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Angle-dependence of the levitation force from a
frustum-shaped magnet and recessed

superconducting bulk
James G. Storey, Member, IEEE, and Rodney A. Badcock, Senior Member, IEEE

Abstract—The widespread application of superconducting
magnetic levitation bearings is limited by their relatively low
stiffness. Recently we investigated a novel thrust bearing geom-
etry comprised of a conical frustum (or truncated cone) shaped
permanent magnet levitating inside a matching tapered hole
machined into a high-temperature superconductor bulk. This
configuration was found to produce superior restoring forces and
stiffness compared to the conventional cylindrical magnet and
superconductor arrangement. Here, using H-formulation finite-
element simulations, we evaluate the angle-dependence of the
frustum on the levitation force. We find that the optimal angle
is not universal, but depends on the mode of displacement as
well as the frustum dimensions. Correlations with the incident
magnetic flux are identified for estimating the angle best suited
to the operating regime of the bearing.

Index Terms—Conical frustum, HTS bulks, levitation force,
superconducting magnetic bearing, H-formulation.

I. INTRODUCTION

OFFERING low losses and passive stability, high-
temperature superconductor magnetic levitation bearings

[1] have the potential to usher in new classes of ultra-high-
speed rotating machines [2], [3], [4], [5], [6]. However, this
potential is yet to be realised due to their characteristically
low stiffness [7], [8], [9]. Higher stiffness can be provided by
augmenting the superconducting bearing with an active magnet
bearing [10], [11]. But such hybrid approaches come with the
cost, complexity and weight of the associated control system.

Recently, we showed that a levitation bearing based on a
conical frustum shaped magnet recessed inside a supercon-
ducting bulk, similar to that shown in Fig. 1(a), provides im-
proved levitation force and lateral stiffness compared to a typ-
ical cylindrical magnet and superconductor arrangement [12].
In this follow-on work, we investigate the angle-dependence
of the frustum/recess on levitation force, using previously
benchmarked H-formulation models, to identify the optimal
configuration for this design. The significant advantage of
using simulations is the elimination of material variations that
are likely to exist between different physical bulks.

II. SIMULATION DETAILS

H-formulation simulations implemented in COMSOL Mul-
tiphysics [13] were carried out using the method presented
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Fig. 1. (a) 3D render of the levitation bearing under investigation. (b)
Axisymmetric cross-section (about r = 0) of the bearing geometry. The side
length s of the frustum-shaped magnet is fixed at 10 mm, and the minor
radius r and angle θ are varied. (c) 2D axisymmetric finite-element mesh of
the superconductor and 1 mm-thick air region superimposed on a color map
of the flux density |B| from a magnet with r = 5 mm and θ = 35◦.

in reference [14]. In this method the field from the magnet is
calculated separately using the A-formulation and applied as a
time-dependent boundary condition on the boundaries of a thin
air domain around the superconductor. The key input to the
model is the nonlinear resistivity, implemented as a bounded
power law [15], [16]

ρ(J) =
ρNS · ρSC(J)

ρNS + ρSC(J)
(1)

where the assumed normal-state resistivity is ρNS = 3.5 ×
10−6 Ω·m, J is the current density, and the resistivity in the



WK1LPO2J-04 2

superconducting state ρSC is

ρSC(J) =
Ec

Jc

∣∣∣∣ J
Jc

∣∣∣∣n−1

(2)

Based on our experiments on YBCO high-temperature super-
conductor bulks [12] the critical current density was set to
Jc = 21 × 108A/m2 at the electric field criterion Ec = 10−4

V/m, and the n-value was set to 21. For simplicity a field-
independent and spatially homogeneous Jc was assumed. To
help the calculations converge, a finite resistivity of 1 Ω·m
was applied to the air region [17].

A 2D-axiymmetric representation of the bearing geometry
with the magnet 2 mm above the superconductor is shown
in Fig. 1(b). In this work, the minor radius, r, and the side
length, s, are held constant while the angle, θ, that s makes
from the vertical is varied. Note that as consequence of these
constraints, the vertical thickness of the magnet, h = s cos(θ),
and the depth of the recess, h + 2 mm, vary with angle.
One value of s (10 mm) and three values of r (2.5, 5, 10
mm) were explored. The magnet separation z is defined as
the distance between the minor face of the magnet and the
bottom of the recess. At their closest separation, the uniform
gap between magnet and superconductor is 2 mm, and the top
of the superconductor is level with the top of the magnet.

The finite-element mesh is overlaid on a plot of the magnetic
flux density from magnet with an angle of 35◦ in Fig. 1(c). A
remanent flux density of 1.4 T corresponding to an N50-grade
neodymium magnet was used in all cases. Mapped meshes
with an arithmetic sequence distribution were applied to the
superconductor, while a free triangular mesh was applied to
the 1 mm-thick air region. For vertical displacements in this
symmetry the relative tolerance was set to 10−4 and and the
absolute tolerance set to 10−3. For lateral displacements along
y a 3D model was created by sweeping the mesh around the
z-axis, and the relative and absolute tolerances were relaxed
to 10−3 and 10−2 respectively [14]. The speed of the magnet
displacement was set to 1 mm/s in all simulations and the force
was obtained by integrating J × B over the superconducting
domain.

III. RESULTS

A. Vertical Displacement

1) Zero-Field-Cooled: In zero-field-cooling (ZFC) simula-
tions the magnet was moved vertically from an initial position
of z = 100 mm, down to 2 mm, and back up to 100 mm.
Force vs displacement curves are shown in Figs. 2(a) and
(b) for frustum magnets with a minor radius r of 5 mm and
angles θ ranging from 10◦ to 70◦. For θ below about 25◦

the curves develop an increasingly convex shape, with the 10◦

curve possessing a maximum near z = 6 mm. A similar bell-
curve shape was seen previously in our experiments [12] with
a frustum/recess angle of 14◦. It stems from the average z-
component of the field normally incident on the side walls
of the recess changing sign as it the magnet is lowered into
the recess. At higher angles the curves are concave-like and
also exhibit reduced hysteresis. The angle-dependent force at
z = 2 mm, shown in the inset to Fig. 2(a), roughly follows
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Fig. 2. Zero-field-cooled levitation force vs vertical displacement for r = 5
mm and θ = 10◦ to 35◦ in (a), and 40◦ to 70◦ in (b). The inset to (a) shows
the angle dependence of the force at z = 2 mm. (c) Angle dependence of
the force at z = 2 mm for r = 5, 10 and 20 mm (symbols) compared with
the flux from the magnet normally incident on the side walls of the recess
(lines).

an inverted parabola and is maximal at θ = 40◦. Both the
magnitude and optimal angle depend on the size of the minor
radius relative to the side length, see Fig. 2(c). The magnitude
increases and the optimal angle decreases with increasing r,
and correlates with the flux from the magnet normally-incident
on the side walls of the recess.

2) Field-Cooled: Field-cooled (FC) conditions were sim-
ulated by applying the field from the magnet positioned at
z = 7 mm as an initial condition. The magnet was then
cycled between z = 2 and 12 mm. Force-displacement curves
for r = 5 mm and θ = 10◦ to 70◦ are shown in Figs. 3(a)
and (b). The inset to (a) shows the forces at achieved at the
endpoints as a function of angle. The repulsive force at z = 2
mm roughly follows an inverted parabolic path, peaking at 35◦

which is 5◦ lower than the ZFC case.
To help quantify the advantages of this frustum/recess con-

figuration, the forces from a comparative cylindrical magnet
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Fig. 3. Field-cooled levitation force vs vertical displacement for r = 5 mm
and θ = 10◦ to 30◦ in (a), and 35◦ to 70◦ in (b). The inset to (a) shows the
angle dependence of the force at z = 2 and 12 mm (filled symbols) compared
with the force from cylindrical magnets levitating above a superconducting
disk. (c) Angle dependence of the force at z = 2 mm for r = 5, 10 and 20
mm (symbols), and the average field from the magnet normally incident on
the side walls of the recess (lines).

levitating above a superconducting disk is also shown. For a
given frustum angle, the cylindrical magnet has a diameter
equal to the major diameter of the frustum and the same
thickness. The superconducting disk is 5 mm thick with a
radius of 30 mm. For angles less than 60◦, the frustum/recess
provides higher repulsive forces. At 10◦ the force is 86%
higher, even though the frustum and cylinder have similar
geometries. This indicates that the higher force is due to
the sloped walls of the recessed superconductor, rather than
the frustum-shaped magnet. Moreover, simulations and exper-
iments using a trapezoidal toroid (which has a sloped hole
instead of a recess) produce virtually the same levitation force,
confirming that the force originates almost entirely from the
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Fig. 4. Restoring force vs lateral displacement for r = 5 mm and θ = 10◦

to 25◦ in (a), and 30◦ to 45◦ in (b) after field-cooling at z = 2 mm. The
inset to (a) shows the angle dependence of the force at y = −0.8 mm (filled
symbols) compared with the force from cylindrical magnets levitating above
a superconducting disk. (c) Angle-dependence of the force at y = −0.8 mm
for r = 5, 10 and 20 mm (symbols), and flux from the z-component of the
field incident on the side walls of the recess (lines).

side walls. For displacements above the initial position, the
frustum/recess also delivers higher restoring forces than the
cylinder/disc due to the closer average proximity to the magnet
afforded by the side walls of the recess.

Like the ZFC case, the magnitude of the force and the angle
at which it peaks varies with minor radius, see Fig. 3(c).
For r = 2.5 and 10 mm the optimal angles are 40◦ and
30◦ respectively. In this case, the average of the magnetic
field component normally incident to the side walls of the
recess provides a better predictor of the peak position than the
flux. However, it doesn’t do so well at predicting the relative
magnitudes. The reason for this remains unknown at the time
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of writing, though it is also possible that a different physical
quantity might produce a closer match.

B. Lateral Displacement

Cyclic lateral displacements between y = −0.8 and 0.8 mm
were carried out after field-cooling at z = 2 mm. The lateral
force along the axis of movement is shown in Figs. 4(a) and
(b) for r = 5 mm and angles from 10◦ to 45◦. The force-
displacement curves are approximately linear over this range,
and the force at y = −0.8 mm (shown in the inset to (a)) peaks
between 25◦ and 30◦ for this value of r. The frustum/recess
configuration provides over twice the best force achieved from
the cylindrical magnet and superconducting disc described
above, and does so at a smaller diameter (angle). Again, the
maximum force depends on the minor radius. The optimal
angles are 30◦ and 20◦ for r = 10 and 2.5 mm respectively.
Both the magnitude and angle dependence correlate well with
the integral of the z-component of the field incident on the
side walls of the recess, as shown in Fig. 4(c).

IV. CONCLUSION

The optimal frustum/recess angle for producing the highest
levitation force is not universal. For a given minor diameter
and side length, the optimal angle is largest for zero-field-
cooled vertical displacements, smaller for field-cooled vertical
displacements, and smallest for field-cooled lateral displace-
ments. For a given side length and displacement method, the
optimal angle decreases as the length of the minor radius
increases.

The frustum magnet plus recessed superconductor design
provides higher levitation force and stiffness over comparable
cylindrical magnet plus superconductor arrangements. Since
the force originates from the side walls of the recess, novel
through-hole bearings could be realised by boring through the
base of the recess.

By comparing the angle-dependence of the force with field
maps of the magnets the following empirical relationships
were identified. The zero-field cooled vertical force correlates
with the flux normally incident on the side walls of the recess.
Whereas field-cooled vertical force follows the average of
the normally incident field on the side walls. Finally, the
field-cooled lateral force correlates with the integral of the z-
component of the field incident on the side walls. These rules
of thumb are useful for quickly estimating the angle best suited
to the operating regime of the bearing.
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