration diagrams and a list of the irreducible components
of Alg), for n < 4 see [12]. For a list of the irreducible components in the
case n = b see [21].

This concludes our preliminaries section.
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3.2 The variety Salg, and its properties

In the preliminaries, we summarised the work done on Alg,,. From this, it
should be clear that the idea of using structure constants in some variety
to represent an algebraic object is very useful. The question is then, how
do we modify the analysis used to study Alg, so that we have some sort of
structure constants to represent an n-dimensional superalgebra structure
on V? To answer this, we remark that a superalgebra A = A, @ A, is the
same as the pair (A, 0) where A is an algebra and ¢ is an algebra involution
on A. Given a superalgebra A = A, ® A; the Z,-grading induces the main
involution, given by o(ag + a1) = a9 — a; where a; € A;. Conversely any
algebra involution ¢ induces a Z,-grading on A via Ay = {a € A : 0(a) =
a}, A1 ={a € A:o(a) = —a} (and the main involution induced from this
Zo-grading is o).

The algebra involution o on an algebra A (as a linear map from A
to itself) may be described by the set of constants (7/) € A" satisfying
ole) =5, ~Je;. Tt follows then, that to each superalgebra, (A, o), we can
associate a set of augmented structure constants (a};, 7)) € A"+ where
(af;) are the structure constants determined by the algebra structure of A
and (v/) the constants determined by the Z,-grading in the above man-
ner. For brevity we simply refer to the (af;,7/) as “structure constants”
from here on. However it is not true that an arbitrary set of augmented
structure constants can give rise to a superalgebra. The structure constants
must obey certain relations to reflect how we have defined a superalgebra.

As a superalgebra (A, ) must in particular be a unitary associative
algebra, we have a multiplicative identity which we always take to be the
first element of our basis, e;. Then to be a unitary associative algebra we
have the following conditions:

€1€; = €;
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€i€1 = €;

(eiej)er = ei(ejer)
Which translate into the following relations amongst the structure con-

stants:

af, — 0/ =0 (3.1)
ol =6 =0 (3.2)
Z(aﬁ-jal’z - az"”aé-k) =0 (3.3)

1=1
For o to be an algebra involution means that:

oler) =e

These become the following relations in terms of the structure con-

stants:

MN—6=0 (34)

Z OKZ'% Z % %Ofkl (3.5)
k=1

k=1

}j%% 5 =0 (3.6)
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It is precisely those structure constants obeying the relations (3.1)—(3.6)
given above which give rise to superalgebras.

Definition 3.2.1 The equations (3.1)~(3.6) given above cut out a variety in A" +"*
which we shall call Salg,, — the variety of n-dimensional superalgebras.

It shall be our interest for the rest of the chapter to study the geometry
of Salg,. We will see that the geometry of Salg,, is influenced by that of
Alg, — but Salg,, also has a more rich geometrical structure.

Definition 3.2.2 We define SA,, — the variety of n-dimensional superalge-
bras not requiring existence of a unit — to be the subvariety of A"’ ™" cut
out by equations (3.3), (3.5) and (3.6).

One checks that if A is a unitary algebraand o : A — A satisfies o(zy) =
o(x)o(y)and o = ida then o(1,4) = 14 (This follows from the more general
fact that any invertible homomorphism o : A — B between rings with unit
must map the identity to the identity, i.e. o(14) = 1), which after a little
thought shows that Salg,, = SA,, NV ({a], — ¢/, al, — §7}). So we obtain the

following result:
Lemma 3.2.3 Salg,, is a closed subvariety of SA,,.

A point (af;, v7) in SA,, clearly gives rise to elements ;1 € Hom(V @V, V)
and o € Hom(V, V) from the multiplication structure constants (c};) and
the Z,-grading structure constants (/) respectively. These elements obey

the following equations:

po(p®id) = po (id®u) (3.7)
po(oc®@ao)=ocop (3.8)

coo=id (3.9)
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If the point (af;, 7/) not only belongs to SA,, but in fact belongs to Salg,
then the elements p, o described earlier satisfy the following three equa-
tions in addition to (3.7)—(3.9) above:

pler ®e;) = e (3.10)
u(ei X 61) = € (311)
o(er) =e; (3.12)

Conversely, assuming that V" has a chosen basis, then any pair elements
€ Hom(V®@V,V)and o € Hom(V, V) obeying equations (3.7)—(3.9) above
give rise to a point (af;, /) in SA,,. If these elements obey equations (3.10)-
(3.12) as well, then the point ()}, /) actually belongs to Salg,,. We shall, on
occasion, use this alternate notation to represent points in Salg, or SA, —
it often turns out to be more straightforward to do calculations with this.
(The proof of Lemma 3.2.6 uses this notation. While the proof could be
done using the structure constants notation, it is far more cumbersome).

It is important to notice the way that we have defined Salg, — requir-
ing the identity to be fixed — is analogous to the way Alg, is defined in
[18], but is not analogous to the way Alg, was defined in [12] (the defini-
tion given in [12] corresponds to our variety Alg)). We define Salg), to be
the subset of SA,, which consists of superalgebras with unit, but not nec-
essarily requiring the unit to be the first element (or even in) the basis (this
is to distinguish between the two possible definitions for Salg,,). It is Salg’,

whose definition is analogous to the case treated in [12].
Lemma 3.2.4 Salg), is an open affine subvariety of SA,,.

Proof:
Our proof of this lemma follows from making minor alterations to the

proof given in [7] for the algebra case. One should note that the alterations
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are trivial, since the question of existence of an identity depends only on
the underlying algebra of the given superalgebra. Here we use the alter-
nate notation and consider points in SA,, as a pair (¢, 0) € Hom(V®V, V) x
Hom(V, V), the first element giving the multiplication of the superalgebra
and the second giving the Z,-grading.

Suppose that an algebra A has multiplication given by ;1 € Hom(V ®
V, V). Denote by [ and ¥ respectively the maps defined by left and right
multiplication by an element a € A, that is, I#(z) = pla ® z),rk(z) =
p(z @ a). As noted in [7], A has 1 if and only if [# and 7/ are invertible, in
which case the unit is [I#] 7! (a).

The set D, = {(p,0) € SA,, : det(l*)det(r#) # 0} is open in SA,, and
Salg!, = J, Da, by the above. Thus Salg), is open in SA,,.

If we denote by 1* the unit for the multiplication given by f, then the
map Salg,, — A" given by (u,0) — 1* is a regular map, since on D, it
is equal to p — [I#]7'(a) which is a quotient of polynomials, with non-
vanishing denominators.

So Salg,, = {((1,0),x) € SA,, XA™ : xis a unit for 1} via the morphisms
(,0) = ((1,0),1") and ((p,0),z) — (u, o). The set on the right is closed
since for z € A™ one can find ¢; such that z = )" | ¢;e;. The conditions
p(x @ e;) = e; and p(e; ® x) = ¢; then translate into ) 7, ¢;al; = o and
>t ¢y = of. Thus Salg), is isomorphic to a closed subset of an affine
space, so is an affine variety. O

Similarly to the situation remarked in [18], since for our definition of
Salg, we require that the identity be the first element in the basis of any
superalgebra, a subgroup G,, of GL,, acts on Salg,, (not the full group GL,
as one may expect). This action is induced by considering what happens
to the structure constants when one makes a basis change. As the iden-

tity must be the first element in the basis, this means that the first col-
T
umn of the matrix describing the basis change must be (1 0 ... O)

(identifying the given basis {e; = 1,e,,...,e,} with the standard basis
vectors for k™). Hence we can describe GG, for n > 2 as follows: G, =
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1 "
{( ) :ZeGLn_l,bek”—l}.
0 X

Remark 3.2.5 If one so desired, our methods could be modified to study Salg/,
with it’s action of GL,,. However, one would hope that the geometry of both spaces
are very similar — in particular we would like the degeneration partial orders in-
duced in each space to coincide (the degeneration partial order will be introduced
in the Section 3.3). We would hope that such properties are intrinsic to the su-
peralgebras and thus not depend on the way in which they are represented by a
particular variety. We have not investigated this thoroughly, although in [18], it
is remarked that this is the case for the degeneration partial orders in Alg, and
Alg’.

Let A = (M) € G, and (/) = A~'. Then we can describe the action of
G, on Salg, as follows:

A (afn]) = () viag AN, Y wiafA) = (el Y)
Lpg=1 k,l=1

Firstly, recall that the formula for the inverse of a matrix means that we can
express the entries 1/ of the matrix A~' as a polynomial in the entries \/
of the matrix A and 1/ det(A). Then the above formula expresses the new
structure constants ot v7 in Salg, as a polynomial in the old structure
constants afj,%j , the entries of the matrix A € G, and 1/det(A) which
has non-vanishing denominator. Hence we may apply Lemma 3.1.30 to
see that the action gives us a morphism G,, x Salg, — Salg,. The same
reasoning also shows that the transport of structure action on Alg, gives a
morphism G,, x Alg,, — Alg,,.

Notice that if one uses the alternate notation, writing the multiplication
as an element . of Homy (V' ® V, V') and the Z,-grading o as an element of

Homy(V, V), then the action of A € G,, on Salg,, is given by:

A (o) = (Aopo (A @A™, AogoA™)
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Then one sees instantly that the action of G,, on Salg,, is simply the trans-
port of structure action from Alg, on the first component (which gives the
algebra structure) and conjugation on the second component (which gives
the Z,-grading).

We may refer to the above action of G,, on Salg, as the transport of
structure action. However as it is the only action of G, on Salg,, considered
here, we shall often simply refer to it as the action of G,, on Salg,,

Lemma 3.2.6 The transport of structure action on Salg,, is well-defined.

Proof:
First we check that this action is well-defined. Let ¢/ = Ao puo (A™' ®
AY)yand ¢/ = Aooo A" Thenas A - (u,0) = (i/,0'), showing that
the action is well-defined amounts to showing that when the pair (u, o)
satisfies equations (3.7)-(3.12), so too must (1, o’).

Now note that since A € G, then Ae; = e; and A~'e; = e; too.

per®e)=Nopo (A @A) (e1®e)
= (Aopu)(Ate; @ A tey)
= Au(er ® A'ey))
=A(Ae)

Wle@er) = (Moo (A @ A))(e; @ 1)
= (Aopu)(Ate; @ A tey)
= Au(Ale; @ e1))
=A(Ae)
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o(pf @id)=Aopo(AT@A o ((Aopo (AT ®A™Y)) ®@id)

=Aopo((A T oAopuo(A @A) ® (A oid))

=Aopo((po(A'@A™))® (idoA™))

=Aopo(p®id)o(A' @A T AT

=Aopo(ideu)o(A @A @A™

=Aopo (AT ®(MO(A ® A7)

—Aopo(A'@ (A toAopo(At@A™Y))
=Aopo(A'@A ) o(ide(Aopuo (AP @A)
= ' o (id@p')

o'(er) = (Aog oA )(e)

‘o0’ @0’ )=Aopuo (AT @A o(AoooA ™)@ (AoooA™))
=Aopo((AtoAoco A )® (A ToAogoA™))
=Aopo((coA)®(coA™))
=Aopo(c®c)o(A'@ A
=Aocopo (AT @A™
=AocoAloAopuo (AT @AY

:0'0,1/
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0’00’ =NocgoAoNogoA™!
=AogogoA™!
= AoidoA™!
=AoA!
=id

This shows that the action is well-defined.Finally, we show that this is
indeed an action of G,, on Salg,. Note, I, the n x n identity matrix, is the

identity of the group G,,.

L (p,0)=Iyopo(I;' @I Y, I,ogol ")
:(InOMO(In®In)7InOUO[n)
= (w,0)

LetI', A e G,

L' (A-(u,0)=T-(Aopo(AT®@A ), AccoA™)
—To(Aopuo(AT'@A™ o ('@ ) To(AocooA ™ol
=ToAopuo (A" @A oI '@I),ToAocsoA™ ol
—ToAopuo((A 1 oTH®@ (A oI ), ToAosgo A o)
= (ToA)opuo((FoA) '@ (T oA)™),ToA)ooo(ToA)™)
=[ToA)-(u0)

This completes the proof. O

Lemma 3.2.7 The orbits of Salg,, under the action of G,, can be identified with
the isomorphism classes of n-dimensional superalgebras.
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Proof:
Suppose A is a superalgebra with structure constants (o, v/) and B is

k €). The result follows since

iJ0 1

A = Bif and only if (oF;,77) and (3%, €/) belong to the same orbit — this
Yy ijs i g

iJ0 1

a superalgebra with structure constants (

is what we shall show. If A = B, say the isomorphism (of superalgebras)
is given by the linear map represented by the matrix A, then (85, €/) =
A-(af;, ~v7) so that the structure constants of A and B are in the same orbit.
Conversely if the structure constants of A and B belong to the same orbit,
then there exists A € G,, such that (85,¢/) = A - (af,,~/), then one can see

that the linear map represented by the matrix A gives an isomorphism of
superalgebras showing A = B. O

For an n-dimensional superalgebra A, we will sometimes use G, - A
to represent the orbit in Salg, which the isomorphism class of A can be
identified with. If in some basis the superalgebra A has structure constants
(ak, ) then G, - A = G, - (af;, 7).

There are two interesting morphisms between Salg,, and Alg,, (the reader
can use Lemma 3.1.30 to see that they are indeed morphisms). They arise
from the observations that: any n-dimensional superalgebra may be re-
garded as an n-dimensional algebra and any n-dimensional algebra can
be endowed with the trivial Z,-grading making it into an n-dimensional
superalgebra.

The first morphism: U : Salg, — Alg, is defined by (af;,7!) — (af).
This can be viewed as the composition of the projection onto the subset of
A"+ defined by v/ = 0 followed by the natural identification of A" % {0}
with A”’. This is a “forgetful” map — it forgets the superalgebra structure
on V' and only remembers the algebra structure on V.

The second morphism: i : Alg, — Salg, is defined by («;) — (o, )
where ¢/ is the Kronecker delta function defined earlier. This takes an
algebra structure on V' and endows it with the trivial Z,-grading making
it a superalgebra on V.

Notice that the subset of Salg, consisting of superalgebras with the triv-
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ial Z,-grading is a closed subset of Salg, and is given by V({y/ — §/}) N
Salg,. The morphism 7 above identifies Alg, with this subset. This result

is part of the following proposition.

Proposition 3.2.8 The morphisms U and i described above are continuous closed
maps. Moreover i provides an isomorphism of Alg,, with the closed subset of Salg,,
consisting of the superalgebras with the trivial Z,-grading.

Proof:
As morphisms we know instantly that both maps are continuous.

A closed set in Alg,, is of the form C' =V ({fi,..., fm}) N Alg, where f;
for 1 <4 < mis a polynomial in aly,...,a" . i(C) = V({fi, -, fm 7} —
§/1)NSalg,,. Let D = V({f1,..., fm})NSalg, then U(D) = V({f,..., f . })N
Alg, where we obtain the f; from the f; as follows. If f; is a polynomial
containing only 7/ then we omit it in this new set of polynomials, other-
wise we obtain f; from f; by setting 7{ = 0 and we let f/ be the polynomial
so obtained. We also omit repeats of any of the polynomials f/. Thus we
obtain the set {f{,..., f/,} of polynomials. This verifies that U and i are
closed maps.

Let W = V({7/ — 6}) N Salg,. This is the subset of Salg, consisting of
the trivially Z,-graded superalgebras. One can check that Uly o i = idag,
and i o Ul = idw. Thus it follows that ¢ is an isomorphism of Alg, with
the subset of Salg,, consisting of superalgebras with the trivial Z,-grading.

O

Suppose that A is a superalgebra and B is an algebra. We may for-
malise the notion of underlying algebra, which we have already men-
tioned, and shall say that A is a superalgebra on B, or B is the under-
lying algebra of A in the case that U(A) = B. This simply means that by
forgeting the Z,-grading on A we are left with the algebra B.

Notice that we have G,-actions on both Salg, and Alg,. Now, one can
quickly check (this is probably easier in the (1, o) notation) that for A € G,
U(A-(of,4]) = A U((ck,~])) and i(A - (af)) = A - i((af;)), which shows
that the morphisms U and ¢ are GG,,-equivariant.
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After noting this G,-equivariance of U, we may obtain a corollary to
Proposition 3.2.8 by applying the following standard fact from General
Topology: If f : X — Y is a closed continuous map, then for any Z C X
f(Z) = f(Z). We proceed as follows:

U (Go-(ak20)) = U(Gr - (7))
= G- Ulaf, 7))

157

=G, (k)

This proves the following;:

Corollary 3.2.9 U (Gn (g, 73)) = Gy - (af).

Suppose that one has a superalgebra A with dim A, = ¢ and Z,-grading
given by the algebra involution 0. Now change to a homogeneous basis
(say by a linear map represented by the matrix A), which clearly has Z,-
grading ¢’ given by the linear map represented by the diagonal matrix
with 1 for the first ¢ entries and —1 for the last n — ¢ entries. From the
above we have 0/ = AcA™! (identifying the Z,-gradings with their matrix
representatives), so o = A~'o’A. Now recall that the trace and determinant
tr and det are given by polynomials in the entries of a matrix, and also the
standard facts tr(AB) = tr(BA),det(AB) = det(A)det(B). Thus tr(c) =
tr(A"1o’A) = tr(c’AAY) = tr(0’) =i — (n — i) = 20 — n and det(o) =
det(A~to’A) = det(A~1) det(o”) det(A) = det(o”) = (—1)"".

We now define Salg’, to be the subset of Salg,, consisting of the superal-
gebras A with dim Ay = i. Obviously we have Salg, = (J_, Salg’,. Hence,
from above, the trace and determinant are constant on Salg’. It is clear that
these subsets must be disjoint. We are interested in when these subsets are
also closed. The following lemma gives some sufficient conditions for this

to be the case.
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Before stating the next couple of results we mention how vital the as-
sumption that ch(k) # 2 is to Lemma 3.2.10 and Proposition 3.2.12. These
are very basic results about the geometry of Salg, — the study of Salg,
over an algebraically closed field £ with ch(k) = 2 would require new tech-

niques as the proofs of these two results do not work in the case ch(k) = 2.

Lemma 3.2.10 The sets Salg!, are closed subsets of Salg,, in the following situa-

tions:
(a) ch(k)=pandn <2p

(b) ch(k) = 0 (with no restriction on n in this case)
(c) n <6 (for any algebraically closed field k with ch(k) # 2)

Proof:

Define S, = V({¥0, 7/ — (2i — n), X, sen(myi .75 = (—1)"}) n
Salg, fori € {1,...,n}, (where sgn(7) denotes the signature of the permu-
tation 7, and the sum is taken over all permutations of {1,...,n}). Thus

the S!, are closed subsets of Salg,,. From the statements above, it is clear
that Salg!, C S. The first polynomial > i 7? represents the trace of the
Z,-grading and the second 3__sgn(7)77"") ... 2" represesnts its determi-
nant.

For the proof of part (a), consider the following. Leti,j € {1,...,n},i #
j. If i and j differ by 2p then both the traces and the determinants for
Salg! and S’ will agree, so Salg’, C S7. If i and j differ by less than 2p,
then the traces of Salg’, and S/ will differ unless i and j differ by p, in
which case, since p is odd (remember we are excluding the case ch(k) = 2
throughout this thesis) the determinants will differ. Thus Salg!, and S7
are disjoint. From these comments one can see that we have the equality
Salg!, = S for alli € {1,...,n} if and only if there are no two distinct
integers i, j € {1,...,n} which differ by 2p. One can always be sure that
this is condition is met when n < 2p. This completes the proof of (a).

For part (b), we have ch(k) = 0. Here one simply needs to consider the
traces on Salg, and S/, which must differ unless i = j, showing that the
subsets Salg!, and S, are disjoint unless i = j, that is Salg’, = S'.
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Finally, for part (c) we combine the results of (a) and (b). In the case
of positive characteristic p, then as p > 3, from part (a) we know that
these subsets are disjoint and closed for n < 6, while in the case of zero
characteristic from part (b) we know that these subsets are disjoint and
closed for any n. Combine these statements to see that regardless of the
characteristic of the field k, the subsets Salg’ are all closed subsets when
n < 6. U

Remark 3.2.11 Lemma 3.2.10 is likely to be general enough for us to use in all
cases where determining irreducible components of Salg,, is currently practical.
The irreducible components of Alg, have so far only been described for n < 5
(with some special — “rigid” — components described in the case n = 6), and
finding these irreducible components is a more basic question than finding the
irreducible components of Salg,,. However, it is of theoretical interest to determine
whether the subsets Salg!, are in fact closed subsets of Salg,, for all n and any
field k with ch(k) # 2, or if there is some field k of prime characteristic, p, and
some integer, n, such that the variety Salg,, over the field k has one of its subsets
Salg!, which is not closed. As we shall see, when the Salg!, are closed they form
the connected components of Salg,,. Thus it would be interesting to know if the
geometry of Salg, can change in this manner for some integer, n, and field, k, of
prime characteristic, p.

Using the notation from the proof of Lemma 3.2.10 we have the follow-
ing situation for the variety Salg; over an algebraically closed field of char-
acteristic 3. S} = S7 = V/({3_]_, -1, sen(m)y Y . 4r™ 11N Salg,.
This is the smallest example of where the above lemma may not be ap-

plied. While it is clear that Salg; and Salg? are disjoint, it may be possible

that Salg; and Salg? have some point in common. (Recall that we remarked
earlier that Salg is closed — so Salg, = Salg, and thus we do know that
Salg? = Salg! and Salg: are disjoint).

Proposition 3.2.12 Salg,, is disconnected for n > 2.
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Proof:

By the comments above Lemma 3.2.10, for each superalgebra, the determi-
nant of the Z,-grading is either —1 or 1. Since ch(k) # 2, —1 and 1 are dis-
tinct elements of k£, hence X_; = V({>_ _ sgn(m)y Y L ArM _(—1)))NSalg,
and X; = V({3 sen(m)y7" .. 45" — 1}) N Salg, are disjoint closed sub-
sets whose union is Salg,. But X_; = Salg,\X; and X; = Salg, \X_,
hence both are open sets too. Thus Salg,, is a union of two disjoint open
subsets. Both subsets are non-empty for n > 2. Thus for n > 2, Salg,, is
disconnected. O

Assumption 3.2.13 From here onwards, we make the assumption that Salg’, are
closed subsets of Salg,,.

The main examples which we are interested in are Salg, for n = 2, 3,4,
and in these cases this assumption is satisfied by Lemma 3.2.10. The places
where this assumption is used it should be obvious from the proof. This
assumption is, however, not needed for the material on algebraic groups
and their actions in the next section.

As we have mentioned in Remark 3.2.11, when Assumption 3.2.13 holds,
the Salg’, are the connected components of Salg,,. We must however, post-
pone the proof of this fact until Section 3.4 when we will have sufficient
tools to prove it.

Since some algebras and superalgebras arise several times, we shall
name them for convenience.

Definition 3.2.14 Define C,, to be thealgebra k[ Xy, ..., X, 1]/(X1, ..., Xn_1)?
and fori = 1,...,n, let C,(i) be the superalgebra structure, which has C,, as its
underlying algebra and is given the Zy-grading, C,,(i)o = span{l, Xy, ..., X;_1},
Cn(i)1 = span{ X, ..., X,,_1}. The algebra C,, and the superalgebras C., (i) for
i =1,...,nall have dimension n.

The following lemma shows that each superalgebra structure on C, is
isomorphic to one of the C,, (7).
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Lemma 3.2.15 Consider the algebra C,,. There are n distinct isomorphism classes
of superalgebras on this algebra, which are C,,(1), ..., Cy(n).

Proof:

Let B = By @ B; be a superalgebra structure on C,, where dim B, = i +
lwith0 < i <n—-1(sodimB; = n—14—1). Suppose By has basis
{1,uq,...,u;} and B; hasbasis {u;.1, ..., u,_1}. There must be scalars such
thatfor 1 <j<n-—1,u; = a1l +a;p X5 + ...+ a;, X1

Now let v = uj — a1l = a;p Xy + ... + aj, X, 1. Then {1, 4}, . ..
also a basis for Bj.

If ajy # Oforanyi+1 < j <n—1thenu; = aj1+> 1) ;i1 X, s0u? =
oz 1+2 Z;:ll ji+1X;. Since u? € By we must have 2?2_11 aji1X; € By, say
St @i Xi = Bl + 3 Beyrug then (B + o)1+ 3, Brriug —u; =0,
which contradicts the linear independence of the basis. So a;; = 0 for all
it1<j<n-—1.

It is easy to check that any two of v}, ..., u}, w41, . .., u,—1 have product

Y 1)

TAST

»

zero (including a product involving two of the same terms). So we can
defineamap ¢ : B — C,(i+ 1) by 1 — 1,u] — Xy, .., u, — X, U1 —
Xit1, .-, Up—1 — X,_1. It is easy to see that this is a bijection, which pre-
serves the algebra structure and Z,-grading, hence is an isomorphism of
superalgebras. Thus a superalgebra structure on C,, must be isomorphic
to one of those described in the lemma.

To conclude the proof, we note that the n superalgebra structures given
in the lemma are clearly mutually non-isomorphic. O

So for each i there is a unique (up to isomorphism) superalgebra struc-
ture Aon k[Xy,..., X,,_1]/(X1,..., X,,_1)? which has dim Ay = i.

In the case of n-dimensional algebras, Gabriel showed that the closed
orbit consists of algebras isomorphic to C,,. The closed orbits in Salg, con-
sist of superalgebras isomorphic to one of the superalgebras C, (i), as the
following Proposition shows.
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Proposition 3.2.16 There are n closed orbits in Salg,. They are all disjoint,
C.,.(i) being the closed orbit in Salg’,.

Proof:

Suppose G,, - A is a closed orbit, i.e. G,,- A = G, - A. As U(A) is an n-
dimensional algebra, GG,, - U(A) is an orbit in Alg,. Now by Corollary 3.2.9
G, -UA) =UG, A =U(G,-A) =G, -U(A). Thus the orbit G,, - U(A)
is closed in Alg, but then, by the results of [12], U(A) must be isomorphic
to C),. That is, A must be isomorphic to a superalgebra structure on C,,.

It remains to show that the orbits, G,, - C,,(i), corresponding to the iso-
morphism classes of the superalgebras C,, (i) are, in fact, closed. Notice
that C,, = U(C,,(7)) is the algebra structure whose isomorphism class cor-
responds to the closed orbit in Alg,. That is, the orbit G,, - C,, is closed in
Alg,, and thus U'(G,, - C,,) is closed in Salg,,. Now, by Assumption 3.2.13,
Salg’, are closed disjoint subsets, thus U~!(G,, - C,,) N Salg’, is closed. How-
ever this set is the orbit G, - C,,(7) (since Lemma 3.2.15 above showed that
all superalgebra structures on algebra C), with the degree zero component

having dimension 7 are all isomorphic). The result follows. O

Remark 3.2.17 Recall that Gabriel showed that the orbit, GL,-A of an
n-dimensional algebra is open when H?*(A,A) = 0 (see Lemma 3.1.60), the
obvious generalization of this statement to the case of superalgebras being that,
for an n-dimensional superalgebra A, the orbit, G, - A is open in Salg, when
H?*(A, A) = 0. H?(A, A) now being interpreted as the Hochschild cohomology
group of the superalgebra A. We have not made any progress on proving or
disproving this statement, although it would be interesting to know if it holds.

Lemma 3.2.18 Suppose that A is a superalgebra with dim Ay = ¢ and there is
only one isomorphism class of superalgebras on U(A) which has dim, = 4. If the
orbit G,, - U(A) is open in Alg,, then the orbit G,, - A is open in Salg,,

Proof:
Since Salg’, are all disjoint closed subsets (by Assumption 3.2.13), they are
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also each open. Now UG, - U(A))) is the collection of superalgebra
structures on U(A). Since G,,- U(A) is open, so too mustbe U~ (G,,-U(A)),
by the continuity of U. Now by the assumptions made G,, - A = U™ }(G,, -
U(A)) N Salg!,. Thus G,, - A is the intersection of two open sets, so is open
itself. O

Example 3.2.19 This is indeed the case for several orbits in Salg,. Using this
result and the fact that the orbits of (1) and (10) are open in Alg, we discover that
the orbits (1|0), (1|1), (1|2), (10|0) and (10|1) are open in Salg,.

Finally, we shall introduce the notion of degeneration. This idea is very

important for the remainder of the chapter.

Definition 3.2.20 For n-dimensional superalgebras A and B, if (af;, ) €G-
Band (a¥,,~]) € G, - A then we say that A degenerates to B and denote this
by A — B. In some places the terminology A dominates B is used instead of
A degenerates to B. As we shall see in the next section, this extends to a well
defined partial order on the isomorphism classes of n-dimensional superalgebras
called the degeneration partial order. We define B <;., A if and only if
A degenerates to B. Clearly, whenever (afj,%j ) € G, - A, then we also have
(af;,7]) € G - Asince Gy, - A C Gy, - A. A degeneration of this form is referred
to as a trivial degeneration, any degeneration not of this form is called a non-
trivial degeneration.

Intuitively, if the superalgebra A degenerates to the superalgebra B
(where B 2 A that is, this is a proper degeneration) then we think of the
orbit G, - B as consisting of some of those points outside the orbit G,, - 4,
but which are “close to” some of the points in the orbit GG, - A. This is
supported by observing that the orbit G,, - B belongs to the boundary of
G, - A (i.e. the set m\Gn - A) as we shall see in the next section. Another
observation supporting this intuition is that some degenerations may be
obtained by taking a sequence of points in the orbit G, - A whose “limit”
lies in the orbit GG,, - B (see Corollary 3.4.3).
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Now we shall present a section on group actions, before returning to

our primary interest of studying the degenerations in Salg,.
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3.3 Algebraic groups and their actions

Definition 3.3.1 Let G be a variety, which additionally has the structure of a
group. If the maps for multiplication i : G x G — G given by p(z,y) = xy and
inversion v : G — G given by (x) = x~* are morphisms of varieties, then we call
G an algebraic group. The algebraic groups are group objects in the category of
varieties.

Remark 3.3.2 The reader who has met topological or lie groups before should see
the analogy. In these cases G is required to be a topological space, respectively
a differentiable manifold, and the multiplication and inversion maps are required
to be continuous, respectively differentiable. These are the group objects in the
categories of topological spaces and differentiable manifolds respectively.

Examples 3.3.3 We have already mentioned two algebraic groups: G,, and GL,,.
They are examples of algebraic groups, due to the formulae for matrix multiplica-
tion and inversion. There are many more examples that one can easily construct,
using the fact thay any subgroup of GL,, which is closed in the Zariski Topology
is an algebraic group.

Recall from Section 3.1 the definition of a group acting on a set. This
notion transfers straight across to the situation where G is an algebraic
group and X is a variety. In this case the notion is the most interesting
when the map giving the action of G on X, ¢ : G x X — X is a morphism
of varieties, because in this case we can relate the structures of G and X as
varieties. In this case, we say that the action is algebraic. For example if ¢
is irreducible and it acts algebraically on a variety X, then we know that
the G-orbits in X are irreducible also.

We have already seen examples of this kind of action, the structure
transport action of G,, on Salg, (and Alg,,) by the remarks in Section 3.3.
Since these are the actions which primarily interest us, we will assume

that all actions are algebraic. Given an algebraic group, G, and a variety,
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X, we shall simply say that G acts on X when we really mean that G acts
algebraically on X.

The constant maps h, : G — X, hy, : X — G defined by g — =z for
fixed x € X and = — g for fixed g € G respectively, are morphisms of
varieties. Now with the identity maps idg : G — G, idx : X — X, one
can construct the product maps of idg with h, and h, with idx to define
morphisms i, : G — G x X and i, : X — G x X, which can be described
by g — (¢,2) and = — (g, z) respectively. Then by composition with the
action map ¢ : G x X — X we get morphisms ¢, : G — X (the orbit map)
described by g — ¢ -z and ¢, : X — X (the translation map) described by
T g-x.

As an easy application of the maps constructed in the last paragraph,
we have the following small result, which we shall use later in the section.

Lemma 3.3.4 If an algebraic group G acts algebraically on a variety X and U C
X is open, then g - U is open for any g € G.

Proof:
Use the translation maps ¢4, ¢,-1, and the fact that morphisms are contin-

uous.
U
In the theory of algebraic groups, the convention is to refer to an al-
gebraic group, which is irreducible as a variety, as a connected algebraic
group. This is because irreducibility has a different meaning in the context
of group representations. This makes sense as, for an algebraic group, its

irreducible components coincide with its connected components.

Lemma 3.3.5 G,, and GL,, are connected algebraic groups with dimensions n* —
n and n? respectively.

Proof:
We give the proof for G, since these facts are better known for GL,,. In
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any case, one can easily modify the arguments given here to prove the
statements for GL,,.

1 a2 - amn )
, 0 a2 --- a2
Let M = .. .. | s aij € k. Note that by cofactor expan-
0 an2 s Ann 7

sion, the determinant of a matrix in M), is equal to the determinant of the

1 a2 -+ an
azz -+ azn
0 a2 -+ a2

lower right (n—1) x (n — 1) submatrix, ie. |. . = . |=

an2 -+ Qnn
It is clear that G,, is a subset of M]. In fact(i C;;ﬁis the Cgins’cilrlguished open
subset D(det) = {X € M, : det(X) # 0} of M. Thus G,, is a variety.

We notice that the formualae for matrix multiplication and inversion
of a matrix are morphisms of varieties, by Lemma 3.1.30. Thus G, is an
algebraic group. Another way to see this result is to use the fact mentioned
above in Example 3.3.3 — that any subgroup of GL,, which is closed in the
Zariski topology is an algebraic group. Now G, is a subgroup of GL,, and
itis closed in the Zariski topology, being the set V ({a; — 0} }) NGL,. So we
reach the same conclusion.

As a vector space M/, is isomorphic to A ™", so they are isomorphic
as varieties (by Lemma 3.1.42) and hence have the same dimensions, and
M, is irreducible. So M/ has dimension n? — n. The set G,, has dimension
n? — n also, as it is an open subset of M. It follows G, is also irreducible,

since any open subspace of an irreducible space is irreducible. O

By Lemma 3.3.5 above, we may apply a lemma from [7] on group ac-

tions, to the structure transport action of GG, on Salg,,.

Lemma 3.3.6 Let G be a connected algebraic group acting on a variety X, then:

(a)  Each orbit G - x is locally closed and irreducible
(b) dimG -z = dim G — dim Stabg(x)
(c) G -x\G - xisaunion of orbits of dimension < dim G - =
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Proof:
We use the proof from [7], giving extra details.

For part (a): G - z is the image of G under the orbit map ¢, : G — X
given by g — g - z. Since this map is a morphism and hence continuous,
it follows that G - z is irreducible. It then follows that G - x is irreducible.
By Lemma 3.1.46 the restricted morphism ¢, : G — G - x is dominating
and by applying part (i) of Lemma 3.1.47 there exists a non-empty open
set() # U C X suchthat U C G- z. Thus thereis() # U C G -z with U
openin G - z. Now G- U = Ugee 9 U € G -z which is G-stable and hence
equals G- z. Each g-U is openin G - x since U is open (using Lemma 3.3.4).
Thus G- U isopenin G - z,i.e. G-z is openin G - r, hence is locally closed.

For part (b), we continue on using Lemma 3.1.47, however it is part (ii)
which assists us here. Now since () # U C G- x, U must contain an element
of the form h - x where h € G, set W = {h - z} then for each component
Z of 71 ({h - x}) = h - Stabg(z), dim Z = dim{h - 2} + dim G — dim G - x.
We now note that as G -  is open in G - # which is irreducible, dim G - z =
dim G -z, dim{h - 2} = 0 (being a single point) and as dim A - Stabg(z)
is the maximum of the dimensions of its components, we discover dim / -
Stabg(z) = dim G —dim G- z. Finally, by considering G to be acting on itself
by left multiplication, we may use the translation maps ¢, and ¢;,-1 (which
are morphisms, so in particular are continuous) to see that Stabg(x) and
h - Stabg(z) have the same dimensions. Hence dim Stabg(z) = dim G —
dim G - z, getting the required statement upon rearrangement.

This leaves us with part (c). Firstly, fix an element g € G, then note: 1.
if U is an open neighbourhood of y then g - U is an open neighbourhood

1

of g - y; 2. if V is an open neighbourhood of g - y then g~ - V' is an open

neighbourhood of y;and 3. y ¢ G-z < ¢ -y ¢ G - x. So we have:
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yeG 2\G -z
syeG r,y¢ G o
& Every open neighbourhood of y intersects G -z and y ¢ G - «
& Every open neighbourhood of g - y intersects G- zand g -y ¢ G - =
Sg-yeG-2\G -z

In particular, we see that y € G- 2\G -2 = g-y € G- 2\G -z forany g € G,
and thus G -y = J,cq 9y € G-2\G - 2. Secondly, since G - = is open in
G - z which is irreducible, we find dimG -z = dimG - z. f G-y C G - x and
y ¢ G-z,then G -y C G - x and since G - yis closed and G - z is irreducible,
we have dimG -y < dim G - 7, hence dim G - y < dim G - z. Combine these
two arguments to get the required statement. l

Remark 3.3.7 We make the following remark of how to interpret the stabiliser
subgroup in the case of the G,-action on Salg,. Suppose one has a point (af;, o)
of Salg,, which is in the orbit G,, - A for some superalgebra A. Recall that when
one represents points in Salg,, using the alternate notation (u,0) € Hom(V ®
V, V) x Hom(V, V'), the transport of structure action can be described as follows:
for A € G, A-(u,0) = (Aopo(A'@A™1), AogoA™t). Then the matrix A, viewed
as a linear map from V to V, is an automorphism of A (as a superalgebra) if and
only if it satisfies Aoy = po (A®A)and Aoo = oo A. Then an automorphism
A of A is in the stabiliser Stabg, ((c;, v)), and conversely, an element of this
stabiliser gives an automorphim of the superalgebra A. In fact, because of this
correspondence the stabiliser of a point (af;,+]) in Salg, is isomorphic to the
automorphism group of the superalgebra whose isomorphism class is identified
with the orbit G,, - (af;, 7).

Whenever we have a connected algebraic group G acting on a vari-
ety X, we have the idea of degeneration. The action of G on X parti-
tions the variety into equivalence classes under the equivalence relation
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r =y < Jg € Gsuchthat y = g - 2. The equivalence classes are the
G-orbits. Because of this, we shall use the notation [z] = G - z for brevity,
while stating and proving results about this more general notion of degen-

eration.

Definition 3.3.8 We say that [x] degenerates to [y] if y € G - x and will write
[z] — [y]. By appealing to Lemma 3.3.6 we can show that this idea of degeneration
is not only well-defined on the G-orbits of X, but it also gives rise to a partial
order on the G-orbits in X. This is the content of the following corollary. We
define [y] <gegr (| if and only if [x] degenerates to [y]. (Note that in some places
the degeneration partial order is defined to be the opposite to this. This happens
for example in [33]).

Some people define the idea of degeneration as: [z| degenerates to [y]
if G-y C G- z. Using part (c) of Lemma 3.3.6, one can see that this is an
equivalent definition. It does provide a useful way to visualize the notion
of degeneration — that an orbit is contained in the closure of some other
orbit.

Corollary 3.3.9 When G is a connected algebraic group acting on a variety X,
<degr 18 a partial order on the G-orbits of X.

Proof:

By part (c) of Lemma 3.3.6, G - x is a union of orbits. So if y € G - z, then
G -y C G - z. From this statement, we deduce that [y] <4, [z] if and only
if [] <gegr ['] for any v’ € G - y,2" € G - z, which shows that <;.,, is a
well-defined relation on the G-orbits.

Clearly x € G - z, thus [z] <4, [2]-

Suppose [z] <gegr [y] and [y] <gegr [2], sO from above we have G -z C
G-yand G -y C G- 2. Since we clearly have = € G - x, combine this with
the previous statements to obtainz € G-2 C G-y C G - 2, i.e. [2] <gegr [2]-

Suppose 7] <gegr [y] and [y] <gegr [2], 50 G -2 C G -yand G-y C G - x.
Now assume that G - = # G - y. By part (c) of Lemma 336 G -2 C G-y
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and G -z # G -y implies dimG -z < dimG - y. Similarly G-y C G-z
and G-z # G - y implies dim G - y < dim G - z. Combining these, we get
dim G-z < dim G-y < dim G-z, which is clearly absurd, hence G-z = G- y.
O

The above result can be used to show that the idea of degeneration in
Salg,, which was introduced at the end of the previous section, extends to a

partial order on the isomorphism classes of n-dimensional superalgebras.

Lemma 3.3.10 When G is a connected algebraic group acting on a variety X,
the irreducible components of X are stable under the action of G.

Proof:

We remind the reader that saying G is a connected algebraic group means
precisely that G is irreducible as a variety. Now suppose Y is an irre-
ducible component of X, then G x Y is irreducible. Now letting ¢ :
G x X — X be the morphism giving the action of G on X, then ¢ is a con-
tinuous map, so G - Y = ¢(G x Y) is also irreducible. Clearly, Y C G - Y.
However, by maximality of Y we must have Y = G -V, i.e. Y is stable
under the action of G. O

Corollary 3.3.11 When G is a connected algebraic group acting on a variety,
the irreducible components are closures of a single orbit or closures of an infinite
family of orbits.

Proof:

From Lemma 3.3.10, irreducible components are G-stable. We also know
that components are closed, hence each component can be taken to be the
closure of a union of orbits. If there are only finitely many orbits in the
union, then by using AUB = A U B we see that the component is not
irreducible unless it is the closure of a single orbit. This gives the required

statement. O

In the case of the GG, transport of structure action on Alg, Flanigan goes
further, and in [11] proves a result describing algebraic properties of the
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algebras belonging to some infinite family, whose orbits give rise to an
irreducible component as described above.

In the following we shall abuse the terminology, and refer to the sit-
uation when some structure is contained in the closure of the union of
the orbits of an infinite family of orbits, as a degeneration. We see an ex-
ample of this in Alg, in the results of Gabriel, where the structure (19) is
contained in the closure of the union of orbits of the family of structures
(18; A). It is important to notice, however, that this is not a degeneration as
defined earlier. Similarly, when an infinite family of orbits is contained in
another infinite family of structures, we may also wish to refer to this as
a degeneration too. We have an example of this given by Mazzola’s work
on Alg; in [21], where the orbits of the infinite family of structures (35; \)
is contained in the closure of the union of the orbits in the infinite family
of structures (13; \). Finally, one may wish to refer to the case where an
infinite family of structures is contained in the closure of a single orbit as
a degeneration. This idea is less of an abuse of terminolgy than the oth-
ers mentioned above, however, since we could consider it to be an infinite
family of degenerations (in the original sense), one to each of the orbits in
the infinite family. Although an abuse of terminology, it is useful to ex-
tend the notion of degeneration in this way, as it helps with determining
the irreducible components.

Corollary 3.3.12 When G is a connected algebraic group acting on a variety
X, we have the following statements regarding the notions of degeneration and
irreducible components:

(a) If [x] — y] then [y] belongs to all the irreducible components to which [z
belongs (and possibly more too)

(b) If there is no degeneration to [x], then its closure is an irreducible component

(c) If Up[x(N)] is irreducible and there is no degeneration to Uy[z(\)] then its
closure is an irreducible component
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Proof:
For part (a) G,, - y C G, - z, so that any irreducible component containing
G, - x must also contain G, - y.

For parts (b) and (c), consider what happens if G, - = (respectively
m) is not an irreducible component. Then, as an irreducible set,
it must be contained in some irreducible component implying that [z] (re-
spectively Uy [z(\)]) is contained in the closure of an orbit, or in the closure
of the union of an infinite family of orbits. This means that there is a de-
generation to [z] (respectively U, [z())]), contrary to our assumption.

O

Remark 3.3.13 This leads one to wonder when a union of a family of orbits is
irreducible, so that we may apply part (c) of the above. This might not be true for
arbitrary actions of algebraic groups on a variety. However the infinite families
which arise in Alg, and Alg, can be shown to be irreducible. We illustrate this
idea using the superalgebras (18; A|i). Firstly fix i as either 0, 1 or 2. Use the basis
e1 = l,e0 = X,e3 =Y, eq = XY of (18; \|0) then for the member of the family
with parameter value X # —1 we have that the structure constant, g, = M.
Hence, using this basis, we obtain a set of points in Salg,. Call this set S —
one point from each orbit corresponding to a member of the family (18; A|7). This
set of points can be identified with k\{—1} which is irreducible in A" (being the
distinguished open D(x + 1) of A'), thus the set of points, S, is also irreducible.
Now denote by ¢ : G, x Salg,, — Salg,, the morphism arising from the transport
of structure action of G, on Salg,,. The union of the orbits of (18; \|i) is given
by ¢(G,, x S), which, exactly as in Lemma 3.3.10, is seen to be irreducible. So
we have shown that the union of orbits of superalgebras (18; \|i) for i = 0,1, 2
are irreducible. The infinite families in Alg, can be shown to be irreducible in a
similar manner.

The above corollary tells us that the irreducible components are the
orbits or infinite families of orbits, which no other orbit or infinite family

of orbits degenerates to. So if one knows all degenerations between orbits



CHAPTER 3. GEOMETRIC CLASSIFICATION 134

and infinite families of orbits, then it is a trivial matter to determine the
irreducible components. Unfortunately, the problem of determining all
these degenerations is usually difficult. The problem of determining the
irreducible components is somewhat easier, but can still be difficult too.

Definition 3.3.14 An n-dimensional superalgebra A (respectively, a family of
superalgebras A())) is called generic, if the closure of its orbit in Salg, — G, - A
(respectively, the closure of the union of the family of orbits — |, G, - A(\)), is
an irreducible component of Salg,,.

Remark 3.3.15 A superalgebra, A, whose orbit is open is always generic. Since
it must lie in some irreducible component (being an irreducible set by part (a) of
Lemma 3.3.6) and, as an open subset of any irreducible set is dense, we must have
that G, - A is the entire component.

However the observations in Corollary 3.3.12 applies more generally and can
also aid us in finding the irreducible components. For example, after finding that
no algebras degenerate to (17) in Alg,, by applying the closed continuous map U,
we discover that no superalgebras can degenerate to any of (17|i) for i = 0, 1,2
in Salg,. Then, by using the observations given in Corollary 3.3.12, we see that
(17i) for i = 0,1,2 give rise to irreducible components of Salg,, hence these
algebras are also generic.

The last two lemmas of this section are concerned with calculating the
dimensions of the orbits in Salg,,. We explain how to read these tables now.
Each row corresponds to a different algebra structure and the columns of
the table are for different Z,-gradings on that given underlying algebra
structure. Thus the underlying algebra structure of the superalgebra de-
termines which row you look in, and which particular Z,-grading is used
to obtain the given superalgebra structure determines which column you
look under. We illustrate this by using an example. To find the dimension
of the stabilizer of a point in the orbit of (3|2) we look in the row labelled
(3]) and then look under the column labelled 2 to see that the dimension
of the required stabilizer is 2.
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Lemma 3.3.16 The following gives the dimensions of the stabilizers of points in

the orbits in Salg,:

Stabilizer dimensions
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Proof:

If the point (o, ~v7) is in the orbit, G4 - A, which is identified with the iso-
morphism class of superalgebra A, then Stabg, ((c;, v7)) 2 Aut(A) where

the automorphism group is the group of automorphisms of the superal-

gebra A as mentioned in Remark 3.3.7. See Section 2.6 for a description of

these automorphism groups.
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The statements given in Lemma 3.1.41 are also useful when comput-
ing the dimension of the automorphism groups. We also remark that
dim PGL, (k) = n* — 1, so that dim PGLy(k) = 22 — 1 = 3 (see for example
[14]) 0

Proposition 3.3.17 The following gives the dimensions of the orbits in Salg,:

Orbit dimensions
0|11 2|3
(1) 12 (12 | 12
(2]") 11 | 11 |11 |11
(3]") 10| 10|10 | 11
(4) 10 | 11
(5] 9 |10
(6]-) 8§ |10| 8
(71" 8§ |10 9 |10
(8] 71919
(9]") 3717
(10[-) | 9 |11
(11]-) | 8 | 9 | 10| 10
(12]-) 6198
(13]-) |10 |11
(14]) |1 91 9 |10 10
(15]) |1 919 |10]|10
(16/) | 8 | 9] 9 |10
(17]%) 6 19|38
(18 A]-) | 8 | 9 |10
(19]-) | 8 |10

Proof:
We have calculated the dimensions of the automorphism groups, or equiv-

alently, the dimensions of stabilizers of any point in each orbit in



CHAPTER 3. GEOMETRIC CLASSIFICATION 137

Lemma 3.3.16 above. We know that the dimension of G, is 12 from
Lemma 3.3.5. By using part (b) of Lemma 3.3.6, we can calculate the di-
mension of the orbit G - (o, /) by subtracting the dimension of the sta-
bilizer, Stabg, ((f;,7/)), from the dimension of G4 which is 12.

U

Remark 3.3.18 We remark that to calculate the dimensions of the orbits in the
case where we don't require the identity to be fixed (i.e. the orbits in Salg), and
in which case GL,4 acts on this variety) we can subtract the dimensions of the
stabilizers found in Lemma 3.3.16 from 16 (16 being the dimension of GL,4 by
Lemma 3.3.5). If we then compare the dimensions of the orbits of the trivially
Zo-graded superalgebras (i|0) fori = 1,...,18; A, 19, thus calculated, with those
given by Gabriel in [12], we find that the two sets of numbers do not agree. In
fact the orbit dimensions that Gabriel gives are exactly one less than the orbit di-
mensions we calculate in each case. This is strange. Since Gabriel did not give the
proof of these facts in [12] it is difficult to find an explanation for this difference.
However in Mazzola’s paper [21] on classifying algebras of dimension five, the or-
bit dimensions are calculated by subtracting the dimension of the automorphism
groups from 25 (25 being the dimension of GL5) — this would tend to suggest
that our methodology for calculating orbit dimensions is correct.
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3.4 Degenerations in Salg,

Recall the notion of degeneration between two superalgebra, which was
introduced at the end of Section 3.2.

In this section we concern ourselves with conditions determining when
a degeneration of superalgebras in Salg, can or cannot exist. When look-
ing for conditions for the non-existence of degenerations between a given
pair of superalgebras, it would be helpful to have some invariants of the
superalgebra which are “rigid” in the sense that if there is a degeneration
of superalgebras A — B, then the superalgebras A and B must have the
same value for the invariant. Unfortunately, the only such invariant that
we know of is dimg (using Assumption 3.2.13, which states that the sets
Salg!, are closed subsets of Salg, and the fact that these subsets are disjoint).
The next best thing is a property of a superalgebra which any degeneration
of this superalgebra must inherit, or some property which cannot increase
or decrease upon degeneration. Such properties are analogous to those de-
scribed in [12, Proposition 2.7] (given here as Lemma 3.1.61), which states,
for example, the fact that the dimension of the radical cannot decrease
upon degeneration. Later in the section we determine several properties

which any degeneration of a given superalgebra must share.

Lemma 3.4.1 Let 2 : k — Salg, be a polynomial function and U C Salg,,. If
there are infinitely many points of Q(k) in U then Q(k) C U.

Proof:

First, note that we think of 2 as describing a curve in Salg,. U is defined

to be the intersection of all closed sets containing U. A closed set is the

vanishing set of polynomials (intersected with Salg,,), so it is enough to

show that any polynomial vanishing on U must also vanish on all of Q(%).
By applying the appropriate projections to §2, we may write o, = af; ()

and v/ = ¢/ (t) (letting the indeterminate be t), to describe the coordinates

of this curve.
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It is standard that Q7' (U) = {t € k : Q(t) € U}, but notice that this set
gives the t values such that the curve (2 lies inside the set U. We consider a
polynomial function in (o}, ~v7), which vanishes on U, f (af;, v7) = 0. Since
f vanishes on U it must vanish at the points of Q(k) lying inside U. So
we have t € Q7H(U) = f(aki(t), ¢! (t)) = 0. Note that f(ak(t),g/(t)) is a
polynomial in ¢, suppose the degree deg(f(a};(t), gl (1)) = d (which must
be finite).

It is impossible to have d > 1, since if d > 1 then f(ay;(t), g (t)) = 0 has
at most d zeros, which contradicts the fact we assumed it to vanish on all
of Q(k) N U, which has infinitely many points.

Thus d = 0, hence f(af;(t), gl (t)) must be a constant. The only way that
flaki(t), gl (t)) = 0is satisfied for points in Q= (U) isif f(a¥(t), g/ (t)) is the
zero polynomial, in which case f(aj;(t), g/ (t)) = 0 is satisfied for all ¢ € k.
This completes the proof. O

Definition 3.4.2 If A and B are n-dimensional superalgebras, a specialization
of A to B is the following situation: one makes a change of basis in A to a “vari-
able” basis, i.e. one involving some unknown t, such that the point of Salg,
obtained by structural transport is given by some polynomial functions in t and
lies in the orbit of A for t # 0, yet at t = 0 lies in the orbit B. We think of B as
being obtained by a formal limit of the basis change in A.

A specialization of superalgebras A to B is a more restrictive notion
than a specialization of algebras, since not only must there be a specializa-
tion of the underlying algebras, this must occur in such a way that under
the specialization, the Z,-grading on A also tends to the Z,-grading on B.
This is usually a non-trivial constraint, so some specializations between
algebras may not give rise to specializations of superalgebras on these al-
gebras. Or perhaps one must use different specializations for different
superalgebra structures on the same underlying algebra.

With this idea of specialization we obtain a useful corollary of the above

lemma.
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Corollary 3.4.3 A specialization of A to B implies that A degenerates to B.

Proof:

Clearly the specialization gives us a curve 2 : k£ — Salg,. We let the set U
in Lemma 3.4.1 be the orbit G, - A. Now, as k is algebraically closed, it has
infinitely many elements. Thus so does k*. Then Q(k*) C G,, - Aso G,, - A
contains infinitely many elements of 2(k). So we may apply Lemma 3.4.1.
Now note that ©2(0) gives structure constants for a point in the orbit G,, - B.
Hence, by Lemma 3.4.1 the point in the orbit G,, - B given by (0) lies in
the closure of the orbit of A — this means that A degenerates to B. O

Remark 3.4.4 Let A be a superalgebra with dim Ay = i, in other words A €
Salg’ . Suppose the bases of Ay and A, are given by {1, e, ..., ¢;} and {e;11, ...,
e, } respectively. The specialization described by Gabriel in [12] given by 1 +—
1,eq = teg, ..., e, — te, and letting t — 0 implies that any algebra degenerates
to the algebra C,,. This specialization does not alter the Z,-grading, which implies
(by Corollary 3.4.3) any superalgebra in Salg!, degenerates to the superalgebra
C., (i) in Salg!,. Stated another way, the closure of any orbit in Salg!, contains the
orbit of the superalgebra C,, (i) in Salg’ (which is the closed orbit in Salg’).

Earlier in Section 3.2 we mentioned that Salg’, are the connected com-
ponents of Salg,. Using Corollary 3.4.3 above, we can now prove this to

be the case.
Proposition 3.4.5 The set {Salg’ }7, are the connected components of Salg,,.

Proof:
Any irreducible component is connected, because a disconnected space is
reducible.

A™ is a Noetherian space, and by Assumption 3.2.13 Salg!, is a closed
subset of A™ (for m = n® + n?), so by Remark 3.1.38 (a) Salg’, has a finite
number of irreducible components. However, irreducible components are

closed and they must all contain the orbit of the superalgebra C,,(i) by
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the statements before this proposition. Hence the irreducible components
have a non-empty intersection.

Thus Salg’, is a finite union of its irreducible components, these are con-
nected and have non-empty intersection. Now apply the following result
from General Topology to deduce that Salg’ is connected: if the family
{X; : i € I} of connected subsets of a topological space has non-empty

intersection, then its union,  J,_; X; is connected. O

i€l
Remark 3.4.6 To prove Proposition 3.4.5 above, we needed to assume that
{Salg’ }r_, are closed subsets of Salg,,. One can actually see that, in fact, {Salg’ }7_,
are the connected components of Salg,, if and only if {Salg’ }7, are closed subsets.
Proposition 3.4.5 shows one of the directions, and for the converse we note that
connected components are closed (another fact from General Topology).

Given n-dimensional superalgebras A and B, to show that A cannot de-
generate to B, it is sufficient to exhibit a closed set in Salg,, containing the
orbit ), - A which is disjoint from G|, - B. Note that if there are two disjoint
closed sets in Salg,, one containing the orbit GG, - A and the other contain-
ing the orbit of GG, - B, then there cannot be any degenerations between A
and B. We now look for some necessary conditions for a degeneration of
superalgebras to exist.

Remark 3.4.7 We have seen some conditions necessary (but not sufficient) for
the existence of a degeneration earlier in the chapter, perhaps given in a different
context. These are useful to show when there is no degeneration between two
superalgebras. We point these out now. In the following, suppose that A and B
are n-dimensional superalgebras.

(a) If U(A) doesn’t degenerate to U(B) as algebras, then A cannot degenerate
to B as superalgebras. This follows, as a degeneration of A to B as super-
algebras implies a degeneration of U(A) to U(B) as algebras, by using the
Gn-equivariant map U.
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(b) However, in the case of trivially Z,-graded superalgebras this condition is
clearly also sufficient. Since Salg;, is isomorphic to Alg,, (see Proposition 3.2.8),
and the isomorphism is G ,-equivariant, it follows that A degenerates to B in
Salg) if and only if U(A) degenerates to U(B) in Alg,,.

(c) Since we are making Assumption 3.2.13 that the disjoint sets Salg’, are also
closed subsets of Salg,, it follows that there cannot be a degeneration from A
to B unless dim Ay = dim B,.

(d) We also remark that for n > 3, Salg) consists only of the closed orbit of
the superalgebra C,,(1). (See Proposition 2.2.12). So when n > 3, in the
dimy = 1 case, we do not need to worry about degenerations in Salg,ll. Since,
in this case, there is only one orbit.

The above facts follow from considering either the algebra structure
or the Z,-grading in isolation. For some more necessary conditions for the
existence of a degeneration we must exploit both the algebra structure and
the Z,-grading simultaneously.

We look for closed G,-stable subsets defined by some superalgebraic
properties. Finding such subsets is made difficult and proving such a sub-
set is closed is awkward since a point in Salg,, has structure constants rep-
resenting, in general, a superalgebra with a non-homogeneous basis, yet
superalgebraic properties are usually given in terms of homogeneous ele-
ments.

The results which follow all require use of Lemma 3.1.51 given in the

preliminaries section.

Lemma 3.4.8 The following sets are closed in Salg,,:
(a) {A € Salg, : A? = {0}}

(b) {A € Salg,, : Ay is commutative }
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Proof:

Recall that at the beginning of this chapter we defined superalgebra struc-
tures on an n-dimensional vector space V, which we gave a basis {ey, ...,
€n}

For the set in part (a) we assign to a superalgebra A the following sub-
set Wy ={v@w:v,w e A,vw = 0} of V ® V. For the set in part (b)
we assign to a superalgebra A the following subset W), = {v ® w : v,w €
Ap,vw = wv} of V. ® V. It is straightforward to check that these are both
conesinV @ V.

Then we may write v = )", ¢;e;and w = )", d;e;. Now from v@w #
0 it is possible to recover v and w up to scalar multiple. This fact shall cause
us no problems, however, since W, and W), are conesin V' ® V.

We show now that {(A,v ® w) : v,w € A;,vw = 0} is closed in
Salg, x(V @ V). If v ® w = 0 then either v = 0 or w = 0, in which
case¢; = 0fori =1,...,nord; =0fori=1,...,n. So forv® w # 0,
vEA &Y eyl b =0forj=1,...m;weA & S" dy +di=0
forj = 1,...,n; and vw = 0 & szzlcidjafj =0forl < i,5 < n.
We remark that if coordinates of v and w with respect to the given ba-
sis, i.e. (¢;), (d;), satisfy these equations, then so too must (\¢;), (ud;) for
any A\, u € k. Thus it does not matter that we can only obtain v and w
up to scalar multiple. Thus {(4,v ® w) : v,w € A;,vw = 0} = V({¢;}) U
V&)UV, eind 4+, S0, diy +dj, > i oy cidjar;}), which s closed
in Salg, x(V & V).

We show now that {(A,v ® w) : v,w € Ap,vw = wv} is closed in
Salg, x(V @ V). If v ® w = 0 then either v = 0 or w = 0, in which

case¢; = 0fori =1,...,nord; =0fori=1,...,n. So forv® w # 0,
vE A& Y eyl —cj=0forj=1,... mwe Ay " dryl —di=0
forj=1,...,mand vw = wv & Y7 id;(af; — of;) = 0for 1 < i,j < n.

Thus {(A4,v@w) : v,w € Ag,vw =wv} =V ({}HUV{d:HUV >, iyl —
i, S0 diyl —dj, >orioy cidj(af;—af;)}), which is closed in Salg, x(V&@V).
So by Lemma 3.1.51 the maps A — dim W, and A — dim W, are upper
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semicontinuous.

Now since Salg’, are closed subsets of Salg,, it suffices to show that the
sets mentioned in the lemma intersected with Salg’, are closed in Salg’,
for each i = 1,...,n. That is, we may assume dim A4, = i. We note that
Wa C A ® A;. Now if A? = 0, then W4 = A; ® A; which has dimension
(n — )% If A} # {0}, then W4 C A; ® A;. We can see from the above, that
for a given superalgebra A, W, is closed in V ®V, and we note that A; ® A,
is irreducible and has dimension (n — 7)? (as a variety, see Lemma 3.1.42)
as it is isomorphic to the (n — 7)?>-dimensional affine space A"~9°, thus
dimW,4 < (n — i)? by Lemma 3.1.41. Thus the set {4 € Salg!, : A? =
{0}} = {A € Salg!, : dim W4 > (n — i)?} which is a closed set by the upper
semicontinuity. This proves part (a).

Similarly W) C A, ® Ay, and if A, is commutative then W) = A, ®
Ay which has dimension 2. If A is not commutative then W/, C A4y ®
Ay and so similarly as above dim W) < * (we just need to note that W),
is closed and Ay ® Ay is irreducible). Thus the set {A € Salg; . A is
commutative } = {4 € Salg’, : dim W/ > i?} which is a closed set by the
upper semicontinuity. This proves part (b). O

Definition 3.4.9 On a superalgebra, one can define a new multiplication by a e
b = apby + a1by + apby — a1by. The graded center of a superalgebra is then
defined to be Z,(A) = {a € A :ab =bea Ybe A} = {a € A: ab =
boao + biag + bopay — biay Vb € A}. In the case that the graded centre coincides
with the entire superalgebra i.e. Z,(A) = A we say that the superalgebra is
supercommutative or graded commutative.

The set of supercommutative superalgebras form a closed subset as
the next lemma shows. Unfortunately, this result doesn’t help us with

showing the non-existence of any degenerations in dimension 4 or less.

Lemma 3.4.10 {A € Salg, : A is supercommutative } is a closed subset of
Salg,,.
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Proof:
The proof of this fact is similar to the proof of the above lemma, so we only
present a sketch.

We assign to a superalgebra A the following subset W, = {v®@w : vw =
wev}of VV.Thenwithv =73 " ceandw =" d;e; the conditions
for these two elements to supercommute becomes:

S s kim (6 + e (di+ dig) + (¢ + end)(di = dinp) + (¢ — e (di +
diy) + (¢ — e (di = div)ledy = 300 (e + ] )(di + dig) + (¢ +
e )(dy = diy) + (¢ — ] )(di + dih) = (¢ = i) (di = dyrp)]ag; for all
me{l,...,n}

Thus the subset { (4, v®@w) : v@w € W4} is closed in Salg,, xV @ V. So
by Lemma 3.1.51 the map A — dim W, is an upper semicontinuous map.
The superalgebra A is supercommutative if and only if W4 has dimension
n? (which is as large as the dimension can possibly be). So the set of super-
commutative superalgebras is equal to {4 € Salg, : dim W, > n?} which
is closed. O

For Salg? we have other closed subsets. Since dim Ay = 2, J(4y) = {x €
Ay : 2% = 0}, notice that this is a vector subspace of Ay.

Lemma 3.4.11 The following are closed sets in Salg?:
o {AcSalg’ :dim.J(Ay) =1}
e {AcSalg’ :dimJ(A) =1,J(Ag)A; = {0}}
o {AcSalg’ :dimJ(Ay) =1, A1 J(A4) = {0}}

Proof:
We give the proof for the second subset, since the proof for the third is
very similar and the proof for the first subset follows by simplifying this
proof.

For the second subset we assign to a superalgebra A the subset W, =
{fv@w:ve Ayw e Ay, v? =0,vw = 0} of V ® V. This is clearly a cone.
We also note W4 C J(Aj) ® A;.
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Suppose v = Y cie;, w = Yy i die;. We discover {(A,v @ w) : v ®
weWat =V({eh) UV UV, er] — ¢ Xy cicgaly, Yoy diy] +
dj, 321 iy cidjag;}). Which is closed in Salg,, x(V @ V).

So by Lemma 3.1.51 A — dim W, is an upper semi-continuous map.

Now, if A € {A € Salg? : dim J(Ag) = 1, J(Ag)A;, = {0}} then dim W, =
n— 2.

If A ¢ {A € Salg? : dimJ(Ay) = 1,J(Ag)A; = {0}} then either
dim J(Ap) = 0 in which case W, = {0} and dim W, = 0 or dim J(A4y) = 1
and J(Ap)A; # {0} in which case W4 C J(Ap) ® A;. In this case dim W, <
n — 2 since W, is closed, and J(Ag) ® A; = A; = A"~? as vector spaces, SO
J(Ap) ® A, is an irreducible subset of dimension n — 2 by Lemma 3.1.42.

Hence {A € Salg? : dim J(A4y) = 1,J(A4g)A; = {0}} = {A € Salg? :
dim W, > n — 2} which is closed by the upper semi-continuity. O

One can quickly check that if a superalgebra belongs to one of the
closed sets described in Lemma 3.4.8, Lemma 3.4.10 or Lemma 3.4.11, then
any isomorphic superalgebra must also belong to the same set. Thus these
closed sets are stable under the action of G,,.
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3.5 Degenerations in Salg,

In this section we are interested in determining when 4-dimensional su-
peralgebra structures do or do not degenerate to one another. Here we
use the results derived in the previous section to help us.

The results of this section give us most of the degenerations in Salg,.
Before giving the degeneration diagrams we shall first explain how to in-
terpret them. We follow this by giving a partial classification theorem for
Salg, — we determine twenty irreducible components. There are, how-
ever, two other structures which may or may not give rise to irreducible
components, and finally we give the details of the degenerations or the
non-existence of degenerations, which were shown in the degeneration
diagram.

As we shall soon see, there can be no degenerations amongst
4-dimensional superalgebras A and B with dim Ay # dim By,. Thus we
can give the degeneration diagram for Salg, by giving the degeneration
diagrams for each of the connected components Salg, fori = 1,2,3,4 sep-
arately. However we shall omit the diagram for Salg) since this consists of
the solitary orbit of (9]3).

Before giving these diagrams we shall explain the notations that we
use in these diagrams.

We represent the orbits of isomorphism classes of superalgebras, by
using the (i|j) notation from Chapter 2; (i|j) shall be used to denote the
orbit Gy - (i|j) in Salg,.

The families of superalgebras (18; A\|i), i« = 0,1, 2 consist of those su-
peralgebras for all values of A except —1, which in particular includes the
values A = 0 and A = 1. In these cases these orbits coincide with some of
the other orbits. This is because, as superalgebras, we have the following
equalities or isomorphisms: (18;0/0) = (16/0), (18;0[1) = (16]1), (18;0/|2) =
(16[3), (18; 1]0) = (7]0), (18; 1|1) = (7]2), (18;1]2) = (7]3).

In the degeneration diagram we use a dashed line to indicate a “degen-
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eration” by a family of superalgebra structures; that is, when an orbit lies
in the closure of the union of a family of orbits. This explains the use of the
dashed lines through the families (18; A|i), i = 0, 1, 2. The fact that we use
an arrow from (18; A\|0) to (8]0) and from (18; \|2) to (8|3) is because there
is a genuine degeneration, in the sense of Definition 3.2.20, from each of
the orbits in these families to the orbits (8/0) or (8]3).

The dotted arrows (or dotted lines in the case of degenerations by a
family of structures), are used to indicate those degenerations which we
are unsure of — there may or may not be a degeneration between the
indicated superalgebras.
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From this we get the following partial result classifying 4-dimensional

superalgebras:

Theorem 3.5.1 (Partial Geometric Classification of 4-dimensional Superalgebras)
In Salg, there are at least twenty irreducible components. The following struc-
tures (or families of structures) are known to be generic:
In Salgj: (1]0), (10]0), (13]0), (17]0), (18; A|0)
In Salg3: (1]1), (11]1), (13|1), (14]1), (15]1), (17|1)
In Salgs: (1]2), (10]1), (11]3), (14]3), (15|3), (17]2), (18; A|1), (18; A[2)
:(913)

In Salg;: (9]3

Proof:
This follows from the degeneration diagrams and Corollary 3.3.12 which
gives the relationship between the degeneration partial order and the irre-

ducible components.
U

Remark 3.5.2 The result above guarantees the existence of twenty irreducible
components, however there could be up to two more irreducible components as
well. It is the connected component Salg; in which we are unsure if we have
found all of the irreducible components. It is not known whether the following
two structures in Salg; are generic or not: (6|2), (19|1) — so Salg; could have as
few as eight irreducible components or as many as ten.

We are unsure if (18; A\|2) degenerates to (19|1) or not. This is why the
dashed line through (18; A|2) changes to a dotted line after passing through
(16]3). We point this out to the reader to ensure this important detail is not

missed.

Remark 3.5.3 Proposition 3.3.17 gives the dimensions of these orbits, which for
the generic structures gives the dimensions of the components too. However, for
the generic families (18; A|i) for i = 0, 1, 2, the dimension of the component must
be at least one larger than the dimension of any single orbit in this family. Since



CHAPTER 3. GEOMETRIC CLASSIFICATION 153

the family depends on one parameter \, we would suspect that the dimensions of
these components of the generic families are exactly one larger than the dimension
of any single orbit in this family. However, we have not proved this. To prove
that this is indeed the case, it would suffice to show that there can be no closed

irreducible set Y lying properly between G,, - (18; A|i) and |, G,, - (18; A|9), i.e.
that it is impossible to have G,, - (18;\|i) C Y C U, G, - (18; \|i) when Y is
closed and irreducible.

We now provide the details which were used to obtain the degenera-
tion diagrams just given:

We apply the following useful facts mentioned in Remark 3.4.7 in the
previous section which shall help us here. Since n = 4 we may appeal
Lemma 3.2.10 to see that Salg’, fori = 1,2, 3, 4 are all closed disjoint subsets
(and in fact by Proposition 3.4.5 are the connected components of Salg,).
Thus by part (c) of Remark 3.4.7 there cannot be a degeneration from A to
B unless dimy A = dim B. Thus we need only look at the degenerations
amongst superalgebras belonging to the same subset Salg).

Another remark made in part (a) of Remark 3.4.7 is the following: If
U(A) doesn’t degenerate to U(B) as algebras, then A cannot degenerate
to B as superalgebras. So we simply focus on degenerations from A to B,
when there is a degeneration from U(A) to U(B) of underlying algebras.
These two remarks represent large simplifications for us, as they greatly
reduce the number of degenerations we must consider. Since two differ-
ent superalgebras on the same underlying algebra have a trivial degener-
ation of the underlying algebra, we must however check to see if there are
degenerations between different superalgebras on the same underlying al-
gebra.

We also recall, any superalgebra in Salg), degenerates to the superalge-
bra structure on k[X,Y, Z]/(X,Y, Z)? in Salg’ for i = 1,2, 3, 4. The orbit of
this superalgebra is the closed orbit in Salg’. We will not mention this de-
generation further since it always exists. We gave the specialization giving

rise to this degeneration in Remark 3.4.4.
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By Corollary 3.4.3, to show the existence of a degeneration, it suffices
to exhibit a specialization. In this section to show the existence of degen-
erations we shall do this, except in one instance where we shall appeal to
Lemma 3.4.1 directly.

We mention that all the specializations given in this section are “homo-
geneous”, that is, the basis changes replace degree zero terms by degree
zero terms, and similarly replace degree one terms by degree one terms.
Corollary 3.4.3 applies equally well to non-homogeneous specializations,
however, such specializations are more difficult to determine. In fact, there
are some superalgebras which we haven’t determined whether there is or
is not a degeneration between (e.g. does (1|2) degenerate to (6/2)?), but
if the degeneration was to be obtained by a specialization it would nec-
essarily have to be non-homogeneous. For an example of a degeneration
obtained by a non-homogeneous specialization we have the following in
the dimension 2 case, where each superalgebra is given the non-trivial Z,-
grading:

kxk— k[X]/(X?*)byer = (1,1),e2 = (1,—1), €} = e, €y = te; + tes let
t—0

To show the non-existence of a degeneration we list the method which
we use. There are several different methods. We give the name and a brief

explanation for each below.

e By Lemma 3.3.6 part (c) the orbit dimension must strictly decrease
upon proper degeneration. So a superalgebra cannot degenerate to
another superalgebra of the same or greater dimension. We abbrevi-
ate this method by (OD). Note however that it is possible for a family
of structures of a given dimension to “degenerate” to a structure of
the same dimension. As an example of this, each orbit in (18; A\|0) has
dimension 8 as does the orbit (19|0), yet the family (18; A\|0) “degen-
erates” to (19/0).

e For the other methods we use the closed G,,-stable subsets found in
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the previous section. If A belongs to one of these subsets, and B
does not, then A cannot degenerate to B. We shall refer to this set
of methods by which of the closed G,-stable subsets we apply. The
abbreviation we give to the method by applying one of the closed

sets is listed below.

- (A) {A € Salg, : AT = {0}}

- (B) {A € Salg,, : Ay is commutative }

- (C) {A € Salg] : dim J(Ay) = 1}

- (D) {A € Salg] : dim J(Ay) = 1, J(Ay) A, = {0}}
- (B) {A € Salg] : dim J(Ay) = 1, A1J(Ap) = {0}}

In the following, when « # 0, we will use the shorthand, \/a to denote
some element, z, of k*, such that 22 = . (Such an element x always exists
as k is algebraically closed. Moreover, if z is such an element, then so too

is —x).

Case dimg = 4:

Applying part (b) in Remark 3.4.7 from the previous section, we no-
tice that the degeneration diagram of Salg; corresponds exactly to the de-
generation diagram of Alg,. These degenerations have been completely
described by Gabriel in [12], where he gives the degeneration diagram.

Case dimg = 3:

Existence of Degenerations:

(1|1) - (2|1) ter = (1?171a1)762 - (071a070)763 = (0,0,1,1),64 =
(0,0,1,—1),¢} =e1,¢y = e9,¢ = e3,¢) =teylett — 0

(1|1) - (2|2) e = (171a171)762 - (0,0,1,1),63 - (1a_1a070)764 =
(0,0,1,—1),¢} = ey,€, =e9,e5 =tes, e =eylett — 0

(1|1) - (4|1) e = (1717171>7€2 = (1707070)763 = (0707171)764 =

(0,0,1,—1),€} = ey, ey = e9, €4 = t?e3, e, = teg lett — 0
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(2]1) = (3]1) :e; = (1,1,1),e2 = (1,1,0),e3 = (1,—1,0),e4 = (0,0, X ), €} =
e, €y =e9,e5 =tes, ey =eylett — 0

(2]1) — (6]1) :e7 = (1,1,1),e5 = (1,0,0),e3 = (0,—1,1),e4 = (0,0, X), ¢} =
e1,€h, = €9, €5 =tes, ey =eylett — 0

(212) = (3]1) :e; = (1,1,1),e5 = (1,1,0),e3 = (0,0, X ), e, = (1,—1,0), €} =
e1,€h =e9,e5 =e3, ¢y =teglett — 0

(22) — (7]1) rer = (1,1, 1), 2 = (1,1,0), e5 = (0,0, X), eq = (1, —1,0), ¢} =
e1,eh = \/2tey + ez, ¢ = t2ey, €, = /—2teg lett — 0

(3]1) — (8|1) 1 e5 = (1,1),e2 = (1,0),e3 = (X,0),e4 = (0,Y),e] =
e, e =tey + e3, ey = tes, e =eqlett — 0

(4]1) — (6]1) :e; = (1,1),e2 = (1,0),e3 = (0,X?),e4 = (0,X),€} =
e1,€h, =e9, €5 =e3, ey =teglett — 0

(4]1) — (7]1) 1 e; = (1,1),e9 = (—1,1),e3 = (0, X?),e4 = (0,X), ¢} =
e1, €y = t2eq + €3, €5 = t?es, ¢y = /—2tey lett — 0

(6]1) — (8|1) :e1 = (1,1),e2 = (—1,1),e5 = (0, X),e4 = (0,Y), €] =
e1, €y = teg + e3,¢5 = 2tes, e, = ey lett — 0

(7]1) = 8|1) e = 1l,ea = X +Y,e3 = XY, ey = X —Y,e| =e1,¢), =
ey, € = 2e3, e =teylett — 0

(7]1) = (8|2) :e3 = 1l,ea = X +VY,e3 = XY, ey = X —Y,e| =e1,¢, =

—263,€é = t€2, 621 — €4 lett — 0

(1811) = (142) rer = (1, (5 1)) ea= (1.0 9))vea= (1.5 5)) ea =

(07 <0 1))’e/l26176/2:62’€g:t63762:€4lett—>0

) 51— (1, )= (0.2 ) o (.0 )
( ( é)) =e1,6y = €y, €5 = teg, ey = ey lett — 0
1.0 0 10 0 00 0
(14]2) — (8|1) : 1 = (0 1 0),62 = (0 1 0),63 = (1 0 0),64 =
00 1 00 -1 00 0
00 0
00 0) = ey, ey, =teg + e3, e = 2tes, el = ey lett — 0
1.0 0
1.0 0 10 0 01 0
(15]2) — (8|1) : 1 = (0 1 0),62 = (0 1 0),63 = (0 0 0),64 =
00 1 00 -1 00 0
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Non-existence of Degenerations:

2|1) = (212) (OD)

2|1) = (4]1) (OD)
2[1) = (7[1) (A)
2|1) = (8]2) (A)
2|2) - (2|1) (OD)
2|2) - (4/1) (OD)
3|1) = (7]1) (OD)
3[1) = (8[2) (A)
61) = (8[2) (A)
8|1) = (8]2) (OD)

8|2) = (8[1) (OD)
13[1) = (8]2) (A)
13|1) - (14]1) (B)
13|1) - (15[1) (B)
14/1) - (8]1) (OD)
14/1) - (8]2) (OD)
14/1) - (14[2) (OD)
14]2) - (8]2) (A)
14/2) - (14]1) (B)
151) - (8]1) (OD)
15/1) - (8]2) (OD)
151) - (15[2) (OD)
15/2) - (8]2) (A)
15/2) - (15|1) (B)

—>

—>

—>

—>

—>

—->

—>

—>

—>

—>

—>

e e N N N N N N N N N N N N T N N N N e e e e R

—_— — ' Y Y~~~ O~
o~~~ o~ o~ o~ o~ o~ o~ o~ o~ —~

—->

Undetermined Degeneration:

(2]2) = (6]1)
Case dimy = 2:

/ / / /
),61:61,62:t62—|—63,63:2t63,64:64lett—>0
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Existence of Degenerations:

(112) — (213) 11 = (1,1,1,1),e0 = (0,0,1,1),e5 = (1,—1,0,0),e4 =
(0,0,1,—=1),€} = eq,€ey, = €9, €5 = e3,¢), =teylett — 0

(1)2) — (3[3) 1 e1 = (1,1,1,1),e5 = (1,1,0,0),e5 = (1, —1,1,—1),e4 =
(1,-1,0,0), ¢} = ey, ¢y = teg, €y = e3,€) =teglett — 0

(2|13) — (3]2) :e1 = (1,1,1),e5 = (1,1,0),e3 = (1,-1,0),e4 = (0,0, X), €} =
e, €y = e9, ey =tes, ey =eylett — 0

(213) = (5]1) :e3 = (1,1,1),e5 = (1,1,0),e3 = (1,—1,0),e4 = (0,0, X), e} =
e1, el = tley, e = teg + ey, € = ez lett — 0

(312) = (7]2) s e1 = (1,1),e9 = (1,—1),e3 = (X,Y),eq4 = (X, -Y), €} =
e1,€h = teg, e = e3, e =teylett — 0

(313) = (5]1) 1 e1 = (1,1),e0 = (X,Y),e5 = (1,—1),e4 = (X,=Y), €} =
e1, €y = 2tey, e = tez + ey, € = 2t lett — 0

(313) — (7]3) 1 er = (1,1),e2 = (X, Y),e5 = (1, —1),e4 = (X, =Y ), €] =
ey, €y = teg, e = tes, ey = ey lett — 0

(5]1) = (7]2) 61 = 1,e9 = X% e3 = X,eq4 = X3, €} = e1,¢, = e9,¢} =
tes, €}, =teslett — 0

(5]1) — (8]3) te; = 1,60 = X2 e3 = X, ey = X3, €] = e1,¢y, = t?ey,ef =
tes, e, = ey lett — 0

(713) — (83) :e1 = 1l,ea = XY e3 = X+ Y,ey = X —Y,e| =e1,¢), =
2ey, €4 = e3,¢) =teylett — 0

(10|1)H(11|2):€1:((1) f),@:(é _01),63:<8 (1)),64:<2 8),6’1:

e, €y = e9, ey =tes, e =teylett — 0

(10[1) — (12]2) 1 e, = ((1) f),@: ((1) _01),@3: (_01 é>,€4: ((1) ;),e'l:

e1,eh = t2eq, h = tes, e} =teylett — 0

1 0 0 0 10 0 0 00 0 0
01 0 0 01 0 o0 00 0 1
— e = = =
(11[2) (12]1) s &4 0 0o 1 of ¢ 00 -1 o |'% 1.0 0 0
00 0 1 00 0 -1 00 0 0
0 0 0 0
0 0 0 1 o o I I
=11 0 0 o ,el—61,62—teg,e3_eg,e4—t€4lettﬁo
0 0 0 0



CHAPTER 3. GEOMETRIC CLASSIFICATION 159

1 00 0 00 0 0 10 0
01 0 0 00 0 1 01 0
— N = — —
(11|3) (12|1) €1 00 1 0 , €2 10 0 0 » €3 0 0 -1
00 0 1 00 0 0 00 0
00 0 0
00 0 -1
ea=1, 0 o o JE] =e1,65 = ey, ¢4 = teg, e =teglett — 0
00 0 0
100 0 00 0 0 10 0
010 0 00 0 1 01 0
— : = pum =
(11‘3> (12|2) €1 00 1 0 , €2 1 0 0 0 , €3 0 0 -1
00 0 1 00 0 0 00 0
0 0 0 0
0 0 0 1
es=|_, o o o] €1 =€ =teye5=1leg e =eslett =0
0 0 0 0
10 0 10 0 00 0
(14]3) — (16]1) ey = {0 1 0o),ea =10 1 0 |J,e3= {1 0 0,64 =
00 1 00 -1 1.0 0
0 00
10 0|,€] =ey,e),="tey, e =e3, ey =teglett —0
-1 0 0
10 0 10 0 01 1
(15]3) — (16]2) :ey = {0 1 o],ea =10 1 0 J,e3= 10 0 0,64 =
00 1 00 -1 00 0
01 -1
00 0 |,6)=ee,=tey e =es€e);=teylett —0
00 0
(16]13) — (8]3) :e1 = 1,e9 = XY,e3 = X +VY,eq = X —Y,e| = e1,€, =

ey, €h = e3, ¢y =teglett — 0

(18; A|[1) — (7]2),(16]1) : Since the orbits of (7|2) and (16|1) coincide
with the orbits of (18;1|1) and (18;0|1) respectively, (7|2) and (16|1) are
included in the closure of the union of the family of orbits (18; A[1).

(18; A]1) — (16]2) : Also (16|2) is included in the closure of the union of
the family of orbits (18; A|1). To see this, we look at the structure constants
of (18;¢7[1) in the basis e; = 1,65 = X,e3 = Y, e, = Y X. This gives us
a curve in Salg, which lies in the family of orbits of (18; A\|1) for ¢ # 0, yet
lies in the orbit of (16/2) when ¢ = 0. By appealing to Lemma 3.4.1 directly
the result follows.

(18; A|2) — (7/3), (16]3) : Similarly the orbits of (7|3) and (16|3) are in-
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cluded in the closure of the union of the family of orbits (18; A|2).

(I8 A2) = (83):e1 =1l,ea=XY,e5=X+Y,e, =X —Y, €| =e;1,¢), =
(14 Neg, €y = e3, € =teglett — 0

(19]1) = (813) ter = lea = XY e3 =X +Y,ey = X —Y,e| =e1,¢€, =
ey, €h = e3, ¢y =teglett — 0

(19]1) = (12)12) : e = 1,69 = XY e3 = X, eqy = Y, €] = ey,¢, = teg, ey =

tes, ey = ey lett — 0

Non-existence of Degenerations:

(2[3) = (3]3) (OD)
(3[2) = (3[3) (OD)
(3[2) = (5[1) (OD)
(3[2) = (7]3) (OD)
(312) = (813) (A)
(33) = (3[2) (C)
(5[1) = (7]3) (OD)
(62) - (8[3) (OD)
(712) = (713) (OD)
(712) = (8]3) (OD)
(713) = (7]2) (D)
(10]1) - (11[3) (OD)
(11]2) - (11]3) (OD)
(11]2) = (12]2) (A)
(11[3) = (11]2) (C)
(12[1) = (12]2) (A)
(12]2) - (12[1) (OD)
(14]3) - (16[3) (OD)
(14[3) = (8]3) (A)
(15|3) - (16|3) (OD)
(15[3) = (8]3) (A)
(16]1) - (16]2) (OD)
(16]1) - (16|3) (OD)
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16]2

) = (83) (OD)
)= (
16[2) - (16]3) (OD)
)= (
)= (

16/1) (OD)

(

(

(

(16]2) - (8]3) (OD)

(16]3) - (16]1) (D)

(16]3) = (16/2) (E)

(18; A[1) = (7[3), (16[3), (18; A[2), (19]1) (A)
(18; A[1) = (8]3) (A)

(18; A[2) = (7]2), (16]1), (16]2), (18; A[1) (D), (E)
(19]1) = (12[1) (D)

Undetermined Degenerations:

112) = (6/2)

213) = (6]2)

18; \|2) — (19]1)

213) = (7]3)

14]3) = (16]2)

15]3) = (16]1)

The first three of these undetermined degenerations are related to dis-

~ o~ o~ o~~~

covering whether (6/2) or (19|1) give rise to irreducible components in
Salg].

Remark 3.5.4 We close with the remark that in Salg, no two superalgebra struc-
tures A and B on the same underlying algebra can degenerate to each other, even
if dimy A = dimg B. We have seen this from brute force checking of each case. Is
it a general result that there can be no degeneration from a superalgebra to any
other superalgebra having the same underlying algebra?



Chapter 4
2-d and 3-d Superalgebras

In this chapter we repeat the analysis of the previous two chapters for
superalgebras of dimensions 2 and 3. We still assume that & is a field
with ch(k) # 2. The first two sections are concerned with the algebraic
classification of superalgebras of dimensions 2 and 3. We prove algebraic
classification theorems for both of these cases, additionally assuming that
k is algebraically closed for the case of superalgebras of dimension 3. In
the final two sections we must additionally assume that £ is algebraically
closed and give the geometric classification theorems for these cases.

We again make use of the work of Gabriel in [12] on the varieties Alg,
and Algs. It is interesting to compare the classification results that we de-

rive with the classical ones just mentioned.

4.1 Dimension 2 case

We have two cases to consider: dimy = 2 or dimy = 1. As before, (i|0) shall
stand for the trivially Z,-graded superalgebra on algebra (). This always
has the form (i|0)o = (¢), (¢/0); = {0}, so we do not describe the Z,-grading
for these superalgebras in the following.

162
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Theorem 4.1.1 (Algebraic Classification of 2-dimensional superalgebras)

Let k be a field with ch(k) # 2.

(a) Suppose A is a superalgebra with dimension 2. Then A is isomorphic to one
of the following pairwise non-isomorphic families of superalgebras:

(1) kxk
(1/0)
]

(111)
(2) kX
0)
Lo = k1, (21)1 = kX
(V)
3; 1|0)
3;pll)o = k1, (3;p[1)1 = X

o= k(1,1), (1[1)1 = k(1, —1)
/(X?)

(2
(2
k
(
(

(b)
(b.1) (3; 12[0) = (3; 411[0) if and only if ppuy* € k2
(b.2) (3; ul1) = (3; pua[1) if and only if jupy " € k™

Proof:

Firstly, we prove part (a). Suppose that A is a 2-dimensional superalgebra.
In the case that dim A, = 2 we have bases for A, and A4, as {1,z} and {}
respectively, whereas in the case that dim A, = 1, we have bases for 4, and
A; as {1} and {z} respectively. In each case we may assume 2* = « € k,
which follows at once in the second case. In the first case, if 22 = o + fz,
notice that (v — £)? = a + (2)? and so we may replace z by z — 2.

We get the following cases depending on whether « is an element of
{0}, k** or k*\k*2. If = 0 then A is isomorphic to a superalgebra on (2),
vial — 1,2 — X. If @ = +? for some v € k*, then A is isomorphic to a
superalgebra on (1), via 1 +— (1,1), 2 — (1, —1). Finally, if o € k*\k*? then
A is isomorphic to a superalgebra on (3; o) vial — 1,2 — X.
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It is straightforward to show that these families are non-isomorphic

and to prove the assertions given in part (b). O

Corollary 4.1.2 In the case that k is algebraically closed, superalgebras on alge-
bra (3; p) can never arise.

Proof:
In this case k** = k*, so that k*\k** = (). O

Automorphism groups

We shall now also calculate the automorphism groups of those super-
algbras described in Corollary 4.1.2, which shall be used later to calculate
the dimensions of the corresponding orbits in Salg,.

We choose a basis for each superalgebra {e; = 1, e} and determine the
constants as;, agy for which ¢ gives an automorphism of the given superal-
gebra, where ¢ is defined by ¢(e1) = e1, ¢(e2) = agieq + axnes . As this map
must be homogeneous, and since we will choose homogeneous bases, we

must have ay; = 0 for dim Ay = 1. We omit mention of as; in this case.

(10): 1 = (1,1),e5 = (1,0)

Then either 91 = 0, 99 = 1, or as1 = 1, 99 = —1
(1[1): e = (1,1),e5 = (1,—1)
Then o2 — +1

(210):e; =1,e0 =X
Then ay; = 0, a9 # 0
(2[1):eg =1, =X
Then agy # 0
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4.2 Dimension 3 case

We have three cases to consider: either dimy = 3, dimy = 2 or dimy = 1.

The case dim, = 3 has been dealt with in Gabriels paper when £ is
algebraically closed. The case dim;, = 1 is dealt with by using Proposi-
tion 2.2.12. We see that the only superalgebra with Z,-grading of this form
is: (4]2) = Kk[X,Y]/(X,Y)? having the Z,-grading (4|2) = k1, (4[2); =
kX ® kY. Thus the one remaining case we must deal with is dim;, = 2,
which we do in the following proposition.

Proposition 4.2.1 Let k be a field with ch(k) # 2.

(a) Suppose A is a superalgebra with dim Ay = 2 and dim A; = 1. Then A is
isomorphic to one of the following pairwise non-isomorphic families of superalge-
bras:

(1) kxkxk
(1|1)o = k(1,1,1) ® k(1,1,0),(1]1); = k(1,—1,0)
(2)  kxk[X]/(X?)
(2]1)g = k(1,1) ® k(1,0), (2|]1); = k(0, X)
(3)  K[X]/(XP)
(3[1)o = k1 ® kX2 (3]1); = kX
(4 kX Y]/(XY)?
(41 =kl ® kX, (4]1); = kY

k k
o (i)
o= (g ) ae(y o) -om=x(; )

Gi) kX k(YD)
(6; :u|1)0 = k(lv 1) ©® k(lv O)? (67 :u|1)1 = k<07X)

(b) (6: u[1) = (6: i |1) if and only if ppy" € k™
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Proof:

First we prove part (a). Suppose that A is a 3-dimensional superalgebra
with dim Ay = 2, then we have bases {1, 2} and {y} for A, and A, respec-
tively. As we have seen before, we may assume 22 € k, say 22 = o. We get
the following three cases depending on whether « is an element of {0}, k*2
or k*\k*2.,

L If « = 0then 2 = 0, so J(4y) = kz. By Nakayama’s lemma
J(Ap)Ar C Ay = dim J(Ap)A; = 0,50 J(Ap)A; = {0}. i.e. 2y = 0.

IL. If « = ? where 3 € k*, then (57 'z)? = 1. Replacing = with 7'z,
we may assume a = 1, and hence A has a basis {1, z} with 22 = 1. Let
er =2(1+x)and e; = 3(1 — ). Thene? = ¢; € = ey and ejes = €21 = 0.
Since A, is a commutative algebra, the opposite algebra A" = A,. Hence
Ay @ A = Ag®@ Ag = span{e; ® ey, e1 Qe ea @€, 60 R €0} kX kX k Xk,
and {e; ® e1,e1 ® ez,e2 @ €1,€2 ® ey} is a set of orthogonal idempotents
with the sum being equal to 1. Thus Ay ® A, is semisimple. In this case,
any Ay ® Ap-module is semisimple and any simple Ay ® Ajp-module is of
dimension 1. Since A, is an Ay-bimodule, A; is a left Ay ® Ay-module with
the action given by (a ® b)x = axzb, a, b € Ay, © € A;. Notice that A, is a
simple Ay ® Ap-module. Thus we may choose a k-basis {y} for A;. Now
by the Wedderburn-Artin Theorem, one gets the following four cases for
which one of the four idempotents does not annihilate y:

(@) (e1 @er)y =y.

(b) (e1 @ ex)y =y.

(©) (2@ er)y =y.

(d) (2 @ e2)y = y.

Cases (c) and (d) can be reduced to (a) or (b) by relabelling e, and es.

I If o € k*\k** then Ay = k[X]/(X? —a) hence Ay is an extension field
of k. Any module over a field is free. Thus A, is a free module, suppose it
has rank n. Now since n > 1 then dim A; = ndim Ay = 2n > 2, which is
impossible because dim A; = 1. So case III does not arise.

We deal with these cases now:
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I: We have 2% = 0,2y = 0,yx = By,y? = v + dx. The equation (yz)z =
yz? gives that 4* = 0 and thus § = 0. The equation zy*> = (zy)y gives
v = 0. Thus y* = §z. Either 6 =0 or § # 0. If 6 = 0 then A = (4]1), via 1 —
Lz— X,y—Y.If§ #0then A= (3|]1),vial— 1,2 +— 51 X2 y > X.

IT (a): We have e;e; = §le; for 1 < i,j < 2 and eyye; = y, from which
we deduce e;y = ye; = y,ey = yes = 0, s0 y> = ~ye,. Either v = 0,
v € k®?ory € k*\k*. If y = 0 then A & (2|1), via e; +— (0,1),ep —
(1,0),y +— (0,X). If v = 6% for some § € k* then A = (1|1), via e¢;
(1,1,0),e2 — (0,0,1),y — &(1,—1,0). If v € k*\k*? then A = (6;|1), via
e — (0,1),ea — (1,0),y — (0, X).

IT (b): We have e;e; = 6le; for 1 < i,j < 2 and e;yes = y, from which
we deduce ey = y, ey = 0,ye; = 0,ye5 = y and y? = (e1yes)(e1yes) = 0.
In this case A = (5|1), via e; — ((1) 8),62 — (8 ?),y — <8 é)

It follows from Gabriel’s results that (1)—(5) are non-isomorphic. Us-
ing ideas similar to those in Chapter 2 one can show that (6; ;) is non-
isomorphic with (1)-(5), as algebras and hence also as superalgebras.

Finally, we deal with part (b). Suppose u = 6%y with § € k*. Then
f(1,1) = (1,1), f(1,0) = (1,0), f(0,X) = 6(0, X;) gives a superalgebra iso-
morphism (6; it|1) = (6; 111|1). Conversely suppose (6; 1|1) = (6; i11|1), then
we must have (6;|1)o = (6;1|1)o as algebras, that is k(\/ir) = k(\/111)-
Thus by Lemma 2.2.5 it follows that pu; ' € k*2. O

Corollary 4.2.2 In the case that k is algbebraically closed, superalgebras on al-
gebra (6; 1) do not occur.

Proof:
In this case k** = k*, so that k*\k** = (). O
As before (i|0) shall stand for the trivially Z,-graded superalgebra on
algebra (¢). This always has the form (i|0), = (¢), (¢|0); = {0}, so we do
not describe the Z,-grading for these superalgebras in the following.
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Theorem 4.2.3 (Algebraic Classification of 3-dimensional superalgebras)

Let k be an algebraically closed field with ch(k) # 2. Suppose A is a superalgebra
with dimension 3. Then A is isomorphic to one of the following pairwise non-
isomorphic families of superalgebras:

(1) kxkxk

(1]0)

(1]1)p = k(1,1,1) ® k(1,1,0), (1]1); = k(1,—1,0)
(2) k< k[X]/(X?)

(2[0)

(2]1)p = k(1,1) ® k(1,0), (2|]1); = k(0, X)
(3) klx]/(X?)

(3[0)

(3|1)g = k1 ® kX% (3|]1), = kX
(4) KX, Y]/(X,Y)?

(4]0)

(41)o =kl ® kX, (4|1); = kY

(4]2)g = k1, (4]2); = kX @ kY

(5) <§ i)

(510)
o=y V) (5 o) ome=x() 1)

Proof:
This follows from combining the results of Gabriel in [12], the comments
at the beginning of this section, Proposition 4.2.1 and Corollary 4.2.2. [

Automorphism groups

We shall now also calculate the automorphism groups of those super-
algbras described in Theorem 4.2.3, which shall be used later to calculate
the dimensions of the corresponding orbits in Salgs.
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We choose a basis for each superalgebra {e; = 1, e;, e3} and determine
the constants asy, . .
superalgebra, where ¢ is defined by ¢(e;) = ey, ¢(e2) = ase; + axnes +
asses, (es) = asieq + asges +asses. As this map must be homogeneous, and
since we will choose homogeneous bases, we must have as; = ag; = as =

0 for dim Ay = 2; and as; = az; = 0 for dim Ay = 1. We shall not mention

these constants in these cases.

(110): e3 = (1,1,1),e5 = (1,0,0),e3 = (0,1,0)

Then either

e ay = az = 0,a = azz = 1,as3 = azy = 0; or

o ay = az = 0,a2 = azz3 = 0,a23 = az = 1; or

® ay; =0,a31 = 1,a0 =0,a3 = 1,a3s = azz3 = —1; or

® ay; =0,a31 = 1,a0 = 1,a3 =0,a3s = azz3 = —1; or

® (o = 1,&31 = 0,@32 = 0,&22 = —1,CL33 = 1,@23 = —1, or
® (91 = 1,&31 = 0,@32 = 1,&22 = —1,CL33 = 0,@23 = —1

(1|1):eq = (1,1,1),e9 = (1,1,0),e3 = (1,—1,0)
Then ay; = 0, a9 = 1, a33 = £1

(20): ey = (1,1),e9 = (1,0),e3 = (0, X)

Then ay; = ags = as1 = azy = 0, a9 = 1,a33 # 0
(2[1): e = (1,1),e3 = (1,0),e3 = (0, X)

Then ag; = 0,a9 = 1,a33 # 0

(3]0):e; = 1,60 = X% e3 = X

Then ay; = ags = az; = 0,a33 # 0, as = a3, azy is unconstrained

(B1):er =1,e0= X% e3=X
Then agy; = 0, a33 # 0, asy = @§3
(4|0) €1 = 1,62 = Xa €3 = Y

., ags for which ¢ gives an automorphism of the given
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Then ay; = az; = 0, ase, ass, ass, ags are unconstrained apart from agoazs—
as3azy # 0

(A1) ey =1 =X,e53=Y

Then ag; = 0, a9 # 0,a33 # 0

(42): 1 =1, =X, e53=Y

Then ay9, ass, ase, ass are unconstrained apart from ageass — assass # 0

e — (10 (1o (o1
o 1) o 0)? Moo

Then as; = az; = azs = 0, a9 = 1, az3 # 0, asg is unconstrained

i e (1 O) o (T O) b (0
o 1) o 0)? Moo

Then 91 — O,CLQQ = 1,@33 % 0
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4.3 Geometric Classification in Salg,

In this section we discuss the geometry of Salg, and give the degeneration
diagram for the corresponding orbits in this variety.

By Proposition 3.2.12 we know that this variety is disconnected, and
by Proposition 3.4.5 we know that the connected components are Salg}, for
i=1,2.

Lemma 4.3.1 The following gives the dimensions of the stabilizers of points in
the orbits in Salg,:

Stabilizer dimensions
0 1

(1) |0 0

(2]-) | 1 1

Proof:
If the point (afj, %7 ) is in the orbit, G5 - A, which is identified with the iso-
morphism class of superalgebra A, then Stabg, ((};,7/)) = Aut(A) where
the automorphism group is the group of automorphisms of the superal-
gebra A as mentioned in Remark 3.3.7. See Section 4.1 for a description of
these automorphism groups.

The statements given in Lemma 3.1.41 are also useful when computing

the dimension of the automorphism groups. O

Proposition 4.3.2 The following gives the dimensions of the orbits in Salg,:

Orbit dimensions
0 1
()2 2
2-)]1] 1
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Proof:
We have calculated the dimensions of the automorphism groups, or equiv-
alently, the dimensions of stabilizers of any point in each orbit in
Lemma 4.3.1 above. We know that the dimension of G5 is 2 from
Lemma 3.3.5. By using part (b) of Lemma 3.3.6, we can calculate the di-
mension of the orbit G, - (afj, /) by subtracting the dimension of the sta-
bilizer, Stabg, (o, 7)), from the dimension of G, which is 2.

U

We give the degeneration diagram of Salg, here. The brief explanations

are given at the end of the section.

Salg component

(20) =—————(1/0)
Salg} component

Q) =——01[1)

Figure 4.1: Degenerations in the variety Salg,

Theorem 4.3.3 (Geometric Classification of 2-dimensional Superalgebras)
In Salg, there are two irreducible components. The following structures are
generic:

In Salg3: (1]0)

In Salgy: (1]1)

Proof:
This follows from the degeneration diagram and Corollary 3.3.12 which
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gives the relationship between the degeneration partial order and the irre-
ducible components.
U

Notice that the irreducible components and the connected components
coincide in this case.

Since the orbit of (1) is open in Alg,, the orbit (1]0) is open in Salg; and
we can use Lemma 3.2.18 to see that the orbit of (1|1) is also open.

Proposition 4.3.2 gives the dimensions of the orbits and hence the di-
mensions of the irreducible components also.

We give the details for the degeneration diagram now:

The degenerations in Salg; are as given in Gabriels paper. In fact, both
degenerations (1|0) — (2]|0) and (1]1) — (2|1) are obtained as the degener-
ations to the closed orbits (2|0) and (2|1). These can both be obtained using
the following specialization: e; = (1,1),es = (1,—1),¢} = e1, ¢} = te; let
t—0.
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4.4 Geometric Classification in Salg;

In this section we discuss the geometry of Salg; and give the degeneration
diagram for the corresponding orbits in this variety.

By Proposition 3.2.12 we know that this variety is disconnected, and
by Proposition 3.4.5 we know that the connected components are Salg, for
i=1,2,3.

Lemma 4.4.1 The following gives the dimensions of the stabilizers of points in
the orbits in Salg:

Stabilizer dimensions
0|1 2

(1) |00

(2)-) | 1|1

B[] 2|1

(4]) | 4| 2 4

Gl)[2]1

Proof:
If the point (afj, %j ) is in the orbit, G5 - A, which is identified with the iso-
morphism class of superalgebra A, then Stabg, ((};,7/)) = Aut(A) where
the automorphism group is the group of automorphisms of the superal-
gebra A as mentioned in Remark 3.3.7. See Section 4.2 for a description of
these automorphism groups.

The statements given in Lemma 3.1.41 are also useful when computing

the dimensions of the automorphism groups. O

Proposition 4.4.2 The following gives the dimensions of the orbits in Salgs:
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Orbit dimensions
01| 2
(1]-) |66
2])|5]5
(3[-) |45
(4l) 12 14| 2
(5]) [4]5

Proof:

175

We have calculated the dimensions of the automorphism groups, or equiv-

alently, the dimensions of stabilizers of any point in each orbit in

Lemma 4.4.1 above. We know that the dimension of G5 is 6 from

Lemma 3.3.5. By using part (b) of Lemma 3.3.6, we can calculate the di-

mension of the orbit G - (o}, ~]) by subtracting the dimension of the sta-

bilizer, Stabg, ((af;, ~v7)), from the dimension of G5 which is 6.

U

We give the degeneration diagram of Salg, in Figure 4.2. The explana-

tions are given at the end of the section.
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Salgj component

/ (5/0)

(4/0)

N (3]0) =——— (2/0) =——— (1/0)

Salg; component

/ (5/1)
N (3/1) (21) =—— (1)

e —

(4/1)

Salg} component

(412)

Figure 4.2: Degenerations in the variety Salg,
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Theorem 4.4.3 (Geometric Classification of 3-dimensional Superalgebras)

In Salg, there are five irreducible components. The following structures are generic:
In Salg3: (1]0), (5/0)
In Salg3: (1]1), (5[1)
In Salgs: (4]2)

Proof:
This follows from the degeneration diagram and Corollary 3.3.12 which
gives the relationship between the degeneration partial order and the irre-
ducible components.

U

Proposition 4.4.2 gives the dimensions of the orbits and hence the di-
mensions of the irreducible components as well.

Since the orbits of (1) and (5) are open in Algs, the orbits (1]0) and (5]0)
are open in Salg}, and we can use Lemma 3.2.18 to see that the orbits (1|1)
and (5|1) are also open. It may also pay to note that while the orbit (4]2) is
closed, it is also open as well.

We give the details for the degeneration diagram now:

The degenerations in Salg} are as given in Gabriels paper.

We remark that these degenerations can be obtained using those given
below for orbits in Salg; and the remaining degeneration is as follows:

(2]0) — (3]0) :e; = (1,1),e2 = (0,1),e3 = (0,X),€} = e1,€y = tes +
es, eh =teglett — 0

We remind the reader that we do not bother to mention the degener-
ation to the closed orbit since they always exist, the closed orbits in this
case being (4/0), (4|1), (4]2).

The degenerations in Salg; are as follows:

Existence of degenerations:

(1]1) — (2]1) :eq = (1,1,1),e2 = (1,1,0),e5 = (1,—1,0),€] = e1,€, =
ey, €4 =teglett — 0

(1]1) — (3]1) : €3 = (1,1,1),e5 = (1,1,0),e3 = (1,—1,0),¢} = e1,¢, =

t2eq, el = tez lett — 0
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Non-existence of degenerations:

(211) - (3[1) (A)

(Where (A) is defined as in Section 3.5)

Since Salg; consists only of the closed orbit, there is no interesting be-
haviour to analyse there.



Chapter 5
Supermodules

In this chapter we define the varieties of supermodules over a superalge-
bra. This is the natural extension of the ordinary module varieties, studied
in [7, 12, 17] amongst others, to the setting of superspaces.

This chapter is not intended to be rigorous, but merely to introduce
this idea to the reader and discuss similarities with (i) the classical case of
modules over an algebra and (ii) with the analysis developed to deal with
superalgebras in Chapter 3. We mention the properties one is interested in
studying and suggest several useful ideas in this regard. To conclude this
chapter we give examples of 3-dimensional supermodules over the super-
algebra k[X]/(X?) firstly when given the trivial Z,-grading and secondly
when given the non-trivial Z,-grading (given in the previous chapter).

It is hoped that this discussion will stimulate interest in these varieties
so that they will be studied in more detail in the future.

5.1 Supermodule varieties

First of all, we define the notion of a supermodule over a superalgebra.

Definition 5.1.1 If A = Ay ® A, is a superalgebra and M is an A-module,
then M is an A-supermodule if there are subspaces My and M, such that M =

179
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M()@Ml and AZMJ - Mi+jf07’i,j € Zo orinfull Ao‘MO - M(), A(]'Ml C M,
Ay-My € My and Ay - M, C M,. The dimension of M shall mean its dimension
as a vector space over k.

Notice that this means that both M, and M; are Ay-modules.
Now, we would like to know what kind of maps we should take be-
tween supermodules (over a superalgebra A) to obtain the category of su-

permodules (over a superalgebra A).

Definition 5.1.2 Suppose that M and N are A-supermodules. Then an A-module
map f : M — N is an A-supermodule map if and only if f(M;) C N; for
i=0,1

Recall that a superalgebra can be described by giving an algebra and an
algebra involution. We have a similar result for supermodules. If A = A,®
A, is a superalgebra with main involution o, then every A-supermodule
M gives rise to a linear map 7 : M — M defined by 7(mg +m) = my —my
which is an involution (that is, 72 = 7 o 7 = idy,) and satisfies 7(a - m) =
o(a)-7(m) forall @ € A,m € M. Notice that the A-supermodule M/ must
also be an A-module. Conversely, an A-module M and a linear map 7 :
M — M with the above properties can make the A-module A into an
A-supermodule.

For the definition of the supermodule varieties of a fixed k-dimension,
over a given superalgebra, we must fix the basis of the superalgebra. (How-
ever a basis change of the superalgebra yields an isomorphic variety. More-
over this isomorpism is GL,,-equivariant with respect to the GL,,-action
which we shall describe below). Suppose the basis of the superalgebra is
{e1 = 1,es,...,e,} and it has structure constants (afj, ).

Suppose M has dimension m as a vector space over k, and let the basis
for M be {fi,..., fm}, and suppose that the action of A on M is described

as

e fi= Zﬂzkyfk
k=1
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and the involution 7 is described as
n .
=> df
j=1

Then (8, ¢/) gives us a point in k"™ ™" = ("*)™* For M to be an A-
supermodule we require the following to be satisfied for all a,b € A,m €
M:
(ab)-m=a-(b-m)
1y-m=m
7(a-m) =o(a)-1(m)
2

T :’ldM

These translate into the following conditions:

Za Bl — Zﬂ;k i =0 (5.1)

By, —6F=0 (5.2)
S OBEGE = s =0 (5.3)
k=1 Ik=1
>k —sF =0 (5.4)
7j=1

Definition 5.1.3 The equations (5.1)~(5.4) above, cut out a variety in k)"’
which we denote by Smod: — the variety of A-supermodules of dimension

m.

There is a well-defined action of GL,, on Smod?. Let A = ()\)) € GL,,
and (/) = A~'. Then this transport of structure action may be described

zyag Z )\lﬁzl Vs Z )\kckyl

l,m=1 k=1

as follows:
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As we have seen in the case of superalgebras, this action gives rise to a
morphism GL,, x Smod? — Smod: which means that the action is alge-
braic.

Suppose that A is an n-dimensional superalgebra and that M is an m-
dimensional A-supermodule, then let V' be an n-dimensional vector space
and W an m-dimensional vector space. If we write the action map as
an element p of Hom(V ® W, W) and the Z,-grading 7 as an element of
Hom (W, W), then the action of A € GL,, on Smod;; is given by:

A-(p,7)=(Nopo(ida®A™!), AoToA™)

which is simply the usual transport of structure action for modules on the
first component and conjugation by G on the second component.

Now, the GL,,-action on Smodfl gives rise to the notion of orbits in this
variety and the orbits under this action correspond to isomorphism classes
of A-supermodules. If M is an A-supermodule, we write GL,, -M to de-
note the orbit which is identified with the isomorphism class of M. Also
the stabilizer of a point can be identified with the automorphism group of
the supermodule, whose orbit the point belongs to.

As before, one is particularly interested in knowing which orbits are
open and which are closed.

Since the action is algebraic, all the results from Section 3.3 on the ac-
tions of algebraic groups, immediately apply here too.

Again there is a notion of degeneration of supermodules, which can
be defined in this setting as M degenerates to N, denoted by M — N if
and only if there is a point in the orbit of N, GL,, -N, which belongs to
the closure of the orbit of M, GL,,-M. This is seen to be equivalent to
GL,,-N C GL,, -M. As shown in Section 3.3, degeneration is very useful
to determine the geometry of these varieties also.

Analogously to the classical cases of modules over an algebra and the
case of superalgebras treated earlier, the main problem of the geometric

classification of such varieties is to determine the “generic structures” or
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equivalently, those module structures whose orbits give rise to the irre-
ducible components. Yet one should always first consider the more basic
question of determining the connected components.

Now, with the main notions and problems for the geometric classifica-
tion of supermodules over a given superalgebra, we finally suggest how
to modify a few methods from Chapter 3, on the geometric classification
of superalgebras so that they may apply to the situation here.

It should be fairly clear how to modify the proof of Lemma 3.2.10 to
show that the sets of supermodules with dim M, = 7,dim M; = j with
i,j > 0,74 j = m are closed subsets (they are clearly disjoint). However,
this only applies for m < 2p — 1 when ch(k) = p, and thus only applies for
m < 5 in general.

As before, one can define the idea of specialization of supermodules,
and this idea is useful because it shows the existence of a degeneration
between supermodules. More formally, if M/ and N are A-supermodules,
then if there is a specialization from M to N, then M degenerates to N.

Next we define some useful maps. It is easy to check that they are all
in fact GL,,-equivariant morphisms.

Noticing that any supermodule over a superalgebra A can be regarded
as a module over the underlying algebra U(A), simply by forgetting the
Zo-grading of the supermodule — one finds another forgetful map. We
also denote this by U. We use this perhaps slightly confusing notation to
highlight the analogy with the superalgebra case (hopefully the confusion
caused will be minimal). More formally we have U : Smod? — Mod!®
defined by (8, ¢7) — (8F).

The fact that any module M over an algebra A can be regarded as a
trivially Z,-graded supermodule over the trivially Z,-graded superalgebra
i(A), by endowing it with the following Z,-grading M, = M, M; = {0}
gives rise to another useful morphism. One can equivalently view this as
endowing the module with the involution id;; to make it a supermodule
over i(A). We define i : Mod;, — Smod’) by (8%) — (8L, 7).

177 74
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However, there is no special reason why one should choose to place
M in the degree zero component of the supermodule in the above para-
graph. One could equally well make M into an i(A)-supermodule via the
following Z,-grading M, = {0}, M; = M. (This is equivalent to using
the involution —id,, to give M its i(A)-supermodule structure). For this
reason, we refer to the Z,-grading described in the above paragraph as
the trivial Z,-grading in degree zero, and the Z,-grading described in this
paragraph as the trivial Z,-grading in degree one. Again one can define a
morphism from this, i’ : Mod;, — Smod/\"! by (85) — (85, —d?).

The above morphisms show that the variety Mod;; can be identified
with two closed subsets of Smod’Y) where the A-modules are identified
with i(A)-supermodules with one of the two trivial Z,-gradings. The fact
that there are two closed subset of Smod’*) which are isomorphic to the
variety Mod?! is really a consequence of a more general symmetry prop-
erty of supermodules. If M = M, & M, is an A-supermodule having
dim My = i,dimM; = j (where i,j > 0,7+ 7 = m) then one can de-
fine a new A-supermodule M’ = M) & M by M{ = M;, M] = M,. This
A-supermodule M’ has dim M|, = j,dim M| = i. A little thought shows
that all that one i