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Abstract

The study of light scattering by particles has become fundamental and applied in-
terests in the fields of chemistry, biology, and most importantly in physics. In this
context, this thesis focuses on understanding the optical properties of dye layers
adsorbed onto metallic nanoparticles (NP), which is essential for interpreting the
results of plasmon-dye coupling experiments. To model such a system, Mie theory
is often used to solve for the exact solution to Maxwell’s equations for spherical
homogeneous and isotropic coated NP. The effects of the NP’s plasmon resonances
on the optical properties of the adsorbed dye layer have been predicted using an
effective medium model, where the dye-layer is treated as an isotropic layer with an
effective dielectric function accounting for the dye resonance. However, this isotropic
shell model is inadequate as it cannot account for the dye surface concentration and

the anisotropy of the optical response of the dye layer.

In this thesis, we introduce anisotropic effects within Mie theory and develop
microscopic models to define effective dielectric functions which explicitly include
the dye-concentration effect in the shell model. Combining anisotropic Mie theory
with a concentration-dependent effective shell model allows us to form new theoret-
ical tools to model the optical properties of adsorbed dye layers on metallic NPs of
spherical shape. With this new refined effective medium model, we are then able
to study shell models for elongated particles beyond the quasi-static approximation.
This is implemented using the finite element method (FEM) to numerically solve
Maxwell’s equations. The FEM implementation is then used to investigate how the
NP’s plasmon resonance can be affected by the dye’s orientation and location on
the NP’s surface. We show that the orientation and location of the dye molecules

on the NP determine how strongly the plasmon resonance is shifted.

The results of this work will improve our ability to accurately model the optical
properties of anisotropic molecules adsorbed on metallic NPs. This is important

in a number of applications including the development of localised surface plasmon



resonance (LSPR) sensing and the design of plasmonic devices.
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1. Introduction

1.1 Background

The interaction between light and matter is central to a fundamental understand-
ing of physics and nano-science (also for other various topics, e.g. Earth’s climate
research, cosmology, and astrophysics). These interactions can be observed from a
light scattering process, where the light is shone onto a substrate or an object. Its
optical properties can be determined by the reflection, absorption, and transmission

signals during the process.

The field of light scattering has a long history and it has been applied in a myriad
of contexts: medicines development and drug discovery [1, 2], modelling the optical
properties of cosmic dust grain [3], or optical spectroscopy [4, 5]. Tt has also led to
the new field of plasmonics in physics, which is the study of the optical proper-
ties of noble metal (e.g. silver and gold in particular) when incident light interacts
with free electrons in metallic nanoparticles. The field of plasmonics has immensely
advanced over the years and is spreading more and more into the area of sensor
technology [6, 7, 8, 9]. This is thanks to the unique interaction of light with noble
metals [10].

The study of light/matter interactions (at nanometer length-scales, known as
Nanophotonics) is commonly applied to provide a fundamental understanding of
physics and nanoscience. Surface plasmon resonance is the resonant oscillation of
conducting electrons at the surface of a metal stimulated by incident light. The
interactions between the surface plasmon resonance of the metallic nanostructure
and the electronic resonance of the adsorbed molecules give rise to very interest-
ing phenomena, such as: sub-wavelength manipulation (nano-antennas [11, 12], or
meta-materials [13, 14]), surface-enhanced Raman spectroscopy, and fluorescence
[15, 16, 17, 18, 19, 20], plasmonic-enhanced light applications on improving solar

cells [21, 22], molecular-plasmonic resonance coupling [23, 24, 25, 26|, and sensing
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[6, 7]. Most of these applications are supported by the fact that the optical (elec-
tronic) absorption of the molecules on the surface of metallic NPs is greatly enhanced

(surface-enhanced absorption [20, 27]).

In the study of light scattering by colloids (NPs) in solutions of dye-molecules,
many experiments have been carried out to investigate the interactions between the
plasmon resonance of metallic films (or NPs) and the electronic resonance of dye-
molecules adsorbed on their surfaces [23, 24, 25, 28, 29, 30], with a recent surge of
interest in the strong-coupling regimes [31, 32, 33]. For dye-molecules adsorbed on
metal colloids, previous experimental results have evidenced that different species
of molecules experience different enhancement, quenching, spectral modification or

shift in their absorption spectrum [34].

1.2 Motivation

The metallic NPs can act as resonant antennas for light, which amplify the electro-
magnetic field that result in significant enhancements of the rate of excitation and
re-emission of light in close proximity to the metal surface. When dye molecules are
adsorbed onto metallic NPs, their optical properties were shown to be remarkably in-
fluenced by the NPs [34]. In relation to that, Fig. 1.1 shows experimental results for
Rhodamine 6G on silver colloids. It suggests that by increasing the dye’s coverage
from 2.5 to 20 nM [nano-Molar], spectral modifications and shifts (blue-shift) are
observed in the absorbance spectrum. In that study, a modified Clausius Mossotti
relation was used to derive the isotropic dielectric function, which was then applied
to theoretically predict the experimental outcomes. However, that approach loses
the quantitative connection between the dielectric function of the shell medium and
the dye’s concentration, which is significant at higher concentrations when the dye-
dye interactions can no longer be neglected. To account for the dye-dye interactions,
further theoretical studies are therefore required to provide more understanding of

the intrinsic effect of nanoparticles on the optical response of the adsorbed molecules.

The results evidenced in Ref. [34] are the primary motivation for this project.
We want to apply our understanding of the electromagnetic scattering of light to
elucidate these effects that are experienced by the adsorbed molecules. In reference
to that, a recent publication on optical absorption of dye-molecules in a spher-
ical shell geometry [35] explained the dye-dye (dipole-dipole) interactions by us-
ing coupled-dipole theory [36], in which the dye-molecules are treated as dipoles.

2



=S

Absorbance [cm'1]
w

N

0 .
450 500 550 600
Wavelength [nm]

Figure 1.1: Concentration dependence of the differential absorption spectrum of Rho-
damine 6G adsorbed to Ag colloids measured at 2.5, 5, 10, 15 and 20 nM. The black
lines indicate the peak transitions for the lowest concentration (2.5nM) at ~ 538nm and
~ 511nm. As the concentration increases to 20nM there is a clear blue shift in the peak
positions along with a change in relative intensities of the two peaks. Taken from Figure

S8 in the supplementary information of Ref. [34].



The results show that the optical absorption spectra change substantially with dye-
concentration, and they also depend on the orientations of the molecules. It was
evidenced that different spectral shifts are observed for different orientation of the
dye-molecules. As the dye’s concentration increased, a blue-shift and red-shift in
the absorption cross-section spectra are observed for dyes pointing radially and tan-
gentially to the surface of the sphere, respectively. The study in Ref. [35] was
later extended to molecules adsorbed on a nanoparticle. This extension was done
by including the effect of the nanoparticle via solving Maxwell’s equations for the
interactions between each dipole and the nanoparticle, which we will refer to in this
thesis as the generalised coupled-dipole model, GCDM [37]. It can be used to study
a rich array of inter-related parameters that will affect the optical properties: molec-
ular orientation, dye-dye interactions, image-dipole effect (or self-reflected field), and

spatial distribution of adsorbates.

Using the theoretical modelling and explanation in these two publications, the
results evidenced in ref. [34] can be well predicted, theoretically. This GCDM is the
most refined model to provide the solutions to the electromagnetic interactions be-
tween the dye-molecules and the metallic nanoparticle, in the dye-coated NP system.
However, the GCDM has a major shortcoming to it which is the computing require-
ments. To model a 30nm radius nanosphere with a Inm~2 coverage of dye-molecules,
the GCDM requires more than 10* polarisable dipoles. Even on a high-end PC, this
may take from a few hours to a day to compute a spectrum (of 100 wavelength
points), which is very time-consuming for multi-parameter studies. Therefore, the
aim of this PhD project is to develop and validate an improved effective medium
model with comparable predictive power as the GCDM, without the high cost and

complexity from the computational perspective.

In the context of the electromagnetic theory of light scattering by finite objects
(in spherical coordinates), one can use Mie theory [38] to provide an analytical and
rigorous solution to Maxwell’s equations for spheres (or stratified spheres). It is
commonly applied to isotropic media, where the dielectric functions of the media
are the same in all directions. However, there are many realistic situations where
the isotropic assumption is not satisfied, so the concepts of anisotropic media were
developed, for example, in the context of the refraction/reflection at interfaces [39].
The extension of Mie theory to anisotropic media was introduced almost five decades
ago by Roth and Dignam [40] and has been used to study the optical properties of

surface plasmon resonance of small inorganic and organic metal particles [41] and
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other influence of anisotropy on plasmon resonances [42, 43]. Although the theory of
anisotropic Mie scattering can be used/applied to model many experimental results,
it is still not perfect due to some factors that have not been considered, for example,
the dielectric functions for the anisotropic media. Combining anisotropic Mie theory
with the appropriate dielectric functions for the anisotropic media will form a new
refined effective medium model (EMM). With this refined EMM, we hope to show
that it can be used to provide theoretical results of comparable predictive power as
the GCDM and to reduce the simulation time, which will be a lot quicker than the
GCDM.

1.3 Goals and Outline

In this project, we will first re-visit the theory of anisotropic Mie scattering. The
effect of the different molecular orientations of the dye-molecules can be accounted
for by using solutions from the anisotropic Mie theory. However, the effects of dye-
dye interactions, self-reflected fields or image-dipole effect, and spatial distribution
of adsorbates still have to be included. We can capture these effects in the dielectric
functions of the anisotropic media. The dielectric functions for a 2D anisotropic
medium, which include the effects of dye-dye interactions (in a context of 2D planar
array of dipoles), have already been derived by Dignam and Moskovits [44] and fur-
ther developed by Bagchi et al. [45, 46] to include image-dipole effect or self-reflected
field. These collections of work, however, were for dipoles in vacuum (dielectric con-
stant e, = 1), which is not relevant to most of the experimental conditions where
particles are suspended in water or other solvents with e, # 1. Therefore, our first
goal is to generalise the results from these previous works to the case where the

dipoles are embedded in an isotropic and non-absorbing medium with e, # 1.

The second goal will be to combine the results of the new effective dielectric
functions with the anisotropic Mie theory to form a new refined effective medium
model. The new model will then be compared to the solutions from the GCDM of
the same problem, dye-molecules surrounding a metallic nanoparticle. The validity
of this improved effective medium model was successfully proven in our recent pub-
lication [47]. The main advantage of this refined EMM is that its simulation times
are less than five minutes to compute the far-field properties of the core-shell system
for three different orientations of the dye molecules with dye’s surface coverage of
(0.01, 0.2 : 0.2 : 1.2 nm?) on a 14 nm silver sphere. This is much faster than the

GCDM simulation, which could take approximately one whole day to compute.



Since light scattering is the main topic of this thesis, we begin Chapter 2 by in-
troducing Mie theory and its solutions to the light scattering problem by a spherical
core-shell system, and the coupled-dipoles model (CDM) and its generalisation for
polarisable dipoles surrounding a spherical core. Chapter 3 presents the extension
of solutions of Mie theory from isotropic to anisotropic response in the shell, the
effective dielectric functions (at low coverage of molecules), and introduce the thin

anisotropic shell approximation. The work in Chapter 3 was published in Ref. [48].

A refined effective medium model is presented in Chapter 4, which shows the
derivations of the effective dielectric functions for 2D planar array of dipoles in a
medium of permittivity ,,. These effective dielectric functions can be validated by
combining them with anisotropic Fresnel equations to study the optical properties
of 2D layer of dye molecules and by comparing its predictions with an improved
microscopic model. The results also show that the new refined effective medium
model (effective dielectric functions with anisotropic Mie theory) gives very good
agreement with the results from the GCDM. The results presented in Chapter 4
were published in Ref. [47].

The study of light scattering by a core-shell system can be extended from parti-
cles of spherical shape to those of non-spherical shape. This extension is presented
in Chapter 5, where the practical implementation of the finite element method into
COMSOL simulation is demonstrated. Chapter 6 presents the results of how the
dye-molecules may affect the plasmon resonance. They demonstrate how the plas-
mon resonances of the NPs are affected by the properties of the dye molecules, such
as: their molecular orientations, polarisability, and the importance of their locations

on the nanoparticle’s surface.

Finally, Chapter 7 presents a brief conclusion and discussion of the importance

of the results and future research that might arise from this work.



2. Mie Theory and Coupled-Dipole Model

Many approaches have been used to solve the light scattering problem by particles,
such as Discrete Dipole Approximation (DDA) [36], Mie theory [38], T-matrix [49],
Finite Element Method (FEM) [50], Finite-Difference Time-Domain (FDTD) [51].
These approaches solve for the electric and magnetic fields that satisfy the Maxwell
equations, with appropriate boundary conditions. Some of these can be extended to
the study of the optical properties of a core-shell system (or coated particle) if an
effective medium model is used to determine the dielectric function of the molecu-
lar layer. The latter may represent a nanoparticle surrounded by molecules, in the

microscopic point of view.

This chapter begins with the solutions of Mie theory for both a single particle and
a coated particle. It then follows with the solutions of the light scattering problem
by a shell of molecules from a microscopic point of view, called coupled dipole
model (CDM). Furthermore, we present how to generalise the CDM to include a

core (particle) surrounded by a shell of molecules.

2.1 Mie Theory

In this section, we will re-derive Mie theory solution for light scattering problem by
a sphere with notations that will be used throughout this thesis. For more details

and references, the solution is treated comprehensively in the textbook by Bohren
and Huffman [38].

2.1.1 The Maxwell and Helmholtz Equations in Spherical Coordi-
nates

We begin by considering the Maxwell equations (for complex fields with time-dependent

denoted as e~*?) for a region of no charge and current (whose optical properties are

7



described by the frequency-dependent dielectric function, e(w)), which take the form:

V-E =0, V-H=0,
V x E =iwuH, V x H = —iweE. 2.1)
Where, E and H are the electric and magnetic fields, w is the frequency, p and
¢ are the permeability and permittivity of the medium, respectively. Using these

equations, one can show that (for a linear, isotropic, homogeneous medium) the

electric field, E, and magnetic fields, H, must satisfy the vector Helmholtz equation:

V’E+K’E =0,
V?H + k*H = 0, (2.2)

where k is the wave-vector and can be defined ask? = w?ue(w), and the Laplacian

operator V2 may be written (in spherical coordinates) as:

10 (a0, 1 o0y 1 &
v “2or \ or +Tzsin909 Sm080 +r281n298¢2‘ 2-3)

2.1.2 Vector Spherical Harmonics (VSHs)

In order to solve the vector Helmholtz equation, we need to construct a vector

function M from a scalar function f(r, 6, ¢) and a radius vector r such that:
M=Vx(f)=Vfxr so, V-M=0. (2.4)
Then by using vector calculus identities of [V x (A x B), and V(A - B)], we get:
VM + E*M =V x [r(V2f + k*f)]. (2.5)

Therefore, M satisfies the vector Helmholtz equation if f is a solution to the

scalar Helmholtz equation, which is:
Vif+ k2 f =0. (2.6)

We then use the vector M to construct another vector N as:

V x M

N:
k

: —~  V xN=FkM. 2.7)

N also satisfies the vector Helmholtz equation and is divergence-free. The vectors

M and N have all the required properties of an electromagnetic field. They satisfy

8



the vector Helmholtz equation and are divergence-free. So, the electromagnetic fields
E and H can be represented by linear combinations of the vectors M and N. The
function f is known as a generating function for the vector harmonics, and r is the
radius vector in spherical coordinates. Therefore, instead of trying to solve for the
solution of the vector Helmholtz equations, the problem now is simplified to solving

the scalar Helmholtz equation (Eq. 2.6), which can also be expressed as:

10 ,O0f 1 o (. ,0f 1 9f .
2 or (7" 8r> T 2 sing 99 (Smeag> g TR =0 @8

To solve this equation, we use separation of variables and seek particular solutions

of the form:
f(r,0,0) = R(r)©(0)2(¢). (2.9)

By substituting this into Eq. 2.8, it yields the three separated equations:

2o,
1 d do m?
— [ sinf— 1) — = 2.11
Sin0 o (Smecw) * ("<n+ ) sin29) ©=0, 11)
d [ ,dR\ . .., B
= (r dr> + [k*r* —n(n+1)]R =0, (2.12)

where n and m are the separated constants. The solutions to the first equation are
sinusoids, e™?, and it is required that the solution is 27-periodic in ¢, so m must
be an integer. For the second equation, its solutions are the associated Legendre
polynomials functions P}*(cos#) [52], as defined in Appendix B. From this, n is
required to be also an integer and that |m| < n. For the third equation, if we use

the substitution (p = kr), then it may be rewritten as:

dip (pﬁ—f) +[pP—n(n+1)]R=0. (2.13)

The solutions to this equation are known to be the spherical Bessel functions
of the first kind j,(p), the second kind y,(p), and linear combinations of these,
the first and second kinds of the Hankel functions, hg)(p) = Jjn(p) + iyn(p) and
s (p) = ju(p) — iyn(p), respectively. For now, we will use the notation 29 to
represent these solutions, where the superscript (j) denotes four different types of

the Bessel function, j = 1...4 [i.e., 2 corresponds to Jn(p), 242 corresponds to

Yn(p), 2¥ corresponds to A (p), and 2P corresponds to A\ (p)]. Therefore, the
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vector M can be found (from Eqs. 2.4 and 2.9 with a normalisation factor F,,,) as:

M) (p,0,¢) = FrmV x (ve™™® PlM(cos0) 25 (p)) , (2.14)
. 1 mt1 (n—m)
with ‘am_¢EMm+4Mn+my (2.15)

[NB: M® corresponds to the regular solution (finite at the origin), and M)

corresponds to outgoing spherical waves.| These also lead to:

V x Min(p,0,0)
k M

N9 (p,0,¢) = (2.16)

These vectors M and N are called vector spherical harmonics (VSHs), sometimes
known as vector-spherical wave-functions (VSWEFs). Physically, the indices n and
m can be represented as a total angular momentum, and the projection of this
momentum along the z-axis (in the spherical coordinates), respectively. They may

take their values as 0 <n < oo and —n <m <n.

2.1.3 Expansion of Field Solutions in VSHs

The VSHs satisfy the vector Helmholtz equation, are divergence-free, and form a
basis of the solution in the spherical coordinates. So, the fields E and H can be
expressed as linear combinations of M and N. It can be shown (as in Ref. [38]) that
a general divergence-less solution of the vector Helmholtz equations can be written

in spherical coordinates as an infinite series of a complete set of VSHs as:

oo m=n

E(r)=Ey Y D M (k1) + 00N (1), (2.17)

n=0 m=—n
where k was defined earlier and depends on the optical properties of the medium
which are contained in the dielectric function €. The coefficients a,,, and b,,, are
non-dimensional coefficients and can be complex. Ej (possibly complex also) is the

amplitude of the electric field (arbitrary at this stage).

The VSHs MY, (k, r) and Ngf%(k, r) can also be called multi-pole fields. They
correspond to the electric and magnetic fields created by a given multi-polar distri-

butions of sources at the origin. For example, (for n = 1) N (k,r) corresponds

Im
to the electric fields of an electric dipole, and M%(k’, r) corresponds to that of a
magnetic dipole. For n > 1, they correspond to the electric fields of higher-order

electric and magnetic multipoles (e.g. quadrupole, octopole, etc.).
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Taking the curl of the electric field in Eq. 2.17, the associated magnetic field can

be found as

H(r) = Hy Y Y buwM (k1) + NG, (K, 1), (2.18)
n=0 m=—n
k
where HO = ,—Eo. (219)
Wi

We can now use this expansion formalism to solve EM problems of objects with
spherical geometry excited by an incident wave with a given electric field Ep,.(r) at

frequency w (or wavelength of A = 2mc/w).

2.1.4 Scattering by a Sphere

This section is to summarise the Mie solutions for a single (uncoated) spherical
particle. We here consider a sphere with radius a, whose optical properties are
characterised by a local (possibly frequency dependent) dielectric function ep,(w).
It is assumed to be located at the origin O and surrounded by a medium with
dielectric function ;. The corresponding wave vectors, inside the sphere, and in

the embedding medium, are given as:

kin = \/an% and ky, = \/sm%. (2.20)

In scattering problems where an incident field Ey,. is imposed externally, then it
is convenient to write the field outside the sphere as the combination of the incident

and scattered fields, i.e.
Eout = EInc + ESca~ (221)

We shall now expand these fields, incident field Er,., scattered field Eg.,, and the
internal field inside the sphere E;, as the sum of a series of VSHs as it is necessary to
express them in spherical coordinates and they have to satisfy the vector Helmholtz

equation.

For the incident field, it has to be finite at the origin of the sphere. Therefore,

it can be expanded in terms of regular VSHs MY, and N&, ' which is:

Ennc = Eo Y @M (b, ) + b NG, (k. 1), (2.22)

n, m

I'The incident field is finite at the origin, which requires that j, (p) is the appropriate spherical Bessel

function in the generating function f. We reject y,(p) in this case because of its misbehaviour at the origin.
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where a,,,, and b,,, are known complex coefficients, which depend on the form of
incident field, e.g. plane-wave incident or emission of a radiating dipole. Similarly,

the internal field is also expanded in terms of M% and N,(},L as:

Ein - E() Z Cangn)@(kina I‘) + dnmNgy?@(klny I‘), (223)
where ¢,,,,, and d,,,,, are complex coefficients to be determined. For the magnetic field

inside the sphere, we can use Eq. 2.18 with Hy = ki, Eo/ (iwp).

At infinity (r — 00), the relevant VSHs M®) and N®) represent radiated electro-
magnetic fields, with an e?*" /(kr) dependence and no component along &,. Since the
scattered field behaves as outgoing spherical waves at infinity, it can be expanded

in terms of the irregular VSHs M), and N, and is therefore written as:

Esca = Eo Y prnM) (i, ) + G NG (k. 1), (2.24)

n, m

where c¢,,, and d,,,, are unknown complex coefficients and to be determined. The

corresponding magnetic field Hg., can then be derived from Eq. 2.18, with Hy =
kmEo/ (iwpe).

Boundary Conditions and The Susceptibilities

As we are able to expand the incident, scattered, and internal fields in terms of the
VSHs in spherical coordinates, the next step to provide solutions in Mie theory is

to consider the boundary conditions on the particle’s surface at r = a, which are:

Eou -0 = Ey - 0 (2.25)
Eou ¢ =Ein - ¢ (2.26)
Hoy -0 =Hy, -0 (2.27)
Hou - ¢ = Hy, - 6. (2.28)

These boundary conditions arise from continuity of the tangential components of
the electric field E and magnetic field H. Solving these boundary conditions (with
the orthogonality properties of M and N ?) leads to

Prnm = Fn Qpm, Gnm = An bnmu (229)
Cnm = An Qpm, dnm = Bn bnmu (230)

2see Appendix C for more details
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where I',, and A,, are the scattered field susceptibilities, which are usually referred to
magnetic and electric susceptibilities, respectively. A, and B, refer to the internal
field susceptibilities. They all can be computed as follows:
¢n(sinx)¢/ ( ) — SmW (Slnx)¢n(x)
Un(snw)&, (2) — smw (sim®)&n(2)

/
A, = _ Sntn(sn?) () (smx)wn(x)7 (2.32)
Sin¥n(5in2)&], (7) — U], (5in7)En ()

I, =- (2.31)

Sintn (2)E, () — sty (2)6n(2)
U (5i02)E} () — 51, (Si0)En ()
SinUn ()& (2) — sinthy, (2)&n ()
Sintn (8in)&1(2) — Y (s1n2)&n ()

A, = (2.33)

B, = (2.34)

These susceptibilities are written in terms of the Riccati-Bessel functions ¢, (z) =
zj,(z) and &,(z) = xh%l)(a:), the relative refractive index si, = \/€in//€m, and the
size parameter x = kya. These solve the problem for Mie theory and now we can
make use of these susceptibilities to calculate scattering quantities such as: scatter-

ing, absorption, and extinction cross-sections for the problems of our interest.

Scattering Quantities

In scattering problems, the EM characteristics that are most often considered are
the absorption, scattering, and extinction cross-sections or coefficients. For the basic

concepts of the general scattering theory, we can define the following quantities:

Definitions
Scattered power: Ps., [W] is the power radiated by the scattered electromagnetic
field (Egca)-
Absorbed power: Paps [W] is the total power absorbed in the dielectric/metallic ob-

jects during the scattering process.

Extinguished power: Pgyy = Pica+ Pabs |[W] corresponds to the power extracted from

the incident plane wave.

The above quantities can be calculated using the following expression [38]:

Pica = — ( / / [Esca x Hi.,] -0 ers) : (2.35)
Paps = —572 < / / [Eow x HY,] -1 r2dS> , (2.36)

13



where S is a surface of a imaginary sphere enclosing all dielectric/metallic objects, n
is the unit vector normal to the surface (pointing outwards), and Eqy = Epe + Egca-

So, we can show that,

1
Poxi = —5R ( / / [Epe x Hi, + Esea x HS, | - 0 r2dS> . (2.37)

For us to calculate the integral over the surface, we need to use some important
integrals shown in Appendix C, and the Wronskian identity of the Riccatti’s spherical
Bessel functions x, ¢, — X;wn = 1. The results give:

Pses = ( / / o X HY ] -1 rzdS) ,

1 |Ey? 2
= 5 nm nm 2.38
MkmEju 4 gl .38)

n,m

A similar approach can be applied for the extinguished power and yields:

PExt = -3

2
Z[R(anmp;m> + R(bum@m)]: (2.39)

where R denotes the real part. The cross-section (o) [m?] is then defined w.r.t the
incident field intensity (power density) S = €0c\/Em|Fo|?/2 [W/m?] as,

o; = SZC- (2.40)
This leads to:
OSca = é Z [|anm|2|rn|2 + |bnm|2|An|2} (2.41)
Tt = —é S [t PR(T) + b PR(A)] (2.42)
OAbs = OExt _,O—Sca- (2.43)

Therefore to use the solutions of Mie theory, we need to know the size parameter,
the coefficients of the incident field (@, and b,,,), and the dielectric functions of

all media.

Plane Wave Excitation

For plane wave excitation of a sphere, if we consider a plane wave propagating along

€. and polarised along €., the complex incident field is then:

Ep(r) = exp{iknz} Encé,, (2.44)

14



where FEp,. denotes its amplitude. Therefore, it is natural to take Fy = FEp,. as a

reference amplitude for the expansion. The power of the incident wave is then Py, =
|So| = |EoHy|/2 = e9cy/Em|Eo|?/2. The expansion of this plane wave excitation field
in VSHs is given by Eq. 2.22, where the coefficients a,,, and b,,, can be found (in

Refs. [27, 38]) as:

A = bym = 0, V|m| # 1
Unm=1 = 1" \/T(2n + 1)
bumet = "/T(2n + 1)
=1 = "\ /7(20 + 1)
bun=—1 = —""1/m(2n+ 1).

With these coefficients, Eqs. 2.41 and 2.42 will become:

OYen = k% Z(Zn +1) [|Fn|2 + |An|2}

And the absorption cross-section is simply o aps = Orxt — Osca-

2.1.5 Scattering by a Coated Sphere (Core-Shell System)

N
yd

(Egne Hine) / / \ \\

(2.45)

(2.46)

(2.47)

Figure 2.1: The incident field (Er,., Hy,.) gives rise to the fields (E;,, H;,) and (Eg;,, Hgy)

inside the sphere and shell, respectively, and a scattered field (Egc., Hgc,) in the medium

surrounding the coated particle.
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Core-shell spherical nanostructures have been produced from a wide variety of ma-
terials, and the electromagnetic interaction between light and such multilayered
structures can lead to many interesting functionalities, notably through the excita-
tion of surface waves [28, 53, 54]. The core-shell structure has been used in many
recent works with dye-coated core-shell nanostructures, which have become a useful
platform to study the interaction between plasmon and molecular resonances in ei-

ther weak or strong coupling regimes [25, 34, 55, 56].

We here consider a sphere of radius a coated or surrounded by a spherical shell of
thickness b — a (outer radius b, and inner radius a, as depicted in Fig. 2.1). Because
the volume of the shell does not contain the origin or infinity, the most general
expansion is in terms of both (M), NMW) and (M®), N®)). This is equivalent to
the expansion in terms of (M), N®) and (M®), N®)) as third kind VSHs are the
linear combinations of the first and second kinds of VSHs. Therefore, the solutions
to the vector Helmholtz equation for a spherical shell can then take the form of the
first and second kinds of the Bessel functions. With ¢, and ks being the dielectric
constant and wave-vector (respectively) for the spherical shell, the fields inside it

can be defined as:

Esn = Eo Y eamMU), (ke 1) + fumNE) (e, 1) + gumME), (ke T) + iy NG, (K, 1),

(2.48)
ks
Hg, = WEO ;’lenmNgzl(kS, ) + frumMY (k1) 4+ gom NP (kg 1) + By M@ (kg 7).
(2.49)

The boundary conditions for this case are different from a single sphere problem.
We now have boundary conditions on the particle’s (or sphere’s) surface at r = a,

and on the spherical shell’s surface at r = b. At r = a, we have:

Eg, -0 =E;, -0 (2.50)
Egn- ¢ =Ein - ¢ (2.51)
Hg, -0 = Hy, - 0 (2.52)
Hg, - ¢ = Hy, - 6. (2.53)
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And at r = b, we have:

Eou -0 = Eg, - 0 (2.54)
Eou - ¢ = By - ¢ (2.55)
Hoy. - 0 = Hgy, - (2.56)
Hou - ¢ = Hgp - 6. (2.57)

With these boundary conditions, the susceptibilities of the scattered field (T',, and
A,) can be determined as follows. We first apply the boundary conditions at r = a,
and get:

[enmwn(ssy> + gnan<Ssy)]/Ss - Cnmwn(singﬁ/sin
enm¢ Ssy> + gnmX (Ssy) - Cnml/};(siny>
fnmwn( sy) + hnan(ssy) = dnmwn(siny)v

where s = \/€5/\/Em, Sin = \/€in/\/Em, and y = kya. These equations then lead to:
Inm 5s¢/ (8sY)¥n(smy) — Sin¥n(ssy §¢/ n(SinY) @ (2.58)

)

)

)
(

enm San(stQ/}n(Smy) SinXn(5sY)Y "

P _ Ss¢n(ssy)¢/ (8iny) — Slnd/ (s5y

frm SsXn (8sY)V (Smy) Slan(ssy
The boundary conditions at » = b gives:

(siny)
Yn(Simy) _ A
( ) A, (2.59)

n\SinY

Wnm P () + Prm&n(T) = [Eam¥n(8sT) + GrnmXn(85T)]/ st
brm U, (2) + @&, () = [frmt,(852) 4 hnm X5, (55)] /5
Wnm W (T) + P& (T) = €nmtly, (85) + Gnm X (557)
Dum P () + Gum&n () = frm¥n(5s7) + hnmXn (557),

where x = k,,0. These equations together with Eqs. 2.58 and 2.59 yield:
[l gy — Xl vl

Fn = - .S m.C 2.60
el — e ool (260
[Wlas Xdlig — Dlas[vvlng
An == s e’g €.c 2.61
O NG o0
where
[A?ﬁmf = SinAn(Ssy)w;xsmy) SSA/ (Ssy)¢n<siny)>
[A@U]ny = SiHA;(Ssy)@Dn(Slny) — Ss A (Ssy)@bé(siny)a
[AQLT = 8ol (562)Qn () — An(s62) Q2 (2),
[AQ]5% = seAp(552), (2) — A7 (552)Qn (2), (2.62)

A=Y or x, and Q=1 or &
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With these new susceptibilities, we will be able to calculate the extinction, scattering,

and absorption cross-sections of the coated particle system.

2.2 Coupled Dipole Theory or Model (CDM)

In this section, we consider the light scattering by particles or molecules with di-
mensions much smaller than the wavelength so that the dipole approximation can
be used to model each molecule as a point dipole. We are interested in a scat-
tering medium containing a reasonably large number of molecules (approximately
a few thousands) in close enough distance such that the coupling between their
near-neighbour cannot be neglected, but sufficiently far apart that the excitation of

higher-order multipoles can be safely ignored.

We here consider a collection of N point electric dipoles p; located at r; (i =
1...N) and embedded in a homogeneous, non-absorbing, isotropic, non-magnetic
infinite medium, which characterised by a real refractive index n,, (or dielectric
constant e,,). The dipoles are subject to an incident electric field Ey,.. For point
dipoles described by a polarisability tensor «,,, the dipole moment induced by the

incident electric field is given by:
bi = &,€, (2.63)

where e; denotes the microscopic field at the dipole position. At this stage, we need
to know the link between the microscopic field (the field that is felt by a molecule
embedded in a medium of dielectric constant ,,) and the macroscopic field described
by the Maxwell equations for media. The relationship between the two is given by
[27]:

e = gm; 2, — L.E,. (2.64)

where L,, refers to the local field correction, which represents the difference
between macroscopic and microscopic fields. This correction is important in the
framework of the optical properties of dielectric media (i.e, molecules embedded in
a non-vacuum medium, for example), as explained in Appendix C of Ref. [27]. This
local field correction will also be useful for determining the dielectric function(s) for

molecular monolayer in non-vacuum media, presented in Chapter 4.

At a microscopic level, a dipole responds to the applied field with an intrinsic po-

larisability . However, for relevant experiments, they are mostly done in solution.
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Therefore, it is important to include this local field correction. From a reciprocity
argument, such a dipole moment will produce a field, which is also enhanced by the
same local field correction factor. Therefore, we may find the effective macroscopic
polarisability «; as:

a=L%a . (2.65)

) m=pu

The macroscopic electric field created by the dipole p; at a point r also depends

linearly on that dipole moment itself, which is:
E;(r) = G(r;,r)p;, (2.66)

where G is Green’s tensor which characterises the electric field at r created by a

point dipole p; at r;.

2.2.1 Green’s Tensor

The wave equation with a point source (corresponding to an oscillating dipole) will
be used to define the relationship between the dipole moment and its corresponding
macroscopic electric field. For an oscillating dipole in a medium with refractive
index n,,, the wave equation for the vector potential A (with Lorentz gauge) can be

defined as:
VZA + B2 A = uj, (2.67)

where k,, = nyko is the wave-vector in the medium, and ky = w/c in a vacuum
(with w is the frequency and c is the speed of light). The vector j is the macroscopic

source term corresponding to the oscillating dipole at a frequency w, which is:
j(r) = —iwpd(r). (2.68)

Solving for A leads to the standard Green’s function for the Helmholtz equation,
which is:

6ikmr

A = —iwpg (2.69)

dmr

We then can use this to deduce the magnetic field as H = (V x A)/ o, which leads
to:

Fm 1.
H = m gikar (1 % p. (2.70)
47y tkntr
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According to Maxwell’s equation, the electric field can be found as E = i(V X
H)/(wepem). Therefore, the macroscopic electric field of an oscillating dipole in a

medium can be expressed as:

B = S - @il + (- 22 e —p) . @)

Amegem T r2 r

We can rewrite this expression as E;(r) = G(r;,r)p; (as done in Eq. 2.66) for a
general dipole p; located at r;. By defining R = r —r;, R = |R|, and R = R/R,

the Green’s tensor can then be found as:

1 eika “ ~ 1 Zl’f ~ ~
1) = R(I-ReoR)+ (= - ") (3ReR-1)|. @72
A S [ (1-ReR)+ <R2 R ) (3R )} 2.72)

2.2.2 Coupled Dipole Equations

We now consider the case of a collection N of polarisable point dipoles, excited by an
incident field. The local field at a dipole’s location is the net macroscopic field that
is the sum of the incident field and the field scattered (radiated) by its neighbours.

Hence, the dipole moment p; located at r; will take the form of:

pi = o, E;, = o <E1n0(ri) + Z Giij)

JF
=q; <E1nc(ri) + Z GiijEj> (2.73)
J#
ie.  E;=En(r)+ Y Gyao,E; (2.74)
JF
where Ep,.(r;) is the incident field, and G;; = G(r;,r;) is the Green’s tensor for the
field created by dipole j at the location of dipole 4, which is:

1 ethoma 1 ik
i = k2 (1 — £ @ Ty — - 2 ) @iy 00, —D|. (275
T dmegem Ty m ( I‘]®I‘J)+(T?j 7,ij)(I'J@I'J )1 (2.75)

In a matrix form, the following linear system can be considered:
LE, = E.. (2.76)

L represents the interaction matrix, whose diagonal blocks consists of 3 x 3 identity

matrices I, and each of its off-diagonal blocks is of the form L;; = —Gijgj. This is
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a linear system of 3V equations in the matrix form with vectors E;, p, and Ey,, of
length 3N, where N is the number of dipoles. To solve for the self-consistent macro-
scopic electric field E at each dipole location, the inverse of L (a 3N x 3N matrix) is
therefore needed. This linear system of equations can be solved by standard linear
algebra routines. However, the required time to solve for the solutions will depend
on the number of dipoles. For example, if the number of dipoles is increased by n (i.e.
number of dipoles = nN) then the size system of the matrix L will be (3nN x 3nNV).

Hence, the simulation time will increase by n? compared to the system of N-dipole.

2.2.3 Scattering, Absorption, and Extinction

As the electric field and the dipole moment at each dipole’s position can be com-
puted, we can use them to determine the scattering, absorption, and extinction

cross-sections of the system.

A single dipole

By following the standard electromagnetic theory, which includes the microscopic
local field corrections (L2 is no longer hidden in «, i.e. a = a,), the scattering
power for a single isolated dipole in a medium can be derived as (Ref. [27], Eq.

2.46):

win, L2 2

Pgeo = 2.77)

127egc3 '
And the absorption power can be expressed [Ref. [27], Egs. (4.77 and 4.79)] as:
wL?
2
This absorption power does include the radiative correction term due to the self-

radiated field of the dipole itself in the total electric field at the dipole position E.
We can then re-express Eq. 2.78 as:

Paps = Xp; - E*}. (2.78)

Paps = wf“ S{pi - Ej} — % 2 (2.79)
= wsil S3{p;i - Ej} — Psca- (2.80)

The extinction power can then be computed as Pgyt = Psca + Pans, Which is:
Pow = “Engip, ). (2.81)

2
In principle, the effect from the radiative correction for molecules is typically negligi-
ble (because the scattering is very small). For absorbing molecules, where S{a} > 0,

the radiative correction will be insignificant.
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Collection of dipoles

The expressions described in the previous section can be generalised to a collection
of polarisable dipoles excited by an incident electric field Ep,.. The net macroscopic
field E; corresponding to the local electric field at the location of dipole i (excluding
the self-reacted field), is given by the solution of Eq. 2.74. The total absorption
power for all the dipoles can be calculated by summing all the absorption of each
individual dipole, which leads to:

wL? win, L2,
Pan =Y ( S{p; B} - Lmbn piP) | 2.82)

127epc3

i
where the second term accounts for the self-reaction. The power extinguished from

the incident field (extinction power) can be obtained by generalising Eq. 2.81:

wLi1 ~ .
P =Y —"S{pi - E} (2.83)

i

For the scattering power, it may be computed as Psc, = Pyt — Paps- It can also be
calculated by integrating the flux of the Poynting vector over all directions. We may
numerically integrate the flux of time-averaged Poynting vector (S) = R{E; xH}}/2
over a sphere of radius a, chosen arbitrarily far away from the origin for convenience,

so that only the far-field components need to be considered. This gives,

Py = 1@)% ( / / [E; x HI] - ﬁdS) (2.84)
=55 / B, |2dS, (2.85)

where Z; = \/10/(em€o) is the wave impedance in the incident medium. With Eq.
2.71, we can rewrite Eq. 2.85 as:

k2 eikma N 2
Psca = = n)e hmrin o dg 2.86
S 47T€0€m a 2Zl n)n)e ( )
2
= ]1— A Q@ n)pe Pt JQ, 2.87
(47T€0€m 2 871'21 ne n>p © ( )

where €2 is the full solid angle. The conservation of energy Psca = Pgyxt — Paps can

be used as consistency check.

In the case of a plane wave excitation, we may write the incident field as,
Epnc(r) = Ege*»?T The power density of this incident electric field is then found
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as Sme = |Eo|?/(2Z;). From Eq. 2.40, the absorption, extinction, and scattering

cross-sections will be defined as:

2 Ln o (o) - Lnppp 2.88)

o S = S g B i .

Ab Aeor/Em | Eol? - Pi B 6TE0Em P:
2w L?
xt = ————— 3{p; - E; 2.89
e o
O0Sca = OExt — OAbs (290)
2
A ~ —tkmr;-n

i ml d). 291
(4mggm E 47T|E0|2 —n@njpie 291)

2.3 Generalised Coupled-Dipole Model (GCDM)

In this section, we will discuss briefly how the CDM in the previous section can be
generalised to the case when the collection of N dipoles is surrounding a spherical
core (nanoparticle). More description of the theory can be referred to in the supple-
mentary information of Ref. [37]. In the case where there is a spherical core, the

electric field E; defined in Eq. 2.74 will have extra components to it, which is:

E EInc(rz) + ESphere rz + Z Gzya E + Z SU J (292)
J#i vj

The term Egppere(r;) corresponds to the scattered field by the sphere (this can be
computed by using Mie Theory), and the last term describes the dipole-dipole inter-
actions mediated by the sphere. It is worthy to note that the term S;; is non-zero,
and it corresponds to the self-reflected field due to the presence of the sphere, or

image-dipole effect. In a matrix form (similar to Eq. 2.76), it reads:
]LEz = Elnc + ESphere? (293)

where L is the full interaction matrix obtained by combining the 3 x 3 Green’s
tensors G;; and S;;,

I3 — Suay, 1=
L= (2.94)

Gij@j - Sij@j; i F ]
Again, we will need to numerically solve Eq. 2.93 to provide the self-consistent
macroscopic field E; for each dipole. Then the absorption, extinction, and scattering

cross-sections can be calculated. More details of these can be found in Ref. [37].
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2.4 GCDM Vs. Mie Theory

For the light scattering problem of molecules arranged in spherical shell, the pre-
ferred approach of the most recently refined model (Coupled Dipole Model, CDM)
consists of a microscopic approach that treats each molecule as a polarisable dipole
and calculate the self-consistent field created by mutual interaction of all the molecules.
The solution is mathematically similar to the commonly used Discrete Dipole Ap-
proximation (DDA) [36]. This CDM was recently applied to molecular dipoles ar-
ranged in a spherical geometry to investigate and explain the effect of the dye-dye
interactions [35] on the optical properties of a spherical shell of dye layer. It was
later extended to Generalised CDM (GCDM), the case where those dye molecules
are surrounding a nanoparticle (spherical core), to investigate the electromagnetic
interactions between the adsorbed dye molecules and the metallic nano-sphere [37].
This GCDM can be used to study an array of inter-related effects: different molecu-
lar orientations, dye-dye interactions, self-reflected fields or image-dipole effect, and
spatial distribution of adsorbates. However, the main shortcoming of the GCDM
is the computing requirements. In a numerical simulation programme, MatLab, to
solve for a 100 wavelength points spectrum may take from a few hours to a day
on a high-end PC (for 10* polarisable point dipoles on a sphere). This prevents

systematic multi-parameter studies.

In contrast to the GCDM, Mie theory can be used to provide analytical solu-
tions for a core-shell system (here both the core and shell media are linear, homo-
geneous, and isotropic). Mie theory can avoid the problem of high computational
cost and complexity, which happens in the GCDM case, and it is much faster than
GCDM. However, the presented Mie theory in this chapter is only for isotropic me-
dia, which cannot be used to study the effect of different molecular orientations of
the dye molecules. To account for the effect of different molecular orientations of
the dye molecules, we will need to treat the medium of the dye molecules’ layer
as an anisotropic medium (with an appropriate dielectric tensor to characterise the
properties of the medium). Hence, the extension of Mie theory for anisotropic media

is needed.
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3. Mie Theory for Anisotropic Shell

As we mentioned in the previous chapter, GCDM is more reliable than the isotropic
Mie theory for solving light scattering problem by dye-coated nanoparticles, as we
can make use of the GCDM to account for orientation effects of the dye-molecules.
The GCDM is very time-consuming, especially for the cases involving large numbers
of polarisable dipoles. Although it is more preferable than isotropic Mie theory, it
leads to problems of the high computational cost and complexity which does not
happen for Mie theory. The solution of Mie theory is commonly applied to isotropic
media, where the dielectric function of the media are direction-independent. The
isotropic assumptions are sometimes inadequate. Hence, the extension to anisotropic
media has been developed, i.e. in the context of reflection /refraction at the interfaces
[39]. The extension of Mie theory to radially anisotropic media is therefore needed,
and this was developed almost 50 years ago by Roth and Dignam [40], where the
dielectric functions describing the anisotropic media are in a tensor form. We can
then use this extension of Mie theory (anisotropic Mie) to account for the molecular

orientation effects.

This chapter is written based on the results of our paper Ref. [48]. We will
here revisit the solutions of Mie theory for the light scattering problem by isotropic
core/anisotropic shell (as done by Roth and Dignam [40]) with modern notations.
The solutions to this problem involve the calculation of Bessel functions of complex
orders, which are not built-in in many standard computing software (such as MatLab,
for example). However, by assuming thin anisotropic shell approximation to the first
order, the new solutions do not involve the Bessel functions of complex orders. The
validity of this thin anisotropic shell approximation is assessed by comparing to the
full solution of Anisotropic Mie theory (by Roth and Dignam [40]) and shown to
agree extremely well for the shell’s thickness of the order of Inm or less (typically,
of a molecular monolayer). Overall, we have accounted for the anisotropy of the
dye response in the Mie theory, which strong orientation and anisotropic effect are
evidenced. The predictions of those are then compared with the GCDM (in which
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an individual dye is considered as a polarisable dipole). This work highlights the
importance of the extension of the current isotropic model to anisotropic Mie theory,

which can predict the orientation effects in plasmon-dye interactions.

3.1 Electric and Magnetic Fields for Anisotropic Media

3.1.1 Maxwell’s Equations

Figure 3.1: Schematic of the problem: a spherical core with a radius a and dielectric
function ¢;,, is surrounded by an anisotropic shell with thickness [, = b — a described
by dielectric tensor . The system is embedded in a non-absorbing medium of dielectric
constant €,,,. The dielectric tensor ¢ is considered diagonal in spherical basis with its

normal (e,) and tangential (¢;) components.

For anisotropic media, Maxwell’s equations take almost the same form as in the
isotropic case. The difference between the two is that the dielectric function of the

anisotropic media will be taken as a tensor and Eq. 2.1 will then be:

V-E =0, V-E=0
V x E =iwuH, V x H = —iweE. (3.1
In this case, the Helmholtz equation cannot be satisfied by the fields, unlike in
the isotropic case. For the anisotropic shell, we consider £ (diagonal in spherical

basis and can be complex) to have its components €, and ¢; (as shown in Fig. 3.1),

which correspond to the normal and tangential components of the E-field, i.e.
(eE), = &K, (eE)p = e Ey, (eE)y = e Ey. (3.2)

This will be useful later for describing the orientation effects for dye’s molecules

surrounding a nanoparticle.
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3.1.2 Anisotropic VSHs

The solutions to the anisotropic Maxwell equations can be represented as a super-
position of the two linearly independent fields (Ety, Hry) and (Etg, Hrg), which
satisfy the conditions of the TM and TE waves. The next step to solving the
anisotropic Maxwell equations is to construct vector functions from a scalar func-
tion f, similar to the isotropic case (section 2.1.2). We here construct the VSHs for

anisotropic media as follows:

Erg o M =V x (rf) & Hpy x M =V x (rf)
HTEaN:V:M & QETMKN:&VZM. (3.3)
t t

These constructions of M & N, and M & N are to ensure that they satisfy the
anisotropic Maxwell equations. By substituting Eqs. 3.2 and 3.3 into Eq. 3.1, we

get:
10 (,0f 1 0 (. of 1 F L,
2 or ( a) T 2000 <S““’%) T sntgag TRI=0 G4
enl 0 [ ,0f 1 o (. of 1 *f -
2o 2 Zsin62 ) + —— 5L 4 R2f =0, G
gy r20r (T 8r>+r28in980 (Sm 89>+r23m208¢2+ nf =0, G39)
where

k2 = (w/c)*e,, (u=n,t).

u

The generating function f for the TE wave is the same as in the isotropic case,
with € being replaced by ;. However, for the TM wave, the differential equation
for its generating function f is different from that of the TE wave by a factor e, /€t
in the first term. We are therefore required to solve Eq. 3.5 by making use of the
separation of variable method again as we did for the isotropic case (Egs. 2.8-2.15).

We are seeking particular solutions of the form:

f = R(r)©(0)%(¢). (3.6)
By substituting this into Eq. 3.5, it yields:
% +m?® =0, (3.7)
snlled% (me%) + (n(n +1) - 5172229) 6 =0, (3.8)
i—jdii <r2€2if) + [k — n(n + 1)]R = 0. (3.9)
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As we have seen in the isotropic case, the solutions to the first two equations (Egs.
3.7 and 3.8) are the usual spherical harmonic functions, which are the sinusoids, "™,
the associated Legendre polynomials of cos#, P (cos#), respectively. For the third
equation, Eq. 3.9, with the substitution of p = k;r, it then becomes:

d 2 dR 9 D _
d_p ( dp) + [p* —w(w+ 1)|]R =0, (3.10)
where
w(n):\/l+ﬁ(n2+n)—l (3.11)
4 &g, 2 .

Equation 3.10 is the same as Eq. 2.13 with n replaced by w(n), which can be
complex and depends on the values of ¢, and ;. Therefore, the solutions to Eq.
3.10 are the Bessel functions of complex order (their series expressions are presented

in Appendix A). The VSHs for the anisotropic are therefore found as:

MY (p,0,0) = FrumV x (re™? P (cos 0)29 (p)) (3.12)

V x M(p, 6, ¢)
ky ’

eND).(p.0.6) = & (3.13)

where F,,, is given in Eq. 2.15. [NB: we will use the notation 2y '(p) [instead of

29 (p)], i.e. Z, = 2y, to represent the solutions, which are the Bessel functions of

complex orders.] Therefore, the fields solutions inside an anisotropic medium can be
expanded as an infinite series of a complete set of VSHs and hence can be written

as:

EAniso - EO Z Cknm ktI‘ + Bnm (kt ) + ’}/an (ktr) -+ 5nmN (ktr)
(3.14)
Haniso = —Eo 3 NG EE) + BN ) 30N )+ I ).

(3.15)

3.2 Scattering by Anisotropic Shell/Isotropic Core

In this section, we consider a dielectric sphere with a radius a and a dielectric
function &;,, which is located at the origin O and surrounded by an anisotropic
shell with thickness b — a and dielectric tensor ,. The system is considered to be

embedded in a medium with dielectric function e,,. The corresponding wave vectors
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in all the media are given as:

w

Kin = \/Emee, o = \/Emee, ke = Vae,  (3.16)
C C C

where ¢; is the tangential component of £,. The incident, scattered, and internal
fields can be defined in the previous chapter (Eqs. 2.24-2.23). The fields inside the
anisotropic shell can be expanded in terms of VSHs as in Eqgs. 3.14 and 3.15.

3.2.1 Boundary Conditions and The Susceptibilities

Since our scattering problem is by a core-shell system, there will be boundary con-

ditions to be applied at r = a and r = b.

At r = a, the boundary conditions are:

EAniso : é = Ein : é (317)
EAHISO : Qg = Em Qg (318)
HAmso : é = Hin : é (319)
Hanico - ¢ = Hiy - 6. (3.20)
At r = b, the boundary conditions are:
(EInc + ESca) ) é = Eniso - é 3.21)
(Enne + Esea) - ¢ = Eniso - 0 (3.22)
(HInc + HSCa) é = HAniso : é (323)
(Hine + Hsea) - ¢ = Hauiso * 0. (3.24)

By solving these boundary conditions, it will lead to the same expressions in Eqs.
2.29 and 2.30. The scattered susceptibilities I',, and A,, can be found by applying
the above boundary conditions. We shall now apply the boundary conditions at

r = a, and get:

[anm¢n(8ty) + ’Ynan(Sty)]/St = Cnm,@bn Slny
[6nm77%z(8ty> + 5nm>~<,n<8ty)]/st = dnmw
Cnm W, (5tY) + Yum X (81Y) = Com?),

b Xn(



equations will then lead to:

Yrnm o St l/)' Sty

(549)Vn (Siny) (ss9)Un(smy) _ L)
= =T 3.25
Onm StXn(Sty)wn(smy) - Slan(Sty)’@/};L(Siny) " ( )
Onm Stwn(sty>¢;~b(slny) - Sin&;(stwwn(siny) —_ A(D
= =A 3.26
5nm StXn(Sty)wfn(smy) - Sini%(sty)qﬁn(siny) ( )

Boundary conditions at r = b gives:

WnmWn(T) + Prm&n(T) = [Qnm¥n($42) + YamXn (562)]/ 56
bW (%) + Gl (€) = [BrmW (867) + G X (502)] /¢
A3 (T) + P& (T) = Wnmty (862) + Yo Xz, (S62)
b ®n (%) + G (€) = Bum U ($62) + G X (507,

where x = k,,b. These equations together with Eqs. 3.25 and 3.26, it yields:

ol el — bl [yl

Fn = C m’S m’C 3'27
D ol — e vl 27
[l s — Dl vyl

An = e,s e,s e,c 328
D 0l — oo, (328

where
Ay Zﬁ; = Sinln (5:9) V) (5iny) — 8¢5, (809)Un(5imY),

]

]Z’,Z = Sin]\/n(sty)%(siny) — sl (5:9)¢5,(5imYy),
AQ)™E = stA;(stm)Qn(x) — Ay (s2), (),

] — N (5:2)Qn (), (3.29)
with, A=1 or x, and Q=1 or £

=
2
o
V)
|
L
X
0
2
2
_
8
S~—

These solutions to the problem were fully derived in Ref. [40], and the summary
of that is shown above. The extinction, scattering, and absorption cross-sections, in

particular, will take the same form as in isotropic Mie theory Eqs. 2.41-2.43.

3.2.2 Thin Anisotropic Shell Approximations

Since the solutions of the problem involve the calculations of Bessel functions of
complex orders, previous studies by Lange and Aragén [57] have simplified the so-
lution by making assumptions of thin anisotropic shell approximation in the special
case of bubbles and vesicles (where €;, = &,), where the complex-ordered Bessel
functions are no longer required. That work was later extended to a thicker shell
by including the next order corrections [58]. In the following, we generalise the

results of the thin anisotropic shell to the case where the core is different from
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the outside medium, ¢, # e,. We will go through step by step of how this thin
anisotropic shell approximation is derived and compare the results to those from the

full anisotropic Mie scattering (whose susceptibilities defined in Eqs. 3.27 and 3.28).

For this thin anisotropic shell approximation (TASA), we will use Taylor’s ex-
pansion to the first order in 6 =  —y = k(b — a) = kpls, in the limit § < x,y.
Therefore, we can view the Mie coefficients as functions of x and y, or equivalently

y and 9. Using Taylor’s expansion to the first order, I',, and A,, can be written as:

or,,
Lo(z,y) =Tz =y,y)+ 0 , (3.30)
0T |,
oA,
An(,y) = An(w = y,y) + 6 (3.31)
z=y

We shall first rewrite I',, and A,, into their numerators and denominators as:

N1, Na,
F = — A = — . . 2
n D, n Dy, (3.32)

Then, the Taylor expansions in Eqgs 3.30 and 3.31 become:

Nin Ni ~ NuD,
r,(0)=— -6 < n _ n , (3.33)
Dln z=y Dln D%n =y
N, Nj, Ny, D)
A, () = — —6 n n 3.34
0= (T - Tor (3.34)

The numerators, Ny,, Na,, the denominators, Dy,, D, and their corresponding
first derivatives (denoted with ') with respect to  are therefore needed. To do so, we
will need to make use of some useful identities below. The first useful identity is the
relationship (differential equations) between the generalised Riccati-Bessel functions
and their second derivatives, which are derived from Eqs 2.12 and 3.9. These were
also obtained by Lange and Aragén (Egs. A9 and A10 in Ref. [57]):

1
SN FRITESE o
X
. 1)] -
=0 {1 - in(nj )} E, =0, (3.36)
en

where = represents all types of the Riccati-Bessel functions 1, x, and £&. Two useful
identities can be found in Ref. [57] (Egs. C1 and C2), which are written below

together with other identities of similar form that will be needed for our derivations
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of TASA.

[ X (51) — X5 n(s1) = (), (3.37)
(W28 T (sey) — XS0 (sey) = 52, (), (3.38)
[ X (50y) — X ¥ (sty) = —5:8a(y), (3.39)
WOl xa (sey) — XU n (sey) = =2, (y), (3.40)
[V X (81Y) — [XQ]E’C@Z (5ty) = —5inf 0 (5inY), (3.41)
(VOIS Xo (5ty) — [XQ]66¢ (5:y) = —5¢82,(51mY), (3.42)
[ X (sey) — XUy Yn(sey) = sl (simy), (3.43)
QX (3ey) — XUy (sey) = sinfdy, (sinY), (3.44)

where Q denotes 1 or ¢ and the brackets [.] are defined in Eqs. 3.29. The first

expression Eq. 3.37 can be easily proven as follows:

[Q525 Xn(50) — XUz n(s0y)
={s00n (59)2, (y) = U1, (59) 2 (1)} Xn(519) = {3:Xn (509) 2 (y) = X0 (59)20(9) Y (519)

=52, (1) {n(500) X (564) = Xn(569) U (509) } — QW)L (569) X (56Y) — X (569) U (509) }
= (y),

where for the last equality, we apply the Wronskian identity of the Riccati-Bessel
function of the complex order [52], 1/~Jn X Q/Jan = 1. Then the other expressions

Eqgs. 3.38 - 3.44 can be easily proven in a similar fashion.

We now shall have a look at the first-order approximation of A, (¢) in Eq. 3.31.
We will try to simplify each term to their simplest expressions (by applying the

useful identities provided above) as follows:

Naul,—y = Y155 VLS, — XLy [0l
= [V]5 A5imXn (869) Un(5inY) — :Xn(519)1r (5cy) }
= D1 Lol (s00)n(siny) — setn(5:9)0), (smy) }
= sutn(smy) {0155 X (sy) — Dl i (s}
— st (i) VY]S5 X (5ey) — XO)25 U (529) }
= se{sim¥n (1Y) (¥) — V5 (8y)¥n(y) }- (3.45)
For the last equality, we use the Eqgs. 3.38 and 3.39. Similarly, the denominator

D2n]x:y can be found to be:

Danl,—, = [€155, VIS — XELR, Y155,
= St{sind}n(siny)gn(y) - @D;L(Siny)gn(y)}' (3.40)
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We now still have to look at the first derivatives with respect to = of No,(y,x)
and Da,(y, x).

Npo(,7) = - ([00lin) ol — o (Owlis) ol G4)
D) = o (0E5) Il — oo (W) el (349
with
(A0 = 2R ()% (@) + s ha(5) ) — s AL 5) () — K (se2) 2, )

(3.49)
Then, we use Eq. 3.36 to replace the second derivatives, which leads to:

_snn+1) (1 - ) Ro(s0)Qa(y) + (7 = DAL ()2, (1)-

2
=y y €n St

2 (ngz)

(3.50)
We now can make use of Eqs. 3.42 and 3.43 to substitute into Eq. 3.50 to get:

StSinn(n + 1) &t

Nolocy = 2 (1 20 (s +-1(52 = DU )
(3.51)

By applying similar derivations, we can also obtain:

D

= Sgsimn(n + 1) ) Et
nle=y y? EnS?

) (0 (s01) + 50052 — DEL (W) (5209).
(3.52)

For the derivation of I';,, we can apply similar procedures using Eqs. 3.39, 3.40,
3.43, and 3.44, which yields:

Ninlyey =680 W)V (8ny) — ¥y (1) (siny) } (3.53)
Dinl ey =8t{8n&n (W) ¥n (510y) — &, (¥)Vn(smy)} (3.54)
N Loy =56(1 = 500 (y)n(s1ny) (3.55)
Diylaey =50(1 = 59)&0 () Un(510Y)- (3.56)

Note that if the thickness of the shell § = 0, the expressions of I',, and A,, will
reduce to the solutions of the standard Mie theory for a single sphere, as one would
expect. The most important outcome of this TASA (first-order Taylor expansion)
is that the derived expressions for both I',, and A,, now no longer involve spherical
Bessel functions of complex order. They only require the usual spherical Bessel

functions of order n, as in standard Mie theory. Our TASA is a more generalised
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result than the thin shell approximation for bubbles in Ref. [57]. In fact, if we set
the inside medium &;, = €, (i.e. 8, = 1), then our expressions for I',, and A,, will

further reduce to:

Ln(0) = i0(1 = s){n(y)}’ (3.57)
s =i "D (o) s a-hier]. e

which are exactly the same expressions as (Eqs. 3.16 and 3.17) in Ref. [57], as

expected.

3.3 Validation of TASA Model and Application

The advantage of the TASA model is that the Bessel functions of complex orders
dropped out and only the regular Bessel functions remain in the solutions of the scat-
tering coefficients. In this section, we would like to check the validity of the TASA
model, which requires a few quantities (to be defined, e.g. dielectric functions for
the anisotropic shell) for our MatLab simulation and to compare the results with
those of the full anisotropic Mie model. To derive the dielectric functions for the
anisotropic shell, we will use microscopic and effective medium models as a guide to

account for different orientations of the dye molecules, in the dilute regime.

In order to demonstrate the range of validity and usefulness of this TASA, we
will focus on a specific system: a dye-coated metallic nanosphere. The study on
such structures have been investigated to measure the extinction and absorption
properties [34], and they are relevant to many experimental techniques, such as SERS
or fluorescence [27], and to the studies of molecular/plasmon resonance interactions.
Also, the results in the surface selection rules in SERS [27, 59, 60, 61] have shown
that the adsorption orientation of the dye molecules on a metallic nanoparticle can

have significant effects on the optical properties of the whole system.
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3.3.1 Microscopic Model for an Anisotropic Layer of Molecules Ad-

sorbed on a Metal Sphere

Figure 3.2: We are interested in three possible adsorptions of uniaxial dyes relevant to
experiments: (a) fully random orientation denoted *, (b) perpendicular or radial denoted

1, and (c) randomly oriented in-plane or tangential to the surface denoted ||.

We will first look at an isolated dye molecule on a metallic nanosphere, then use that
result to extend to N dye molecules. By using a microscopic description of a single
dye adsorbed onto a metallic nanosphere and Mie theory for the nanosphere, its
optical properties can then be understood. For a given incident electric field Eg, the
local electric field at the dye position E,. can be easily computed from Mie theory
and can be split into a sum of its normal and tangential components (w.r.t the

sphere surface), Ef. and E! respectively. For a dye molecule with polarisability

loc loc

tensor «, the local field then induces an oscillating dipole:
p = aFy. (3.59)

The dye polarisability tensor is commonly considered to be uniaxial along the
main molecular axis (with unit vector €4), and it is characterised by the scalar

polarisability along that axis, a,,. The induced dipole then becomes:
P = . (€ Epc)eéq. (3.60)

The absorption cross-section for this induced dipole moment can therefore be

expressed as written in Eq. 2.78:

. oc 3.61

TAb Aeor/Em T |Eo|? eb
AL 2

27 5 €4 - Eicl (). (3.62)

T deov/em ™ |Eo|?
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. . . 0 . . .
For a bare dye, its absorption cross-section oy, is given by:

27 2 S(azz)

0
- 3.63
So, we can rewrite Eq. (3.62) as
3léq - Epc|?
OAbs = Ugm%- (3.64)

The absorption cross-section above is for a single dye molecule, but can be extended
to a collection of N randomly adsorbed molecules by considering the surface-average
of the local field. For simplicity, we will restrict ourselves to consider only tree types
of adsorption orientations (as depicted in Fig. 3.2), which are random orientation
(%), perpendicular to the surface (L), and randomly oriented orientation parallel to
the surface (]|). In all three cases, the absorption cross-section for N molecules can

be expressed as:
Caps = NoQ,.M(N), (3.65)

where, M is the absorption enhancement factor and is wavelength dependent. For

each case, it is given as:

EOC 2
M*(X) = —<||]$0||2 ) (3.66)
E
M*(\) = —<||ELO|CQ| ) (3.67)
E
MI(X) = glé(]"? 3e[) (3.68)

where (.) represents the averaging over the sphere’s surface (since the local fields of
the molecules are not uniform). By doing the averaging over the possible orientations
of the dye molecules, it leads to an additional factor of 1/3 for (x), 1 for (L), and
1/2 for (]|) which are then multiplied by the existing factor of 3 in Eq. 3.64. The
orientation averaging can be done as follow: for example, in the (k) case, we can
start by writing E;,. and €4 as:
ElOC = EIJ(_)C + EPOC

= Eloc, r r+ Eloc, 0 é+ Eloc7 10 (i (369)

&q = cosf F + sinf cos ¢ 0 + sinfsin ¢ o. (3.70)
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From these, we can calculate the orientation averaging as:

1
—// |éd : Eloc|2 sin 6 do dqb
2m

1 2n  pm/2
~or / / |Eloc, + €080 + Eioe, 95in 6 cos ¢ + Ejge, ¢ sin0sin ¢|* sin 0df de
m™Jo Jo

1 27 1
= 5_ e Eoc r2 Eoc 2 Eoc 2 :_EOCQ' 3.71
5= % 3 (Bioe, o* + [Eroc, ol” + [Bioc, 6[°) = 3 [Enocl (3.71)

For the other two cases, a similar procedure can easily be followed to get the factor

of 1 and 1/2 for L and ||, respectively.

At a low concentration of dye-molecules, it is more practical and useful to look at
the differential absorption cross-section (0o aps) as the absorption cross-section of the
dyes would be insignificant compared to that of the metallic nanosphere. To do so,
one can measure the bare sphere separately and subtract it from the coated sphere
spectrum to observe doaps as explained in Ref. [34]. Within the approximation of
the microscopic model, the differential cross-section spectrum is then given by Cays,
as expressed in Eq. 3.65. This microscopic model, however, does not account for
neither the possible effect of the dye molecules onto the particle responses nor the

local dye-dye interactions.

3.3.2 Effective Medium Model (Effective Dielectric Function)

This model replaces the discrete dye layer of given coverage p (no. dye/nm?) by a
homogeneous shell of thickness d with volume V, and the volumic dye concentration
ca = N/Vy =~ p/ly (no. dye/nm?). The Clausius-Mossotti relation (also known
as Lorentz-Lorenz relation) is an effective medium model which is commonly used
to relate the polarisability (ag) of the molecules to its dielectric function (g) for
isotropic media [62, 63]. Usually, if one of these quantities is known or given, the

other one can be obtained via the CM relation, which is:
cacg €—1 14+ 2ay

Y = — = — . 3.72
Qg 32 12 or € 1—ay, ( )

The CM relation works well at a low concentration of the dye molecules (dilute
regime) for isotropic media (no orientation effects) but cannot be applied to anisotropic
media. Therefore, generalising this effective medium approximation from a 3D
isotropic to a 2D anisotropic medium is in great need in this project and will be
discussed more in the next chapter. For the time being, we will neglect them here

and only consider a much simpler dilute limit. For a homogeneous shell embedded
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in a medium with dielectric constant ¢,,, the effective dielectric function for the case

of fully random orientation of the dye molecules can then be defined as:

B 14+ 2(ag + am)

Eoff = ) 3.73
T 1 — (g + o) G-73)
In the dilute case, this can be reduced to:
& = e = e + L2 9407 (3.74)
350

with, () = 3ag(N).

We may also use the microscopic model Egs. 3.67 and 3.68 as a guide to generalise
Eq. 3.74 to the anisotropic cases. This leads to, for radially oriented molecules:

CqQtzy

L 2
eg =€m + Ly,

€0

& = em. (3.75)
For randomly oriented orientation parallel to the surface, we have:

el = e

CqQx
el =g, + 12 2

i 3.76
m 280 ( )

3.3.3 Comparison Between Full Anisotropic Mie and TASA

To check the validity of our TASA model, we will need to look at its prediction
of the optical properties of a dye-coated nanosphere and compare to those from
different models presented earlier: full anisotropic Mie theory by Roth and Dignam
(RD) ! and microscopic model (MM). For this comparison, we choose to focus on a
30 nm, radius silver sphere with a dielectric function, as given in Ref. [27] and the
embedding medium is chosen a water e, = 1.33% to be more suitable to experiments.
The shell thickness is set to be [y = 0.3 nm for the TASA calculations. For the dye
polarisability [65], we use:

Oél)\l 1
Oz = Olynj = Oleo — 11— \2 Y ) (377)
a =55 —ig;

with ag = 9.4 x 1073 [ST], y = 5.76 x 10738 [ST], \; = 526 nm, and p; = 10000 nm.

This is a simple Lorentz oscillator model with parameters matching the experimen-

tally measured optical properties of the main absorption peak of Rhodamine 6G in

'Our preferred simulation programme, Matlab, was used and all the codes can be found from SPlaC
codes [64], with additional routines developed based on Lanzcos series approximations to calculate the

complex Gamma functions, see Appendix A for more details.
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Figure 3.3: Predictions of the optical properties for a silver sphere of radius ¢ = 30 nm
in water €, = 1.332, coated with a dye layer of low coverage p = 0.001 nm? with its
thickness of [, = 0.3 nm and polarisability .. In the two anisotropic cases, we compare
the results from full anisotropic Mie theory by Roth and Dignam (RD) with our thin shell
approximation (TASA). The left column shows the absorption (A), scattering (C), and
extinction (E) cross-sections, which are indistinguishable in all six cases, as the response
of the silver sphere is most dominant. We, therefore, show in the right column (B, D, F)

the corresponding differential cross-sections with the bare sphere response subtracted.
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water, where the local field correction factor is accounted for (the same notations as
in Ref. [35]).

We will now use our TASA model to predict the optical properties of the dye-
coated silver nanosphere (absorption, scattering, and extinction cross-sections and
their corresponding differential cross-section) and compare them to those obtained
by RD shown in Fig. 3.3. For the absorption, scattering, and extinction cross-
sections of the system (core and shell, shown in A, C, and E, respectively), the
results do not reveal clearly the shell properties as they are strongly dominated by the
silver sphere response. Therefore, we focus on their corresponding differential cross-
sections (B, D and F), where we subtracted the silver sphere response (calculated
using Mie theory) from the total cross-sections of the whole system (shown on the
left column of Fig. 3.3). The results showing the differential cross-section on the
right column of Fig. 3.3 are barely distinguishable in all the cases, except the region
of zero-crossing, and the relative error between the two models is in the order of
2% for x and L, and 5% for the|| case. From these results, we can safely conclude
that our TASA model worked and agreed with the Full anisotropic Mie theory at
the limit of small Iy < a, b.

3.4 Summary and Outlook

We have simplified the full solutions of anisotropic Mie theory (by Roth and Dignam
[40]) by assuming the thin shell approximation to the first order of Taylor’s expan-
sion. The full solutions of the problem require calculations of Bessel functions of
complex order, which are not built-in in many standard computing software (Matlab,
for example) and, for this reason, it may have limited this theoretical approach to
model relevant problems and experiments. However, these complex ordered Bessel
functions can be calculated with newly developed routines in SPlaC codes in Ref.
[64]. We then derived the thin anisotropic shell approximation to the first approxi-
mation, as done early and the results were published in Ref. [48]. Our TASA model
obtained simple approximation for the Mie scattering coefficients, which no longer
require the computations of complex ordered Bessel functions. The approximation
is valid in the limit of thin shells (with thickness Iy = b — a < a). With adequate
comparisons (not shown here), we are able to conclude that the results from the
full anisotropic Mie theory and TASA agreed very well for the shell thickness of the

order of 1 nm or less with the core radius of 30 nm, (i.e. 1:30 shell to radius ratio).
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Figure 3.4: The differential absorption cross-sections for the 3 different orientations
*, 1, and || predicted by anisotropic Mie theory (within TASA) showing dye-coverage

dependence.
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In this chapter, we used the dielectric functions from the effective medium shell
model for random orientation case and used the microscopic model as a guide to gen-
eralise that to the other two cases (L and ||), in the dilute regime. The choice of these
dielectric functions for the shell worked surprisingly well for the low dye-coverage
concentration p. The field enhancement depends strongly on the orientation of the
molecules. The results can be shown (even at a very low dye concentration) that
the enhancement for the L orientation is much higher than the || orientation case
(M* ~ 25 times stronger than M). This is useful evidence to show that the orienta-
tion effect of the molecules adsorbed onto metallic surfaces is significantly important
and, therefore, must be taken into account for those molecules that have a preferred

adsorbed orientation, for examples, J and H-aggregates [31, 66, 67, 68].

The results of the coverage-dependence are shown in Fig. 3.4, which depend on
the dye orientation: a blue-shift for %, more pronounced blue-shift for 1, and no
shift for ||, even at higher concentration. For the radial orientation L, the shifts
ate similar to those from the dye-dye interactions and are expected at high concen-
tration, as evidenced in Ref. [35]. Surprisingly, the red-shift that is expected for
the || orientation case was not observed. This is due to the fact that the dilute
effective medium shell model does not include the local field corrections (dye-dye
interactions), which are important at high concentration. So, the extension to this
will be to incorporate the local field effect relating to the CM relation correction

into the anisotropic Mie model for the shell, which will be carried out in Chapter 4.

The anisotropic effective shell model shows evidence for the shift in the plasmon
resonances of the silver sphere (especially at the quadrupolar resonance), which is
not captured by the microscopic model. The shifts in the plasmon resonances are
expected and have been investigated in Ref [25], but how dye-orientation may affect
these shifts has not been discussed. Therefore, in chapter 6, we will investigate in
further details how the dye-orientation and their locations of the adsorption onto

the surface of the sphere may affect the shifts in the plasmon resonance.
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4. Refined Model for Effective Dielectric Func-

tions in Anisotropic Media

In the previous chapter, we have derived the scattering coefficients, as well as the
internal coefficients, of the light scattering problem by an isotropic core/anisotropic
shell system. The dielectric tensor used for the anisotropic shell was derived from
the microscopic approach of a single dye-molecules which works fairly good in the
dilute cases. However, these dielectric functions did not account for the local field
corrections due to the dye-dye interactions, which are important at high concentra-
tion of the dye molecules. The other important part of determining the dielectric
functions for the anisotropic shell, which is usually ignored, is the image dipole effect
[45, 46]. The image dipole or self-reflected fields will only become dominant when
the separation distance between the surface of the nanoparticle and the molecule
position is small, otherwise, this effect can be safely neglected. The main goal of this
chapter is, therefore, to obtain the relative dielectric functions for the anisotropic
shell, e, and &, where the dye-dye interactions and the image-dipole effect are cor-
rectly taken into account to reproduce compatible results from those of the GCDM.
To do so, we will combine and extend several concepts that have been developed

previously in isolation into a refined effective medium model.

Dignam and Moskovits [44] had derived the generalisation of the effective dielec-
tric functions to a 2D anisotropic medium in the context of a 2D planar array of
dipoles and this work was further developed to include the image-dipole effects by
Bagchi et al. [45]. These previous works have derived the effective dielectric func-
tions, which include the dye-dye interactions and the image-dipole effects. However,
they were carried out for dipoles/molecules in vacuum. Therefore, the generalisa-
tion of the 2D anisotropic effective dielectric functions for molecules in an embedding
medium with permittivity e, is needed to make our theoretical predictions relevant
to many experimental implementations in water or other solvents. In this chap-

ter, we will go through the derivations of the effective dielectric functions for a 2D
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anisotropic medium, implement the results of these dielectric functions into appro-
priate theory i.e. anisotropic Mie (anisotropic Fresnel equations), then compare
against GCDM (an improved microscopic model for a 2D layer of dye molecules) to
check their validity.

4.1 The Dielectric Function(DF) for Molecular Monolayer

Among all the related previous studies, most of them have constructed ¢ for the dye
layer empirically based on accounting the molecular resonance(s) using one (or more)
Lorentz oscillator(s). This method, however, cannot relate the dielectric function of
the dye layer () to its surface coverage (p). Therefore, in the following sections, we
are going through a more rigorous approach to express the dielectric functions ¢ in
terms of the microscopic properties, i.e. the polarisability (a), surface concentration
(p). We will go through several approaches and discuss which one is most suited for

our model of interest.

4.1.1 Isotropic DF for 3D bulk

For now, we will consider the isotropic case where randomly oriented molecules are
distributed uniformly and embedded in a medium with permittivity . In doing

so, we shall start with the standard Clausius Mossotti relation.

A. Standard Clausius-Mossotti

As briefly mentioned in the previous chapter (section. 2.2.2), if we consider a 3D
collection of water molecules with polarisability «,, to be in an external field Eg,

then the dipole moment of i-th molecule is:

Pi = 0

Epy + Z Edip(Pj, Ti — I'j)] ; 4.1)
J#
where Eg;,(pj, r; —1;) is the electric field at the dipole position due to another dipole

p; located at rj. It is given as:

- T 3(p-r)r—
Edip(pvr) =-V (p—) (p ) P

_ 2P O 7P 42
4mrepr? dregrd (4.2)

1/2

where T; = (x;,9;), 1; = (2? +y?)Y?, and t; = r;/r;. The second term of Eq. 4.1 can

then be expressed in terms of the volumic concentration of the dipoles ¢, and the
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lattice sum &, (which can be found as &, = 47/3 for a 3D cubic lattice). Equation
4.1 can then be re-expressed as (averaging over all the dipoles):
O

T 1= cmam/(30)

From the macroscopic definition, the dipole moment per unit volume (polarization)

Epxt. 4.3)

Pi

is defined as:

300
P = cupi = —22" B, (4.4)
1—a,
where,
— Cmam
Oy = .
360

If Egy is identified with the macroscopic field, then we can make use of the macro-
scopic definition of the electric displacement P = gy(ey, — 1)Egy¢, which leads to the
CM relation as:

30, 14 2ay,
1—am 1—am

Em = 1+ 4.5)

This is exactly the same expression shown in Eq. 3.72.

B. Dye-molecules in water (3D) - microscopic approach

Now we add dye molecules and find the effective dielectric function e.¢ of the dye-
water combination. The procedure of this approach is the same as above with the
additional contributions of dye-molecules (or dye dipoles). In doing so, we get:
14 200, + 20y
1—am—ag
3L2 ag
1— Lyog

For the low dye concentration limit (small p), this will reduce to the same expression

Eeff =

=&m+ (4.6)

as presented in Eq. 3.74, which is:

2 —
Eoff X Em + 3L 0.

C. Dye-molecules in water (3D) - continuum approach

This is a hybrid approach where we treat the dye molecules as discrete point dipoles
embedded in a continuous dielectric medium with e,,. The external field is a macro-

scopic field. Hence we can write the dipole moment of the dye molecule as:

Pd = Qd€loc = g LmEioc 4.7)

= adLm EExt + Lm Cdfd . (48)

4megem
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The L,, factor inside the bracket is justified by reciprocity. One can also consider
the fact that the spontaneous emission rate for an emitter in a medium scales as L2,
so another L, factor is needed to ensure this is satisfied. Also if the dye molecules

arranged in a 3D cubic lattice, then & = &, = 47 /3. Therefore, we have:

adLm

= ———————Ep«. 4.9
1_ddL12n/Em Bt ( )

Pd

We now may write the macroscopic polarisation as:

P = co(eet — 1)Ep (4.10)
=Py + Py, = Lycapa +€o(em — 1)Epx (4.11)
3agL?
hence, Eoff = % (4.12)

Em T 75 -
+ 1— O{dL?n/eEm

In the dilute case, this will be simplified to the same expression as Eq. 3.74.

D. Microscopic Approach versus Continuum Approach

Although the effective dielectric function converges to the same expression for both
models at low concentration of dye molecules, there are still some discrepancies in
ot (as shown in Egs. 4.6 and 4.12) between the two models at high concentration
of dye molecules. These two models should work in different situations as we have
treated the water molecules differently. In the microscopic approach, it should work
well if the number of dye molecules is comparable to those of water (i.e. ¢q ~ ¢). If
there are many more water molecules than dye-molecules (i.e. ¢q < ¢y,) then all the
water molecules should be treated as a continuous medium with dielectric function

€m, as done in the continuum approach.

This isotropic effective medium model (EMM) has been used in many previous
studies [69, 34], but it fails to account for the effect of molecules’ orientations on
their optical response, their mutual interactions, and the image dipole effect. The
adsorption orientation of the molecules adsorbed on metallic nanoparticles can sig-
nificantly affect the optical response of the system, as evidenced in the context of
surface selection rules in SERS, [27, 61, 59, 60]. The image dipole effects cannot be
neglected when molecules are close to a metal surface [37]. These shortcomings can
be overcome by applying the concepts of previous studies of adsorbed monolayers
on flat surfaces in the context of ellipsometry [44, 70, 71] or differential reflectance

spectroscopy [45, 46].
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Figure 4.1: The two orientations of uni-axial dye molecules of our interests: (A) isotropi-
cally in-plane (smarties like dipoles ||) and (B) perpendicular (or radially oriented dipoles,

). In both cases, we consider the dyes to be arranged in square lattice.

4.1.2 Anisotropic DF for 2D Planar Array of Dipoles in Vacuum

In the first half of this section, we will follow previous work [44] to determine the
dielectric functions for the anisotropic shell in our problem, by modelling the dye
molecules as an infinite planar array of dipoles in two-dimensional space (microscopic
model), as depicted in Fig. 4.1, to capture the dye-dye interactions for different ori-

entations of the dye molecules.

To do so, we will consider a 2-D infinite planar array of dipoles (in vacuum)
arranged in a square lattice (all with the same polarisability ay and positioned in
the zy-plane). For a given external incident field Eg,, the local field at the dye
position, Ej,. can be computed analytically and it induces an oscillating dipole
moment p = ayEj.. Taking into account dipole-dipole interactions, the dipole

moment p for a dipole located at the origin 0 is given by:

p(0) = a4 |Epw + > Eap(p,1a) | - (4.13)

r,#0

We here consider two different cases in the dye-molecules orientation, as depicted
in Fig. 4.1, which is relevant to experiments. These happen when the molecular
axes are tangential to the surface (i.e., the in-plane excitation, figure. 4.1A, for
smarties-like dipoles) and perpendicular to the surface (i.e., out-of-plane excitation,
figure. 4.1B).
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A. Dipoles pointing in x- or y- direction

If all of the dipoles are pointing in the x-direction, then the total y-component of
Eqi, will be cancelled out exactly (as they are arranged accordingly to the square
lattice in the zy-plane), and there will be no z-component either. The dipole moment

in the x-direction is:

Pz =« EExt x_'_ Z $2+yn 5/2
rn#0
o
= ——Bpxt, 2- (4.14)

223 —yz
= ey 2rat0 2102
We then can make use of the macroscopic definition of the electric displacement
P, = capz = €0(€22 — 1)EMacro, » With the boundary condition, at which the tangen-
tial component of the electric field is continuous across a boundary, i.e. Epy, » =
EMacro, »- This leads to:

CdOz/€0

€gx = 1+ (4.15)

_a 223~z
© Ameg £ern#0 (o +y3)5/2
Similarly, if all dipoles point in y-direction, then the X-component of Egi, will be

cancelled exactly and the above derivations can be reproduced to get:

caa/eg
_ o _2yp—ap
dmeg £=rnF0 (23 +y2)>/2

ey = 1+ (4.16)

As the dipoles are arranged in a square lattice, the lattice sum in the Eqs. 4.15 and
4.16 can be calculated as (in Ref. [71]):

Sl oy M Y
(0 + 9207 T 2 @ )R 2 e ()

r, 70 r, #0 rp,#0
= %28 /2 =~ p*? [4((3) — 327 Ko (27)] . (4.17)
Therefore, Egs. 4.15 and 4.16 can be rewritten as:
CdO.//Z-fo
€gx = Eyy = 1+ )
W T T 2

where o = ;. If the dye molecules are smarties-like dipoles (see Fig. 4.1 A),

CdOé/€0

I p3/2€0/2’ where a = auni/2- (418)
4meg

&Ey:l—i—l
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B. Dipoles pointing in z-direction

In this case, X and y components of Eg;, will be zero and the dipole moment will

be in the form of:

1 -1
z = E X z - Pz 5 . _oNa/o
P = & |Epx, +47T80p r; (22 + y2)3/2
o
= T o = EExt7 z- (419)
1 + dmeg p3/2§0

With the boundary condition of the continuity of the electric displacement Egy;, , =

5zzEMacro, z and P, = CdaPz = 50(622 - :[)El\/lacro7 2, WE have:

1 caa/gg
e =
€2z + 47r50p 50
. 1 caa/gg
ie, B (4.20)
€2z 1+ T p3/2&,
with O = ;.

4.1.3 Anisotropic DF for 2D Planar Array of Dipoles in a Medium

Before trying to implement these expressions into anisotropic Mie theory, we first
want to generalise them to a much more experimentally relevant case for ¢, > 1,
i.e. molecules embedded in water e, = 1.332, for example. Despite its importance,
the generalisation of these expressions could not be found in the literature, and it
is not straightforward to obtain them. As previously done in the above section,
in a medium, we can account for the local field effects (of the medium molecules
onto the adsorbates) by either considering a fully microscopic approach or a mixed
microscopic/continuum approach. However, in our theoretical investigation of the
problem, the mixed microscopic/continuum approach will be more appropriate, as
there are more water molecules than the dye molecules. Next, we will go through
the steps of how to obtain the expressions for €,, and €., when the dipoles are

embedded in a medium.

A. Dipoles isotropically in-plane (smarties-like) continuum approach

For this approach, as done earlier, we treat the dye molecules as discrete point

dipoles embedded in a continuous dielectric medium with permittivity e,. If we
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follow Eqs. 4.7 and 4.8, then Eq. 4.13 become:

p<0) = 04€loc = QdLmEloc

= gl

Bt + L Y Bay(p, rn)] : 4.21)

r,#0

For dipoles p embedded in a medium with e,,, Eg;, is given as:

(4.22)

- T 3(p-1)r—
SRR L T

4dmegemr? dregemr®
Therefore, for the case where all dipoles are isotropically in-plane oriented, then the

dipole moment will become:

aly, B
o L 53/9¢ /2

B dmeg em

Pay = Ext, zy (423)

By applying the boundary condition Egx, 2y = Ewmacro, 2y @nd the macroscopic po-

larisation P;ty = 60(5:vy - 1)EMaCro, Ty — Pd,a;y + Pm,a:y = medp:cy +50(5m - 1)EExt, Y

then €., can be found as:

L?nCdOé/&]
1 o L& 3/250/2’

4mey Em

(4.24)

Ezy = Em

with o = aun/2.

B. Dipoles pointing in z direction continuum approach

If all dipoles point in the z-direction, then the dipole moment will become:

aly,
14 o L 3/2¢,

dmeg em

Pz = Epx, =- (4.25)

In this case, the boundary condition will be: e,Egx » = €..Emacro, », and the
macroscopic polarisation P, = eo(e.. — 1)Emacro, » = Pa, » + P, » = Lmcap. +
£0(ém — 1)Egxt, »- These will lead to:

1 1 (L2 /812n)0d04/80

o B (4.26)

L2 P 9
€2z €m 1+ ﬁ gr’r‘: p3/2§0

with O = Oypj.

It is noteworthy that at the limit of low dye concentration, Eqs. 4.24 and 4.26 will

reduce to the same expression as in Eq. 3.74.
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(A) 2D planar slab with thickness [,

I

TE (B) Sketch of light reflects and transmits
through a layer of thickness [
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Figure 4.2: Sketch showing in (A) a 2D planar slab of thickness /,, and (B) schematic of
how light incident on a surface with incident angle of #; [with 2 different polarisations
p-polarised light (TM) or s-polarised light (TE)] reflect of that surface and transmit through
its thickness /.
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4.2 Anisotropic Fresnel Equations

Before implementing these effective dielectric functions from the 2D planar array of
dipoles into the anisotropic Mie theory, it would be more appropriate to make use
of them to predict the optical properties of an anisotropic slab (2D-plane) with a
thickness [,, as shown in Fig. 4.2, then compare that to the results from the micro-
scopic predictions. To do so, we use Fresnel equations for the anisotropic layer to

calculate the absorption coefficients.

The Maxwell equations take the same form as defined in Eq. 3.1. We here
consider the dielectric tensor to have its components €, and &y, which correspond to

the normal and tangential to the surface of the plane, i.e.
(g,B)e = &y, (g,B)y = &y, (g,B): = euE..

In isotropic media, the dispersion relation k - k = w?ue always holds. However, it
does not work when the dielectric function is direction-dependent, i.e. in anisotropic

media.

4.2.1 Wave-Vector k in Anisotropic Media

We here consider a plane wave (with wave-vector k in zz-plane) incidents on an
anisotropic slab with thickness [, as shown in Fig. 4.2, with two different polarisa-
tions of light: p-polarised (Transverse Magnetic, TM) and s-polarised (Transverse
Electric, TE) lights.

For p-polarised light (TM)

This is the case where the incident electric field is in the plane of incidence (zz-
plane), and hence the magnetic field is in the y-direction. So, in the region R2

(anisotropic medium), the magnetic field can be expressed as:
B = [Bype' "2 — Bypoe' etk . (4.27)

By taking the curl of B, the electric field can then be obtained as:
' ' B B
L VxB=— [_a y;@+ayz]
WHE, WHE, 0z ox
k.

— (BOTei(kwx—i—kzz) + BORzei(kwx—kzz)) 7
WE}

ks

WHER,

E =

(Bope' ke the2) — Bopoelther=h=2)) 2, (4.28)
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If we take the curl of E, it will lead to:

1 1 OE, OE,
B= ~VxE=_— |- j
i w [ Ox * Ox } Y
1 K2 k? , (oo .
_ w2,u <8_:Jc + g_z) [BOTez(kzx—Hvzz) . BORzez(kzx kzz)} g. (429)
n t

By matching the coefficients of Eq. 4.27 and Eq. 4.29, we get:

(kIM)? = (e1/e0)kg — (e1/En)k2, (4.30)
where ko = wy/igg = 27 /X and k, = ko\/emsind;. If ¢, = €., then the dispersion
relation is modified.

For s-polarised light (TE)

Similarly, for s-polarised light, the incident magnetic field is now in the plane of
incidence (xz-plane), and therefore the electric field is in the y-direction. So, in the

region R2 (anisotropic medium), the electric field can be expressed as:
E = [Eqre’+7t#2) 4 Eopae’fem—h2)] g, (4.31)
If we proceed the same steps as done in the p-polarised light, it will lead to:
(k25)* = (e1/20)k — K. (4.32)

From Eqgs. 4.30 and 4.32, the wave-vector (k) is shown to have different relations
for the two different polarised lights for anisotropic media. This would lead to
differences in the optical spectrum, for example, the absorption spectrum for the

two polarisations of light.

4.2.2 Electric and Magnetic Fields

In this section, we define the fields in each region (R1, R2, and R3, refer to Fig. 4.2),
for p-polarised and s-polarised lights.

For p-polarised light (TM)

BE/I _ [Bg‘IMeik;[(sinﬁfx-i-cosGIz) . BOTPI;/Ieik[(SiHGII—COSQIZ)] @ (433)
i(kpz+kTMz i(hpz—kTM)] o

BEY! = [BReher e _ gl i) g, (4.34)

Bﬁl{;/[ — Bg‘Tl\‘/éeikI(siHGIx—i-cosG[z)g‘ (435)

53



The corresponding electric fields for each region can be found by taking the curl of

their respective magnetic fields, as:

)
ER) s = W—emv x BRY s EL) = Wépv x BEM. (4.36)
For s-polarised light (TE)
EEIIE _ [Eg‘IEeikI(sinelcs—l—cosé)Iz) + EOTP]geikI(siHGIz—COSGIz)} g (437)
E% _ [EOTT@ pilkaatkIP2) 4 Egrl% ei(kzxfk;sz):| 7. (4.38)
EE? EOTQszI(sin Orx+cos Glz)@' (439)

The corresponding magnetic fields for each region can be found by taking the curl

of their respective electric fields, as:

—1
Brl, re, s = <V X Bri Ro, ra: (4.40)

4.2.3 Absorption Coefficients and Boundary Conditions

Reflection, Transmission, and Absorption coefficients

The reflection and transmission coefficients can be found as in the Fresnel equations,

which are given as:

ETE |2 BIM |2 ETE |2 BIM |2
R=|[Fol |l - - p e
Eor Bor Eor Bor
The absorption coefficient can then be calculated as:
A=1—(R+T). (4.42)

Boundary Conditions for p-polarised light

At the interfaces z = 0 and z = [,, the continuity of the fields are the boundary

conditions (note that z = 0), which are

At z=1,, 2 =10
(emER3): = (6,ERr2)-, (&,ER> )= = (emER)):,
(Bgy)e = (ETM) (ETM) = (ER)a
(Brs )y = (Bra )y, (Bra' )y = (BRy')y- (4.43)
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So, from the boundary condition at z = [, we get:

k[ sin (9[ ; k ;1. TM ;1. TM
RBIM ik costd _ Mz <BOT%/1€U¢Z d _ RTM ,—ik] d)

T2 2
Y 0 ol OR!
. ™
krsinfr ikycosOd __ k; T™ ikTM{ T™ —ikTM{g
Borae = —— (Bgore™ “+ Bgrae *
WHER WUEY
TM _ikrcosfd __ pTM _ikIMd ™ _—ikI™Md
Borae =DBgre — Borat .

From these equations, the following can be deduced:

BIM _ (ka/kI™M) — (m /1) tan by 2ikTMd
OR2 ™ (ky JKIM) + (61 /e¢) tan 6y
BIM (261 /eq) tan 0y

0T2 = (3 TETM) 1 (2, /,) tan 0y

T™ _ _TMpTM
Byt = a "Bgr .

(kM —k; cos 07)dpTM __ g TMRTM
' Bor = 0" " Bor

And the boundary condition at z = 0 gives:

krsinfr oy ™ kv oM ™
By — B = — (B — B
iy (Bo; R ) o ( 0T OR2)
krsinfr oy ™ kM ™ ™
B B == B B
e (Bor™ + Bor') o, ( or t 0R2)

Byi' — Bor' = Bor' — Bopo.
These equations with Eqs. 4.47 and 4.48 will give:

BI  (ew/e) tan 0y — [ke(1 = a™))/ET(1 +a™)
BiM  (em/er) tan by + [k (1 — o™)]/[KTM(1 + o™)]
BIM 2k /(KTM(1+ a™)

0T2 _ gTM
B! (em/et) tan by + [k (1 — ™) /[kTM(1 + o™)]

Boundary Conditions for s-polarised light

At z=1,, z2=0
(Bgs): = (Bgy)-, (Bis)- = (Bgr)-,
(Brs)s = (Biy ). (Brz)s = (Bii)s,
(Egs)y = (Bgy)y, (Erz)y = (Bg)y-

(4.44)

(4.45)

(4.46)

(4.47)

(4.48)

(4.49)

(4.50)

4.51)

(4.52)

(4.53)

(4.54)
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With these boundary conditions, one can derive the following:

EXE  ko(1+a™) — kT2(1 — ™) tan 6,

_ 4.55
EIF ~ ka(1+ aT®) + kTE(1 - aT®) tanf) -
ETE 2k,
(?I"I‘E? _ /BTE s (4.56)
EF 7 BT+ ™) 4 KR — o™ tand;
where
e _ k2P tanlr — ko sy (4.57)
k’ZTE tan 9[ + kx .
gre 2k tan 6; i (KTP—ky cosfr)d. (4.58)

" kTEtand; + k,

With these anisotropic Fresnel equations, we can use them as the effective
medium model solutions for anisotropic planar layer (with effective dielectric func-
tions) and compare that to analytic solutions from microscopic model (in the next

section).

4.3 An Improved Microscopic Model with Radiative Cor-

rection Term

4.3.1 In Vacuum

The calculation of the reflectance and transmittance of an infinite square lattice (in-
cluding the retarded dipole-dipole interaction between all particles) has been studied
by Vlieger [72]. The author has derived analytic expressions for a 2D planar layer
of isotropic polarisable dipole in vacuum. A similar derivation can be carried out
for the two types of anisotropic polarisable dipoles related to our work. The dipoles
are arranged in a square array with density p (no. dipoles/unit area). The dipoles
are in zy plane and we consider incident p-polarised light at an angle #; from the
normal (z axis). For the either uni-axial with random orientation or isotropic in-
plane polarisabilities o = ag(i ® & +y ® y) dipole, a derivation similar to Ref. [72]
results in the following absorption coefficient (absorption cross-section per unit area)
in vacuum as:

Al hop 3(ay) _ cos 0y, (4.59)

11— o (3026, /2 + 2imop cos 6]

4meg

where ko = 27/, and the second term in the bracket [| in the denominator is akin

to the retardation correction to the dipole-dipole interactions a radiative correction
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term [73]. For perpendicular dipoles, i.e o = a32 ® 2, we simply get:

T S(ag) sin“0r (4.60)
0 |1 af 32 Vim e S22 01 cos 07
+ 4Ameg 50 — 2lTRoP 50, cosfr
For fully isotropic dipoles with a = a4, we then have A .= Al + AL which is

equivalent to Eq. 68 in Ref. [72].

4.3.2 In Medium

We are now going to revisit the microscopic model of an anisotropic layer of molecules
embedded in a medium, as done in section (2.4.1). However, this will be done in
2D (Cartesian coordinates) instead of 3D spherical coordinates. We here consider
the same scenario as defined in Ref. [72], where the p-polarised light (k) is coming
at an angle 0; with respect to the normal, z-axis, i.e. Ep,. = Ep,c(cosf;, 0, sinfy).

Then the incident power on surface A, is given by:
Plnc = A \/5m|EInc| COS ‘9[ ApSInc- (461)
If all dipoles are in-plane isotroplc, || (or perpendicular to the plane, 1), then:

I
I I %L

Pstatic = adELOC, x = H Ene cos 9[, (462)
1 - 471'50 Em 3/2&]/2
1 1 L )
Ditatic = 0 ELoc, » = (—Emesin ). (4.63)
1 t Tneg 47r£0 a 3/25

The absorption cross-section for N molecules can then be expressed as::
— PAbS — @L_?n %[p ) Eioc]
€0 €m |Eme|?cost;

k? L2 Cx ||
Al e =L md) S cos b (4.64)
€0 €m H
1 - 471'50 m 3/2&)/2‘
kp L?, S(ag sin? 6
Afatic = 5—’08— ( d) — 9; (4.65)
0 ©Sm
1 t Tres 47r50 em 3/25 ‘

where k = 2m,/e;,/A. Taking these corrections into account and running through

the derivations, as done in Ref. [72] again, Eqs. 4.59 and 4.60 can be generalised as:

k LQ (Al
Al = %P Zm S(aa) 5 cos 0y, (4.66)
€0 €m ol L2 3/2 ;
1 — 22 [p3/280 /2 + 2imkp cos 0]
kp L? S(az in? 0
AL — FPom — S(eg) 2SH1 91. (4.67)
IS 61’11 o Lm sin” @ COS
0 S |1 o [ g, — 2imk it ] 1
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4.3.3 Anisotropic EMM planar vs MM predictions

To seek for the comparison between the two models (anisotropic 2D-EMM and the
improved MM), we here consider the special case of 45° incident with p-polarised
light, as this will excite both perpendicular and parallel excitations (other different
incident-angles would result in the same conclusions). For isotropically in-plane case,

we have:

5,‘} = Eqy 5ﬂ =&y d = Qyni/2, (4.68)

and for perpendicular case, we have:

sﬁ =€n si =€, ag = Olyni- (4.69)
As presented in Fig. 4.3, the results from both calculations are in perfect agreement.
Although we have not shown here the results for molecules with a fully isotropic re-
sponse (or randomly pointed as in Fig. 3.2 a.), it is worth noting that the anisotropic
EMM is more suited than normal isotropic Fresnel equations. This is due to the fact
that the interfaces break the symmetry of the molecular response and an anisotropic

dielectric tensor is therefore still required, given as:

Iso Iso
€:° = €gy Ex° =€, ad = uni/3.

The conclusion that we want to draw from this is that the anisotropic EMM planar
works extremely well with our derived anisotropic dielectric function. This is shown
via Fig. 4.3.

4.4 Implementing Anisotropic DF into Anisotropic Mie

Theory

To apply the derived anisotropic DF Eqgs. 4.24 and 4.26 into Mie theory for the
anisotropic shell (the dielectric tensor for the shell), we consider wrapping the 2D
planar sheet around a sphere, as depicted in Fig. 4.4. As long as only the local fields
are captured (in other words, when the radius of the inside medium is large enough),
so there will be no effect from antipodal points, then wrapping a 2D planar array
of dipoles around the metallic nano-sphere will work. For both cases of interest, we

define the components of the dielectric tensor as in Eqs. 4.68 and 4.69.
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Figure 4.3: Comparison between anisotropic EMM planar predictions for an infinite planar
array (with thickness [, = 1 nm) of in-plane isotropic (A), or perpendicular (B) dipoles in
water and the analytic solutions from the improved microscopic model given in eqs. 4.66
and 4.67 (dashed lines).
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Figure 4.4: Schematic of implementations of the 2D planar array of dipoles onto a silver
sphere to get the 2 cases where the molecules adsorbed onto the sphere with normal or

radial, | (tangential or isotropically in-plane, ||) to the sphere’s surface.

4.4.1 Comparison to GCDM

By implementing these into anisotropic Mie theory, the coverage dependent predic-
tions of the absorption cross-section for the system can now be compared to the
results of GCDM and this is illustrated in Fig. 4.5. The results of the GCDM
predict different shifts for different dye-orientation. As the dye-coverage increases,
GCDM predicts blue (red) shifts for radially (isotropically in-plane) oriented dipoles.
The results from anisotropic Mie theory with the effective dielectric functions also
predict the same shifts. Although the shift in the dye resonance does not depend
on the thickness [,, the intensities at the dye-resonance decrease as a function of
ls. Especially for the isotropically in-plane dipoles, we notice that the intensities of
the differential absorption cross-sections more dramatically depending on the thick-
ness of the shell compared to the radial orientation case. The results show that
by increasing the thickness of the shell (/5) from 1 nm to 1.9 nm, the differential
absorption cross-section decreases by ~ 13% for the radial orientation and ~ 31.5%
for the isotropically in-plane case. To be able to explain this, we will consider how

the electric-field intensity varies as distance r away from the surface.

4.4.2 M), as a Function of Distance Away from the Sphere

For the consideration of how My, varies as a function of distance away from the
sphere, we can begin by assuming a sphere of radius a as a point dipole. When it

is excited by an incident electric field Eq it will induce an oscillating dipole with a
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Figure 4.5: The effect of dye-concentration on the optical differential absorption cross-
section using Mie theory (solid line) with shell-thickness dependent (A & B) [ = 1 nm,
(C& D)Il; = 1.5 nm, and (E & F) [y = 1.9nm for isotropically in-plane (and radial
orientation) dipoles on the left column (on the right column), where the distance of the
dye-molecules from the surface of the silver sphere is d = 1 nm and the sphere radius
a = 14 nm embedded in water £, = 1.332. The results from GCDM are shown as dash
lines and the differential cross-section for the isotropically in-plane dipoles were multiplied
by 25.
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dipole moment of:

3
Psphere = CVsphere]j—‘llnc = 47T€Oa ﬂsphereEInm (470)

where agphere is the polarisability of the sphere, @ is the sphere’s radius, Bsphere =
(€sphere — 1)/ (Esphere + 1), and egphere 18 the dielectric function of the sphere. At a point
Q, distance r away from the surface of that sphere, the electric field at that point
E,: q is the sum of the incident field and the field created by that electric dipole
p, i.e. Ey @ = Ep + Epe. If we set the incident electric field along the z-direction
En. = Eg €, then

_ 3 5
Psphere = 471'80(1 BsphereEO €z

= 47r50a3ﬁsphereE0(cos 0 é, —sind éy). 4.71)

Therefore,

2 S ere 2 S ere 2
E. g = (M + 1) Eocosf é, + (BL‘; - 1) Fosin® & (4.72)

(r+a)? (r+a
(B Q| ) 1]2Bphere@® 2
Mt a = | = 4.73
at Q — |EInc|2 3 (7’ + CL)3 + ( )
(EL oI*) 2| Biphercd® ?
Ml =t Q 1 2 Psphere 4.74
at Qo ‘Elnc|2 3 (7" + a)3 ( )

For r < a, we can do Binomial expansion for (1 4 r/a)™® and Eqs. 4.73 and 4.74

become:
1 3r 1 6Bsphere” |
M+ 14 2Bmere | 1= = )| ~ =114+ 28.nere|* |1 — Sphere 4.75
o Q 3 ‘ + ﬂ ph ( a ) 3| + 6 Ph | a(]- + 263phere) ( )
2 3r\[> 2 3Bphere”
! B (1= 2] = 211 _ OFsphere? 4.76
o Q 3 ‘ B oh ( a ) 3| * (l(]_ - Bsphere) ( )

At XA = 526 nm, Byphere = 1.381 4+ 90.0208 (using egjier = epsAg(A) in SPlaC).
When Sspnere — 1, the factor (1 — Bsphere) in M, ”t q tends to converge to zero. Al-
though this is a dipole approximation, it still can be used to explain the fact that the
value of Mi't q decays much faster than ML i q as a function of distance away from
the surface d, which is presented in Fig. 4.6. This explains the more pronounced I

dependence for the isotropically in-plane molecules, as evidenced in Fig. 4.5.
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Figure 4.6: Surface-averaged field intensity enhancement M. (perpendicular on the left
axis and parallel on the right axis) at distance d away from the surface of silver sphere of

radius a = 14 nm at wavelength A = 526 nm.
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Figure 4.7: The effect of dye-concentration on the optical differential absorption cross-
section using Mie theory with two-layer (solid line) with shell-thickness dependent (A &
B) [; = 0.03 nm and (C & D) [, = 1 nm for isotropically in-plane (and radial orientation)
dipoles on the left column (on the right column), where the distance of the dye-molecules
from the surface of the silver sphere is d = 1 nm and the sphere radius a = 14 nm
embedded in water £, = 1.332. The results from GCDM are shown as dash lines and the

differential cross-section for the isotropically in-plane dipoles were multiplied by 40.
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4.4.3 Two-Layer System

To overcome this [, dependency, a two-layer system is introduced (shown in the inset
of Fig. 4.7 A and the TASA solutions presented in Appendix D), where the silver core
and the anisotropic shell are separated by a water or air layer (with ,,) of thickness
d — /2. This two-layer system adds another level of complexity to the single-layer
solution, the more descriptive results can be found in our recent publication Ref. [74].
With this two-layer system, one can then define the distance from the dye molecules
to the surface of the nanoparticle more appropriately compared to the geometry
defined in GCDM. One can also choose the thickness [; to be very small and use
the thin-anisotropic shell approximation to solve the problem as done for a single-
layer, which leads to the simplifications of the Bessel functions of complex orders.
By using this two-layer system, the results show that by varying the thickness of
the shell [ (as shown in Fig. 4.7 from [, = 0.03 nm to [y = 1 nm), the absorption
cross-sections for both cases do not change as much compared to a single layer
system. Furthermore, from Fig. 4.7, we can also conclude that the results from
EMM predictions are in great agreement with GCDM for the smaller value of [, i.e.
thin shell. The discrepancies in the isotropically in-plane case at higher coverage

are due to small curvature effects, which should not be a problem for larger spheres.

4.5 Self-Reflected Field or Image-Dipole Effects

In all of the above cases, the distance d from the dipole position to the metal surface
was set to be 1 nm in the GCDM calculations, so that the effect of the image dipoles
are negligible. However, we cannot ignore this effect when the dye molecules are
adsorbed very close to the surface of the metallic nanoparticle. When a polarisable
dipole is located close to a dielectric or metallic surface/object, the electromagnetic
field reflected (or scattered) by the object can affect its optical properties [27, 73].
For this self-reflected field or image-dipole effect to be properly accounted, we can
start from the classical image theory of electromagnetism. In the first approximation
for sufficiently small distance d, the surface may be considered to be planar and the
retardation effects may be safely neglected, which results in a simple electrostatic
problem. For a dipole p in a medium located at r, = (x,,y,,d) above a metal

surface with dielectric function g;, will induce an image dipole:

Pr = Bm(_pxa _py7 pz)> (477)

located r; = (2, yn, —d), where Sy, = (€in — €m)/(€in + €m). This image-dipole p;

will then induce an electric field Egi, ; which then contribute to the local field Ej,.
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at the dipole position.

4.5.1 View from Microscopic Model: Effective Polarisability with
Image-Dipole Effect

For simplicity, we shall first look at the effect from the image of a single polarisable
dipole on a metal sphere. We will here begin with the microscopic model as done
in the previous chapter (section 3.3.1). We only consider the dilute case here, i.e. a
low concentration of dye only. Without accounting for the image-dipole effect, the
absorption cross-section for a single dipole on a sphere is given by Eq. 3.62. To
account for the image dipole effect, we will need to re-calculate the new local field
Ejoc,; ( the correction to Ej,. with the contribution from p;), or define an effective

polarisability (aeg) which includes the effect of image dipole.

~

P =y, [Lm<E10c + LmEdip, I) : éd]ed

= Oleff [LmEloc : éd}éd'

For the two different dipole orientations, the effective polarisability can be found as:

a,,/2
a!ﬁ = Bmoz: L2, (478)
" 4meo(2d)3 2em
ak = R (4.79)

1_ 2Bmzz L?n
4me(2d)3 em

Hence, by taking into account the image-dipole effect, Eq. 2.43 will become:

2m 2 |éd : ]E)loc7 I|2 %(azz)

abs, I — s 4.80
Tabs, I Won e = (4.80)
2 cq - E oc 23 2z e ?
OF  Oabs, [ = T fn’ed 12 " Slaz) Geft (4.81)
)\\/a ‘E0| €0 Az

And as for the dielectric functions, if we were to replace a (in Eqgs. 4.24 and 4.26)

with the effective polarisabilities defined in Eqs. 4.78 and 4.79 (for low p), we get:

L2 cqa. /(2

Eay = Em mcjf : égn 5;) , (4.82)
T 4meo 2 em (2d)3

1 1 Ly /em)?caa,,

1 _ 1 (Lw/ew)cacs/e0 (4.83)

12, 283
I I _ Ozy tm m
z m 1 dmeg em (2d)3

This indicates that, at a very low dye-concentration, the main contribution to the

local field correction is from the image-dipole effect only.
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4.5.2 Anisotropic EMM with Image-Dipole Effect

At high concentration, Eqs. 4.82 and 4.83 will no longer work since those have not
accounted for the effect of the image of the other dipoles into the local field cor-
rection. Previous studies had been done to find an effective dielectric functions for
planar arrays of dipoles near a substrate [45, 46], which accounted for orientation
effect, dye-concentration and image dipole effects properly. The effective dielectric
functions of the medium strongly depend on the dipoles’ orientations, either isotrop-
ically in-plane or normal to the surface of the metal substrate. The full expressions
for these are shown in Egs. 3.12 and 3.13 of Ref. [45]. However, these previous stud-
ies were applied only to planar array adsorbed on planar films in vacuum, similar
to the work done by Dignam and Moskovits [44]. We here will generalise the results
obtained by Bagchi et al. [45, 46] to the case when the system is embedded in a
medium with dielectric permittivity e, # 1. This will be more relevant to many

experimental conditions where particles are suspended in water or other solvents.

In doing so, similar procedure (as done in section 3.1.2 C-D) can be done to
account for the image-dipole effect. We assume that dipoles (with dipoles moment
p) separated from the surface of the metallic sphere by a distance d will induce
an image dipole p; = Sm(—pz; —Dy,Pz). These image-dipoles will then induce
macroscopic field Egi, 1 which contributes to the local field Ej,. at a chosen dipole’s

position. So, the dipole moment in Eq. 4.21 can now be re-expressed as:

Ly Z Z
EExt + _8m ( ~ Edip(p> I’n) + Edip, I(pla I'I))] . (484)
rn ry

Following the boundary conditions and the definition of the dielectric displacement,

p<0) = QdLm

the modified effective dielectric functions can be derived to be:

L2
€xy7 I = Sm + 72 mCdOé/go ’ (4.85)
1= =22 p32(§ + Bunbr) /2
1 — i _ (szn/gfn)cd&/ﬁo (4.86)
S 1 Em L4 g2 IR pY2(G — Buky)

where &; is akin to a lattice sum which depends on d and p and can be computed

more efficiently as done in Ref. [46]:

LS 8l (24 )
&= Z [i2 +j2—|—4,0d2]5/2

1,j=—00
=167 ) Y \/i2+ jRe VAV (4.87)
i=0 j=1
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Figure 4.8: The effect of image-dipole on the optical differential absorption cross-section
using Mie theory with 2 layers (solid line) with d-dependent (A) for isotropically in-plane
dipoles and (B) for radially oriented dipoles where the dye coverage is chosen to be
p = 0.001nm ™2, the thickness [, = 0.03 nm, and the sphere radius ¢ = 14 nm embedded

in water £, = 1.332. These results are compared to those from GCDM in dash lines.
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Figure 4.9: Comparison between the 2 layers EMM model and GCDM at a dipole distance
d = 0.5 nm where the image-dipole effects become important, as a function of dye-
coverage for (A) isotropically in-plane, (B) randomly oriented in-plane, and (C) radially
oriented dipoles. We use [, = 0.03 nm and the separate between the shell and the core is
d—1s/2.

69



At low dye-concentration, Eqs. 4.85 and 4.86 will reduce to the same expressions
as in Eqs. 4.82 and 4.83. And if the dipoles are in vacuum, i.e. €, = 1, then they
will simplify to the exact same expressions as (Eqgs. 3.12 and 3.13) in Ref. [45].

We have just shown that the effective shell model (modified effective dielectric
functions with anisotropic Mie theory) can account for multiple interactions: molec-
ular orientation effect, non-vacuum embedding medium, dipole-dipole interactions,
as well as the image-dipole effects (important at small separation from the surface).
We shall now compare in Fig. 4.8 (using two-layer system) the results from GCDM
and Mie theory with modified effective DF (Eqs. 4.85 and 4.86). We here set a low
dye coverage of p = 0.001 nm? which is a close approximation for a single dipole
near a sphere in GCDM simulation. The effective shell model predicts the correct
red-shift in absorption spectra as a function of d for each orientation. The distance

d is significant here as it determines the strength of the image-dipole effect.

4.5.3 A Complete EMM vs GCDM

We show in Fig. 4.9 the effect of coverage for a fixed distance d = 0.5 nm from the
anisotropic shell to the silver nanoparticle. This distance is small enough to capture
the image-dipole effect, and the additional effect of the dipole-dipole interactions
is also expected, including the interactions mediated by the nanoparticle, GCDM
[37]. This is yet one of the most complex cases, and as presented in Fig. 4.9, the
complete EMM performs very well. It shows for the perpendicular orientation (Fig.
4.9 C), the agreement is extremely good compared with GCDM. For the isotropi-
cally in-plane orientation (shown in Fig. 4.9A), the EMM predicts the correct shifts
in the dye-resonance, but there are discrepancies in the intensities. The cause for
these discrepancies is the contribution from a small curvature effect of the nanopar-
ticle. This should become less prominent for larger spheres. We have tested this
by looking at a smaller sphere with radius of 7 nm, and the discrepancies in the
intensities have become worse. We also compare in Fig. 4.9B, the EMM predictions
to those from the GCDM for randomly oriented in-plane dipoles. The discrepancies
are larger, which is because the EMM does not account for the random in-plane
orientation and instead, it replaces all dipoles by isotropically in-plane polarisable
smarties-like dipoles. Therefore, the information about the dipoles pointing in differ-
ent directions is lost, since the interactions between two uniaxial dipoles in random
directions is different from the interactions between two isotropic dipoles. In this
case (for randomly in-plane dipoles), GCDM provides more realistic descriptions of

the problem. The GCDM can account for the orientational disorder, which results
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in the broadening of the absorption peak, as we observed.

4.6 Conclusion

In summary, we have introduced a refined effective medium model for molecu-
lar monolayers on a metallic surface that accounts for: a non-vacuum embedding
medium, coverage dependence, molecular orientations effects, and self-reflected field
or image-dipole effects. All these effects can be used to elucidate relevant experi-
mental results, for example, dye-on-nanoparticle. These effective DF were then used
to implement into the anisotropic Mie theory for a two-layer system and compared
to a more realistic model (GCDM) to show their validity and applicability. Good
agreements between the two models were evidenced. We believe that these effective
DF with the two-layer anisotropic Mie theory will find its application in many areas
such as: in molecular plasmonics (including both weak and strong resonance cou-
plings), and surface-enhanced spectroscopy, where the orientation and the coverage
of the adsorbates result in anisotropic and self-reflected field responses and become
to have larger effects. Furthermore, this work can be useful as a tool to facilitate the
disentanglement of various mechanisms at play in strong coupling experiments from
intrinsic shifts in the electronic resonance (via dye-dye interactions) to plasmon-dye

interactions.

In the GCDM, the image-dipole effect is evidenced when a dipole is located close
enough to the surface of the dielectric sphere with a high refractive index. To ac-
count for the dipole-sphere interactions, GCDM requires very high order multipoles,
i.e. Npax = 500. However, for the effective shell model (without image-dipole cor-
rections in the polarisability or DF), increasing the order of multipoles, the effect
of image-dipole cannot be predicted. Nevertheless, if the image-dipole effects are
accounted for in the effective DF, one could check that the results are, in fact, con-
verged when including only Ny., = 1 (the dipole terms). We can therefore use a
relatively small number N., = 5 of mutipoles for all our anisotropic Mie theory

calculations.

As we know, Mie theory can only provide solutions for the light scattering prob-
lem by spherical objects in spherical geometry. However, we also want to look at how
the change in shapes (for examples spheroidal particles or spheroidal coated parti-
cles) can affect the outcome of the optical properties compared to those of spherical

objects. Therefore, in chapter 5, we will seek the advantages of COMSOL simula-
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tions to extend our studies from spherical to spheroidal objects, which includes the
anisotropic responses in the shell. Also, how the dye layer may affect the shift in

plasmon resonance of the nanoparticles will be investigated in Chapter 6.
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S. Anisotropic EMM Shells on Non-Spherical

Particles

The light scattering problem by core/shell systems (coated nanoparticles) has been
our main focus throughout this thesis, especially for spherical nanoparticles. Many
studies have also been done on light scattering by non-spherical particles, e.g. spheroids
[36], and nanorods [23]. However, the studies of when these non-spherical particles
surrounded by anisotropic molecules have not been properly investigated, nor well-
documented. Therefore, in this chapter, we will extend our work in the previous

chapters to non-spherical coated nanoparticles, i.e. spheroidal core/shell system.

Spheroidal geometry has been used to investigate and study the light scatter-
ing problem by elongated (or flatten) nanoparticles where highly localised regions of
intense electric field enhancements occur at the tip(s), so-called electromagnetic hot-
spots. For non-spherical objects, it is almost the same for all other light scattering
problems; where one needs to seek solutions to the Maxwell equations. Although we
know that Mie theory [38] and/or T-matrix method [49] (which are the analytic and
semi-analytic solutions, respectively) are ideal, these are limited to specific types
of scatterers. Instead, we try to produce efficient and accurate numerical solutions,
which have been previously studied [75, 76, 77, 78]. There are different techniques
which can be used to study spheroids, for example, fully numerical partial differen-
tial equation solvers such as finite-difference time-domain (FDTD) [51] and the finite
element method (FEM) [50]. Recently, the practical implementation of the FEM cal-
culations in COMSOL ! was done in Ref. [79]. This work provided full details of how
to set up calculations in COMSOL, which were applied to spherical nanoparticles,

dimer consisting of two spherical nanoparticles, and prolate spheroidal nanoparticles.

It is in our interest to use the practical implementation of the FEM calculation

!COMSOL: a commercial software which is a cross-platform finite-element analysis. It allowed users to

solve interdependent physics problems within the same domain.
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in COMSOL (especially for anisotropic coated spheroidal particle) because: 1) Mie
theory cannot provide solutions for particles with non-spherical geometry, and 2)
extending the GCDM with T-matrix framework (for spheroids) would more likely
run into numerical problems at high multipole orders and fundamental problems re-
lated to the Rayleigh hypothesis, which is non-trivial and rather complicated (even
for the isotropic core-shell system). Hence, they are not the preferred methods to
use. However, with the capability of COMSOL in solving multi-physics problems,
we will be able to extend the study in Ref. [79] into coated nanoparticles with
anisotropic responses in the coating layer for both spherical and spheroidal nanopar-
ticles. Although COMSOL simulation time is taking much longer than Mie theory
(approximately of the similar time-scale as the GCDM), the main advantage is that
it can be used to study light scattering problem by non-spherical objects. This
chapter will demonstrate how anisotropic effects in the shell can be accounted for
in the COMSOL implementation for these geometries. Firstly, we will use FEM
implementation in COMSOL to reproduce the results for spherical silver and gold
nanoparticles and check these against the analytical (semi-analytical) solutions, Mie
theory (T-matrix) for spheres (spheroids). In doing so, we shall look at what has
been done in Ref. [79].

5.1 General Considerations in COMSOL

5.1.1 FEM Model Description

The finite-element method (FEM) [50] involves solving the Helmholtz equation (or
Maxwell’s equations) in frequency domain whereby the spatial derivatives at the
surface of the scatterer are solved numerically as a boundary value problem to find
electric and magnetic fields that satisfy the boundary conditions 2. The advantages
of FEM is that it can also be used to model the light scattering by arbitrary shaped,
dispersive, inhomogeneous, and anisotropic structures for a single frequency at a
time. The grid mesh (triangular or tetrahedral) is used to discretise surfaces or the
overall space into many smaller areas or regions. The mesh can be chosen to be
denser for regions with fine structure. Users can define a suitable mesh to ensure

that the object(s) is represented with a sufficiently accurate mesh.

The important point in the FEM approach is to avoid the reflection of the inci-

2(i) The tangential component of the fields are continuous across the particle’s surface, and (ii) for large

value of distance r, the far-field decays no slower than 1/7.
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dent or scattered fields at the boundary of the computational domain, which could
result in an inaccurate solution for the problem. Therefore, a bounding box with
appropriate physical conditions needs to be defined. Perfectly matched layers (PML)
is one of the most efficient approaches to be chosen as a bounding box. Users have
to ensure adequate meshing for this region. As described in Ref. [79], PML setting
can be found in COMSOL as a ready-to-use setting and more descriptions of the

setting for the meshing can be found in its supplementary information.

5.1.2 Electric Fields

We here consider the standard problem of electromagnetic scattering by a particle,
as in Ref. [49]. The time dependence, e™™* is chosen as the complex notations for
the EM fields 3. The particle is embedded in a non-absorbing medium of relative
dielectric constant e,,. It is excited at a wavelength A by a plane wave incident field
Ep..(r) of amplitude Ey along z and polarised along x. The wave-vector, k,, and
the incident field, Ey,. are defined as:

27 \/Em
- ; , (5.1)
En(r) =Eqexp(—ikyz) é,. (5.2)

For simplicity in COMSOL, we can write the solution of the field as E(r) = Ep,.(r)+
Esea(r), where Ege,(r) denotes the scattered field (same notation as in chapter 1).
Next, we will define useful quantities that we are interested in and compare them

to the exact solutions (Mie theory).

5.1.3 Absorption, Scattering, and Extinction Cross-Sections

The absorption cross-section is calculated by integrating the total power dis-
sipated density Q, = —w S{em(w)}HE(r)|?/2, [where &, (w) denotes the dielectric

function of the particle] over the volume inside the particle:

1
OAbs = S_ // Qh dVNPa (5-3)
0 NP

where Sy = /EmE2/(2Z,) is the power density of the incident field and Z, =
V1o/eo &= 376.73 Q is the characteristic impedance of vacuum. Equation 5.3 is
equivalent to Eq. 2.40 with absorption power given in Eq. 2.36, which can be

proved by using the Divergence theorem.

3This is different from the commonly used convention in physics and in the rest of this thesis but is the
one chosen in the COMSOL calculations.
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The scattering cross-section can be calculated by integrating the flux of the

complex Poynting vector of the scattered field (Sgea = 1/2[Egca X H

$eal) across the

nanoparticle surface:

1
So

OSca —

/ R{Ssca - D} dSnp. (5.4)
NP

Again, this is equivalent to the scattering cross-section defined in Eq. 2.40 with Eq.
2.35. The extinction cross-section can be calculated from the conservation of energy
as, Opxt = OAbs +0sca- Although other quantities can be calculated by the COMSOL
simulation (as described in Ref. [79]), we will leave them aside since we are only

interested in the cross-sections.

5.1.4 Single Spherical Particle

It is reasonable to consider a spherical particle first, since we can use Mie theory,
which provides an exact analytical solution to the scattering problem by a sphere [38],
to check against the solution from COMSOL numerical simulations. This is an im-
portant system in many types of experiments, for examples, using gold nanoparticles
of different shapes (nanospheres, nanorods, nanoshells) to study the modalities of
cancer therapy (using plasmonic photothermal therapy, PPTT) [80], the techniques
of using UV-vis spectra to determine the size and concentration of nanoparticles
[81], and the investigation of modified optical absorption of molecules on metal-
lic nanoparticles at sub-monolayer coverage [34] along with the theoretical studies
[35, 48, 37]. The light scattering problem by a single gold spherical nanoparticle has
been simulated by COMSOL as done in Ref. [79]. This will be used as our first step
toward the simulations and study for the light scattering problem by coated particles
with different shapes. Without loss of generality, we will revisit it here and include
a silver sphere and a gold sphere, with the size of 30 nm in radius and embedded
in water instead, i.e. e, = 1.33%, as it is more relevant to most experiments. The
results from the COMSOL simulations will then be compared with Mie theory. For
all of the results from COMSOL simulations below, 5-layer spherical PML will be

used, as it was pointed out to be a better choice in Ref. [79].
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Figure 5.1: Comparison between FEM (COMSOL simulations) and Mie theory results
for a 30 nm radius gold sphere embedded in water £,, = 1.33% The results show the
wavelength dependence of the absorption, scattering, and extinction cross-sections from
Mie theory (colour lines) and COMSOL (dash lines).
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Figure 5.2: Comparison between FEM (COMSOL simulations) and Mie theory results
for a 30 nm radius silver sphere embedded in water £,, = 1.332. The results show the

wavelength dependence of the absorption, scattering, and extinction cross-sections from
Mie theory (colour lines) and COMSOL (dash lines).
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The dielectric functions of gold and silver used in the simulations were given in
Ref. [82] as:

1
€Au()\) €00 1 ) -
A (A_2 + ﬂ)
A ei¢n efl(bn
+ ~ —+ 1, (5.5)
SrleTErte
where e, =1.54, A\, =177.5nm, p, = 14500nm,
Ay =127, ¢ =—n/4, I =470nm, p; = 1900nm,
Ay =110, ¢9=—7m/4, Iy =325nm, py = 1060nm.
1
eag(A) = €00 |1 — . - , (5.6)
)\]20 ()\_2 + m)

where e, =4, A, =282nm, p, = 17000nm.

NB: for the implementation of these dielectric functions (of gold and silver) in COM-
SOL, we need to take their complex conjugates, as the time dependence of the EM

fields was chosen as et™?.

For the particle of radius 30 nm, the inner-radius of the PML is chosen to be
250 nm from the centre of the particle and its thickness was set to be 100 nm. The
electric field of the plane wave incident is chosen along the z-axis with the k-vector
along the z-axis. For the configuration of this problem, the results of the cross-
sections should not depend on the direction of the plane-wave incident. With the
same grid mesh as chosen in Ref. [79], the cross-sections’ spectra can be computed
for both gold and silver spherical particles, and then compared with Mie theory as
shown in Figs. 5.1 and 5.2, for gold and silver, respectively. The relative errors
in the discrepancies between the COMSOL simulations and Mie theory are almost
indistinguishable, in the order of ~ 0.4% for gold and ~ 1% for silver. So, we can
conclude that both of them are in agreement (at least for A > 380 nm for the silver

sphere).

For A < 380 nm the solution from COMSOL for silver sphere does not converge as

the real part of the dielectric function is close to —3/2 of the dielectric constant of the
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medium, equivalently R{ex.} — —(3/2) em, which corresponds to the quadrupolar
plasmon resonance condition (in the electrostatic approximation). To get around
this divergence problem of the solutions, one could try to use a different solver in
COMSOL and choose higher iterations, but it is very time-consuming. Therefore
in this thesis, we will ignore parts of the spectra which the quadrupolar plasmon
resonance occurs and leave the investigation of this region of the spectra for future

studies.

5.1.5 Single Spheroidal Particle

In experimental nanophotonics, Mie theory cannot be used to provide solutions as
the general geometries may involve elongated /pointly particles [83, 84, 85] (this is not
as simple as spherical geometry which Mie theory can solve). In those non-spherical
geometries such as nanorods and/or spheroids, new complicated issues may arise
because of the lower symmetry of the problem. For example, stronger resonances,
large field enhancements and gradients are typically exhibited at regions close to the
tips of the particles. Therefore, our next to-do list is to run COMSOL simulations
for elongated spheroidal particles, so the described situation above can be assessed.
In doing so, we need to change the geometry of the particle from sphere to spheroid
(or equivalently ellipsoid with a = b and ¢ = 3a), which is very straight forward. We
are going to run simulations for two different parameters of the spheroid. First, we
would like to set a, b and ¢ such that the volume of the spheroid is equivalent to that
of the 30 nm sphere, which leads to a = agpnere X (1/3)Y3 = 20.8 nm. We also set
a = 14.5 nm as another choice, so we can alter the mesh grid to reduce a bit of the
simulation time, and this will be ideal when we seek the solutions for the core-shell

system.

The results of the two spheroids (from COMSOL) will then be compared to
the semi-analytic solution, so-called T-matrix whose simulations (in MatLab) can
be found with the SMARTIES codes [86]. Since COMSOL simulation is time-
consuming, we shall consider only the silver particle for now. The results in Fig.
5.3 shows the comparison between the results from COMSOL versus those from
SMARTIES (T-matrix) for two different-size silver spheroids (both with the aspect
ratio of h = ¢/a = 3). In both cases, both COMSOL and SMARTIES results are
again in good agreement with the relative errors in the discrepancies <~ 1%. This
representation demonstrates that COMSOL is capable of simulating light scattering
problems by particles of any shapes (as users can define/construct the geometry of
the particle of their own choices). This is the demonstration of how to use COMSOL
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Figure 5.3: Comparison between FEM (COMSOL simulations) and T-matrix results for
a silver spheroid embedded in water ¢, = 1.33? with (A) a = b = 20.8 nm and (B)
a = b = 14.5 nm, both cases the aspect ratio is chosen to be i = 3. The results show the
wavelength dependence of the absorption, scattering, and extinction cross-sections from
T-matrix (colour lines) and COMSOL (dash lines).
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simulation to seek the light scattering solutions by non-spherical coated particles. Be-
fore this can be achieved, we need to know how the dielectric tensor for the coated
layer can be implemented in COMSOL to reproduce the results for a spherical core-
shell system (both, isotropic and anisotropic responses in the shell). Then, we can
use that implementation as a tool to extend our study to a non-spherical coated

particle, e.g. spheroids.

The other things to notice which were done differently for the spherical gold
and silver particles (Figs. 5.1 and 5.2) and the spheroidal silver particles (Fig. 5.3)
is the direction of the incident field. It is worth pointing out that for spherical
particles, any plane wave incident field will give the same results as Er,. defined in
Eq. 5.2, which means it is independent of the polarisation and the field directions.
This is due to the symmetry of the spherical geometry. However, this may not
be the same case for spheroidal particles. In figure 5.3, we only show the results
for Ep,.(r) = Egexp(—ikyy)é, which excites and induces the resonances shown in
the figures and we may call them the [ong resonance in the case of spheroids. We
can use SMARTIES to demonstrate (not shown here) that if the incident field was
to be defined as Ep,c(r) = Egexp(—iknz2)é, or Ejexp(—ikyz)é, then the induced
resonances will be located on the left of the long resonances and they shall be called
the short resonances. In this study of spheroidal particles, we will focus only on the

long resonance for the time being, which will be presented throughout this chapter.

5.2 Scattering by a Core-Shell System

Figure 5.4: Geometry of the problem and grid mesh (PML on the left and the coated
nanoparticle zoomed-in on the right) in COMSOL.
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5.2.1 Spherical: Isotropic Core-Shell

As we have shown that COMSOL can simulate particles of non-spherical shapes,
we can now consider a coated layer consisting of dye-molecules surrounding the
nanoparticle. To illustrate the range of capability of the COMSOL simulation, we
will begin by reproducing the results for the light scattering problem by a spherical

core-shell system and compare them to Mie theory.

To seek solutions for a coated spherical nanoparticle in COMSOL, we need to
build a shell domain around the sphere and define its dielectric material. If the
shell is isotropic, it will be simple. However, if it is an anisotropic layer, we need to
define a tensor in the Cartesian basis to represent its dielectric functions. We shall
first begin with the former case when the shell is isotropic. When we introduce an
isotropic shell into our simulation, a new domain and surface must be defined. The

absorption and the scattering of the core-shell system can then be calculated as:

TAbs = Si {// Qn dVnp + /// Qn dVSh] , (5.7)
0 NP Sh

1
OSca — — // %{Ssca . fl} dSSh. (58)
So J Jsn

Furthermore, since the shell is considered to be isotropic, then the dielectric func-
tion for the shell can be easily defined as in the expression given in Eq. 4.12, then
implement into the Material section (in COMSOL) for the shell domain.

The results from the COMSOL simulation and the comparison with Mie theory
are shown in Fig. 5.5. We presented both the total absorption cross-section for the
whole system (the core and the shell) in Fig. 5.5A, and the differential absorption
cross-section, in Fig. 5.5B. Both results agree very well with Mie theory. This
indicates that the core-shell system can be simulated within the COMSOL program

for an isotropic shell.

5.2.2 Spherical: Isotropic Core-Anisotropic Shell

The Cartesian basis is preferred in COMSOL, therefore to implement the anisotropic
effect (dielectric tensor) into the material for the shell domain, we have to define a
new dielectric tensor in the Cartesian basis, instead of the spherical ones. Earlier,

the dielectric tensor that was used in Mie theory was in the spherical basis, which
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Figure 5.5: Comparison between FEM (COMSOL simulations) and Mie theory results
for a silver sphere coated with an isotropic layer of dye-molecules embedded in water
em = 1.33%. The results show the wavelength dependence of the total absorption cross-
section (A) and the differential absorption cross-section (normalised by the number of
dye-molecules) (B), from Mie theory (colour lines) and COMSOL (dash lines). The black

dash line in (A) is absorption cross-section of the sphere only.
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was defined as:

en 0 O
e=10 ¢ 0]. (5.9
0 0 Et

This dielectric tensor can be transformed into the Cartesian basis by using the

transformation:

ECart — S:;pl}lere -E- SSphere; (510)

where Sgphere is the transformation matrix which can be used to transform Cartesian

-1

to Spherical coordinates. Sgphere and its inverse SSphere are given as:

[sinfcos¢ sinfsing cosf
Ssphere = |cosfcos¢p cosfsing —sinf| , (5.11)
| —sing coS @ 0

[sin@cos¢ cosfcosdp —sing
Sihere = |sinfsing cosfsing coso | . (5.12)

Sphere
cos —sin6 0

The expression in Eq. 5.10 can be found as follows, starting with D = ¢E:

-1
DCart = ECart ECart = 9Sphere DSphere

_ o1
— “Sphere g ESphere

-1
= SSphere g SSphere ECart-

The angles ¢ and 6 can be calculated from the points on the surface of the
shell (according to the choice of grid mesh). For any point on the spherical shell

represented by (z,y, z) in the Cartesian coordinates, we can extract ¢ and 6 as:

¢ = arctan2 (%) , 0 = arctan2 ( (5.13)

z
=)
By implementing the above formalism, which describes the material properties (via
dielectric tensor) into COMSOL, we can simply rerun the simulation as done for
an isotropic core-shell case and produce the results illustrated in Fig. 5.6. As we
should expect, the results show that the COMSOL simulations have provided an in-
distinguishable comparison to Mie theory for absorption and differential absorption
cross-sections for both cases of the orientations of the dye-molecules (isotropically

in-plane and radial orientations).
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5.2.3 Spheroidal: Isotropic Core-Anisotropic Shell

The results above indicate that the anisotropic effect in the shell can indeed be
accounted for in COMSOL, and they yield the same results as one should expect
from Mie theory. We now may use this as a formalism to do the same thing for a
coated spheroidal particle. This is the first step toward investigating the extension
of the light scattering problem by a spherical particle (coated) to a non-spherical
coated particle. Similar to the spherical coated particle case, we need to find the
transformation matrix Sspheroia and its inverse Ss_plheroid, which link the Spheroidal
coordinates to Cartesian coordinates, and vice-versa. To do so, we will start with a
point (z,y, z) in Cartesian coordinates and seek the transformation matrix, which

transforms it to a point in Spheroidal coordinates (£, (,n). We can begin with:

r =a sina cosf, (5.14)
Yy =a sina sin (3, (5.15)
Z = cosq. (5.16)

a < ¢, Prolate spheroid, a > ¢, Oblate spheroid.

The angles o and /3 can be found (similar to the spherical case,  and ¢, respectively)

as:
z/ec y
o = arctan2 , £ = arctan2 (—) . (5.17)
Va?/a® + y?/a? x
The vector § is given as:
ézsina cos 8 ém_i_sinoz sin 3 éy_i_cosoz 6. (5.18)
= a a c
and
e = [I€]|7'¢
22 2 2 172 o ) y . 2
_ b + L4 g] e+ 5o+ e (5.19)

The other two orthogonal vectors to § are ¢ and 7 and they can be found as:

(=a cosa cosf3 € +a cosa sinfl e, —c sina &, (5.20)
n=—a sina sinf e, +a sina cosf e, (5.21)
Therefore, the Spheroidal and Cartesian coordinates are related by equation below

via the transformation matrix, Sspheroid:
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&¢ €)™ sina cos B/a ||€]|™" sina sinf/a €]~ cosar/e &,

é| = | l¢]|™ a cosa cos B ||¢][7h a cosar sin B —|[|¢]|7 ¢ cosa cos B | &y
é, —|[nlI7! @ sina sinB ||n||7" a sina cos B 0 e,
€,
= SSpheroid éy (522)
€.

and the inverse transformation matrix can be found as,

SS_plheroid =F 141 Vo Vsl (523)

where
1

a2(c2sin® a + a2 cos? )’

f:

a’c® sina cosf3 a® cos acos f3
vy = |[{]] | @*c*sinasing |, vy = |¢]] |a® cosasin | ,
atccosa —a’c sina

—(a® cosavcot a + ac? sin ) sin 3
v3 = [n|| | (a®cosacot o+ ac®sina) cos

0

The dielectric tensor for anisotropic spheroidal shell in the Cartesian basis can

then be calculated as:

_ Q-1
ECart = SSpheroid EShell SSpheroid~ (5 24)

We shall now implement these into COMSOL for the properties of the anisotropic
spheroidal shell. The results are shown in Fig. 5.7. The results shown on the left
(Fig. 5.7A and C) correspond to the differential absorption cross-sections when the
incident field is chosen to be Ep(r) = Egexp(—ikyx)é,. And the right of Fig. 5.7
(B and D), it corresponds to the incident field being Ep.(r) = Eqexp(—ikyz)e,.
This figure indicates that different polarization of the incident electric field can lead
to different results in the differential absorption cross-sections for the anisotropic
coated spheroidal particle. We observe different amplitudes in the spectra, espe-

cially in the case of smarties-like dipoles. In this case, however, the shift in the
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dye-resonance appears to remain unchanged (for both p = 0.01 and 0.6nm~2). But
in the case of radially pointed dipoles, we notice both the differences in the ampli-

tudes and the shifts in the dye-resonance.

In figures 5.7A and C, we have also included the plasmon resonance region (A is
between 600 - 750nm) *. The spectra show the differential-like shape, which suggests
the plasmon resonance has been red-shifted (for both orientations, in this case) due
to the effect of the dye-molecules adsorbed on the silver particle. The effects which
may cause the shift in the plasmon resonance will be discussed in more details in
the next chapter. Another important fact that we can look into in more details is
what happens when the dye’s resonance and the plasmon resonance are overlapping

(i.e., strong resonance coupling region).

Figure 5.8 illustrates how the dye-resonance shifted according to the dye ori-
entations and the polarisations of the incident field in the spheroidal case. For
the smartie-like dipoles adsorbed onto either spherical or spheroidal silver particle,
the shift in the dye’s resonance remains the same for up to the dye-coverage of

2 2 as shown

p = 0.6nm~“, and starts to show little discrepancies for p > 0.8nm™
in Fig. 5.8 (displayed as *). The discrepancies in the dye-resonance shift for
the L case begin from p > 0.0lnm~2. We observe that the more blue-shifts for
spheroidal cases compare to the spherical case. The polarisation of the incident field
Ep(r) = Egexp(—iknz)e, leads to more pronounced blue-shifts in the dye’s reso-
nance than Ep,.(r) = Eg exp(—ikyz)€,. This is an interesting result, which provides
evidence that the polarisation of the incident field can affect the shift in the dye’s

resonance depend on the dye-coverage, for non-spherical coated nanoparticle.

5.3 Conclusion

This chapter demonstrates how FEM calculation can be practically implemented in
COMSOL to investigate the light scattering problem by spherical and spheroidal
nanoparticles coated with an anisotropic layer of dye-molecules. This work has
provided a tool to study light scattering problem by objects with non-spherical
shapes, which leads to interesting results of how the optical properties of the system
are related to the polarisation of the incident electric field. Another possible study

with the same tool would be to investigate how the location of the dye molecules

“For E,, k., incident field, the plasmon resonance occurs when A\ < 375nm, and we ignore this region as
discussed earlier. So, we are only showing results at the dye’s resonance region only.
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can affect the overall results. This aspect will be briefly considered in Chapter 6.

92



6. The Effects of Anisotropic Molecules on the

Nanoparticles’ Plasmon Resonance

In previous chapters, we have focused our interest on how the electronic resonances
of dye molecules change due to the effects from their adsorbed orientations, surface
coverage, local-field corrections (interaction between their neighbouring molecules),
and from the metallic nanoparticle. In contrast to that, we will now study how these
effects will affect the localised surface plasmon resonance (LSPR) of the nanoparti-
cles. Previous studies have been shown that the peak position (Apg) of the LSPR for
metallic nanoparticles is highly dependent upon the refractive index of the surround-
ing medium [87]. It is also well-documented and explained in Ref. [25] how resonant
adsorbates (specifically Rhodamine 6G) influence the LSPR of Ag nanoparticles.
However, how the orientation of the resonant adsorbates may affect the plasmon
resonance has not been discussed. Therefore, we will investigate and study the dye-

orientation effects on the plasmon resonance.

In most of the theoretical considerations for the core/shell system, the dye-
molecules are commonly assumed to surround the nanoparticle with an even distri-
bution across the whole nanoparticle’s surface. From an experimental point of view,
this should not be a problem for a high surface-coverage of the molecules or colloids
in dye’s solution. However, for some cases (i.e., low surface coverage, for example),
the dye-molecules may not be evenly distributed on the nanoparticle’s surface. In
that situation, the locations of the adsorbed molecules will become significantly im-
portant, especially when they are adsorbed onto special types of nanoparticles whose
surfaces have more than one distinct physical properties, known as Janus particles
[88, 89]. Therefore in this chapter, we will also investigate how the dye-location may

affect the plasmon resonance.
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6.1 Refractive Index Dependence

Let us first present results from previous studies on how the peak of LSPR is shifted
depending on the embedding medium of the nanoparticles (i.e. the refractive index
or the dielectric constant of the surrounding medium). According to Ref. [87], we
can find the relationship between the peak wavelength of the LSPR and the dielectric
constant for the medium for small NPs in the electrostatic approximation [27]. For

the main dipolar LSPR, the resonance occurs when:
R(eag) = —2em. (6.1)

Then, we can use the analytical frequency-dependent form for €5, from the Drude
model of the electronic structure of metals:

wQ

Reag) = 1— 2 (6.2)

w2_,-)/2’

where wy, is the plasmon frequency and v is the damping frequency of the bulk metal.
For the near-infrared, visible, and ultra-violet frequencies, v < wy, so we can simplify

the above equation to:

w.

2
Rleng) =1 -2 (6.3)

)
UJ2

At resonance, we have:

)\pR = )\p\/ 25111 + 1, (64)

where )\, is the plasmon wavelength. According to Eq. 6.4, we can conclude that
if the dielectric constant of the embedding medium is increased (decreased), then
Apr will increase (decrease). We can use Mie theory to provide evidence for this, as
shown in Fig. 6.1. For a silver sphere of radius 14 nm embedded in water e,, = 1.332,
the main dipolar LSPR is at Apr = 397 nm. If we decrease the value of ¢, the
absorption cross-section spectrum is blue-shifted (as shown for &, = 1, and 1.5).
And the red-shifts in the LSPR are observed if we set £, to be higher than 1.33?
(i.e 2 and 2.5). [Note that from this section 6.1 to 6.2, the results were computed
by Mie theory for the demonstrations].
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Figure 6.1: Absorption cross-section spectra for a silver sphere of radius ¢ = 14 nm

embedded in a medium of ¢,,,. The spectrum for the dielectric constant of the medium
em = 1.33% is shown in black, for €, < 1.33% are shown in blue (as the LSPR is blue-

shifted), and for €,, > 1.332 are shown in red (for red-shifted LSPR).
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Figure 6.2: Absorption cross-section spectra for a silver sphere of radius ¢ = 14 nm

embedded in a medium of ;. The absorption cross-section spectra for the particle

embedded in an external medium of €,, > 1.33? (shown in A) and ¢, < 1.33% (shown

in C). Their corresponding differential absorption cross-sections (0 aps — O aps, 1.332) are

shown in (B) and (D), respectively.
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In figure 6.1, we can observe the shifts in the LSPR very clearly because the
peak wavelengths (at which the resonance occurs) are distinctively separated. If
the peak wavelengths are very close to one another (as shown in Fig. 6.2 A and
C), the shifts may not be accurately concluded by just looking at the absorption
cross-section spectra. Therefore, we need to look at the differential absorption cross-
section (oaps of the spectra that we are interested in minus oaps of the one we want
to compare to). In this case, we treat &, = 1.33% as the reference (the one we want to
compare to). We can see the characteristic derivative-like spectral shapes by taking
the differential absorption cross-section spectra as our observation (shown in Fig.
6.2 B and D). In figure 6.2B, the negative values of the differential absorption cross-
section are on the left and the positive values are on the right, which corresponds
to the spectrum being shifted to the right, i.e. red-shifted. In contrast to that,
Fig. 6.2D, shows a different (the opposite) differential-like shape compared to Fig.
6.2B, which indicates that the spectrum has been shifted to the left, i.e. blue-
shifted. The intensity of the differential absorption cross-section represents the
magnitude of the shift in the LSPR. We can relate doays/oaps to the shift in the
wavelength as, A\ ~ 10 X 00 aps/0aps. From figure 6.2 B, we can conclude that for
em = 1.332+0.05 the LSPR has been blue-shifted ~ 2.5 times more compared to the
case when €, = 1.33240.02. Therefore, we will be able to decide whether the LSPR
is either red-shifted or blue-shifted from these derivative-like shapes. If the spectra
in Fig. 6.2 B (or D) are observed, we can conclude that the LSPR is red-shifted (or
blue-shifted).

6.2 Dye’s Properties Dependence

In this section, we will investigate how the LSPR of the silver nanoparticle will be af-
fected when the nanoparticle is surrounded by dye-molecules. So far, we have shown
the effect of the external dielectric medium on the LSPR for the silver nanoparti-
cles. The results indicate the red-shift (blue-shift) in the absorption cross-section
spectrum is due to the increase (or decrease) in the dielectric constant of the exter-
nal medium. Therefore, for the dye-coated nanoparticle, the shifts in the plasmon

resonance will depend on the dielectric function of the dye-molecule (shell) medium.

6.2.1 Dye’s Polarisability Dependence

We first consider isotropic dye-molecules adsorbed onto a silver nanoparticle. The

dielectric function for an isotropic shell of molecules was previously defined in Eq.
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4.12 as:

L2 cqaq /<o
1 — (L3,/em)caca/ (320)
Therefore, the shift in LSPR will then depend on the second term of this equation,
or equivalently, the polarisability of the molecules. By assuming S{aq} < R{aq},

Eef(N) = em + (6.5)

we have the following conditions:

o If R{ag(Apr)} = 0, then there will not be any shift in the plasmon resonance
at all.

o If 0 < R{aqa(Apr)} < 3e0em/ (L% cq), the LSPR will be red-shifted.

e And if R{aqa(Mpr)} < 0 or R{aa(Arr)} > 3€0em/ (L% cq), the blue-shift in the
LSPR will be observed.

6.2.2 Dye Molecules Adsorbed on the Ag Sphere

We are now going to re-visit the case of Rhodamine 6G molecules (treated as
isotropic) adsorbed onto a silver nanosphere. The polarisability of the Rhodamine
6G molecules is given in Eq. 3.77 as:

A 1
LA , (6.6)

2 a2
1 _ M A
K 11— —1 VA

g = Qe —

where
Qoo = 9.4 x 107%7[SI],  a; = 5.76 x 107*[SI],
A1 = 526 nm, 1 = 10000 nm. (6.7)

With these parameters and for low dye-coverage p = 0.01nm~2, the second condition
is satisfied, i.e. we should expect the red-shift in the LSPR shown in Fig. 6.3 A.
Mathematically, the value of R{cq4(Apr)} literally depends on the parameters in Eq.
6.7. Therefore, altering one (or more) of these parameters will affect the shift in
the LSPR. We demonstrate that in Fig. 6.3, where we change the value of oy, and
the rest of the parameters remain unchanged. For the polarisability of Rhodamine
6G, we observe red-shift in the plasmon resonance as shown in Fig. 6.3 A. When
«a; is changed to 8.00 x 1073® (in Fig. 6.3 B), the shift in the main dipolar plasmon
resonance disappeared, but we can still observe the red-shift in the quadrupolar
resonance (at A ~ 368nm). And in figure 6.3 C, the value of o is further increased
to 1.30 x 10737, the main resonance (as well as the quadrupolar resonance) is blue-
shifted.
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Figure 6.3: Normalised differential absorption cross-section showing different shifts in
LSPR for different values of ;. For a; = 5.76 x 10738, a red-shift is observed and shown
in (A). No shift in the main LSPR for o;; = 8.00 x 1073, shown in (B). And in (C), a

blue-shift is shown for a;; = 1.30 x 10737,
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If we increase the dye-coverage to a value of ¢q > L2 R{aq(Arr)}/(3c0em) (not
shown here, but will be demonstrated in the next section), the only feature that will
change in Fig. 6.3 would be the LSPR shift in Fig. 6.3 A. In that case, a blue-shift
in the LSPR will be expected instead of the red-shift. However, the shape of the

spectra observed in Fig. 6.3 B and C should remain the same.

6.2.3 Dye’s Orientation Dependence

In this section, we will discuss the effect of anisotropic dye molecules (Rhodamine
6G) on the plasmon resonance in details. We may begin with the anisotropic EMM

for the dielectric functions of the anisotropic shell. Recall from Eqs. 4.24 and 4.26,

we have:
L2 cqaq/(2¢
Ery = Em a d L(;/(S 20) ) (68)
— gl smp3/28, /2
11 (Lf/en)caca/s 6.9)

12 :
€2 Em 1+;_205_m 3/2¢,

Similar to the previous section, we can predict the shift in the plasmon resonance
by the polarisability of the dye molecules, i.e. aq. For the case where the molecules

are isotropically in-plane, similar conditions applied:
o If R{aq(Apr)} = 0, no shift in the plasmon resonance.
o If 0 < R{ag(Apr)} < 16mepem /(L2 p%2&y), the LSPR will be red-shifted.

e And if R{aq(Mpr)} < 0 or R{aq(Apr)} > 167e0em/ (L2 p*/%&), then blue-shift
will be expected.

For the radially oriented molecules, the conditions are:
o If R{aq(Apr)} = 0, no shift in the plasmon resonance.
o If R{aq(Apr)} > 0, it will result in red-shift in the plasmon resonance.
e And if R{aq(Apr)} < 0, we shall expect the blue-shift.

With the parameters defining the polarisability of the Rhodamine 6G defined
in Eq. 6.7, these conditions suggest that the radially oriented molecules will result
in the plasmon resonance being red-shifted, regardless of the dye’s concentration.
However, that will not be the case for the isotropically in-plane molecules. Accord-
ing to the above conditions, we would expect the red-shift in the plasmon resonance

for the dye’s concentration p up to the value of 7.68nm=2 and for p > 7.68nm™2,
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Figure 6.4: Normalised differential absorption cross-section of the two different orienta-
tions of dye-molecules, isotropically in-plane (radial) shown in blue (orange), showing

for two different dye’s concentrations, p = 0.0lnm 2 in (A) and p = 20nm~2 in (B).
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the plasmon resonance will be blue-shifted. The demonstration of these is shown
in Fig. 6.4. It shows that for p = 0.0lnm ™2, both orientations of the dye result in
red-shift in the plasmon resonance of the silver nano-particle (shown in Fig. 6.4A).
In figure 6.4B, different shifts in the plasmon resonance are observed for the two
orientations of the dye molecules (at p = 20nm~2). For the radial orientation, the
red-shift remain the same as for the lower concentration. However, for the isotrop-
ically in-plane case, the shift in the plasmon resonance has switched to blue-shift,
as expected (since p > 7.68nm™?). At that high concentration, molecules are more
likely to form dimers (or even trimers), which will make the situation even more
complex to theoretically model. Therefore in many experiment with NPs size of 30

nm in radius, such concentration of the dye molecules is never considered.

Another feature we may discuss in Fig. 6.4 is the intensities differences of the two
orientations. Figure 6.4A indicates that the intensity in the differential absorption
cross-section for the L case is 5 times larger than that for the isotropically || case.
This suggests that the shift in the plasmon resonance is 5 times stronger for the L
orientated dye-molecules than the isotropically in-plane orientation. Therefore, the
plasmon resonance shift depends on the orientation of the dye-molecules, as well as

their concentrations.

6.3 Comparisons Between Mie Theory, GCDM, and COM-
SOL

So far, we have been using Mie theory to study the effect of the dye’s orientation
on the plasmon resonance. For the next study on the effect of the dye’s location
on the plasmon resonance, Mie theory will not be able to provide the solutions.
Nevertheless, we still can use GCDM, as long as the nanoparticles are of spherical
shapes. But, it is not a preferred method for the study of extension from spherical
to non-spherical shaped-nanoparticles, as stated in the previous chapter and it is
also too resource-intensive for multi-parameter studies. For this study, COMSOL

would still be the ideal one among these.

In the previous chapter, we have presented the comparison between Mie theory
and GCDM, and the results produced by COMSOL numerical simulations with Mie
theory, at the electronic dye’s resonance. We here will demonstrate similar results

at the plasmon resonance to ensure the agreements between all calculations (Mie
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theory, GCDM, and COMSOL), by comparing them for an anisotropic layer of dye-

molecules adsorbed fully around a silver nanoparticle.

6.3.1 Full Core/Shell: Mie vs GCDM

We first compare in Fig. 6.5, the results from Mie theory against the GCDM. The
results compare the two theories for two different types of dye’s orientations (for
p = 0.0lnm~? and 1.2nm~?) adsorbed on the silver nanoparticle. The main dipolar
plasmon resonance shift are clearly shown in both orientations (Fig. 6.5A and B) of
the dye-molecules. In the case of isotropically in-plane molecules, the intensities in
the normalised differential absorption cross-section are very close for the two values
of p. The comparison to their corresponding results from the GCDM is rather
difficult to observe any differences. However, these comparisons can be seen more
clearly in the radial orientation case. In this figure, both Mie theory and the GCDM
also predict the same shifts, even in the quadrupolar plasmon resonance for both
orientations of the dye’s molecules. This is the verification of the great agreement

between the two theories.

6.3.2 Full Core/shell: Mie vs. COMSOL

The comparison between COMSOL simulations and Mie theory for the anisotropic
shell of dye molecules adsorbed on an isotropic silver sphere is shown in Fig. 6.6, for
a dye’s concentration of p = 0.6nm 2. Although, we cannot get the results at the
quadrupolar resonance, COMSOL still provide accurate results for the anisotropic
response of the dye-molecules on nanoparticle compared with Mie theory at the main
dipolar plasmon resonance. From these figures 6.5 and 6.6, we are confident that our
FEM implementation in COMSOL is capable of providing reliable results at both
the dye’s resonance and plasmon resonance. Therefore, we will confidentially use
this to study how the dye’s location on the nanoparticle’s surface affect the plasmon

resonance shift in the following section.
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Figure 6.5: Comparison between Mie theory (solid lines) and GCDM (in dashed lines)
for the normalised differential absorption cross-section of two different types of dye’s
orientations adsorbed on the silver nanoparticle of radius 14nm embedded in water ¢,,, =
1.33%. The results are compared for two different p, 0.0lnm 2 and 1.2nm~?2, showing

isotropically in-plane dye-molecules in (A) and radially oriented molecules in (B).
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Figure 6.6: Comparison between Mie theory (solid lines) and COMSOL (in dashed
lines) for the normalised differential absorption cross-section of two different types of
dye’s orientations adsorbed on the silver nanoparticle of radius 14nm embedded in water

€m = 1.33%. The results are compared for two different p = 0.6nm 2 showing isotropically

in-plane dye-molecules in (A) and radially oriented molecules in (B).
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6.4 Dye’s Location Dependence

Figure 6.7: The geometry of the problem where the dye-molecules are adsorbed partially
on the nanoparticle’s surface showing in (A) top and bottom spherical caps [SC], and (B)
partial spherical shell [PSS]. The PSS is the difference between the full spherical shell and
the spherical caps (i.e., if the SC is set to be larger, the PSS will be smaller).

In this section, we will illustrate the effect of the dye’s location on the plasmon
resonance shift. In doing so, we will focus our problem on the spherical nanoparticle
partially coated with anisotropic dye-molecules (extension to non-spherical particles
can be easily followed but is not presented in this thesis). This will be separated
into two cases, spherical caps on nanoparticle [SC] (Fig. 6.7A), and partial spherical
shell around the nanoparticle [PSS] (Fig. 6.7B). These cases are different from the
full spherical core-shell system. In the case of the full spherical core-shell system,
altering the direction (or polarisation) of the plane-wave incident field will not affect
the optical properties of the system. However, in the cases of SC and PSS adsorbed
on the Ag-NP, the optical properties of these systems will definitely depend on the
directions of the incident field (the situation will be more or less the same as for
Spheroidal-NPs).

The results from the two cases of different locations of the dye-molecules ad-
sorbed on the Ag-NP are summarised in Fig. 6.8. It shows the comparison between
two different polarisations of the incident electric fields [E,,k, refers to (Ep,. =
Ejexp{—ikz}é,) and E., k, refers to (Ep,. = Eqexp{—ikz}e,)] for the SC adsorp-
tion on the left side of the graph (figures 6.8A and C) and PSS adsorption on the
right-hand side (figures 6.8B and D). In both cases, we accounted for different orien-
tations of the dye-molecules, isotropically in-plane and perpendicular to the Ag-NP’s

surface, on the top and bottom of the graph, respectively.
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Figure 6.8: The spectra of normalised differential absorption cross-section for spherical
caps [SC] of dye-molecules on Ag-NP (on the left), and partial spherical shell [PSS] on
Ag-NP (on the right) showing the comparison between two different polarisations of the
incident electric field (as shown in the legend). The top row of the graph, A and B (the
bottom row, C and D) correspond to the dye-molecules oriented isotropically in-plane
(perpendicular) to the surface of the Ag-NP. The Ag-NP is of the size 14nm in radius and

the dye’s surface coverage is of p = 0.6nm 2.

107



6.4.1 Spherical Caps on Ag-NP

We shall first focus and discuss the spectra on the left-hand side (figures 6.8A and C)
for the SC adsorption of the dye-molecules. For the isotropically in-plane molecules
adsorbed on the Ag-NP, we observe a more enhanced shift in the plasmon reso-
nance shift for the E,, k, polarisation than the FE., k., polarisation of the incident
plane-wave excitation. In this case, the E,, k, (E,, k,) polarisation corresponds to
in-plane (out-of-plane) excitation of the field with respect to the orientation of the
dye molecules. Therefore, we should expect the molecules to respond stronger for the
in-plane excitation (more field enhancement at the plasmon resonance), i.e, larger
shift in the plasmon resonance for F,, k, than E,, k, excitation (~6.5 times larger).
For radially oriented molecules, they respond a lot stronger to the FE., k., polarisa-
tion. As shown in figure 6.8C, it is ~15 times stronger in the plasmon resonance
shift for F., k, than E,, k. polarisation.

At the dye’s resonance (not shown here), the shift in the dye’s resonance remains
unchanged, regardless of the polarisations of the incident electric field. Different
polarisation will only lead to different intensities (amplitudes) of the differential

absorption cross-section.

6.4.2 Partial Spherical Shell around Ag-NP

The results for PSS adsorption are shown in figures 6.8B and D. There is not much
of a difference in both cases of the polarisations and orientation of the dye-molecules.
However, the responses of the dye-molecules to the polarisation of the incident elec-
tric field are different from the case of SC, as discussed in the previous section. This
refers to the differences in the intensities of the blue and orange lines (E,, k., and

E., k,, respectively) in Fig. 6.8.

We now discuss qualitatively the changes in the size of the PSS. If the PSS is
getting larger (i.e. becoming a full spherical shell), the results of the differential
absorption cross-section from the two different polarisations of the incident field
will become indistinguishable, which mean they will result in the same shift in the
plasmon resonance (for both orientations of the dye-molecules). However, if the
PSS is getting smaller (i.e. becoming a thin ring around the Ag-NP), we would
expect the plasmon resonance shift to be less for the F,, k. polarisation when the
dye-molecules are oriented isotropically in-plane, but it should not decrease as much

for the E,, k, polarisation. For the radial orientation, the opposite effect due to the
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polarisations of the electric field on the plasmon resonance shifts will be expected.

6.5 Conclusion and Future Work

We have demonstrated the effects which could influence the plasmon resonance of
metallic nanoparticle (Ag-NP). For a single Ag-NP embedded in a medium, it is
known that the plasmon resonance is shifted subject to the refractive index (or di-
electric constant) of that medium being changed. Similarly, the plasmon resonance
shift depends on the dielectric function of the dye molecules for the dye-coated Ag-
NP. Here, we have shown that the orientations of the dye-molecules adsorbed on the
NP are also affecting the shifts. The evidence shows that the plasmon resonance
is being more red-shifted for the radial orientation than the isotropically in-plane
orientation, for Rhodamine 6G adsorbed on Ag-NP. We also investigated how the
locations of the dye-molecules adsorbed on the nanoparticle affect the shift in the
plasmon resonance. The results suggested that the difference in the incident electric
field polarisation also affect the plasmon resonance differently, depending on the
locations of the dye-molecules. Therefore, in the study of how the locations of the
dye-molecules adsorbed on nanoparticles may affect the plasmon resonance shift,
the polarisation of the incident electric field is shown to be important and can affect

the optical properties of the system.

The optical properties of a system consists of an anisotropic molecule (or more)
closely attached to noble NPs (silver or gold) or specially engineered NPs (like Janus
particles) is one of the applications for this work. Janus particles are the special
types of NPs whose surfaces have more than one distinct physical properties. There-
fore, when a molecule is attached to its surface, the optical properties of the whole
system will significantly depend on the location of the molecule on its surface. By
making use of this study, one will be able to determine which orientation and where
the molecule should be attached to the surface of the NPs to give the strongest
response or highest field enhancements. These could have major implications for
sensing applications, where a certain orientation and location of the molecules mat-

ter.

Overall, our implementation of FEM in COMSOL seems to provide a great un-
derstanding of how the locations of dye molecules on the spherical nanoparticle’s
surface affect the surface plasmon resonance. It is predictable, yet not obvious, that

similar results will be observed for the case of the non-spherical nanoparticle. How-
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ever, our prediction is actually based on the results in the previous Chapters 3 and
4. Among all the results shown in this thesis, the plasmon resonance and the dye’s
resonance are well separated, which made the study on the interactions between
them not as complicated. But in the case where the two resonances are insepara-
ble (i.e. strong resonance couplings), it will surely be complicated to interpret the
resulting outcome of the plasmon-dye interactions. Therefore, further theoretical

investigations are needed in order to address this issue.
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Conclusion and Outlook

The work presented in this thesis shows how we can computationally model the op-
tical properties of nanoparticles coated with anisotropic dye-molecules by defining a
refined effective medium model (EMM), which is a combination of anisotropic Mie
theory and the effective dielectric functions for anisotropic media. This new refined
EMM overcomes the GCDM’s problems: high computational cost and complexity,
and it has comparable predictive power as the GCDM. We also show how we can
extend this to model the optical properties of non-spherical shaped coated nanopar-
ticles by using COMSOL simulations.

In Chapter 4, we demonstrated good agreement between the predictions of our
refined EMM and the GCDM. The best agreement between the two models is when
the dye molecules are oriented radially to the nanoparticle’s surface. In the case
of randomly in-plane orientations, the GCDM predictions contain the information
about the broadening in the dye’s resonance spectra (for higher coverage, p). How-
ever, this broadening effect does not show in the refined EMM predictions. This is
because the derived effective dielectric functions do not account for the random in-
plane orientation, instead it replaces all dipoles by isotropically in-plane polarisable
smarties-like dipoles. Therefore, the information about the broadening, which is due
to the dipole pointing in different directions is lost. However, the optical response
of molecules on metal surfaces is typically dominated by the perpendicular com-
ponent, as evidenced by the fact that the differential absorption cross-sections are
much larger for the perpendicular case than for the in-plane orientations. Therefore,
the errors observed between the GCDM and the refined EMM will not affect the
intermediate orientations, where even a small response in the perpendicular compo-
nent is present. We have so far modelled our refined EMM with the dye molecules’
polarisability as a single peak from a single Lorentz oscillation model, whereas ex-
perimentally, there are two prominent absorption peaks (for Rhodamine 6G) to be
included. Another aspect that may improve our refined EMM to predict experimen-

tal results is the formation of dimers of the dye molecules.
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From here, future work could consist of the study, where we include both the
two prominent absorption peaks of Rhodamine 6G and the effect of the dimers
formations on the overall optical properties of the whole system. The required in-
formation for this study would be: (i) the conditions of when the dye-molecules can
form dimers? (ii) how do we account for dimers’ effects (different forms of dimers) in
our EMM, i.e. the polarisability, or the effective dielectric functions? and (ii) with
all of these being taken into consideration, how well will it predict the experimental
results compared to the GCDM?

In Chapter 5, we showed that the extension of the light scattering study from
spherical to non-spherical objects can be done by implementing FEM into the COM-
SOL simulations. To ensure that COMSOL correctly accounts for the anisotropic
effect in the shell medium, we showed that the basis transformation from spherical
and spheroidal to Cartesian coordinates are necessary. We validated the results from
COMSOL by comparing them to the Mie theory for spherical coated nanoparticle.
We then used a similar implementation for the spheroidal coated nanoparticle. The
results suggest that the shifts in the dye’s resonance depend on the polarisation of
the incident electric field for the spheroidal coated nanoparticle, which is due to
the shape of the particle and the orientations of the dye-molecules. However, many
spectra from the theoretical modelling in Chapters 3 to 5 are presented at the dye’s
resonance. This only provides information about the effect of the nanoparticle has on
the optical properties of the dyes molecules. The opposite effect should, nevertheless,
be considered as well. We demonstrate this in Chapter 6, where the investigation of
how the localised surface plasmon resonance of a noble metal (i.e. silver nanosphere)
may be affected by the refractive indices of the surrounding media. The results from
our theoretical modelling in Chapter 6 suggest that the plasmon resonance of the
Ag nanosphere is strongly dependent on the properties of the dye-molecules, their
orientations, their locations on the surface of the nanoparticle, and the polarisation

of the incident electric field.

It is noteworthy that the results shown in Chapter 6 are only for the nanosphere.
Therefore, further investigation is needed for non-spherical cases. Generally, for
spheroidal particles, there are two plasmon resonances induced by different polar-
isations of the incident electric field. These two plasmon resonances depend on
the aspect ratio h, i.e. shape and size of the spheroid. In the presence of the dye-

molecules being adsorbed on its surface, this system will induce different interactions
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between the dye molecules and the plasmonic structure depending on the incident
electric field. In that case, the effect of the anisotropic dye molecules on the long
and short resonances of the nanoparticle could be interesting to investigate. More-
over, these could also lead to the study of the strong plasmon-molecule coupling at
the nanoscale, where the resonances are proximate. Emerging applications could
be found in quantum and nonlinear optics, as well as opportunities for modifying

material-related properties and/or meta-materials.

The work that we demonstrate in this thesis is believed to find application in
many areas relating to the optical properties of dye molecules on metallic nanoparti-
cles (for example, sensing), including molecular plasmonic (at both weak and strong
coupling regimes) and SERS, where the orientation, surface coverage, and distance

to the particle’s surface of the adsorbates can have large effects.

The spectroscopic study of chiroptical effects at the nanoscale has seen a resur-
gence in the past few years, with many works shedding new insights about the
physics that govern the interaction of circularly polarised light with chiral organic
molecules, bio-synthetic and synthetic nanomaterials. Therefore, in addition to our
conclusion above, we also believe that this work could be a useful tool to study the
chirality and circular dichroism properties of systems consisting of dyes partially
coated on nanospheres or nanorods, arranged in a chiral geometry. These types of
research could potentially find application in other exciting fields, such as the study

of biomolecules and biopharmaceutical industry.
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A. Bessel Function Series Expressions

The regular and complex-ordered Riccati-Bessel functions may be written in a power
series as ([90], sections 9.1.2 and 9.1.10)

o ( 1\k
Un(z) = 2"y ( /j) app 2, (A.1)
k=0 '
1 (_l)k
() = —= > 22 b 2™, (A2)
k=0 ’

where the coefficient a and b are defined as (NB: for complex-ordered Bessel function,
n will be replaced by w defined in Eq. 3.11)

1 2k—1 1
thn=m—— 1] =75 (A.3)
(2n + D! Load 2n+j+2
B 1
 (2n+2k+ 1)
%1
ben = (2n — 1! A4
o= (@0 = [T —5 (A4)
j=1,0odd
(=1)*@2n —2k —1)!! fork <n
e (A.5)
et for k > n.
The notation (27 4 1)!! is the double factorial operation, defined as:
20+ 1)!
I+ D =204+1) x (2l —1) x (2l —3) X ... Xx 5 x 3 X 1:% (A.6)

For regular Bessel functions, we can use the Gamma function to compute these
series. However, for the Bessel functions of complex-orders, the domains of the
Gamma functions will be complex and regular Gamma functions will fail to give the
results. But with a new routine in MatLab using Lanczos series approximation, the
complex Gamma function can be computed. Therefore, we can make use of this to

calculated our Bessel functions of complex-orders.
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The derivative of these Raccati-Bessel functions can be expressed as:

00 1\ k
, —3) 2k+n+1
ooy =30 L o s (A7)
k=0 ’
00 k
/ —1 (_%) (2k B n) 2k
Xa(®) = —5 kz_; o bom 22, (A8)

The spherical Bessel functions are related to these Riccati-Bessel functions by:

Jn(®) = n(z)/2 (A.9)
Yn(z) = Xn(2)/2, (A.10)

and the Bessel functions can be found as:

2

Jurijaa) = | = jala) (A11)
2

Yip1/2(z) = ?Iyn(ac). (A.12)



B. Associated Legendre Function

The associated Legendre function is a solution to the differential equation (as from
[52], Eq. 8.1.1)

d?y dy m?
2 _
(1—=z )_de _Qx_dx + |n(n+1) — T y=0, (B.1)
where we are interested in solutions
y = P (cos ) (B.2)

where m is the order of the solutions, n is the degree, and we use x = cos . Cases
where m = 0 are known as Legendre Polynomials, P,(z). We can express the

associated Legendre functions in terms of the Legendre polynomial as (for m > 0)

dm
m _(_1\m(1 _ 2\ym/2
Pa) = (1)1 — 222 T p (o), ®3)

where the Legendre polynomial is given by the expression:

1 d
ol dan

P, (z) (% —1)" (B.4)

The factor (—1)™ in the definition of Eq. B.3 is known as the Condon-Shortley
phase. In the case of negative order m, the expression for the associated Legendre

function is

—— = P"(x). (B.5)
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C. Orthogonal Properties of VSHs

We here will use known results of VSHs for solutions to the Maxwell equations (for a
light scattering problem by a isotropic sphere) in spherical coordinates. The solution

to wave-vector v is found to be:

_ [2n+1(n—m)! 1 - im
Y (1,0, 0) = \/ I (ntm) n(n+ 1)zn(k:7’)Pn (cosB)e"™?. (C.1)

We will keep in mind the factor, but will leave left out of the following expressions.
The VSHs, M,,,, and N,,,,, are defined as:

M, =V X (ttpm) = | 222, (p) P™(cos 0)e™?

e

[n(n + 1)Z"T@an(cos 0)eim?]

dP(cos0) im
Ny = 222 | 1 ()] ) om

| im0 1d e (p)]eim |

The VSHs, M,,,,, and N,,,,,, form a complete orthogonal basis for the divergence-less
solutions of the wave vector equation (and therefore of Maxwell’s equations in the
absence of sources). The orthogonality is related to that of spherical harmonics and
concerns the angular dependence only. More specifically, we have (we shall use the

following results without proofs):

// M (k,r, Q) - [NY(k, 7, Q)]*dQ —0 (C.2)

V(m,m',n,n";(i,7) = 1..4),
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where * denotes the complex conjugate, Q = (6,¢),d2 = sinf df d¢, and [[ =
f o . We also have,

//M (k,r,Q) [M(] (k, T, Q)] dQ = 6, O 20 (k1) 29 (k)] (C.3)

/ / M (k,r,Q) [ijin,(k;,r, Q)]*dQ = St ot X

24 )(kr) [zg)(kr)r [ (k:r) + krz (k:r)] [ (kr) e (kr)
kP frP

n(n+1)

(C4)

These orthogonality relations ate important, and for example useful for determining
the coefficients of the expansion of a given electric field in a sum of VSHs. Here are

additional useful expressions,

MO, (k, 7, Q) x [ @ (k,r, Q)]

// €, dQY=0 (C.5)

NGk, 7,9) x [N, (kr, )

/ / M), (7, 9) % NG, (b, r, )] &, 2 = b Sy %

sz) (kr)
kr

(29 (kr) + krzU (kr)] .
(C.6)

For anisotropic VSHs, these above orthogonal properties still hold. We only
need to change from z,, the regular Bessel functions to z,, the Bessel functions of

complex-orders.
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D. Solutions for 2-Layer System

D.1 Full Anisotropic Mie Solutions

We shall first write down the fields expansions in terms of VSHs as follows,

Enmne = Eo Z A MY (k) + b N (k)

HInc = ._EO Z anm mr + ban (k )

ESca - EO Z pnm ) (kmr) + QTLmN(B) (kmr)

HSca = -_EO Z pnmN(S) mr + QanS;ZL(kmr)

EC - EO Z Cnm mr + dnmN (kinr)

CnmN(l) mr + dan (kinr)

Eg, = ELEO Z aangzl ( ) + 6nm (ktr) + ’Yan (ktr) + 5”mN (kt )
HSh - _EO Z anmN(l + ﬁanq(qulL<kt ) + ’YnmN (ktr) + 5an(2 (ktr)
Epe = Eo ) ean;”( Fant) + fum NG (k) + Gom M), (k) + hn NG, (i)

n, m

km
HBet - _EO Z enm ) ( mr) + fnm (kmr) + gnmN(Z) (kmr) + hanan)@(ka')
w
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Then we can apply the boundary conditions, similar to Eqs. 3.17 - 3.24. At r = a,

the boundary conditions are:

Epei -0 = Eip - 0 (D.1)
Epe - ¢ = Ein - 6 (D.2)
Hp. -0 =H;, -0 (D.3)
Hpe - ¢ = Hi, - 6. (D.4)
At r = b, the boundary conditions are:
Eaniso " 0 = Epeg - 0 (D.5)
Euiso - 0 = Epet - ¢ (D.6)
Hauiso - 0 = Hpe, - 0 (D.7)
H puiso * ¢ = Hpet - 0. (D.8)
At r = ¢, the boundary conditions are:
(Enne + Esea) - 0 = Eppiso - 0 (D.9)
(Etne + Esca) - ¢ = Eniso - (D.10)
(Hie + Hsea) - 0 = Hapigo - 0 (D.11)
(Hine + Hsea) - ¢ = Hayiso - 9. (D.12)

Applying these boundary conditions will lead to, at r = a

enmwn(z> + gnan(Z> nm¢n(3inz)/sin
fnmwg(z) + hnmX (Z) = nm@b;(sinz)/sin
€nm¢;(2) + gnmX (Z) = nmi/)g(SinZ)

(2)

fnmwn
where sy, = \/Ein/\/Em, 2 = kma. And these 4 equations lead to:
Gom __ stn(2)h(502) = a (D (s07) _
¥

z) + hnan(Z> nmwn(sinz)>

Enm Slan(Z ( ) (Z) ;L(Sinz) "
hn_m _ Smw, (Z) n(smz) w;(z)wn(sinz) = A 1)
fnm Slan<Z) n(sz) X/n(z)wn(smz) B "

Boundary condition, at r = b

[Qnmtn($ey) + YamXn(5:9)]/ 56 = €nmbn(¥) + GrmXn(y)
[Bum ¥ (52) + Onm X (3:0)] /5t = Fam¥(4) + X ()
W (86Y) + Yam X5 (86Y) = €nm¥p, (¥) + Gnm X ()
Brmn (519) + Snm X (59) = Fam¥n(y) + P X (1),
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where s; = /g¢ /\/Em, Y = kmb. And these equations lead to:

Tom __ WUl ATV _ L
Cnm xvlmy + T odmy "
Sum _ [0+ OIS _ L
Bam )y + AP by "

I
=~
2
B,

Boundary condition, at r = ¢ [z

—~

Wi ¥n(Z) + Pamén
brm (%) + Gum&,
WP () + Pam,
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) = [Cnmn(562) + YumXn(s17)] /st
) = [Bumtn($17) + G X (512)] /51
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) = BrmWUn (842) + Orm X (S4).

N —
&

These lead to:

m,s Fg) m,s
R L0 ) 01 D13
[W&lnz + T [x€lnx
e,s Ag) e,s
A, —— [W]Zi + (2)[X¢]::’ (D.14)
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. Nln
= _ D (D.15)

wuls, (ool + AV bodes ) — el ([evlss, + APz )
el (bl + AV bodis ) — el (wwlis + AP W)
N 2n

B D2n .

(D.16)

D.2 TASA Solutions

To begin, we may first want to look at A,,. By defining 6 = x — y = k., l,, we are
therefore searching for the approximation in the limit 6 < z,y. Taylor expansion to
the first order in 9 leads to the same expressions as in Eqs. 3.33 and 3.34. Therefore,
we need to find the terms Noy |y—y, Don|o=y, Noy o=y, and D5, |,—, in order to find the

TASA expression for A,(0) [similar for I',(J)]. By applying some of the useful
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identities earlier, we can derive the following:

Nowlaey =[00)25 ()52, + AV DNGS) — Devles, ([0v]ss, + AP [x]es)
=AD )28 {50 (509) X0 (Y) — Xal(569)Xn(y) }
— AP {56t (s9)Xa (y) — Ui (569 Xa(y) }
)

—Aél){stwn(y)x () = setbn(W)xn(y)}
— s, A, (D.17)

From second to third equality, we used Eqs. 3.37 and 3.38. And the last equality
the Wronskian identiy of the Riccati-Bessel function was used 1y’ — 'y = 1, which
leads to &' — &'x = 1 and & —¢'¢ = ¢. Similarly, the denominator D, |,—, can

be found as:
Dinleey = s (AL — 1), (D.18)

Now, if we use Eq. 3.50, we can write the derivatives of the numerator and the

denominator as:

Njplomy = [5”171*‘1 (1= %5 ) Bl + (5 = 1) o)t

x (el + AV Dadss)
[&””+ (1—;¥)%@wWAw (52~ 1) Klou) 0
x ([l + AP XIS
_an(n ;L D (5 2 1) Un(y) [Un(y) + AP xn(y)]
+s(1—s7) vn () [Un(y) + AVX ()] - (D.19)
And
Diylomy 20D (5 )&(H%&H+A9m@ﬂ
+s¢ (1= ) &(y) [vn () + AV, ()] - (D.20)

Similar procedures can be applied to get all the terms for I',,(§), which are:

Ninl,—, =siIV (D.21)
Dip|,y =su(T) —4) (D.22)
waysd£—> ()WA)+me@ﬂ (D.23)
Dyl ey =si(st = Dén(y) [0n(v) + Txa(y)] - (D.24)
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